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§1 d � `��b	U$"n - �e��m3�




∂tρ+∇ · (ρu) = 0,

ρ(∂tu+ (u · ∇)u) +∇P = SF ,

∂tI +Ω · ∇I = S,

(1.1)K*$PS7�{9�




ρ(x, 0) = ρ0(x),

u(x, 0) = u0(x),

I(x, 0, ν,Ω) = I0(x, ν,Ω),

(1.2)+Æ x ∈ Rd, t ∈ R+,Ω ∈ Sd−1.ρ : Rd × R+ → [0,∞), u : Rd × R+ → Rd, P = (γ − 1)ργ , �
I = I(x, t, ν,Ω) : Rd ×R+ ×R+ × Sd−1 → [0,∞) q��Z�y�_�n_�>3�K*sK�_�=�� SF =

∫
R+

∫
Sd−1 S(x, t, ν,Ω)ΩdΩdν, +Æ S H�sKa�ZyW���VB��DY�

S = S(ν,Ω, ρ)− σa(ν,Ω, ρ)I +

∫

R+

∫

Sd−1

[ ν
ν′
σs(ν

′ → ν,Ω′ · Ω, ρ)I(x, t, ν′,Ω′)

− σs(ν → ν′,Ω · Ω′, ρ)I(x, t, ν,Ω)
]
dΩ′dν′,�� 2021 ! 7 e 27 AaO� 2022 ! 1 e 14 AaO7{}�
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� σa \�`�f� σs(ν
′ → ν,Ω′ ·Ω, ρ) = σs(ν →

ν′,Ω · Ω′, ρ) \FK�f�'b� [1–2]. 
�.�m����= σs(ν
′ → ν,Ω′ · Ω, ρ) \

σs(ν → ν′,Ω · Ω′, ρ) q�.# σs, \ σ′
s. �Li��Æ��1Mn c = 1."n - �e��m3isK�y}<Æ	D�FAG�zB�i�yÆ�q�Æ_O|�?sK#T=_W�Q���islS�v�1Æ��y\sKS3
gKT"n - �e��m3pO3i!�'b� [1–3]. +tsK�y�1%9 i�0E0(\�fSz^\!^�p#4�0^�//0Æq��0r�K*$��^SAUÆ�'7� [3–4].�Y�r4SsK�y}<m3��1V�9b$�SAU�K ρ V~�IR��/��?mi� [3] Æ�yT� [5] xLJS[H�Ymi\���,mi�b?���b�j2Æ"n - �e��m3��w C1 GSW%Bi4K*	H4��Rt�i� [3] ÆG���K7�6qER� C1 Gg�%iV"R2�Æ'�iuyjS{9���%��?i� [6] ÆQN�
j2Æ 3 �pU$"n - �e��m37���wSW%�G����uS	H4�i� [7] Æ�KsK%qÆ��-�v1MR�w?<��Q�;{�g>U$"n - �e��m3GyjS��wW%~nGSBi4K*	H4��R�t�i�sÆGAU�UYyjM�GSV"R2Æ' *�+tSE�\DGS|yBi4V��i 1 �52��1M7� BV jfVI��4uyj� Blanc � Ducomet i� [8] ÆyT6~ Glimm �Y;{�"n - �e��m3��wDGS|yBi4����tR�tR1i� [9] Æ�yT6~ Glimm �Y�AU�"n - �e��m3S7���w��%��P�i� [10] Æ}� Godunov V"*q�Y\".Mmi�;{�U$m3E7���wi L∞ j2Æ|yD$GSBi4��OH$��%i� [11] Æ���aYUÆsK�y�GV�$lSE���4ti�H&�sÆ���b�6a0g>UÆsK�yS"n - �e��m3i L∞ j2Æ|y$GSBi4�it�S�#Æ�GyjS52��$:i���YsK�y}<m3SmFPlS�#�gK'a� [12–17] K*u�OTS'b�!��Y��e -j�hj - �e��m3S$�AUE��g'b� [18–22]K*u�OTS'b�!�8�YK��#Æ�YGiV"R2�Æ'SE��i��Æ���=;{"n -�e��m3��wS|y�G�'w� [23] ÆSmi���a�y7Wn_ u0 v^KS{9�=�����vN_��SH�|y�S�SG�B��\6q+S7W�_ ρ0, }�k�Ua' (GV\m3 (1.1)SX`') sGpS>^�UQsK%qGpSQ&#�K3N,N,4���yTG��SG�2S*i�- Sobolev j2ÆSjf=W��5VI�N=����=m3W%GB�1H�|yG�iam3#���,S�3Æ�m3sK%qSwgE�%Gp�FSl��
�hvx�l����asK�f#�H-1M��4v9�/S/;��l�pi!yTG��SG�2S\u�=��UY��am3GS�kmY���f9G��yj���P[%q!�B��iXgDÆ���b�LJH-�FSu��=��k��Y4"�� (2.3) \7� (2.4) S|y�G��4:e���S�F\v�iXED���=�km3SW%G����GSW%^\4�iXkD���=�,yTG��SGi Sobolev j2ÆSjf�*��"���_�w�GS|yBi4�

