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1 F�AX| ϕ + Laplace-Stieltjes 	d (~�� L-S 	d) +1K_�:

f(z) =

∫ ∞

0

e−ztdϕ(t) := lim
R→∞

∫ R

0

e−ztdϕ(t),L� ϕ n;E�R| [0, R] (R > 0) d5t℄		�X|Nh-Z_�nBE z = z0 �u+. L-S 	dt Laplace 	d+�Q, at���!��+*Z�E��` Fourier 	d. L-S 	dBt Dirichlet r|+�Q, atn|8�^℄Z. �Æ, L-S 	dnA78�
�tDE℄)+I�. n 1963F, ax℄[1]w�=Æ/ L-S	d+p�3[[ L-S	
�r+wX|+ Borel MM<'. ".℄O L-S 	d+�T�n� [2] �s(, �=�n� [3–4] ��(O` L-S 	dp�3+�-�T. n 1941 F, Bernstein[5]=Æ/9� L-S	d
F (s) := lim

X→∞

∫

[0,X]

e−s·ydg(y) (1.1)+u+Rd, L� X := (X1, X2) ∈ R2, [0, X ] := [0, X1]× [0, X2], X → ∞J�t X1, X2 →

∞, y := (y1, y2) ∈ R2, s = σ + it := (σ1, σ2) + i(t1, t2)(σ1, σ2, t1, t2 ∈ R), s · y t s [ y +��� 2020 G 2 i 14 \v), 2021 G 5 i 7 \v)5�C.
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402 } ; G � A n 42 ��Dl, g n;E℄	R| [0, X ] d5t Vitali ℄		�X| (� [5, pp. 462–463] h [6,

pp. 175–176]).9� L-S 	dt℄Z+I�, &_n=Æ}|��j4 (nv�P��, g(y) [}|��j4+=�X|W1 (� [7]). n Bernstein +U$if+I�a, n 1962 F, ax℄�k[8]w��'/9� L-S 	d+ Valion-Knopp-Bohr Kq, �=�nrrD+zagZ(+�T.#D A l=
S(X ; s1, s2) :=

∫

[0,X]

e−s1y1−s2y2dg(y1, y2)�� L-S 	d (1.1) +�=.b�= S(X ; s1, s2)n Re(s1) = σ1 [ Re(s1) = σ1 nO` Im(s1) [ Im(s2) D�℄	,N lim
X→∞

S(X ; s1, s2) O` Im(s1) [ Im(s2) D�u+, o�=� L-S 	d (1.1)6 σ1, σ2 D�℄	u+.b (1.1)6 Re(s1) > σ′
0, Re(s2) > σ′′

0 D�℄	u+, &�6 Re(s1) < σ′
0, Re(s2) < σ′′

0D�℄	u+, o�=� (σ′
0, σ

′′
0 ) �"OD�℄	u+_��.�Æ, b σ1(r), σ2(r), r, θ, c :�H���:







σ1(r) = r cos θ + c,

σ2(r) = r sin θ,o
ru := inf{r : S(X ;σ1(r) + t1, σ2(r) + t2)D�℄	},N��HZH�+y`ax℄�k+Kq [8, 2"2, pp. 3−5] �Mu.#0 A (9� L-S 	d+ Valion-Knopp-BohrKq) b {λm} = {λm1,m2} := {(λ(m1)

1 ,

λ
(m2)
2 )} ⊂ R2 t:�H���+91:

0 = λ
(1)
j < λ

(2)
j < · · · < λ

(k)
j ↑ ∞, j = 1, 2, (1.2)

lim sup
m1→∞

(λ
(m1+1)
1 − λ

(m1)
1 ) + lim sup

m2→∞
(λ

(m2+1)
2 − λ

(m2)
2 ) < ∞,
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lim sup
‖m‖→∞

logA∗
m − λ

(m1)
1 c

λ
(m1)
1 cos θ + λ

(m2)
2 sin θ

6 ru 6 lim sup
‖m‖→∞

logA∗
m − λ

(m1)
1 c

λ
(m1)
1 cos θ + λ

(m2)
2 sin θ

+
D1

cos θ
+

D2

sin θ
,L�

m := (m1,m2), ‖(x1, x2)‖ := |x1|+ |x2|, (x1, x2) ∈ R
2,

A∗
m := sup

{∣

∣

∣

∫

[λm,X]

