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E (space-time code) �O	F�0,��5=3
E�	, �O\=*�=I�5O^i:, Q�*�YWX6℄B, �O	�G+!5;?g��	[1−9]. "}.=qo.�5T�, gb\ (lattice) 5.{T�E5v��R0��g�[1,10−13] . `b\.{EQe)1
WEVn��BQsW,6℄B��5�	v�, jJ{b
C�-
��u75PMs�℄, 
q�vFBQ_:5\.{E[14−24].� C, Q, Z T
"
�V
�a4
�y
5�u, ;V Mn(C) " C t n × n  x5
�. \.{E���u Mn(C) 5O^ n× n  x�u A, �4 A o x5�Mm�-�O^�` Abel e. ;V\.{E A 5� (rank) �"W Abel e5�. Mn(C) 5\.{E A 5T��};V":

ξ(A) = inf{| det(A−B)| : A,B ∈ A, A 6= B}.

A 5zjT��} (normalized diversity product)dg ;V"[12,15,18,21]:

dg =
ξ(A)

| detG| · |L|n2 =
ξ(A)

√

| det g|
, (1.1)�& 2020 S 4 l 12 n�2, 2020 S 11 l 20 n�2DX[.
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150 � F S ) A � 42 #w5 G "\.{E A 1[5x� x, g � G 1[5}x� x, |L| ��J$}{\.{E L 5 2 × 2 5x� x5A?�5%C�. O^:p5\.{E["a�*5zjT��} dg. % [10, 16–20] �`�<O:�u K t5"a�* dg 5\.{E A. /oO^`;5�uta"a�*5zjT��} dg 5�_\.{E A, mg�O^b('�[12,16].v ζm = exp(2πi
m

). o
qgbTgy Z[ζm] t5O2C�\.{
E D {, % [12]I�< D 1[5x� x G 5*7. a!F5�4C,~, ${ G 5�G�
∆ = (detG)2,Z� ∆ � D 51[5�7F5� f(x) 5U
� (Æ [12]). Cb Z[ζm] t5J%�,jF5� f(x) = x2 + bx+ c, v b = u+ vζm, c = s+ tζm, u, v, s, t ∈ Z, sZU
�

∆m = b2 − 4c = (u + vζm)2 − 4(s+ tζm)

= u2 − 4s− v2 + 2ζm

(

uv − 2t+ v2 cos
2π

m

)

. (1.2)% [12] |L<: 0 m = 4, 6 {, CkT b, c ∈ Z[ζm], &a
|∆4| > 3, |∆6| >

√
13, (1.3)H^ (1.3) �7q&,Rb1. `bo Z[ζ4](= Z[i]) tR� Z[ζ6] t, &a ξ(A) = 1(Æ [16,

25]), 'HCbwO2C�5\.{
E D, T
a dg 6
1√
3
R� dg 6

1
4
√
13

√

3

2

, X$, ${5 D "a�_5zjT��}.` (1.1) ,4~, `;�u K t5�,jF5�5U
��5*7, ,R$; K t\.{
E5zjT��}, `$,R
q�1[5BQ_:5\.{
E. X$, I��,jF5�5U
��5*7aÆ
M5TV. �%*A Z[ζm] t5J%�,jF5� f(x) = x2 + bx + c 5U
�. `b Z[ζ3] = Z[ζ6], X$(J�*A m 6= 3, 4, 6 5`�.Cb m = 5, 8, 10, 12, 6℄ Pell P�5�5B�, (J41d (1.3) 1N5�C, 
qB8|L< |∆m| ,RkT7. �}t, (J|L<o-;4."6 1.1 0 m = 5, 8, 10, 12 {, CkT`;5z}
 ε, &(o Z[ζm] t5J%�,jF5�
f(x) = x2 + bx+ c,�4 0 < |∆m| < ε.CbZ�5 m �, (J�3: |∆m| 5�,RkT7. o�%N, (J`�O: |∆m|��758�, ��O:a.b�O�I�5'�.
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2 P�7O6 2.1 v p "�
, k "zy
, vp(n) G� pvp(n) |n ^ pvp(n)+1 ∤ n, s
vp

