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∼= B2 �)�!Y* Hopf 0�3q"3 y1, y2 �Ælk�,= 1.2 � H � GK *�) d 9 Hopf 0��q��a 1 Y*�!9�!Y*0�� B1, B2 aD9 3.1 d'� y1, y2 �Ælk�℄S B1 2V�
!C0 Hopf-Ore 5x

k[z1][z2] · · · [zd+2], 
K>	 Hopf 0� k[z1, z2, · · · , zd+2].,= 1.3 � H � Hopf 0��q���!Y*0��s (3, 4, 5, 6, 7) Æ#T��� H a 1 Y*�!�q GKdimH = d <∞.|n B = HP [y1, y2;σ, δ, τ ] � H 9
 Hopf M� Ore 5x� y1, y2 �Ælk�℄S
(1) B ��{�
(2) B �� (
�) 0��
(3) B �V�0�q� Noether 9�
(4) B bb9 GK *��q GKdimB = d+ 2;

(5) B bb9 Krull *��q KdimH 6 KdimB 6 d+ 2;

(6) } B � H 9 Hopf M� Ore 5x�℄S B bb9��*��q gldimH 6

gldimB 6 d+ 2;

(7) } B ��!Y*0��℄S B � Artin-Schelter�v9�q gldimB = gldim(grF

(grNB)).#T�=�} B � Hopf M� Ore 5x�℄S gldimB = gldimH + 2.,= 1.4 � H � GK *�) d 9�!Y*0��℄S H � Hopf K� Ore 5x��u=��-s H 9�Y*j*k9b9IG z1, · · · , zd, R�
H = k[z1, z2, · · · , zd; δ, P, T ],q

∆H(zr) ∈ 1⊗ zr + zr ⊗ 1 +
∑

i,j>0,i+j=deg(zr)

(H6r−1)i ⊗ (H6r−1)j , r = 1, · · · , d,hÆ H60 = k, H6i �a z1, · · · , zi(i = 1, · · · , d) �!9 H 9�0�� δi(i = 2, · · · , d) �
H6i−1 94����=� H60, H61, · · · , H6d F� H 9Y* Hopf �0��s>T�Æ�0Ud'E Hopf M� Ore 5x9DY���OE|�5x9�ÆF��s>M�Æ�0UM%E3 Hopf 0� H �a 1 Y*�!9�!Y*0���hY*h Hopf M� Ore 5x��9k2�s>~�Æ�0Ud'E Hopf M� Ore 5x2V�
)M* Hopf-Ore 5x9%R ���OE�!Y* Hopf 0�9 Hopf M� Ore 5x�ÆoED9 3.1u- [1, > 3�] Æ9�O�M%E�!Y* Hopf 0� Hopf M� Ore5x9#AF��s>��Æ�0UM%E�!Y* Hopf 0�9�g��d'E- [2]Æ�RD99IT
	Æ�
2 Hopf / ` Ore ; ZÆ�0Ud' Hopf M� Ore 5x9DY���O|�5x9�ÆF��



4 g :mb Hopf 1�:N� Ore 6y 443,U 2.1 (� [3, DY 1.0]) � A u R = A[x;σ, δ] F� k �9 Hopf 0�� R �
Hopf-Ore5x|n A� R9 Hopf�0��q-s r1, r2 ∈ A,�8 ∆(x) = x⊗r1+r2⊗x.b 2.1 ^�XDY 2.1 Æ9 r1, r2 ��v?k�R� ∆ri = ri ⊗ ri(i = 1, 2). J�!k��D�~�28 ∆(x) = x⊗ 1 + r ⊗ x, hÆ r ∈ A �v?k�V= 2.1 (� [1,℄9 1.1])|n R = A[x;σ, δ]� Hopf-Ore5x�℄S ε(x) = 0, S(x) =

−r−1x, hÆ r−1 = S(r).> 2.1 ������A9X�~�Xg�~9 Hopf 0��
H4 = k〈1, g, x, gx | g2 = 1, x2 = 0, xg = −gx〉.

H4 9g�g� ∆(g) = g ⊗ g, ∆(x) = x ⊗ 1 + g ⊗ x, ε(g) = 1, ε(x) = 0, J�R� S(g) = g = g−1, S(x) = −gx. � H � 2 �L{v0� kG 9 Hopf-Ore 5x�R�
σ(g) = −g, δ(g) = 0 q ∆(x) = x⊗ 1 + g ⊗ x, ℄S H4 � H Z� Hopf 9= 〈x2〉 �89� Hopf 0��7s0U7�j Zhang u Zhang s- [4] Æd'9M� Ore 5x9DY�,U 2.2 � A �0�� B �p A �)�0�� B � A 9
M� Ore 5x�|n�R�V4 ��

(1) B a A uI(C
�D y1 u y2 �!�
(2) {y1, y2} R�k2

y2y1 = p12y1y2 + p11y
2
1 + τ1y1 + τ2y2 + τ0,hÆ p12, p11 ∈ k, q τ1, τ2, τ0 ∈ A;

(3) �)� A Z� B =
∑

i,j>0

Ayi1y
j
2, q��V {yi1y

j
2 | i > 0, j > 0} )�9�a� AZ�

(4) y1A+ y2A+A ⊆ Ay1 +Ay2 +A.0U` P �
(D�v {p12, p11}, ` τ �
�v {τ1, τ2, τ0},  P ����� τ �+��8�=�0U2VDY A 9�M� Ore 5x (� [4]). 0U B � A 9M� Ore5x�|n�#�� A 9�M� Ore 5xu
M� Ore 5x�q|C�5x9�!�
{y1, y2} ;#�b 2.2 (� [1, � 1.2]) DY 2.2 Æ9 � (4) ;�f-sC
_�

σ =

(

σ11 σ12

σ21 σ22

)

: A→M2×2(A), δ =

(

δ1

δ2

)

