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§1 W�S
Schwarz |y
98QO9YP��p&7�!r'd1, wl�G4lm. /��5Æ'gJ, wx℄O [1–3]. �i Schwarz |ytR|&R0=i['%y, a~�h0(���'=d�i,y, WFgJ℄O [4–13]. �Olm Cn �q� C2 �i'u�'

Levi �G�2'�i Schwarz |y.4 Ω 9 Cn �q� C1 �i'&�, �
�
 Ω 'uA C1 ,zM= ρ : Cn → R, �': (1) Ω = {z ∈ Cn : ρ(z) < 0}; (2) Ωc
= {ρ(z) > 0}; (3) /-y' P ∈ ∂Ω, ∇ρ(P ) 6= 0./�� Ω $ Cn '(��� f = (f1, f2, · · · , fn), f 
 z ∈ Ω �'9 Jacobian o�M

Jf (z) =
(
∂fi

∂zj (z)
)
n×n

, 9uA� Cn $ Cn 'Vd��.TE/J Ω ⊂ C
n 9uA Levi �G�, �
�
uA C2 ,zM= ρ, �'/�-y' P ∈ ∂Ω O ξ = (ξ1, ξ2, · · · , ξn) ∈ T

1,0
P (∂Ω), �

n∑

j,k=1

∂2ρ

∂zj∂zk
(P )ξjξ

k
> 0.��,

T
1,0
P (∂Ω) =

{
ξ ∈ C

n :
n∑

j=1

∂ρ

∂zj
(P )ξj = 0

}
,℄O [14]. /J/� ξ ∈ T

1,0
P (∂Ω) \ {0}, 2<�)89k�', Æ� Ω M� Levi �G�.
O [8, 13] �, *�&$���G�2'�i Schwarz |y'T�!rgJ.3> 1.1 [8,13] 4 Ω ⊂⊂ Cn 9uA� Levi�G�, P ∈ ∂Ω, z0 ∈ Ω. /J f : Ω → Ω9uA(���, f(z0) = z0, f 
 P �(�" f(P ) = P , �
 Jf (P ) 'B�� λ, µ2, · · · , µn�T�d�:

(1) ∂Ω 
 P �'2Y�9 Jf (P )
t 'uAB�Y�, /~'B��9 λ, X

Jf (P )
t∇ρ(P ) = λ∇ρ(P ),�P 2021 � 8 � 3 .;%, 2022 � 1 � 23 .;%g;?.
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∂z
(P )Jf (P ) = λ∂ρ

∂z
(P ), �{ ∂ρ

∂z
(P ) =

(
∂ρ
∂z1 ,

∂ρ
∂z2 , · · · , ∂ρ

∂zn

)∣∣
P
.

(2) λ > 1.

(3) /�-y' µi, �
 αi ∈ T
1,0
P (∂Ω) \ {0}, 7&

Jf (P )αi = µiαi, i = 2, 3, · · · , n.�" |µi| 6
√
λ, i = 2, 3, · · · , n.

(4) |detJf (P )| 6 λ
n+1
2 , |trJf (P )| 6 λ+

√
λ(n− 1).1", �)8 (2)–(4) 9k*'.M�5
, �{|0u\ZN. ∂ρ

∂z
(P )Jf (P ) = λ∂ρ

∂z
(P ) yN&

∂ρ

∂zj
(P )

∂f j

∂zk
(P ) = λ

∂ρ

∂zk
(P ), k = 1, 2, · · · , n.���$� Einstein %OZN. /�,y 1.1 ' (3) �'-y

α = (ξ1, ξ2, · · · , ξn) ∈ {α2, α3, · · · , αn},xW/~'B�� µ, Jf (P )α = µα yN& ∂fk