(

(

pk

j

)

)

> k − vp(j), 1 6 j 6 pk − 1. (2.1)T `
(

pk

j

)

=
pk(pk − 1) · · · (pk − l + 1)

j(j − 1)!R� (j − 1)! | (pk − 1) · · · (pk − j + 1), ~ (2.1) �9.O6 2.2 v f(x) = x2 + bx+ c = x2 + (u+ vζm)x+ (s+ tζm) o Z[ζm] t,j, ^ 1,

ζm s ζ2m o Z t0B)g, s(o p, q, w ∈ Z, �4
u = p+ q, v = w, s = pw, t = qw. (2.2)T `b f(x) = x2 + bx+ c o Z[ζm] t,j, �Rv
f(x) = (x+ (p+ qζm))(x + (w + lζm)),Z� p, q, w, l ∈ Z. b�
b = u+ vζm = p+ q + (w + l)ζm,

c = s+ tζm = pw + (pl + qw)ζm + qlζ2m.
(2.3)`b 1, ζm s ζ2m o Z t0B)g, X$ ql = 0. �Rv l = 0, ` (2.3) �,4 (2.2).

3 #7!U<0 m = 5 {, ` (1.2) ,4
∆5 = u2 − 4s− v2 + 2

(

cos
2π

5
+ i sin

2π

5

)(

uv − 2t+ v2 cos
2π

5

)

. (3.1)*A Pell P�
x2 − 5y2 = 1, x, y ∈ N. (3.2)`bP� (3.2) 5�7zy
�" x1 = 9, y1 = 4, sP� (3.2) 5�azy
� (xn, yn),�"

xn + yn
√
5 = (9 + 4

√
5)n, n ∈ N, (3.3)H^

0 < xn − yn
√
5 =

1

xn + yn
√
5
<

1

2
√
5yn

. (3.4)
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. b n = 2k, k > 2, k ∈ N, ` (3.3) ,4
yn =

(

n

1

)

9n−1 · (4
√
5) + · · ·+

(

n

j

)

9n−j · (4
√
5)j + · · ·+

(

n

n− 1

)

9 · (4
√
5)n−1. (3.5)0[
 j G� 3 6 j 6 n− 1 {, 6℄Y4 2.1 ,4

v2

(

(

n

j

)

9n−j · (4
√
5)j

)

> k − v2(j) + 2j = k + 2j > k + 6.�
8, 0 j = 1 {, a v2

(

(

n

n− 1

)

9n−1 · (4
√
5)
)

= v2(4n) = k + 2, f
v2(yn) = v2(y2k) = k + 2. (3.6)b� l2k = k + 2. b

v2 = 16yny
′
n = 2k+6y′2n , 4uv − 8t− v2 = −16xny

′
n, u2 − 4s− v2 = 0, 2 | k, (3.7)�T1 cos 2π

5 =
√
5−1
4 , s` (3.1), (3.4) R� (3.7) ,4

0 < |∆5| =
∣

∣

∣
2ζ5

(

uv − 2t+ v2 cos
2π

5

)∣

∣

∣
=

1

2
|4uv − 8t− v2 +

√
5v2|

= 8(xny
′
n − yny

′
n

√
5) <

4y′n√
5yn

=
4√

5 · 2k+2
<

1

2k+1
. (3.8)(JAKP� (3.7) 	ay
� u, v, s, t. �}t, ` (3.7) ,~ v = 2

k
2
+3 · y′n. v

u = 2u1, u1 ∈ Z, ^ gcd(u1, y
′
n) = 1, s` (3.7) ,4

t =
1

8
v2 − 1

2
uv − 2xny

′
n = 2yny

′
n − u12

k
2
+3 · y′n − 2xny

′
n,

s =
1

4
(u2 − v2) = u2

1 − 4yny
′
n.