: A→ M2×1(A).� B � A 9
M� Ore 5x�0U!��) B = AP [y1, y2;σ, δ, τ ], hÆ P =

{p12, p11} ⊆ k, τ = {τ1, τ2, τ0} ⊆ A, σ u δ a�-d'�
Hopf M� Ore 5x9DY�f Hopf-Ore 5xuM� Ore 5x�,U 2.3 � A u B = AP [y1, y2;σ, δ, τ ] F� k �9 Hopf 0�� B � A 9
M�
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Ore 5x� B �
 Hopf M� Ore 5x�|n A � B 9 Hopf �0��q-sv?k
r1, r2 ∈ A, R�

∆(y1) = y1 ⊗ 1 + r1 ⊗ y1, ∆(y2) = y2 ⊗ 1 + r2 ⊗ y2.0U|2VDY A 9� Hopf M� Ore 5x� B � A 9 Hopf M� Ore 5x�|n�#�� A 9� Hopf M� Ore 5xu
 Hopf M� Ore 5x�q|C�5x9�!� {y1, y2} ;#�> 2.2 3 A = k ��0U�85E
 Hopf M� Ore 5x9T
eQ=��
 k�9
 Hopf M� Ore 5x���) B. �) k :F4�� B #gf ∑

i,j>0

kyi1y
j
2. #T�=� B #gf Hopf 0� k〈y1, y2〉/(r), hÆ r �k2

y2y1 = p12y1y2 + p11y
2
1 + τ1y1 + τ2y2 + τ0.|; p12, p11, τ1, τ2, τ0 ∈ k, q ∆(yi) = yi ⊗ 1 + 1⊗ yi(i = 1, 2).7s0Ud' Hopf M� Ore 5x9�ÆF��,= 2.1 � B = AP [y1, y2;σ, δ, τ ] 
 Hopf M� Ore 5x�℄S τ1, τ2 ∈ k, τ0 �Ælk�#T�=�

(1) ∆(τ0) = τ0 ⊗ 1 + r2r1 ⊗ τ0;

(2) p12r2r1 = p12r1r2, p11r2r1 = p11r
2
1 ;

(3) ∆(σij(a)) = σij(a(1))⊗ a(2) = ria(1)r
−1
j ⊗ σij(a(2)), i, j = 1, 2;

(4) ∆(δi(a)) = δi(a(1))⊗ a(2) + ria(1) ⊗ δi(a(2)), i = 1, 2.[ ��g"P ∆|A 2VO'5 B = AP [y1, y2;σ, δ, τ ], ℄S0�#� ∆ �$DY
2.2 Æ9 (2), S'��

∆(y2)∆(y1) = p12∆(y1)∆(y2) + p11∆(y21) + ∆(τ1)∆(y1) + ∆(τ2)∆(y2) + ∆(τ0).0Ub
∆(y2)∆(y1) = (y2 ⊗ 1 + r2 ⊗ y2)(y1 ⊗ 1 + r1 ⊗ y1)

= y2y1 ⊗ 1 + y2r1 ⊗ y1 + r2y1 ⊗ y2 + r2r1 ⊗ y2y1

= p12y1y2 ⊗ 1 + p11y
2
1 ⊗ 1 + τ1y1 ⊗ 1 + τ2y2 ⊗ 1 + τ0 ⊗ 1

+ σ21(r1)y1 ⊗ y1 + σ22(r1)y2 ⊗ y1 + δ2(r1)⊗ y1 + r2y1 ⊗ y2

+ p12r2r1 ⊗ y1y2 + p11r2r1 ⊗ y21 + r2r1 ⊗ τ1y1

+ r2r1 ⊗ τ2y2 + r2r1 ⊗ τ0,V�
p12∆(y1)∆(y2) + p11∆(y21) + ∆(τ1)∆(y1) + ∆(τ2)∆(y2) + ∆(τ0)

= p12(y1 ⊗ 1 + r1 ⊗ y1)(y2 ⊗ 1 + r2 ⊗ y2)

+ p11(y1 ⊗ 1 + r1 ⊗ y1)(y1 ⊗ 1 + r1 ⊗ y1)

+ ∆(τ1)(y1 ⊗ 1 + r1 ⊗ y1) + ∆(τ2)(y2 ⊗ 1 + r2 ⊗ y2) + ∆(τ0)
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= p12(y1y2 ⊗ 1 + σ11(r2)y1 ⊗ y2 + σ12(r2)y2 ⊗ y2 + δ1(r2)⊗ y2

+ r1y2 ⊗ y1 + r1r2 ⊗ y1y2)

+ p11(y
2
1 ⊗ 1 + σ11(r1)y1 ⊗ y1 + σ12(r1)y2 ⊗ y1 + δ1(r1)⊗ y1

+ r1y1 ⊗ y1 + r21 ⊗ y21)

+ ∆(τ1)(y1 ⊗ 1 + r1 ⊗ y1) + ∆(τ2)(y2 ⊗ 1 + r2 ⊗ y2) + ∆(τ0).6w�|n ∆ �$DY 2.2 Æ9 (2), V4 ��w!>�
∆(τ1) = τ1 ⊗ 1, ∆(τ2) = τ2 ⊗ 1,

∆(τ0) = τ0 ⊗ 1 + r2r1 ⊗ τ0,

p12r2r1 = p12r1r2, p11r2r1 = p11r
2
1 .<`g2,9�RF�0UO7� τi = ε(τi) ∈ k(i = 1, 2), e*DY� τ0 �Ælk�8�=�0�#� ∆ �$� 2.2 Æ9k2�
-s a ∈ A, �8

{

∆(y1)∆(a) = ∆(σ11(a))∆(y1) + ∆(σ12(a))∆(y2) + ∆(δ1(a)),

∆(y2)∆(a) = ∆(σ21(a))∆(y1) + ∆(σ22(a))∆(y2) + ∆(δ2(a)).Jf>T
;	�b
∆(y1)∆(a) = (y1 ⊗ 1 + r1 ⊗ y1)(a(1) ⊗ a(2))

= (σ11(a(1))y1 + σ12(a(1))y2 + δ1(a(1)))⊗ a(2)

+ r1a(1) ⊗ (σ11(a(2))y1 + σ12(a(2))y2 + δ1(a(2)))