∂zj (P )ξj = µξk, k = 1, 2, · · · , n.,y 1.1 �)F^'gJ9 (3), X
|µi| 6

√
λ, i = 2, 3, · · · , n. (1.1),y 1.1 �'�)8 (2) O (4) � (1.1) &$. 
O [8, 13] �, (1.1) '��#r97� �*|����G�2 Carathéodory .�U� Kobayashi .�'�i
M, X/T,y.3> 1.2 [15] 4 Ω ⊂⊂ Cn 9uA� Levi �G�, P ∈ ∂Ω, �
/�-y' ξ ∈

T
1,0
P (∂Ω),

lim
z→P

z∈Γ(P )

(F (z, ξ))2d(z, ∂Ω) =
1

2‖∇ρ(P )‖

n∑

j,k=1

∂2ρ

∂zjzk
(P )ξjξ

k
.�{ F (·, ·) 9 Carathéodory .�U� Kobayashi .�, Γ(P ) ⊂ Cn 9 P �'uA7!Y&�.
�O�, u�u�'�G�2n�\5Y'�i Schwarz |y, �� ρ 
 P ∈ ∂Ω�'9 Hessian o�F�:5Y9�,'.��G�2'�i Schwarz|ywt��{A&gJ'BÆ#a. W	�O [8, 13], �O�'�u �F'52�� (1.1). �O'��9�e|�(��� f 'L8d�O��B+, xW ρ '9 Hessian o�
�\5Y'�,d. �tBlm�i Schwarz |yCD�_'?�O52.

§2 DJYF2,; Schwarz W�3> 2.1 4 Ω ⊂⊂ Cn 9uA Levi �G�, P ∈ ∂Ω. f : Ω → Ω 9(���, f
 P �(�, " f(P ) = P . /� Jf (P ) 'B�� λ, µ2, · · · , µn (℄,y 1.1), /J�

µ ∈ {µ2, · · · , µn}, 7&/~'B�Y� α = (ξ1, ξ2, · · · , ξn) ∈ T

1,0
P (∂Ω) \ {0} �'

n∑

j,k=1

∂2ρ

∂zj∂zk
(P )ξjξ

k
> 0, (2.1)�
� |µ| 6

√
λ.
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���, |� Einstein%OZN. 4 α ∈ T
1,0
P (∂Ω)\{0}�' (2.1), Jf (P )α = µα.' γ = (z1, z2, · · · , zn) = (z1(t), z2(t), · · · , zn(t)) : [−1, 1] → ∂Ω, 7&

γ(0) = P, γ′(0) =
(dz1

dt
,
dz2

dt
, · · · , dz

n

dt

)∣∣∣∣
t=0

= (ξ1, ξ2, · · · , ξn) = α,�" γ([−1, 1]) �L� P 'uA�8[���, �
�
ρ(γ(t)) ≡ 0, t ∈ [−1, 1]. (2.2)
 (2.2) ��F� t %#=, &

∂ρ

∂zi
dzi

dt
+

∂ρ

∂zi
dzi

dt
≡ 0, t ∈ [−1, 1].�%#=, &

∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0) + 2

∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0)

+
∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0) +

∂ρ

∂zi
(P )

d2zi

dt2
(0) +

∂ρ

∂zi
(P )

d2zi

dt2
(0) = 0. (2.3)�' γ̃ = (z1, z2, · · · , zn) = (z̃1(t), z̃2(t), · · · , z̃n(t)) : [−1, 1] → ∂Ω, 7&

γ̃(0) = P, γ̃′(0) =
(dz̃1

dt
,
dz̃2

dt
, · · · , dz̃

n

dt

)∣∣∣∣
t=0

=
√
−1γ′(0) =

√
−1α.x��2<%#, &$

∂ρ

∂zi
dz̃i

dt
+

∂ρ

∂zi
dz̃

i

dt
≡ 0, t ∈ [−1, 1],xW

∂2ρ

∂zi∂zj
(P )

dz̃i

dt
(0)

dz̃j

dt
(0) + 2

∂2ρ

∂zi∂zj
(P )

dz̃i

dt
(0)

dz̃
j

dt
(0)