§2 f & 9 t e p b 4 Ib����LJH-&�S.����T Dj �ZsVU j Cj2Mf�1S)��T
∂α �Z D|α| S�Hq��+Æ α = (α1, · · · , αd), αi ∈ N, �4 |α| =

d∑
i=1

αi, 1 6 i 6 d, $
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x1

· · · ∂αd
xd

. ��T | · |p �Z Lp(Rd) j2Sjf�+Æ 1 6 p 6 ∞,T ‖ · ‖ \ ‖ · ‖m pq��Z L2(Rd) j2\ Hm(Rd) j2ÆSjf�=�� C(VR Ci,

i ∈ N) �ZH-~-f�u�i#�3Æ#Q$��9 ̟ =
√

4γ
γ−1ρ

γ−1
2 , �=m3 (1.1)–(1.2) z.1






∂t̟ + u · ∇̟ + k0̟div(u) = 0,

∂tu+ (u · ∇)u+ k0̟∇̟ = −
SF
ρ
,

∂tI +Ω · ∇I = S

(2.1)�7�





̟(x, 0) = ̟0(x),

u(x, 0) = u0(x),

I(x, 0, ν,Ω) = I0(x, ν,Ω)

(2.2)S2Y�+Æ k0 = γ−1
2 , ̟0 =

√
4γ
γ−1ρ

γ−1
2

0 . ��=$�SPl�w\M17�em3



∂tu+ (u · ∇)u = 0, (x, t) ∈ Rd × R+,

∂tI +Ω · ∇I = 0
(2.3)*7�




u(x, 0) = u0(x),

I(x, 0, ν,Ω) = I0(x, ν,Ω)
(2.4)SG�� s > d

2 + 1 
H|f�VB�1M�1M 1 ̟0 ∈ Hs(Rd) 6q+�1M 2 Du0 ∈ L∞(Rd).1M 3 Bi δ > 0, UQa�L x ∈ R
d, 1{ dist(Sp(Du0(x)),R−) > δ.1M 4 I0 ∈ L2(R+ × S

d−1;Hs(Rd)).1M 5 S(ν,Ω, ρ) = ρκS(ν,Ω), σa(ν,Ω, ρ) = ρκσa(ν,Ω); σs(ν
′ → ν,Ω′ ·Ω, ρ) = ρκσs(ν

′

→ ν,Ω′ ·Ω); +Æ κ > 1 +max
{
γ−1
2 s, (γ − 1)

(
s
2 − d

4 + 1
)
, s+1
d

+ γ
2 − 1

} \H�-f��4
σa(ν,Ω) > 0, σs(ν

′ → ν,Ω′ · Ω) > 0.1M 6 Bi Mb > 0, UQK��
∫

R+

∫

Sd−1

|S(ν,Ω)|dΩdν,
( ∫

R+

∫

Sd−1

|S(ν,Ω)|2dΩdν
) 1

2

,

sup
(ν,Ω)∈R+×Sd−1

|σa(ν,Ω)|,
( ∫

R+

∫

Sd−1

|σa|
2dΩdν

) 1
2

,

∫

R+

∫

Sd−1

(∫

R+

∫

Sd−1

∣∣∣
ν

ν′

∣∣∣
2

|σs|
2dΩ′dν′

) 1
2

dΩdν,

(∫

R+

∫

Sd−1

∫

R+

∫

Sd−1

∣∣∣
ν

ν′

∣∣∣
2

|σs|
2dΩ′dν′dΩdν

) 1
2

,
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(∫

R+

∫

Sd−1

( ∫

R+

∫

Sd−1

|σ′
s|dΩ

′dν′
)2

dΩdν
) 1

2

, sup
(ν,Ω)∈R+×Sd−1

∫

R+

∫

Sd−1

|σ′
s|dΩ

′dν′VHI Mb.1M 7 ̟0 \ I0 ZVM�)�r 2.1 i1M 3 Æ� dist �Z)��2S\u� Sp �ZY{ Du0 S)��YsK�fS1MdN� [3, 7, 24–25] Æ$�1MS/h�r 2.2 UY κ > 1, ��f9Gi�-Wm9 ρ = 0.B�pS�w�9�m3! (2.3)–(2.4) GSBi4K*$PSh5�MS 2.1 � s > d
2 +1 
H|f��41\1M 2– 1M 3 1{���m3! (2.3)–

(2.4) BiH�	HS|y�G (u, I), Æ� u(x, t) = u0(x0, t), I(x, t) = I0(x− tΩ), +Æ
x = x0 + tu0(x0). =����V

(i) Du(x, t) = 1
1+t Id + 1

(1+t)2K(x, t).