= (σ11(a(1))⊗ a(2))(y1 ⊗ 1) + (σ12(a(1))⊗ a(2))(y2 ⊗ 1)

+ (r1a(1)r
−1
1 ⊗ σ11(a(2)))(r1 ⊗ y1)

+ (r1a(1)r
−1
2 ⊗ σ12(a(2)))(r2 ⊗ y2)

+ δ1(a(1))⊗ a(2) + r1a(1) ⊗ δ1(a(2)),V�
∆(σ11(a))∆(y1) + ∆(σ12(a))∆(y2) + ∆(δ1(a))

= ∆(σ11(a))(y1 ⊗ 1 + r1 ⊗ y1) + ∆(σ12(a))(y2 ⊗ 1 + r2 ⊗ y2) + ∆(δ1(a))

= ∆(σ11(a))(y1 ⊗ 1) + ∆(σ12(a))(y2 ⊗ 1) + ∆(σ11(a))(r1 ⊗ y1)

+ ∆(σ12(a))(r2 ⊗ y2) + ∆(δ1(a)).Jf>M
;	�b
∆(y2)∆(a) = (y2 ⊗ 1 + r2 ⊗ y2)(a(1) ⊗ a(2))

= (σ21(a(1))y1 + σ22(a(1))y2 + δ2(a(1)))⊗ a(2)

+ r2a(1) ⊗ (σ21(a(2))y1 + σ22(a(2))y2 + δ2(a(2)))

= (σ21(a(1))⊗ a(2))(y1 ⊗ 1) + (σ22(a(1))⊗ a(2))(y2 ⊗ 1)

+ (r2a(1)r
−1
1 ⊗ σ21(a(2)))(r1 ⊗ y1)
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+ (r2a(1)r

−1
2 ⊗ σ22(a(2)))(r2 ⊗ y2)

+ δ2(a(1))⊗ a(2) + r2a(1) ⊗ δ2(a(2)),V�
∆(σ21(a))∆(y1) + ∆(σ22(a))∆(y2) + ∆(δ2(a))

= ∆(σ21(a))(y1 ⊗ 1 + r1 ⊗ y1) + ∆(σ22(a))(y2 ⊗ 1 + r2 ⊗ y2) + ∆(δ2(a))

= ∆(σ21(a))(y1 ⊗ 1) + ∆(σ22(a))(y2 ⊗ 1) + ∆(σ21(a))(r1 ⊗ y1)

+ ∆(σ22(a))(r2 ⊗ y2) + ∆(δ2(a)).f�����aZC�92��b
∆(σij(a)) = σij(a(1))⊗ a(2) = ria(1)r

−1
j ⊗ σij(a(2)), i, j = 1, 2,

∆(δi(a)) = δi(a(1))⊗ a(2) + ria(1) ⊗ δi(a(2)), i = 1, 2.

3 Hopf ( E * 1 & 6 Hopf / ` Ore ; ZÆ�0UM%3 Hopf 0� H �a 1Y*�!9�!Y*0���hY*h HopfM� Ore 5x��9k2�,U 3.1 �!Y* k 0� A ��R� A = k
⊕

i>1

Ai 9 N- Y*0��!�� A 9Y*�(�b99�S'���JTp i, !> dimkAi < ∞; �!g0� C ��g0�
C 9ge C0 � 1 *9�b 3.1 � H � k �bb9 GK *�9 Hopf 0��|n H �)0���!Y*9�0U'���) CGA; |n H �)g0���!9�0U'���) CCA.b 3.2 0U��Y*�.9= ⊕

i>1

Ai ) m.,U 3.2 �Y* Hopf 0��� Hopf 0� B #���Y* k 0��q B =
⊕

i>0

Bi,R� ∆B, εB u SB F�H*Y*_���� B ⊗B stY*XY4��Y*9�S'���JTp i > 0, !> (B ⊗B)i =
∑

l+m=i

Bl ⊗Bm.,U 3.3 Y* Hopf 0�� Hopf 0� H d
EY* H =
⊕

i>0

Hi, R� H #��Y*0�uY*g0��qJ��$dD9Y*�|n H0 � 1 *9�|Q9Y* Hopf 0� )��!9�BH 3.1 (� [5, ℄9 2.1]) � H � Hopf 0��
(1)� I ���� χ : H → k9t�℄S-s0�#� σ ∈ Aut(H),R� σ(I) = ker ε;

(2) |n H �)0���!Y*9�℄S-s H 9Y*��8 H =
∞⊕

i=0

Hi ��!Y*9�q ker ε =
⊕

i>1

Hi.



4 g :mb Hopf 1�:N� Ore 6y 447BH 3.2 (� [6, ℄9 3.2]) � K � Hopf 0� H 9 Hopf 9=� B =
⊕

i>0

Ki/Ki+1�J^9�v{ (K0 �
 H). J L = H ⊗K +K ⊗H , � C =
⊕

n>0

Ln/Ln+1 � H ⊗HJ^9�v{�
(1) -sY*0�#g θ : B ⊗B → C, R�

(a+Ki+1)⊗ (b +Kj+1) 7→ (a⊗ b) + Li+j+1JTp a ∈ Ki V� b ∈ Kj(i, j > 0) !>�
(2) 0� B !)�Y* Hopf 0��|n
(2.1) ∆B = θ−1∆, hÆ ∆ : B → C �a ∆ d49Y*0�#��
(2.2) εB = εB0

π, hÆ π : B → B0 �?S%��
(2.3) SB �a SH d49 B 9Y*0�R#��BH 3.3 (� [6, ℄9 3.3]) � H � Hopf 0��� m = ker ε, grFH �Y*0�

∞⊕

i=0

m
i/mi+1, hÆ F �- [5] Æd'9��Y*MB�
(1) ^`Y� 3.2 Æ9q�Pv� grFH ��Y* Hopf 0��
(2) �) k 0�� grFH �a 1 Y*�!9�!Y*0��
(3) grFH �)g0���!9�
(4) grFH Æ�b 1 Y*9j*kF�Ælk�
(5) grFH �g�~9�sd'�RD9�n�0U5d'C
�R9�Æ℄9uT
Y��V= 3.1 � H � Hopf 0��q�a 1 Y*�!9�!Y*0�� m = ker ε, v

grFH =
∞⊕

i=0

m
i/mi+1 ∼= H �) Hopf 0��[ �XY~�#E�>T��0U�X grFH

∼= H �) k 0��>M��0U�X grFH
∼= H �)g0��>~��0U�X#g�$J��+T# 0�#g�af H �a 1 Y*�!9�!Y*0��f� Hm ·Hn = Hm+n, b m

i/mi+1 ∼= Hi,i ∞⊕

i=0

m
i/mi+1 ∼=

∞⊕

i=0

Hi, |�X grFH
∼= H �) k 0��+-# g0�#g�e*>T��-s0�#g_� f : grFH → H , 0UIP�∆ ◦ f = (f ⊗ f) ◦∆grFH ,q ε ◦ f = εgrFH , hÆ ∆grFH : grFH → grFH ⊗ grFH , q εgrFH : grFH → k.J L = H ⊗ m + m ⊗H , � C =
⊕

n>0

Ln/Ln+1. af m � Hopf 9=�e*Y� 3.2,b ∆grFH = θ−1∆, hÆ θ : grFH ⊗ grFH → C �Y*0�#g�q ∆ : grFH → C �a
∆ u εgrFH = ε(grFH)0π d49Y*0�#��hÆ π : grFH → (grFH)0 �?S%��TUW

∆ ◦ f
( ∞⊕

i=0

m
i/mi+1

)

= ∆(H).
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(f ⊗ f) ◦∆grFH

( ∞⊕

i=0

m
i/mi+1

)

= (f ⊗ f) ◦ θ−1∆
( ∞⊕

i=0

m
i/mi+1

)

= (f ⊗ f)
( ∞⊕

i=0

m
i/mi+1 ⊗

∞⊕

i=0

m
i/mi+1

)

= H ⊗H.f�� ∆ ◦ f = (f ⊗ f) ◦∆grFH . 8�=� ε ◦ f = εgrFH , ,L grFH
∼= H �)g0��+C# �$J��e*Y� 3.2, SgrFH �a S d49 grFH 9Y*0�R#��8�=� S ◦ f =

f ◦ SgrFH . f��f �$J�����Æ� grFH
∼= H �) Hopf 0��V= 3.2 |n B = AP [y1, y2;σ, δ, τ ]�
 HopfM�Ore5x�℄S ε(yi) = 0, S(yi) =

−r−1
i yi, hÆ r−1

i = S(ri) (i = 1, 2).[ Æ℄99�Xu℄9 2.1 9�X8��0UyNho#�BH 3.4 (� [1, Y� 1.1]) � B = A{p12,0}[y1, y2;σ, δ, τ ] �M� Ore 5x�℄S B b�wMB N , �2V!oJ degA = 0 V� deg y1 = deg y2 = 1 85� B 9|�Y*�a�wMB859��) degN . �)�vY*0��b grNB
∼= AP [y1, y2;σ, 0, {0, 0, 0}].b 3.3 )E�V2^℄k9�s9���s�479+��OÆ�0U�Y�`

grNH � grFH 70� grH , hÆ N �M� Ore 5x9�wMB� F ���Y*MB�7s�0Ud'Æ-9>T
�RD9�,= 3.1 � H � Hopf 0��q��a 1 Y*�!9�!Y*0��� m = ker ε,

grFH =
∞⊕

i=0

m
i/mi+1, `

B1 := grNH((grFH)P [y1, y2;σ, δ, τ ])�
 grFH 9
 Hopf M� Ore 5x9�wY*�� B = HP [z1, z2;σ
′, δ′, τ ′] � H 9
 Hopf M� Ore 5x��
B2 := grF (grNB) =

∞⊕

i=0

m
i
grNB/m

i+1
grNB,hÆ mgrNB = ker εgrNB, q εgrNB : grNB → k � Hopf 0� grNB 9g2,�℄S B1

∼= B2 �)�!Y* Hopf 0�3q"3 y1, y2 �Ælk�[ �XY��#E�>T���X B1
∼= B2 �) k 0��>M���X B1

∼= B2�)g0��>~���X#g�$J��>����X B1, B2 ��!9�q#g�$Y*�



4 g :mb Hopf 1�:N� Ore 6y 449+T# 0�#g�e*Y� 3.3, �) k 0�� B2 �a 1 Y*�!9�!Y*0��|l
0U��) k 0�� B1 S^\�a 1 Y*�!9�!Y*0��e*Y� 3.4,0L�wMB�)E�z�s�̀ y1 , y2, σ0� y1, y2, σ,28Y* k0�#g B1
∼= (grFH)P [y1, y2;σ, 0, {0, 0, 0}]. Jf h ∈ H ,mD degNh = degFy1 = degFy2 = 0,℄S B1 � N2- Y*9�0LtY*��) k 0�� B1 �a 1 Y*�!9�!Y*0��+�=

B1 = grFH
⊕

(grFH)y1 + (grFH)y2
⊕

((grFH)y21 + (grFH)y1y2 + (grFH)y22)
⊕

· · · .` z1, z2, σ
′ 0� z1, z2, σ′, 28Y* k 0�#g
B2

∼= grF(HP [z1, z2;σ
′, 0, {0, 0, 0}]) =

∞⊕

i=0

m
i
grNB/m

i+1
grNB.Jf h ∈ H , mD degNh = degFz1 = degFz2 = 0, ℄S B2 � N2- Y*9�0LtY*��) k 0�� B2 �a 1 Y*�!9�!Y*0��e*℄9 3.2 0U�7� zi ∈ mB = mgrNB(i = 1, 2), f� mgrNB = m+