+
∂2ρ

∂zi∂zj
(P )

dz̃
i

dt
(0)

dz̃
j

dt
(0) +

∂ρ

∂zi
(P )

d2z̃i

dt2
(0) +

∂ρ

∂zi
(P )

d2z̃
i

dt2
(0) = 0. (2.4)


dz̃i

dt
(0) =

√
−1

dzi

dt
(0), i = 1, 2, · · · , n�0 (2.4), &$

− ∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0) + 2

∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0)

− ∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0) +

∂ρ

∂zi
(P )

d2z̃i

dt2
(0) +

∂ρ

∂zi
(P )

d2z̃
i

dt2
(0) = 0. (2.5)

(2.3) O (2.5) B�
∂ρ

∂zi
(P )

d2zi

dt2
(0) +

∂ρ

∂zi
(P )

d2zi

dt2
(0) +

∂ρ

∂zi
(P )

d2z̃i

dt2
(0) +

∂ρ

∂zi
(P )

d2z̃
i

dt2
(0)

= −4
∂2ρ

∂zi∂zj
(P )

dzi

dt
(0)

dzj

dt
(0). (2.6)Cp f '��B+, � max

t∈[−1,1]
ρ(f(γ(t))) = ρ(f(γ(0))) = 0, xW

max
t∈[−1,1]

ρ(f(γ̃(t))) = ρ(f(γ̃(0))) = 0.
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d

dt
ρ(f(γ(t)))

∣∣∣∣
t=0

= 0,
d

dt
ρ(f(γ̃(t)))

∣∣∣∣
t=0

= 0,xW
d2

dt2
ρ(f(γ(t)))

∣∣∣∣
t=0

6 0,
d2

dt2
ρ(f(γ̃(t)))

∣∣∣∣
t=0

6 0.��
d

dt
ρ(f(γ(t))) =

∂ρ

∂wi

∂f i

∂zj
dzj

dt
+

∂ρ

∂wi

∂f
i

∂zj
dzj

dtO
d

dt
ρ(f(γ̃(t))) =

∂ρ

∂wi

∂f i

∂zj
dz̃j

dt
+

∂ρ

∂wi

∂f
i

∂zj
dz̃

j

dt
,&$

0 >
d2

dt2
ρ(f(γ(t)))

∣∣∣∣
t=0

=
∂2ρ

∂wi∂wk

∂fk

∂zl
dzl

dt

∂f i

∂zj
dzj

dt
+

∂2ρ

∂wi∂wk

∂f
k

∂zl
dzl

dt

∂f i

∂zj
dzj

dt

+
∂ρ

∂wi

∂2f i

∂zj∂zm
dzm

dt

dzj

dt
+

∂ρ

∂wi

∂f i

∂zj
d2zj

dt2

+
∂2ρ

∂wi∂wk

∂fk

∂zl
dzl

dt

∂f
i

∂zj
dzj

dt
+

∂2ρ

∂wi∂wk

∂f
k

∂zl
dzl

dt

∂f
i

∂zj
dzj

dt

+
∂ρ

∂wi

∂2f
i

∂zj∂zm
dzm

dt

dzj

dt
+

∂ρ

∂wi

∂f
i

∂zj
d2zj

dt2
, (2.7)xW

0 >
d2

dt2
ρ(f(γ̃(t)))

∣∣∣∣
t=0

=
∂2ρ

∂wi∂wk

∂fk

∂zl
dz̃l

dt

∂f i

∂zj
dz̃j

dt
+

∂2ρ

∂wi∂wk

∂f
k

∂zl
dz̃

l

dt

∂f i

∂zj
dz̃j

dt

+
∂ρ

∂wi

∂2f i

∂zj∂zm
dz̃m

dt

dz̃j

dt
+

∂ρ

∂wi

∂f i

∂zj
d2z̃j

dt2

+
∂2ρ

∂wi∂wk

∂fk

∂zl
dz̃l

dt

∂f
i

∂zj
dz̃

j

dt
+

∂2ρ

∂wi∂wk

∂f
k

∂zl
dz̃

l

dt

∂f
i

∂zj
dz̃

j

dt

+
∂ρ

∂wi

∂2f
i

∂zj∂zm
dz̃

m

dt

dz̃
j

dt
+

∂ρ

∂wi

∂f
i

∂zj
d2z̃

j

dt2
. (2.8)M\ �℄, �{ P O 0 6	�.