e−it·ydg(y)
∣

∣

∣
: X ∈ (λm, λm+1], t ∈ R

2
}

,

(λm, λm+1] := (λ
(m1)
1 , λ

(m1+1)
1 ]× (λ

(m2)
2 , λ

(m2+1)
2 ],

D1 := lim sup
m1→∞

logm1

λ
(m1)
1

, D2 := lim sup
m2→∞

logm2

λ
(m2)
2

.9� Dirichlet r|j~t7� Dirichlet r|5℄".+�T, ℄+�Ty`,<$-[9−10][ YO-[11]. =Æ9� L-S 	dÆ�Q L-S 	d[ Dirichlet r|+�Tt
X+s. �2+t, nax℄�k+I�za, �℄O`9� L-S 	dp�3+�T, O��gp9�?�|[9� Riemann-Stieltjes l=H~`� L-S 	d?l.n���, �=�w�F� L-S 	d+G℄�T, �
P`DE-+QKr+AHÆ=Æ"OD�u+_���t (−∞,−∞) h (∞,∞) +9� L-S 	d��r+U�X|+p�3. �=�H[� (0, 0) tL�DE"OD�u+_��, >o�DEIF��L/. �/8{�=+�T, �=w�
eD+wZ[1K.691 {λm} := {(λ(m1)
1 , λ

(m2)
2 )} ⊂ R

2 :��� (1.2) pH���:

sup
m∈Z

2
+

‖λm+1 − λm‖ < ∞, (1.3)

lim sup
‖m‖→∞

‖m‖
‖λm‖ < ∞. (1.4)n���, �=�t[�

lim sup
‖m‖→∞

logA∗
m

‖λm‖ = 0. (1.5)R 1.1 �=��([ (1.1) 1K+X| s 7→ F (s) tn {(s1, s2) ∈ C2 : Re(s1) >

0,Re(s2) > 0} D+U�X|.sod, %Z1! A +wZ, ^I?x�� (1.3) -{`
lim sup
m1→∞

(λ
(m1+1)
1 − λ

(m1)
1 ) + lim sup

m2→∞
(λ

(m2+1)
2 − λ

(m2)
2 ) < ∞,



404 } ; G � A n 42 �N�� (1.4) kW D1 +D2 = 0.6 c = 0 N θ = π
4 . ℄

√
2 lim sup
‖m‖→∞

logA∗
m

‖λm‖ 6 ru 6
√
2 lim sup
‖m‖→∞

logA∗
m

‖λm‖ +
√
2(D1 +D2),o�� (1.5) -{` ru = 0, 8�B-{`L�DE"OD�℄	u+_��t (0, 0). O��=�H~ s 7→ F (s) tDEn {(s1, s2) ∈ C2 : Re(s1) > 0,Re(s2) > 0} D+U�X|.Lx?n� [12, p. 322] �F�.�Æ, nv�P��, 6ZJ+ σ = (σ1, σ2) ∈ R2

+, ' ‖m‖ �L"n, ℄
logA∗

m

‖λm‖ <
1

2
min{σ1, σ2} ⇒ A∗

mn < e‖λm,n‖·
1
2 min{σ1,σ2}.O�, ' ‖m‖ → ∞ n, ℄

A∗
me−λm·σ

6 eλ
(m1)
1 ( 1

2 min{σ1,σ2}−σ1)+λ
(m2)
2 ( 1

2 min{σ1,σ2}−σ2) → 0,�H�=�H1K�"� Mu(σ, F ) [�"% µ(σ, F ) _�.#D 1.1 6 σ ∈ R2
+,

Mu(σ, F ) := sup
{
∣

∣

∣

∫

[0,X]

e−(σ+it)·ydg(y)
∣

∣

∣
: X ∈ R

2
+, t ∈ R

2
}

,

µ(σ, F ) := max
m∈Z

2
+

{A∗
me−λm·σ}.R 1.2 b σ′ = (σ′

1, σ
′
2), σ = (σ1, σ2) :� σ′

1 6 σ1 N σ′
2 6 σ2, o µ(σ′, F ) > µ(σ, F ).sod, b A∗

me−λm·σ nBE M = (M1,M2) ∈ Z2
+ �S*�"|, o

µ(σ, F ) = A∗
Me−λM ·σ = A∗

Me−λM1σ1−λM2σ2 6 A∗
Me−λM1σ

′

1−λM2σ
′

2 6 µ(σ′, F ).�=�n�fND+O` L-S 	d+�T. L-S 	d+"RwZn1qdb9�P�+D�.n 1981 F, #~2[13]=Æ/ L-S 	d+p�3Æ*(H��T.#0 B b L-S 	d+D�u+_��� 0, o L-S 	d+r+1K�:

ρ := lim sup
σ→+0

log+(logMu(σ, F ))

log+(σ−1)
,
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ρ

1 + ρ
= lim sup

n→∞

log+ logA∗
n

log λn

,L�
log+ x =







log x, x > 1,

0, x 6 1.n 2016F, �NS[iVS[14]�VQKr[QK0=Æ/ L-S 	d+p�3Æ�'/H�1!.#0 C b L-S 	d+D�u+_��� 0, N α : R → R+ :�:

(i) !nBE a, p* α n [a,∞] d<D%0p;

(ii) 6BE p ∈ Z+, ' x → ∞ n α(x) ∼ log+[p] x, L�
log+[n+1] x = log+ log+[n] x, n ∈ Z+,o

lim sup
σ→+0

α(logMu(σ, F ))

α(σ−1)
+ 1 = lim sup

n→∞

α(λn)

α
(

λn

log+ A∗

n

) , p = 1,

lim sup
σ→+0

α(logMu(σ, F ))

α(σ−1)
= lim sup

n→∞

α(λn)

α
(

λn

log+ A∗

n

) , p = 2, 3, · · · .n 2018 F, 7`�[�b[4]P`/5D�QKrÆx?/H�1!.#0 D b L-S 	d+D�u+_��� 0, lim sup
σ→+0

log Mu(σ,F )
log(σ−1) = ∞, N A : R →

R+, B : R → R+ :�H���:

(i) !nBE a, p* A,B n [a,∞] d<D%0p;

(ii) ' x → ∞ n, A(x) → ∞, B(x) → ∞;

(iii) 6�℄ c > 0, ' x → ∞ n, A(cx) ∼ A(x), B(cx) ∼ B(x);

(iv) 6�℄ c > 0, ' x → ∞ n, B−1(cA(x)) = o(x), A(x/[B−1(cA(x))]) ∼ A(x),o
lim sup
σ→+0

A(logMu(σ, F ))

B(σ−1)
= lim sup

n→∞

A(λn)

B
(

λn

log+ A∗

n

) .�>, �=�
eD�-+QKr.



406 } ; G � A n 42 �#D 1.2 � α ∈ Λ, _TX| α : R → R :�H�-E��:

(i) 6BE a ∈ R, α(x) = α(a) n (−∞, a] d, α(x) *:Nn [a,∞) d<D%0p, Hp α(x) → ∞ ' x → ∞ n;

(ii) !nX| δ ∈ C((0,∞), (0,∞)), p* δ(t) = lim sup
x→∞

α(tx)
α(x) , L� C((0,∞), (0,∞))t� (0,∞) Xf( (0,∞) +*:X|��+�|.�
., b α ∈ Λ N δ(t) ≡ 1, o� α ∈ Λ1.[d>+wZD�, w

α−1(y) :=







a, y < α(a),

(α|[a,∞))
−1(y), y > α(a).�X α−1 t��+N' y → ∞ nQ` ∞.R 1.3 b α ∈ Λ, o α−1 ◦ α(x) > x N α ◦ α−1(x) > x, ' x �L"n-Z�'. sod, zh a ∈ R _1K 1.2 �F�, o℄

α−1 ◦ α(x) =







a, x 6 a,

x, x > a,
α ◦ α−1(x) =







α(a), x 6 α(a),

x, x > α(a).R 1.4 b β ∈ Λ1, I�6�℄ t ∈ (0,∞),

lim
x→∞

β(tx)

β(x)
= 1.sod,

lim inf
x→∞

β(tx)

β(x)
=

[

lim sup
x→∞

β(t−1 · tx)
β(tx)

]−1

= 1.#D 1.3 zh α, β :�H���:

α ∈ Λ, β ∈ Λ1 N lim
x→∞

α(x)

β(ex)
= 0, (1.6)o[ (1.1) 1K+U�X| s 7→ F (s) +QKr�

ραβ(F ) := lim sup
σ→+0

α(logMu(σ, F ))

β(‖σ−1‖) ,L�
σ → +0 +J�t σ1, σ2 → +0,

σ−1 = (σ−1
1 , σ−1

2 ).
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., b α(x) = β(x) = log+ x, o ραβ(F ) �tr.