∑

p+q>0
Hzp1z

q
2 .af B2 �Y*9�b σ′

ij(m) ⊆ m, δ′i(m) = 0(i, j = 1, 2), ℄S Hzim ⊆ mz1 +mz2 +m(i =

1, 2), f�
B2 =

∞⊕

i=0

(

m+
∑

p+q>0

Hzp1z
q
2

)i

/
(

m+
∑

p+q>0

Hzp1z
q
2

)i+1

= k
⊕

(H1 + kz1 + kz2)
⊕

(H2 +H1z1 +H1z2 + kz21 + kz1z2 + kz22)
⊕

· · ·

= H
⊕

(Hz1 +Hz2)
⊕

(Hz21 +Hz1z2 +Hz22)
⊕

· · · .af B1, B2 �V yp1y
q
2 u zp1z

q
2 )�9�a H Z�i�	Æ9uF��u�afH �a 1Y*�!9�!Y*0��e*℄9 3.1,-s#g_� g,�8 grFH

∼=

H �) Hopf 0��,L B1
∼= B2 �) k 0��+-# g0�#g�e*>T��-s0�#g_�

f : B1 → B2,
∑

p,q>0

(grFH)yp1y
q
2 7→

∑

p,q>0

Hzp1z
q
2 ,hÆ f |grFH= g.e*>T�uY� 3.2, ∆1 u ∆2 F�a ∆ d49�q

∆1(yi) = yi ⊗ 1 + r1i ⊗ yi, ∆2(zi) = zi ⊗ 1 + r2i ⊗ zi, i = 1, 2.e*Y� 3.3, zi �Ælk�S'�� r2i = 1, v
∆2 ◦ f(yi) = ∆2(zi) = zi ⊗ 1 + 1⊗ zi,
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(f ⊗ f) ◦∆1(yi) = (f ⊗ f)(yi ⊗ 1 + r1i ⊗ yi) = zi ⊗ 1 + f(r1i)⊗ zi.f� ∆2 ◦ f = (f ⊗ f) ◦∆1 3q"3 f(r1i) = 1, |�X r1i = 1 q y1, y2 �Ælk�8�=� ε1 u ε2 F�a ε d49�q ε1(yi) = 0, ε2(zi) = 0, 0Ub ε2 ◦ f = ε1. 6w f 
�2�e�R��f� B1

∼= B2 �)g0��+C# �$J��8�=� S1 u S2 F�a S d49�q S1(yi) = −S1(r1i)yi, S2(zi) = −zi, 6w f �0�#��0Ub
f(S1(yi)) = f((−S1(r1i))yi) = −S1(r1i)zi, S2(f(yi)) = −zi = −S2(r1i)zi.,L f ◦ S1 = S2 ◦ f 3q"3 S1(r1i) = S2(r1i) = 1, |�X r1i = 1 q y1, y2 �Ælk�f� f �$J��+F# �$Y*��X5 B1, B2 9HY*� k, i�U��!9�e*Y� 3.2, B2 �Y* Hopf0��6w f #��$0�ug0�9Y*����Æ� B1

∼= B2 �)�!Y* Hopf 0�3q"3 y1, y2 �Ælk�> 3.1 �H = k[x]�K>	Hopf0��e*D9 3.1, B1 = k[x, y1, y2] ∼= k[x, z1, z2] =

B2 �) Hopf 0��
4 ? J 1 & Hopf ( E * Hopf / ` Ore ; ZÆ�0Ud' Hopf M� Ore 5x2V�
)M* Hopf-Ore 5x9%R ���O�!Y* Hopf 0�9 Hopf M� Ore 5x�ÆoD9 3.1 u- [1, > 3 �] Æ9�O�M%�!Y* Hopf 0� Hopf M� Ore 5x9#AF��- [7]d'EM�Ore5xB = AP [y1, y2;σ, δ, τ ]2V�
)D| A[y1;σ1, d1][y2;σ2, δ2]�z A[y2;σ2, δ2][y1;σ1, δ1] 9M* Ore 5x9%R ��BH 4.1 (� [7,D9 2.2]) � A,B � k0�q B � A95x�} P = {p12, p11} ⊆ k,

τ = {τ1, τ2, τ0} ⊆ A, σ � A 5 M2×2(A) 90�#�� δ � A 5 M2×1(A) 9 σ- 4��
(1) V4 ��;�9�
(1.1)B = AP [y1, y2;σ, δ, τ ]�A9
M�Ore5x��2�)D|A[y1 ;σ1, d1][y2;σ2, d2]9M* Ore 5x�
(1.2) B = AP [y1, y2;σ, δ, τ ] � A 9
M� Ore 5xq σ12 = 0;

(1.3) B = A[y1;σ1, d1][y2;σ2, d2] M* Ore 5xR�
σ2(A) ⊆ A, σ2(y1) = p12y1 + τ2,

d2(A) ⊆ Ay1 +A, d2(y1) = p11y
2
1 + τ1y1 + τ0,hÆ pij ∈ k, τi ∈ A.



4 g :mb Hopf 1�:N� Ore 6y 451_� σ, δ, σi u δi(i = 1, 2) �|Q?29�JTp a ∈ A, b
σ =

(

σ1 0

σ21 σ2|A

)

, δ(a) =

(

d1(a)

d2(a)− σ21(a)y1

)

.

(2) |n (1) Æ ��T!>�℄S B � A 9M� Ore 5x3q"3 σ1 = σ11,

σ2|A = σ22 � A 9�#g�q p12 6= 0.BH 4.2 (� [7, D9 2.4]) � B = AP [y1, y2;σ, δ, τ ] � k 0� A 9
M� Ore 5x�hÆ P = {p12, p11} ⊆ k, τ = {τ1, τ2, τ0} ⊆ A, σ : A → M2×2(A) �0�#��
δ : A → M2×1(A) � σ- 4��℄S B = AP [y1, y2;σ, δ, τ ] 2V�
)M* Ore 5x
A[y2;σ

′
2, d

′
2][y1;σ

′
1, d

′
1] 3q"3 σ21 = 0, p12 6= 0 q p11 = 0. )�� B �M� Ore 5x3q"3 σ′

2 = σ22 q σ′
1|A = σ11 � A 9�#g��Y� 4.1 uY� 4.2 Æ9 A,B ~! Hopf 0��{W85 Hopf M� Ore 5x2V�
)M* Hopf-Ore 5x9%R ��- [2] 9�zd'E�!Y* Hopf 0�9�g�BH 4.3 (� [2, D9 3.12]) � H � GK *�) d 9�!Y*0��℄S H �C0 Hopf-Ore 5x��u=��-s H 9�Y*j*k9b9IG z1, · · · , zd, R�

H = k[z1][z2; δ2] · · · [zd; δd],q
∆H(zr) ∈ 1⊗ zr + zr ⊗ 1 +

∑

i,j>0,i+j=deg(zr)

(H6r−1)i ⊗ (H6r−1)j , r = 1, · · · , d,hÆ H60 = k, H6i �a z1, · · · , zi(i = 1, · · · , d) �!9 H 9�0�� δi(i = 2, · · · , d) �
H6i−1 94����=� H60, H61, · · · , H6d F� H 9Y* Hopf �0��L� 4.1 � H � GK *�) d 9�!Y* Hopf 0��|n
 Hopf M� Ore 5x
B = HP [y1, y2;σ, δ, τ ] S��!Y* Hopf 0��v GKdimB = d+2, q) Hopf M� Ore5x2V�
)M* Hopf-Ore 5x B = k[z1][z2; δ2] · · · [zd+2; δd+2], hÆ τ1 = τ2 = 0.[ af H ��!Y* Hopf 0��i H �(�b99�0Ub GKdimB = d+ 2,e*Y� 4.3, B 2V�
)M* Hopf-Ore 5x B = k[z1][z2; δ2] · · · [zd+2; δd+2].0L Hopf M� Ore 5xÆ9k2

y2y1 = p12y1y2 + p11y
2
1 + τ1y1 + τ2y2 + τ0.e*D9 2.1, τ1, τ2 ∈ k, ��;	C�9*��b τ1 = τ2 = 0.7s0U2VÆoD9 3.1 Æ9�O���Æ-9>M
�RD9�,= 4.1 � H � GK *�) d 9 Hopf 0��q��a 1 Y*�!9�!Y*0�� B1, B2 aD9 3.1 d'� y1, y2 �Ælk�℄S B1 2V�
!C0 Hopf-Ore 5x

k[z1][z2] · · · [zd+2], 
K>	 Hopf 0� k[z1, z2, · · · , zd+2].



452 � K ` . A � 42 ,[ e*Y� 3.3, grFH u B2 F��!Y* Hopf 0��\ y1, y2 �Ælk�e*D9 3.1 u&O 4.1, B1 2V�
)C0 Hopf-Ore 5x k[z1][z2] · · · [zd+2], |'�K>	
Hopf 0� k[z1, z2, · · · , zd+2].- [5] 9�zM%E k ��)0���!Y*9 Hopf 0�9#AF��BH 4.4 (� [5, D9 2.2]) � H � k �9 Hopf 0��q�)0���!Y*9�s (2,3,4,5) Æ#T��� GKdimH = n <∞.

(1) H ��{�
(2) H �V�0���� Noether 9� Cohen-Macaulay 9� Auslander �v9u

Artin-Schelter �v9�R� gldimH = n;

(3) H � Calabi-Yau 9�S'��� H 9 Nakayama �#g�w;_��
(4) S2 = idH ;

(5) H 9 Hochschild(�) #A9 Poincare J
!>�sd'Æ-9>~
�RD9�n�0Ur!�T
Y��BH 4.5 (� [4, D9 3.6]) � B ��!Y*0���bT
MB�8 grB ��!Y* Artin-Schelter 0��℄S B � Artin-Schelter �v0��q gldimB = gldim(grB).7s0U2VÆo- [1, > 3 �] Æ9�O��M%�!Y* Hopf 0� Hopf M�
Ore 5x9#AF��,= 4.2 � H � Hopf 0��q���!Y*0��s (3,4,5,6,7)Æ#T��� Ha 1 Y*�!�q GKdimH = d <∞.|n B = HP [y1, y2;σ, δ, τ ] � H 9
 Hopf M� Ore 5x� y1, y2 �Ælk�℄S

(1) B ��{�
(2) B �� (
�) 0��
(3) B �V�0�q� Noether 9�
(4) B bb9 GK *��q GKdimB = d+ 2;

(5) B bb9 Krull *��q KdimH 6 KdimB 6 d+ 2;

(6) } B � H 9 Hopf M� Ore 5x�℄S B bb9��*��q gldimH 6

gldimB 6 d+ 2;

(7) } B ��!Y*0��℄S B � Artin-Schelter�v9�q gldimB = gldim(grF

(grNB)). #T�=�} B � Hopf M� Ore 5x�℄S gldimB = gldimH + 2.[ (1) e*Y� 3.3, grFB =
∞⊕

i=0

m
i
B/m

i+1
B ��!Y* Hopf 0��℄Se*Y�

4.4, grFB ��{�,L B ��{�
(2) e* (1), B ��{�,L B �� (
�) 0��
(3) u (1) 9�X8�� grFB �V�0�q� Noether 9�,L B S�V�0�q� Noether 9�
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(4) e*Y� 4.4, H �V�9�af y1, y2 �Ælk�e*D9 3.1 uD9 4.1, 0Ub grF (grNB) ∼= k[z1, z2, · · · , zd+2] �) Hopf 0��f� GKdim(grF (grNB)) = d+ 2.e* (3), B �V�9�i GKdim(grF (grNB)) = GKdimB, ,L GKdimB = d+ 2.

(5) u (3) 9�X8��b grF(grNB) ∼= k[z1, z2, · · · , zd+2] �) Hopf 0��f�
Kdim(grF (grNB)) = Kdimk[z1, z2, · · · , zd+2] = d+ 2.u- [1, D9 3.3] 9�X�xTQ (0L N2- Y*), b
KdimH 6 KdimB 6 Kdim(grF (grNB)) = d+ 2.

(6) u (3) 9�X8��b grF(grNB) ∼= k[z1, z2, · · · , zd+2] �) Hopf 0��f�
gldim(grF (grNB)) = gldimk[z1, z2, · · · , zd+2] = d+ 2.u- [1, D9 3.3] 9�X�xTQ (0L N2- Y*), b

gldimH 6 gldimB 6 gldim(grF (grNB)) = d+ 2.