(ii) ‖Dju(·, t)‖ 6 Kj(1 + t)
d
2−(j+1), 2 6 j 6 s+ 1,+Æ Id = IdRd , K : Rd × R+ → Md(R), ‖K‖L∞(Rd×R+) 6 M . He M , C \ Kj, 2 6 j 6

s+ 1 ^
JrY s, d, δ, |Du0|∞ S~-f�aY u SBi4K* (i) � (ii) S���'b� [23]. ���gK�BE� I(x, t) =

I0(x− tΩ) \ (2.3) ÆXg�m3S|yG�V�KH����� i�9��S�F\v�3H 2.1 � s > d
2 +1 
H|f��41\1M 1– 1M 7 1{�. (u, I) 
m3!

(2.3)–(2.4) S|yG���m3! (1.1)–(1.2) Bi	HS|y�G (̟,u, I), Æ�
(̟,u− u) ∈ Ck([0,∞);Hs−k(Rd)), k ∈ {0, 1}, (2.5)K*

I − I ∈ Ck([0,∞);L2(R+ × S
d−1;Hs−k(Rd))), k ∈ {0, 1}. (2.6)

§3 A 2 B * P 4 ^
��kW%G���b�=m3! (2.1)–(2.2) .1




∂tU +

d∑

j=1

Aj(U)∂jU = G(I, U),

∂tI +Ω · ∇I = S

(3.1)\7�




U(x, 0) = U0(x),

I(x, 0) = I0(x)
(3.2)
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(
0,−SF

ρ

)
, U0 = (̟0, u0),

Aj(U) =




(j+1)−th

uj 0 · · · k0̟ · · · 0

0 uj 0
... 0

. . .
...

(j+1)−th k0̟
...

. . .
...

...
...

. . . 0

0 0 · · · · · · 0 uj




.B�pS�wa�k�wSW%G-N�8#T�MS 3.1 � s > d
2 + 1 
H|f��41\1M 5– 1M 6 1{�C (U0, I0) ∈

Hs(Rd)×L2(R+ × Sd−1;Hs(Rd)), ��Bi T ∗ > 0, m3! (2.1)–(2.2) BiH�W%S�G (U, I) Æ��
U ∈ C([0, T ∗];Hs(Rd)) ∩ C1([0, T ∗];Hs−1(Rd)),

I ∈ C([0, T ∗];L2(R+ × S
d−1;Hs(Rd))) ∩ C1([0, T ∗];L2(R+ × S

d−1;Hs−1(Rd))).}���S���,mi���gKow� [7] Æ��\v 4.1 S�3��He�w�
i=�:%����3� i���km3! (2.1)–(2.2) SW%G�
=���;9 R > 0, UQ Supp ρ0 ∪

Supp I0 ⊂ B(0, R). =�;9 ψ ∈ C∞
c (Rd), U+i B(0, R+ 2r) HÆ� ψ ≡ 1, +Æ r > 0
H-f�M (̟0, u0ψ, I0) 
m3! (2.1)–(2.2) ��wS7���LN u0ψ ∈ Hs, N=��gKT�w 3.1 QNm3! (2.1)–(2.2) SW%G�.


(̟ψ, uψ, Iψ), �=GSBi82.
 [0, Te]. Y\a k = 0, 1, j = 1, · · · , d, ��V
̟ψ ∈ Ck([0, Te];H

s−k(Rd)), u
j
ψ ∈ Ck([0, Te];H

s−k(Rd)),

Iψ ∈ Ck([0, Te];L
2(R× S

d−1;Hs−k(Rd))).xx�L (0, u, 0)\m3! (2.1)–(2.2)K (0, u0, 0) 
7�SW%G� u \m3! (2.3)–

(2.4) S|yG��
A , {(x, t)|0 6 t 6 T, x ∈ B(0, R+ r −Mt)},+Æ

M = sup
06t6Te

(k0|̟ψ|∞ + |uψ|∞) + 1, T = min
{
Te − ε,

r

2M
− ε
}
, ε > 0 �\46q+.\M

(̟,u, I) =




(̟ψ, uψ, Iψ), i A �%,
(0, u, 0), i A �%.
��� (̟,u, I) \m3! (2.1)–(2.2) i8^ Rd × [0, T ] H�K (̟0, u0, I0) 
7�SH��G�	8��m3!SGZVW%	H4�+ (̟ψ, uψ, Iψ) \ (0, u, 0) i8^