2 PB-)#0 2.1 zh L-S 	d (1.1) :��� (1.5), oLQKr
ραβ(F ) = lim sup

‖m‖→∞

α(log+ A∗
m)

β
( ‖λm‖
log+ A∗

m

)
.nv�+h1��': log 0 = −∞, 0−1 = ∞, ∞−1 = 0, α(−∞) = lim

x→−∞
α(x),

β(∞) = ∞.R 2.1 ^I?x1! 2.1 +��H
, q α [ β + ��1! B, 1! C [1! D"R+X|H
. sod, �=�n�8 2.2��(1! B[1! C�"R+X|:��� (1.6); ~`1! D, �� (iv) kW6ZJ ε > 0, B−1(ε−1A(x)) = o(x) 6 ex ' x → ∞,q A(x)/B(ex) 6 ε ' x → ∞, �℄�� (iii) �=�( A,B :��� (1.6). �Æ, �=F�DE&��~?1! 2.1 +��WoH
:

α(x) =







√
x, x > 1,

1, x < 1,
β(x) = log+ x.:2 2.1 zh L-S 	d (1.1) :��� (1.5), o6ZJ α ∈ Λ1, :�

lim
x→∞

α(x)

α(ex)
= 0,℄

lim sup
σ→+0

α(logMu(σ, F ))

α(‖σ−1‖) = lim sup
‖m‖→∞

α(log+ A∗
m)

α
( ‖λm‖
log+ A∗

m

)
.nv�+h1��': log 0 = −∞, 0−1 = ∞, ∞−1 = 0, α(−∞) = lim

x→−∞
α(x),

α(∞) = ∞.:2 2.2 zh L-S 	d (1.1) :��� (1.5), o6 p > q > 1, ℄
lim sup
σ→+0

log+[p](logMu(σ, F ))

log+[q](‖σ−1‖)
= lim sup

‖m‖→∞

log+[p](log+ A∗
m)

log+[q]
( ‖λm‖
log+ A∗

m

)
,�
., 6` p = q = 1 +P�, *(/[ (1.1) 1K+U�X| s 7→ F (s) +r.nv�+h1��': log 0 = −∞, 0−1 = ∞, ∞−1 = 0.
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3 H�F1E0 3.1 (9� Riemann-Stieltjes l=+	.�dKq) b f ∈ C([a1, b1]× [a2, b2]),

G(x1, x2) t h(x1, x2) O` g(x1, x2) +l=, L� g t [a1, b1]× [a2, b2] d+ Vitali ℄		�X|, o
∫

[a1,b1]×[a2,b2]

f(x1, x2)dG(x1, x2) =

∫

[a1,b1]×[a2,b2]

f(x1, x2)h(x1, x2)dg(x1, x2).vEKqy` Young (� [15, (5), p. 34]).E0 3.2 (9� Riemann-Stieltjes l=+=�l=Kq) b f n [a1, b1] × [a2, b2] d�6*:, g t [a1, b1] × [a2, b2] d+ Vitali ℄		�X|, :� g(a1, x2) = 0 6�℄
x2 ∈ [a2, b2] �'N g(x1, a2) = 0 6�℄ x1 ∈ [a1, b1] �', o

∫

[a1,b1]×[a2,b2]

f(x1, x2)dg(x1, x2)

=

∫ b1

a1

∫ b2

a2

g(x1, x2)
∂2f(x1, x2)

∂x1∂x2
dx2dx1

+ f(b1, b2)g(b1, b2)−
∫ b1

a1

g(x1, b2)
∂f(x1, b2)

∂x1
dx1 −

∫ b2

a2

g(b1, x2)
∂f(b1, x2)

∂x2
dx2.vEKqy` Young (� [5, p. 465]).E0 3.3 n�� (1.2)–(1.5) �, ' σ ∈ R2

+ �L�
 (0, 0) n, !n C > 0, p*
µ(σ, F ) 6 CMu(σ, F ).K 6 X ∈ (λm, λm+1], 6

Im(X) :=

∫

[λm,X]

e−(σ+it)·ydg(y).G�P! 3.1, �=℄
∫

[λm,X]

e−it·ydg(y) =

∫

[λm,X]

eσ·ye−(σ+it)·ydg(y) =

∫

[λm,X]

eσ·ydIm(y). (3.1)G�P! 3.2,

∫

[λm,X]

eσ·ydIm(y) = eσ·XIm(X) + σ1σ2

∫ X1

λ
(m1)
1

∫ X2

λ
(m2)
2

eσ1y1+σ2y2Im(y1, y2)dy2dy1

− σ1

∫ X1

λ
(m1)
1

eσ1y1+σ2X2Im(y1, X2)dy1
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− σ2