dz̃i

dt
(0) =

√
−1

dzi

dt
(0), i = 1, 2, · · · , n,�0 (2.8), &$

0 >
d2

dt2
ρ(f(γ̃(t)))

∣∣∣∣
t=0
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= − ∂2ρ

∂wi∂wk

∂fk

∂zl
dzl

dt

∂f i

∂zj
dzj

dt
+

∂2ρ

∂wi∂wk

∂f
k

∂zl
dzl

dt

∂f i

∂zj
dzj

dt

− ∂ρ

∂wi

∂2f i

∂zj∂zm
dzm

dt

dzj

dt
+

∂ρ

∂wi

∂f i

∂zj
d2z̃j

dt2

+
∂2ρ

∂wi∂wk

∂fk

∂zl
dzl

dt

∂f
i

∂zj
dzj

dt
− ∂2ρ

∂wi∂wk

∂f
k

∂zl
dzl

dt

∂f
i

∂zj
dzj

dt

− ∂ρ

∂wi

∂2f
i

∂zj∂zm
dzm

dt

dzj

dt
+

∂ρ

∂wi

∂f
i

∂zj
d2z̃

j

dt2
. (2.9)gQ ∂fk

∂zl (P )dz
l

dt (0) = µdzk

dt (0)(k = 1, 2, · · · , n), ∂ρ
∂wi (P )∂f

i

∂zj (P ) = λ ∂ρ
∂zj (P )(j = 1, 2, · · · , n),xW (2.6), (2.7) O (2.9) B�

0 > 4
∂2ρ

∂wi∂wk

∂f
k

∂zl
dzl

dt

∂f i

∂zj
dzj

dt
+

∂ρ

∂wi

∂f i

∂zj
d2zj

dt2
+

∂ρ

∂wi

∂f
i

∂zj
d2zj

dt2

+
∂ρ

∂wi

∂f i

∂zj
d2z̃j

dt2
+

∂ρ

∂wi

∂f
i

∂zj
d2z̃

j

dt2

= 4|µ|2 ∂2ρ

∂wi∂wk

dzk

dt

dzi

dt
+ λ

∂ρ

∂zj
d2zj

dt2
+ λ

∂ρ

∂zj
d2zj

dt2

+ λ
∂ρ

∂zj
d2z̃j

dt2
+ λ

∂ρ

∂zj
d2z̃

j

dt2

= 4|µ|2 ∂2ρ

∂wi∂wk

dzk

dt

dzi

dt
− 4λ

∂2ρ

∂zi∂zj
dzi

dt

dzj

dt
.��D_ (2.1)

n∑
i,k=1

∂2ρ

∂wi∂wk (P )dz
k

dt (0)
dzi

dt (0) =
n∑

i,k=1

∂2ρ

∂wi∂wk (P )ξ
k
ξi > 0, I� |µ|2 6 λ,U� |µ| 6

√
λ. �
.` 2.1 U+, ,y 2.1 'g
�~��� Levi �G�#a. ,y 2.1 9,y 1.1 'IG, !9��529�F'.℄R *�<^5>,C�'�Ia{./ � < � L � N
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along Some Directions
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Abstract In this paper, the author studies the boundary Schwarz lemma directly by

using the properties of holomorphic mappings. A boundary Schwarz lemma along some

directions satisfying positive definite conditions on pseudoconvex domains is established.

This generalizes the main results in the case of strongly pseudoconvex domains, but the

methods of proof are different.
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