P , {(x, t) | 0 6 t 6 T, x ∈ B(x0, r −Mt), x0 ∈ S
d−1(0, R+ r)}
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W 1 C+0h_H\$US�[TH���VB��wK<�m3SW%^\4�MS 3.2 � (U0, I0), (Ũ0, Ĩ0) 
m3! (2.1) S��7���4 (U0, I0) ∈ Hs(Rd)×

L2(R+ × Sd−1;Hs(Rd)). . (U, I), (Ũ , Ĩ) 
m3! (2.1) i [0, T0] H��$PSG�1Mi B(x0, r) H1{ (U0, I0) = (Ũ0, Ĩ0), �4 |DŨ |L∞ < +∞. 9
M > sup

(x,t)∈Acy

{(k0|̟|+ |u|)(x, t)} + 1,+Æ Acy = B(x0, r) × [0, T0], ���i FT1 H���V (U, I) = (Ũ , Ĩ), +Æ
Fτ = {(x, t) | 0 6 t 6 τ, x ∈ Bt , B(x0, r −Mt)}, 0 6 τ 6 T1 = min

{
T0,

r

M

}
.l ��V





∂tU +

d∑

j=1

Aj(U)∂jU = G(U, I),

∂tI +Ω · ∇I = S − σaI +

∫∫ ( ν
ν′
σsI

′ − σ′
sI
)
dΩ′dν′,K*






∂tŨ +

d∑

j=1

Aj(Ũ)∂j Ũ = G(Ũ , Ĩ),

∂tĨ +Ω · ∇Ĩ = S̃ − σ̃aĨ +

∫∫ ( ν
ν′
σ̃sĨ

′ − σ̃′
sĨ
)
dΩ′dν′.
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W 2 QYEQ:Oa�!m3#*���gKQN





∂t(U − Ũ) +

d∑

j=1

Aj(U)∂j(U − Ũ)

= −

d∑

j=1

(Aj(U)−Aj(Ũ))∂jŨ +G(U, I)−G(Ũ , Ĩ),

∂t(I − Ĩ) + Ω · ∇(I − Ĩ) = S − S̃ − (σaI − σ̃aĨ)

+

∫∫
(
ν

ν′
σsI

′ −
ν

ν′
σ̃sĨ

′)− (σ′
sI − σ̃′

sĨ)dΩ
′dν′.

(3.3)

=m3! (3.3) ÆSXH�m3\ U − Ũ #�'�=�am3�`i Fτ H#'q��LN ∂Fτ UE%q�1�q�\ Bτ , B0 � Σ(7� 2), K�j�hj�Y���M9
1

2

[ ∫

Bτ

|U − Ũ |2dx−

∫

B0

|U − Ũ |2dx
]

+
1

2

∫

Σ

1√
1 +M

2

[
M |U − Ũ |2 +

d∑

j=1

(U − Ũ)TAj(U)(U − Ũ)yjdσ
]

6 C

∫ τ

0

(|DU |∞(t) + |DŨ |∞(t))‖U − Ũ‖2L2(Bt)
dt

+

∫

Fτ

(G(U, I)−G(Ũ , Ĩ)) · (U − Ũ)dxdt.U M S;m��1{
1

2

[ ∫

Bτ

|U − Ũ |2dx−

∫

B0

|U − Ũ |2dx
]

6 C

∫ τ

0

(|DU |∞(t) + |DŨ |∞(t))‖U − Ũ‖2L2(Bt)
dt

+

∫

Cτ

(G(U, I)−G(Ũ , Ĩ)) · (U − Ũ)dxdt.
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Ya'��B,pgQ�
‖G(U, I)−G(Ũ , Ĩ)‖L2(Bt)

6
∥∥∥
∫∫ (

̟
2(κ−1)
γ−1 − ˜̟

2(κ−1)
γ−1

)
SΩdΩdν

∥∥∥
L2(Bt)

+
∥∥∥
∫∫ (

̟
2(κ−1)
γ−1 I − ˜̟

2(κ−1)
γ−1 Ĩ

)
σaΩdΩdν

∥∥∥
L2(Bt)