∫ X2

λ
(m2)
2

eσ1X1+σ2y2Im(X1, y2)dy2. (3.2)�J(
|Im(z)| =

∣

∣

∣

∫

[0,z]

e−(σ+it)·ydg(y) +

∫

[0,λm]

e−(σ+it)·ydg(y)

−
∫

[0,z1]×[0,λ
(m2)
2 ]

e−(σ+it)·ydg(y)−
∫

[0,λ
(m1)
1 ]×[0,z2]

e−(σ+it)·ydg(y)
∣

∣

∣

6 4Mu(σ, F ). (3.3)G� (3.1)–(3.3), *(
∣

∣

∣

∫

[λm,X]

e−it·ydg(y)
∣

∣

∣
6 4Mu(σ, F )

(

eσ·X + σ1σ2

∫ X1

λ
(m1)
1

∫ X2

λ
(m2)
2

eσ1y1+σ2y2dy2dy1

+ σ1

∫ X1

λ
(m1)
1

eσ1y1+σ2X2dy1 + σ2

∫ X2

λ
(m2)
2

eσ1X1+σ2y2dy2

)

= 4Mu(σ, F )[eσ1X1 · eσ2X2 + (eσ1X1 − eσ1λ
(m1)
1 ) · (eσ2X2 − eσ2λ

(m2)
2 )

+ (eσ1X1 − eσ1λ
(m1)
1 ) · eσ2X2 + eσ1X1 · (eσ2X2 − eσ2λ

(m2)
2 )]. (3.4)�J(

eσjXj − eσjλ
(mj )

j < eσjXj 6 eσjλ
(mj+1)

j 6 eσjλ
(mj )

j · e‖σ‖(λ
(mj+1)

j
−λ

(mj )

j
), j = 1, 2.G� (1.3) �y, !n K > 0, p*6�℄ m,n ∈ Z+,

λ
(m+1)
1 − λ

(m)
1 + λ

(n+1)
2 − λ

(n)
2 6 K.O�G� (3.4), ' σ ∈ R2

+ �L�
 (0, 0) n, ℄
∣

∣

∣

∫

[λm,X]

e−it·ydg(y)
∣

∣

∣
6 16Mu(σ, F )eλm ·σ · eK‖σ‖

6 17Mu(σ, F )eλm ·σ.[��*
A∗

m 6 17Mu(σ, F )eλm ·σ,q
A∗

me−λm·σ
6 17Mu(σ, F ).O�

µ(σ, F ) 6 17Mu(σ, F ).



410 } ; G � A n 42 �E0 3.4 n (1.2)–(1.5) �, 6ZJ ε > 0, !n Cε > 0, p*' σ ∈ R2
+ �L�


(0, 0) n,

Mu(σ, F ) 6 Cεµ
( σ

1 + ε
, F

)

‖σ−1‖2.K S1 t ∈ R, 6 y ∈ (λk, λk+1], 6
hk(y) = hk(y1, y2) :=

∫

[λk,y]

e−it·xdg(x).zh z ∈ (λk, λk+1], oG�P! 3.2 [P! 3.1, 6�℄ σ ∈ R2
+, ℄

∫

[λk,z]

e−(σ+it)·ydg(y) =

∫

[λk,z]

e−σ·ydhk(y)

= e−σ·zhk(z) + σ1σ2

∫ z1

λ
(k1)
1

∫ z2

λ
(k2)
2

e−σ1y1−σ2y2hk(y1, y2)dy2dy1

+ σ1

∫ z1

λ
(k1)
1

e−σ1y1−σ2z2hk(y1, z2)dy1 + σ2

∫ z2

λ
(k2)
2

e−σ1z1−σ2y2hk(z1, y2)dy2.G� A∗
k +1K, �*

|hk(x)| 6 A∗
k. �P! 3.3 +x?, *(

∣

∣

∣

∫

[λk,z]

e−(σ+it)·ydg(y)
∣

∣

∣
6 4A∗

ke
−λk·σ.zh X ∈ (λm, λm+1], o

∣

∣

∣

∫

[0,X]

e−(σ+it)·ydg(y)
∣

∣

∣

=
∣

∣

∣

m1−1
∑

k1=1

m2−1
∑

k2=1

∫

[λk1,k2
,λk1+1,k2+1]

e−(σ+it)·ydg(y) +

∫

[λm1 ,X]

e−(σ+it)·ydg(y)

+

m1−1
∑

k1=1

∫

[λ
(1)
k1

,λ
(1)
k1+1]×[λ

(2)
m2

,X2]

e−(σ+it)·ydg(y)