(7) e*Y� 3.3, grF (grNB) =
∞⊕

i=0

m
i
grNB/m

i+1
grNB ��!Y* Hopf 0��f�e*Y� 4.4, grF (grNB) � Artin-Schelter �v9�af B ��!Y*0��i B � Artin-

Schelter �v9�e*Y� 4.5, b
gldimB = gldim(grF (grNB)).#T�=�|n B � Hopf M� Ore 5x�℄S

gldimB = gldim(grF (grNB)) = gldimH + 2.> 4.1 � H = k, 0LeQ9 Hopf M� Ore 5x B = k[y1, y2]. ^`D9 4.2, 0U�7� B ��{�� (
�) 0��V�0�� Noether 0�� Artin-Schelter �v0��q GKdimB = KdimB = gldimB = 2.b 4.1 D9 4.2 ÆoE- [1, > 3 �] Æ9�O�7s0Uk�g0��g�BH 4.6 (� [5, D9 4.1]) � H � GK *�) n <∞ 9�! Hopf 0��℄S�)g0�� H � Artin 9�q����*�) n 9 Artin-Schelter �vg0��b 4.2 - [5] Æ�5ET
-WF/���[b CGA ⇒ CCA?|n!>�� GKdimH = n <∞, 0U2VÆoD9 4.2(7) Æ9�O�S'����)g0�� B � Artin 9�q����*�) n 9 Artin-Schelter �vg0��
5 ? J 1 & Hopf ( E * 8 3Æ�0UM%�!Y* Hopf 0�9�g��d'- [2] Æ�RD99IT
	Æ�s-��n�x0U�jT4- [8] ÆkfK� Ore 5x9DY�



454 � K ` . A � 42 ,,U 5.1 � A �0�� B �p A �)�0�� B � A 9 n � Ore 5x|n�R�V4 ��
(1) B a A uI( n 
�D y1, y2, · · · , yn �!�
(2) JyX 1 6 i < j 6 n, {y1, y2, · · · , yn} R�k2�

yjyi =
∑

16l6m6n

plmij ylym +

n∑

i=1

tlijyl + t0,hÆ plmij ∈ k, q tlij ∈ A;

(3)�)�AZ�B =
∑

i1,i2,··· ,in>0

Ayi11 y
i2
2 · · · yinn ,q��V {yi11 y

i2
2 · · · yinn | i1, i2, · · · , in >

0} )�9�a� A Z�
(4) -s k :F_� σ : A→Mn(A) u k :F_� δ : A→ A⊕n, R�










y1

y2
...

yn










a = σ(a)










y1

y2
...

yn










+ δ(a),hÆ Mn(A) �k�s� A 9 n× n )��J
P = {plmij ∈ k | 1 6 i < j 6 n, 1 6 l 6 m 6 n},

T = {tlij ∈ A | 1 6 i < j 6 n, 1 6 l 6 n}.0U!�� A 9 n � Ore 5x B ) B = A[y1, y2, · · · , yn;σ, δ, P, T ].3 n > 2 �� n � Ore 5xS )K� Ore 5x�7s0Ud' Hopf K� Ore5x9DY��q_E Hopf-Ore5xu Hopf M� Ore5x9DY�,U 5.2 � A u B = A[y1, y2, · · · , yn;σ, δ, P, T ] F� k �9 Hopf 0�� B � A9K� Ore 5x� B � Hopf K� Ore 5x�|n A � B 9 Hopf �0��q-sv?k ri ∈ A, R��
∆(yi) = yi ⊗ 1 + ri ⊗ yi, i = 1, 2, · · · , n.V= 5.1 � B = kP [y1, y2;σ, δ, τ ] � Hopf M� Ore 5x� C = k[x1][x2;σ2, δ2] �M* Hopf-Ore 5x�℄S B ∼= C �) Hopf 0��hÆ σ2(x1) = p12x1 + τ2, δ2(x1) =

p11x
2
1 + τ1x1 + τ0.[ s- [7, Y� 1.2] Æ��zU$�XE B ∼= k[x1][x2;σ2, δ2] �)0���

ϕ : B → C,
∑

p,q>0

kpqy
p
1y

q
2 7→

∑

p,q>0

kpqx
p
1x

q
2�)#g_��hÆ kpq ∈ k, ϕ|k = idk. 0U
R�X ϕ �g0�#gq�$Y*
2�
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�X ∆C ◦ ϕ = (ϕ⊗ ϕ) ◦∆B, g49�Xu�n�8�9�TUW
∆C ◦ ϕ(yi) = ∆C(xi) = xi ⊗ 1 + ri ⊗ xi, i = 1, 2.ITUW

(ϕ⊗ ϕ) ◦∆B(yi) = (ϕ⊗ ϕ)(yi ⊗ 1 + ri ⊗ yi) = xi ⊗ 1 + ri ⊗ xi, i = 1, 2.f� ∆C ◦ ϕ = (ϕ⊗ ϕ) ◦∆B.L� 5.1 � B = k[y1, y2, · · · , yn;σ, δ, P, T ] � Hopf K� Ore 5x�q
C = k[x1][x2;σ2, δ2] · · · [xn;σn, δn]�C0 Hopf-Ore 5x�℄S B ∼= C �) Hopf 0��[ )�X2V��a℄9 5.1 85�V= 5.2 � C = k[x1][x2;σ2, δ2] · · · [xn;σn, δn] �C0 Hopf-Ore 5x�vJyX

Hopf 0� A, b
A⊗ C = A[y1, y2, · · · , yn;σ, δ, P, T ],hÆ σ = diag(idA, idA, · · · , idA), δ = 0.[ 0U
�X A⊗C ∼= A[y1, y2, · · · , yn;σ, δ, P, T ] �)0��g49�Xu℄9 5.19o#8��0UyNho#�af A � k 0����
 k :F4��e*℄9 5.2,