(3.9)X$P� (3.7) ay
� u, v, s, t. �{, qF5� f(x) = x2 + bx + c ,j, s`Y4 2.2,~, (o p, q, w ∈ Z, �4
u = 2u1 = p+ q, v = 2

k
2
+3y′n = w, s = pw, t = qw.b� y′n | t, 'H y′n |u, $d u1 5bMHE.�R, ,RbT
 k > ⌊− log ε

log 2 ⌋ − 1, w5 ⌊x⌋ ����m}
 x 5�*y
, 'H`
(3.8) ,4

0 < |∆5| <
1

2k+1
< ε.0 m = 10 {, `b cos 2π

10 =
√
5+1
4 , 2Æ,~CkTz}
 ε, &(o b, c ∈ Z[ζ10], �4
0 < |∆10| < ε.0 m = 8 {, `b ζ8 = cos 2π

8 + i sin 2π
8 =

√
2
2 (1 + i), ζ28 = i, s` (1.2) �,4

∆8 = u2 − 4s+
√
2(uv − 2t) + i(v2 +

√
2(uv − 2t)). (3.10)
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x2 − 2y2 = 1, x, y ∈ N.`bWP�5�7zy
�" x1 = 3, y1 = 2, fP�5
�zy
� (xn, yn) ,�"

xn + yn
√
2 = (3 + 2

√
2)n, n ∈ N, (3.11)^

0 < xn − yn
√
2 =

1

xn + yn
√
2
<

1

xn

. (3.12)� xn = 3lnx′
n, Z� gcd(3, x′

n) = 1. b n = 3k, k > 2, k ∈ N, s` (3.11) ,4
xn = 3n +

(

n

2

)

3n−2 · (2
√
2)2 + · · ·+

(

n

j

)

3n−j · (2
√
2)j

+ · · ·+
(

n

n− 1

)

3 · (2
√
2)n−1. (3.13)0 j 6 n− 3"T
{, v j = 3rj0, gcd(3, j0) = 1, 0 6 r 6 k− 1. q r > 1, s`Y4 2.1~

v3

(

(

n

j

)

3n−j · (2
√
2)j

)

> k − v3(j) + n− j = k − r + 3k − 3rj0

= k − r + 3r(3k−r − j0) > k − r + 3r > k + 2. (3.14)q r = 0{,s` j 6 n−3~ (3.13)N�9, ^ v3

(

(

n

n− 1

)

3 ·(2
√
2)n−1

)

= v3(3n) = k+1,f
v3(xn) = v3(x3k ) = k + 1, (3.15)b� l3k = k+1. .ob v = 2·3 k+1

2 x′
n, u = 2u1, k, u1 ∈ Z,Z� k"[
, gcd(u1, 3·x′

n) = 1,^
t = 2 · 3 k+1

2 x′
nu1 − 2ynx

′
n, s =

1

4
(u2 − v2) = u2

1 − 3k+1x′2
n ,sa

uv − 2t = 4ynx
′
n, u2 − 4s = v2 = 4 · 3k+1x′2

n . (3.16)f` (3.12) ,4
0 < v2 − (uv − 2t)

√
2 = 4xnx

′
n − 4ynx

′
n

√
2 <

4x′
n

xn

=
4

3k+1
. (3.17)H^2Æ8, `Y4 2.2 �4,|, ${F5� f(x) = x2 + bx+ c o Z[ζ8] t��,j5.X$, ,b[
 k > ⌊ log 4

√
2−log ε

log 3 ⌋, 'H` (3.10), (3.16)–(3.17) ,4
0 < |∆8| = (v2 − (uv − 2t)

√
2)
√
2 <

4
√
2

3k+1
< ε.0 m = 12 {, ` (1.2) ,4

∆12 = u2 − 4s− v2 +
(

√
3

2
+

1

2
i
)

(2uv − 4t−
√
3v2). (3.18)
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� (xn, yn),�" xn+yn
√
3 = (2+

√
3)n, n ∈

N. � n = 2k, `Y4 2.1 2Æ8,4
v2(yn) = v2(y2k) = k + 1. (3.19)6℄tK5PM�4,|: CkTz}
 ε, &(o b, c ∈ Z[ζ12], �4 0 < |∆12| < ε.b�, ;44|.