+

m2−1
∑

k2=1

∫

[λ
(1)
m1

,X1]×[λ
(2)
k2

,λ
(2)
k2+1

]

e−(σ+it)·ydg(y)
∣

∣

∣

6

(

m1−1
∑

k1=1

m2−1
∑

k2=1

+

m1−1
∑

k1=1

+

m2−1
∑

k2=1

+
∑

k1=m1,k2=m2

)

4A∗
ke

−λk·σ

= 4

m1
∑

k1=1

m2
∑

k2=1

A∗
ke

−λk·σ.
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Mu(σ, F ) 6 4

∞
∑

k1=1

∞
∑

k2=1

A∗
ke

−λk·σ.G� (1.4), !n Nε ∈ Z+ [ E > 0, p* ‖m‖ > Nε kW
m1 +m2

λm1
1 + λm2

2

=
‖m‖
‖λm‖ < E + ε.' m1 > Nε n, 6 m2 = 1, ℄

m1

λm1
1

<
m1 + 1

λm1
1 + 0

< E + ε.
!, ' m2 > Nε n, �=*(
m2

λm2
2

< E + ε.�8
∞
∑

k1=1

∞
∑

k2=1

A∗
ke

−λk·σ =

Nε
∑

k1=1

Nε
∑

k2=1

A∗
ke

−λk·σ +

∞
∑

k1=Nε+1

∞
∑

k2=Nε+1

A∗
ke

−λk·σ

+

Nε
∑

k1=1

∞
∑

k2=Nε+1

A∗
ke

−λk·σ +
∞
∑

k1=Nε+1

Nε
∑

k2=1

A∗
ke

−λk·σ

6 N2
ε µ(σ, F ) +

∞
∑

k1=Nε+1

∞
∑

k2=Nε+1

A∗
ke

−λk·
σ

1+ε e−λk·
σε
1+ε

+

Nε
∑

k1=1

∞
∑

k2=Nε+1

A∗
ke

−λk1
σ1−

λk2
σ2

1+ε e−
λk2

σ2ε

1+ε

+

Nε
∑

k2=1

∞
∑

k1=Nε+1

A∗
ke

−λk2
σ2−

λk1
σ1

1+ε e−
λk1

σ1ε

1+ε

6 N2
ε µ(σ, F ) +

∞
∑

k1=Nε+1

∞
∑

k2=Nε+1

µ
( σ

1 + ε
, F

)

e−λk·
σε
1+ε

+

Nε
∑

k1=1

∞
∑

k2=Nε+1

µ
((

σ1,
σ2

1 + ε

)

, F
)

e−
λk2

σ2ε

1+ε

+

Nε
∑

k2=1

∞
∑

k1=Nε+1

µ
(( σ1

1 + ε
, σ2

)

, F
)

e−
λk1

σ1ε

1+ε .G�� 1.2 *(
µ(σ, F ), µ

((

σ1,
σ2

1 + ε

)

, F
)

, µ
(( σ1

1 + ε
, σ2

)

, F
)

6 µ
( σ

1 + ε
, F

)

.
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∞
∑

k1=1

∞
∑

k2=1

A∗
ke

−λk·σ 6 µ
( σ

1 + ε
, F

)(

N2
ε +

∞
∑

k1=Nε+1

∞
∑

k2=Nε+1

e−λk·
σε
1+ε

+

Nε
∑

k1=1

∞
∑

k2=Nε+1

e−
λk2

σ2ε

1+ε +

Nε
∑

k2=1

∞
∑

k1=Nε+1

e−
λk1

σ1ε

1+ε

)

6 µ
( σ

1 + ε
, F

)(

N2
ε +

∞
∑

k1=Nε+1

∞
∑

k2=Nε+1

e−
εσ1k1

(1+ε)(E+ε)−
εσ2k2

(1+ε)(E+ε)

+

Nε
∑

k1=1

∞
∑

k2=Nε+1

e−
εσ2k2

(1+ε)(E+ε) +

Nε
∑

k2=1

∞
∑

k1=Nε+1

e−
εσ1k1

(1+ε)(E+ε)

)

6 µ
( σ

1 + ε
, F

)

[N2
ε + (1− e−

εσ1
(1+ε)(E+ε) )−1(1− e−

εσ2
(1+ε)(E+ε) )−1

+Nε(1 − e−
εσ1

(1+ε)(E+ε) )−1 +Nε(1− e−
εσ2

(1+ε)(E+ε) )−1].�J(, ' x → ∞ n,

ex − 1 ∼ x.[��*
(1− e−

εσj

(1+ε)(E+ε) )−1 = (1 + o(1))
(1 + ε)(E + ε)