C = k[x1][x2;σ2, δ2] ∼= k[y1, y2, · · · , yn;σ, δ, P, T ]�� k :F4��gu_�
ψ : A⊗ C → A[y1, y2, · · · , yn;σ, δ, P, T ],

a⊗
∑

pi>0

kp1p2···pn
yp1

1 y
p2

2 · · · ypn

n 7→
∑

pi>0

akp1p2···pn
yp1

1 y
p2

2 · · · ypn

n ,hÆ kp1p2···pn
∈ k. �X5JTp a, b ∈ A, b

ψ
(

a⊗
∑

pi>0

kp1p2···pn
yp1

1 y
p2

2 · · · ypn

n · b⊗
∑

pi>0

kp1p2···pn
yp1

1 y
p2

2 · · · ypn

n

)

= ψ
(

ab⊗
∑

pi>0

kp1p2···pn
y2p1

1 y2p2

2 · · · y2pn

n

)

= ab
∑

pi>0

kp1p2···pn
y2p1

1 y2p2

2 · · · y2pn

n

= ψ
(

a⊗
∑

pi>0

kp1p2···pn
yp1

1 y
p2

2 · · · ypn

n

)

ψ
(

b⊗
∑

pi>0

kp1p2···pn
yp1

1 y
p2

2 · · · ypn

n

)

.af {yp1

1 y
p2

2 · · · ypn

n | p1, p2, · · · , pn > 0} ���f� ψ �0�#��JTp
∑

pi>0

ap1p2···pn
yp1

1 y
p2

2 · · · ypn

n ∈ A[y1, y2, · · · , yn;σ, δ, P, T ],
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pi>0

(ap1p2···pn
⊗ yp1

1 y
p2

2 · · · ypn

n ) ∈ A⊗ C, �8
ψ
( ∑

pi>0

(ap1p2···pn
⊗ yp1

1 y
p2

2 · · · ypn

n )
)

=
∑

pi>0

ap1p2···pn
yp1

1 y
p2

2 · · · ypn

n .i ψ �R��} ∑

pi>0

ap1p2···pn
yp1

1 y
p2

2 · · · ypn

n = 0, ℄S ap1p2···pn
= 0, f�

∑

pi>0

(ap1p2···pn
⊗ yp1

1 y
p2

2 · · · ypn

n ) = 0.|�X kerψ = 0, i ψ �2��,L A⊗ C ∼= A[y1, y2, · · · , yn;σ, δ, P, T ] �)0��7s0Ud'Y� 4.3 9IT
	Æ���Æ-9>�
�RD9�,= 5.1 � H � GK *�) d 9�!Y*0��℄S H � Hopf K� Ore 5x��u=��-s H 9�Y*j*k9b9IG z1, · · · , zd, R�
H = k[z1, z2, · · · , zd; δ, P, T ],q

∆H(zr) ∈ 1⊗ zr + zr ⊗ 1 +
∑

i,j>0,i+j=deg(zr)

(H6r−1)i ⊗ (H6r−1)j , r = 1, · · · , d,hÆ H60 = k, H6i �a z1, · · · , zi(i = 1, · · · , d) �!9 H 9�0�� δi(i = 2, · · · , d) �
H6i−1 94����=� H60, H61, · · · , H6d F� H 9Y* Hopf �0��[ )�X2V��aY� 4.3 u&O 5.1 85�L� 5.2 � H � GK *�) d 9�!Y* Hopf 0��} k < d R� d = qk + r,q q, k, r ∈ N, ℄SJyX Hopf 0� A, -s H 9�Y*j*k9b9IG z1, · · · , zd, R��

H = k [z1, z2, · · · , zk; δ, P, T ] · · · [zqk−k+1, zqk−k+2, · · · , zqk; δ, P, T ]
︸ ︷︷ ︸

q

· · · [zqk+1, δqk+1] · · · [zd, δd]
︸ ︷︷ ︸

r

.[ )�X2V��aY� 4.3 uD9 5.1 85�L� 5.3 � H � GK *�) d 9�!Y* Hopf 0��vJyX Hopf 0� A, b
A⊗H = A[y1, y2, · · · , yd;σ, δ, P, T ],hÆ σ = diag(idA, idA, · · · , idA), δ = 0.[ )�X2V��aD9 5.1 u℄9 5.2 85�L� 5.4 � H � GK *�) d 9�!Y* Hopf 0��} k < d R� d = qk + r,q q, k, r ∈ N, ℄SJyX Hopf 0� A, -s H 9�Y*j*k9b9IG z1, · · · , zd,



4 g :mb Hopf 1�:N� Ore 6y 457R��
A⊗H = A [z1, z2, · · · , zk; δ, P, T ] · · · [zqk−k+1, zqk−k+2, · · · , zqk; δ, P, T ]

︸ ︷︷ ︸

q

· · · [zqk+1, δqk+1] · · · [zd, δd]
︸ ︷︷ ︸

r

.[ )�X2V��a�ÆC
&O85�7s�0U,IT
�H/D9 5.1.V= 5.3 � A = k[z1] �K>	{� g = kz2 � 1 * Lie 0�� z2 � A 94��
U(g) �T�Q0��℄S&� A#U(g) = k[z1][z2, δ2].[ af ∆(z2) = z2 ⊗ 1 + 1⊗ z2, 0Ub

(1#z2)(z1#1) = (z2 · z1)#1 + z1#z2.af z2 � A 94��� z2 · z1 = δ(z1), hÆ δ : A→ A �4��f��6w-s,
A#U(g) 5 k[z1][z2, δ2] 9#g_��,= 5.2 � B = k[y1, y2, · · · , yn; δ, P, T ] � Hopf K� Ore 5x�℄S

B = k[y1]#U(g)# · · ·#U(g)
︸ ︷︷ ︸

n−1

,!��) B = k[y1] #
n−1

U(g).[ )�X2V��a&O 5.1 u℄9 5.3 85�L� 5.5 � H � GK *�) d 9�!Y* Hopf 0��v-s H 9�Y*j*k
z, R� H = k[z] #

d−1
U(g).[ )�X2V��aD9 5.1 uD9 5.2 85�℄Q �z`B1�<4�uK<X4�#hkfÆ3�w-�O��f�0-8�pGa�9tf	ÆV��fb`9�[�$ � 9 � M � O
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