4 Z�-0 m = 7, 9, 11, 13 {, (J�m Maple p���`�R-�^8�, w: Z[ζm] t5�,jF5�5U
�5%C�>v7.8 4.1 Z[ζ7] t5�,jF5� f1(x) = x2 − (282987 − 282989ζ7)x − 282988 −
15075707587ζ7, ZU
�":

|∆7| = |4.0853 · 10−6 + 5.1228 · 10−6i| = 6.5504 · 10−6.8 4.2 Z[ζ9] t5�,jF5� f2(x) = x2 − (187381− 244609ζ9)x − 6180480930 +

44664ζ9, ZU
�":

|∆9| = |5.1693 · 10−8 + 4.3376 · 10−8i| = 6.7480 · 10−8.8 4.3 Z[ζ11] t5�,jF5� f3(x) = x2 − (102286 − 102290ζ11)x − 204576 −
830296938ζ11, ZU
�":

|∆11| = |2.1302 · 10−5 + 1.3690 · 10−5i| = 2.5322 · 10−5.8 4.4 Z[ζ13]t5�,jF5� f4(x) = x2−(28062−28060ζ13)x+28061−45121938ζ13,ZU
�":

|∆13| = |6.5439 · 10−6 + 3.4345 · 10−6i| = 7.3904 · 10−6.X$, (J��o-5�3.�I 4.1 q m 6= 3, 4, 6, sCkTz}
 ε, &(o Z[ζm] t5J%�,jF5�
f(x) = x2 + bx+ c, �4

0 < |∆m| < ε.Cb Z[ζm] t5r%�,jF5� f(x) = x3 + bx2 + cx + d, 0 m = 4, 6 {, (JL.ZU
� |∆| >�*, /o-;^8��5 |∆| 5��7.



2 Y L�# >fZ P3 Z[ζm] u�-kG6�6VÆ� 1558 4.5 Cb Z[ζ4] = Z[i] t5�,jF5� f5(x) = x3 + x2 + (1− i)x+ 1, ZU
�":

|∆| = |5 + 12 i| = 13.8 4.6 [10] C Z[ζ6] t5�,jF5� f6(x) = x3 + (1− ζ6)x
2 + (1− 2ζ6)x− ζ6, ZU
�":

|∆| = | − 13 +
√
192 i| = 19.`bIaL. |∆| T
7b 13, 19 58�, X$(Ja-?;^�3.�I 4.2 Cb Z[i] t5r%�,jF5� f(x) = x3 + bx2 + cx+ d, a |∆| > 13.�I 4.3 Cb Z[ζ6] t5r%�,jF5� f(x) = x3 + bx2 + cx+ d, a |∆| > 19.0 m 6= 3, 4, 6 {, �m"�5O:��(JL., w:r%�,jF5�5U
�5�N,RS�7, X$ao-5�3.�I 4.4 q m 6= 3, 4, 6, sCkT`;5z}
 ε, &(o Z[ζm] t5r%�,jF5� f(x) = x3 + bx2 + cx+ d, �4
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The Determinant of a Class of Irreducible Polynomials

over Z[ζm] Related to Lattice-Based Diagonal

Space-Time Block Codes

YANG Shichun1 LIAO Qunying2

1School of Mathematics, Aba Teachers University, Wenchuan 623002, Sichuan,

China. E-mail: ysc1020@sina.com
2School of Mathematical Sciences, Sichuan Normal University, Chengdu 610066,

China. E-mail: qunyingliao@sicnu.edu.cn

Abstract To achieve the diversity of the signal in space, the design of the case of space-

time block codes has attracted much attention in recent years. By studying the discriminant

of a class of quadratic irreducible polynomials over Z[ζm] related to lattice-based diagonal
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space-time block codes, the authors determine the size of the normalized diversity product

for constructing the lattice space time code over Z[ζm]. Furthermore, based on the property

for solutions of the Pell equation, it is proved that the absolute value of the discriminant can

be arbitrarily small when m = 5, 8, 10, 12. And then for the quadratic or cubic irreducible

polynomials over Z[ζm], some problems to be further studied are proposed.

Keywords Determinant, Irreducible polynomial, Pell equation, Lattice-Based

diagonal space-time block code
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