εσj

6 (1 + o(1))
(1 + ε)(E + ε)

ε
‖σ−1‖,n σj → +0 (j = 1, 2) +����'.O�, ' σ ∈ R2

+ �L�
 (0, 0) n, �J( ‖σ−1‖ 6 ‖σ−1‖2, !n Cε > 0, p*
Mu(σ, F ) 6 4

∞
∑

k1=1

∞
∑

k2=1

A∗
ke

−λk·σ 6 Cεµ
( σ

1 + ε
, F

)

‖σ−1‖2.O��=��/x?.E0 3.5 n�� (1.2)–(1.6) �, ℄
lim sup
σ→+0

α(logMu(σ, F ))

β(‖σ−1‖) = lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) .K G�P! 3.4, 6ZJ ε > 0, !n Cε > 0, p*' σ ∈ R2
+ �L�
 (0, 0) n, ℄

logMu(σ, F ) 6 logCε + 2 log ‖σ−1‖+ logµ
( σ

1 + ε
, F

)

.6 Eε =
{

σ ∈ R2
+ : logCε + 2 log ‖σ−1‖ < ε logµ

(

σ
1+ε

, F
)}

.b σ ∈ Eε, o logMu(σ, F ) < (1 + ε) logµ
(

σ
1+ε

, F
)

; b σ ∈ Ec
ε , o logMu(σ, F ) <

3(1 + ε−1) log ‖σ−1‖.
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e,q�4 413G� α ∈ Λ *, !n C1 > 0, p* α(x) +C1 > 0 6�℄ x ∈ R �'. O�, ' σ ∈ R2
+�L�
 (0, 0) n, ℄

α(logMu(σ, F )) 6 α(3(1 + ε−1) log ‖σ−1‖) + α
(

(1 + ε) logµ
( σ

1 + ε
, F

))

+ C1.G� (1.6) [� 1.4, ℄
lim sup
σ→+0

α(logMu(σ, F ))

β(‖σ−1‖) 6 lim sup
σ→+0

α(3(1 + ε−1) log ‖σ−1‖)
β(‖σ−1‖) + lim sup

σ→+0

α((1 + ε) logµ
(

σ
1+ε

, F
)

)

β(‖σ−1‖)

6 δ(1 + ε) lim sup
σ→+0

α(log µ( σ
1+ε

, F ))

β(‖
(

σ
1+ε

)−1‖)

= δ(1 + ε) lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) ,L� δ(t) = lim sup
x→∞

α(tx)
α(x) .6 ε → 0, *(
lim sup
σ→+0

α(logMu(σ, F ))

β(‖σ−1‖) 6 lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) .;'+�-qG�P! 3.3 Ix.

4 $1G;3"L6
4.1 #0 2.1  K5K G�P! 3.5, �=6Ax?

lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) = lim sup
‖m‖→∞

α(log+ A∗
m)

β
( ‖λm‖
log+ A∗

m

)
.�J( α ℄�	, mG� (1.5), ℄

β
( ‖λm‖
log+ A∗

m

)

→ ∞, ‖m‖ → ∞,�HHd+dm 5�(`3.w�x?
lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) > lim sup
‖m‖→∞

α(log+ A∗
m)

β
( ‖λm‖
log+ A∗

m

)
.
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+, p*

lim
k→∞

‖mk‖ = ∞[
lim
k→∞

α(log+ A∗
mk

)

β
( ‖λmk

‖

log+ A∗

mk

)

= lim sup
‖m‖→∞

α(log+ A∗
m)

β
( ‖λm‖
log+ A∗

m

)
.�J( E = {k ∈ Z+ : log+ A∗

mk
= 0} t℄ o. >o

lim
k→∞

α(log+ A∗
mk

)

β
( ‖λmk

‖

log+ A∗

mk

)

= lim
E∋k→∞

α(log+ A∗
mk

)

β
( ‖λmk

‖

log+ A∗

mk

)

= 0.�8�=�Hzh E = ∅ 8�mD�3. [��* log+ A∗
mk

= logA∗
mk
6�℄ k ∈ Z+ �'. 6ZJ c ∈ (0, 4−1) [ZJ+ k ∈ Z+, !n σk = (σk,1, σk,2) ∈ R2

+, p* σk,1 = σk,2 [
‖λmk

‖

logA∗

mk

= c‖σ−1
k ‖. G��� (1.5), ℄

lim
k→∞

‖σ−1
k ‖ = c−1 lim

k→∞

‖λmk
‖

logA∗
mk

= ∞.�J(
‖σ−1

k ‖ = σ−1
k,1 + σ−1

k,2 = 4‖σk‖−1.�8
logµ(σk, F ) = log+ A∗

mk
− σk · λmk

> log+ A∗
mk

− ‖σk‖‖λmk
‖

= log+ A∗
mk

− 4‖σ−1
k ‖−1‖λmk

‖

= (1− 4c) log+ A∗
mk

.[��*
lim
k→∞

α(logA∗
mk

)

β
( ‖λmk

‖

logA∗

mk

)

6 lim sup
k→∞

α((1 − 4c)−1 logµ(σk, F ))

β(c‖σ−1
k ‖)

6 lim sup
σ→+0

α((1 − 4c)−1 logµ(σ, F ))

β(c‖σ−1‖)
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6 lim sup
σ→+0

α((1 − 4c)−1 logµ(σ, F ))

α(log µ(σ, F ))
lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) lim sup
σ→+0

β(‖σ−1‖)
β(c‖σ−1‖)

= δ((1 − 4c)−1) lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) ,L�
δ(t) = lim sup

x→∞

α(tx)

α(x)
.6 c → 0, �=*(#A+�T.�nx?

lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) 6 lim sup
‖m‖→∞

α(log+ A∗
m)

β
( ‖λm‖
log+ A∗

m

)
.�mD�3, �zh_�-` L2 < ∞.G�� 1.2, 6ZJ ε > 0, !n mε > 0, p* ‖m‖ > mε kW

log+ A∗
m < α−1

[

(L2 + ε)β
( ‖λm‖
log+ A∗

m

)]

. (4.1)�nn σ = (σ1, σ2) ∈ R2
+ �L�
 0 +���Mu logµ(σ, F ). nv�P��,

α−1[(L2 + ε)β(‖σ−1‖)] >
∑

‖m‖6mε

log+ A∗
m, (4.2)o6 σ1, σ2 ∈ (0, ηε),

(1) b ‖λm‖
log+ A∗

m

6 ‖σ−1‖ N ‖m‖ > mε, oG� (4.1), ℄
log(A∗

me−λm·σ) = logA∗
m − σ · λm 6 log+ A∗

m 6 α−1[(L2 + ε)β(‖σ−1‖)].

(2) b ‖m‖ 6 mε, oG� (4.2), ℄
log(A∗

me−λm·σ) 6 log+ A∗
m 6 α−1[(L2 + ε)β(‖σ−1‖)].

(3) b ‖λm‖
log+ A∗

m

> ‖σ−1‖, o
σ · λm = λ

(m1)
1 σ1 + λ

(m2)
2 σ2 > λ

(m1)
1 σ1

σ2

σ1 + σ2
+ λ

(m2)
2 σ2

σ1

σ1 + σ2
=

‖λm‖
‖σ−1‖ > log+ A∗

m.[��*
log(A∗

me−λm·σ) = logA∗
m − σ · λm 6 0.�℄ (1)–(3), 6�℄ m ∈ Z2

+, ℄
log(A∗

me−λm·σ) < α−1((L2 + ε)β(‖σ−1‖)).
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 0 n, ℄
logµ(σ, F ) < α−1((L2 + ε)β(‖σ−1‖)).O�

lim sup
σ→+0

α(log µ(σ, F ))

β(‖σ−1‖) 6 lim sup
σ→+0

α ◦ α−1((L2 + ε)β(‖σ−1‖))
β(‖σ−1‖) = L2 + ε.6 ε → 0, �=��/x?.

4.2 :2 2.2  K5K [1! 2.1 [H�so9d��*(�8,

log+[n] tx

log+[n] x
=

log+[n−1](log+ x+ log+ t)

log+[n] x
6

log+[n−1](2 log+ x)

log+[n] x

6 · · · 6 log+(2 log+[n−1] x)

log+[n] x
→ 1, x → ∞, t > 0,

log+[n] tx

log+[n] x
=

[ log+[n] t−1 · tx
log+[n] tx

]−1

> · · · >
[ log+(2 log+[n−1] tx)

log+[n] tx

]−1

→ 1, x → ∞, t > 0,

log+[p] x

log+[q](ex)
=

log+[p+1](ex)

log+[q](ex)
→ 0, x → ∞, p > q > 1.� � . � < � >
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