+
∥∥∥
∫∫ ∫∫

ν

ν′
σs

(
̟

2(κ−1)
γ−1 I ′ − ˜̟

2(κ−1)
γ−1 Ĩ ′

)
dΩ′dν′ΩdΩdν

∥∥∥
L2(Bt)

+
∥∥∥
∫∫ ∫∫ (

̟
2(κ−1)
γ−1 I − ˜̟

2(κ−1)
γ−1 Ĩ

)
σ′
sdΩ

′dν′ΩdΩdν
∥∥∥
L2(Bt)

:= J1 + J2 + J3 + J4.yT1M 5– 1M 6 � Gagliardo-Nirenberg#UY�K* Sobolev #UY�����QN
J1 6 C

(
‖̟‖

2(κ−1)
γ−1 −1

s + ‖ ˜̟ ‖
2(κ−1)
γ−1 −1

L∞(Asy)

)
‖̟ − ˜̟ ‖L2(Bt),

J2, J3, J4 6 C‖ ˜̟ ‖
2(κ−1)
γ−1

L∞(Asy)

( ∫∫
‖I − Ĩ‖2L2(Bt)

dΩdν
) 1

2

+ C
(
‖̟‖

2(κ−1)
γ−1 −1

s + ‖ ˜̟ ‖
2(κ−1)
γ−1 −1

L∞(Asy)

)(∫∫
‖I‖2sdΩdν

) 1
2

‖̟ − ˜̟‖L2(Bt),����V∫
Bτ

|U − Ũ |2dx−

∫

B0

|U − Ũ |2dx

6 C

∫ τ

0

(|DU |∞(t) + |DŨ |∞(t))‖U − Ũ‖2L2(Bt)
dt+ C

∫ τ

0

(
‖̟‖

2(κ−1)
γ−1 −1

s

+ ‖ ˜̟‖
2(κ−1)
γ−1 −1

L∞(Acy)

)
‖̟ − ˜̟‖L2(Bt)

(
1 +

( ∫∫
‖I‖2sdΩdν

) 1
2
)
‖U − Ũ‖L2(Bt)dt

+ C

∫ τ

0

‖ ˜̟ ‖
2(κ−1)
γ−1

L∞(Acy)

( ∫∫
‖I − Ĩ‖2L2(Bt)

dΩdν
) 1

2

‖U − Ũ‖L2(Bt)dt.UY ‖̟‖s,
∫∫

‖I‖2sdΩdν, |DU |∞, |DŨ |∞ i [0, T0] HH�VI��4 ‖ ˜̟‖L∞(Acy) \VIS�����QN
‖U − Ũ‖2L2(Bτ )

− ‖U − Ũ‖2L2(B0)

6 C

∫ τ

0

‖U − Ũ‖2L2(Bt)
dt+ C

∫ τ

0

(∫∫
‖I − Ĩ‖2L2(Bt)

dΩdν
) 1

2

‖U − Ũ‖L2(Bt)dt. (3.4)slW��m3! (3.3) SXg�m39hgKQN∫∫
‖I − Ĩ‖2L2(Bτ )

dΩdν −

∫∫
‖I − Ĩ‖2L2(B0)

dΩdν

6 C

∫ τ

0

‖U − Ũ‖L2(Bt)

(∫∫
‖I − Ĩ‖2L2(Bt)

dΩdν
) 1

2

dt

+ C

∫ τ

0

∫∫
‖I − Ĩ‖2L2(Bt)

dΩdνdt. (3.5)E� (3.4)–(3.5), ��V
‖U − Ũ‖2L2(Bτ )

+

∫∫
‖I − Ĩ‖2L2(Bτ )

dΩdν
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6 ‖U0 − Ũ0‖
2
L2(B0)

+

∫∫
‖I0 − Ĩ0‖

2
L2(Bτ )

dΩdν

+ C

∫ τ

0

(
‖U − Ũ‖2L2(Bt)

+

∫∫
‖I − Ĩ‖2L2(Bt)

dΩdν
)
dt,xL�

‖U − Ũ‖2L2(Bτ )
+

∫∫
‖I − Ĩ‖2L2(Bτ )

dΩdν

6
(
‖U0 − Ũ0‖

2
L2(B0)

+

∫∫
‖I0 − Ĩ0‖

2
L2(Bτ )

dΩdν
)
(CeCτ + 1).N= (U, I) \ (Ũ , Ĩ) $�����r 3.1 UW%GS�k�3���V

(̟,u− u, I) ∈ Ck([0, T ];Hs−k(Rd)), k ∈ {0, 1},K*
I − I ∈ Ck([0, T ];L2(R+ × S

d−1;Hs−k(Rd))), k ∈ {0, 1}.

§4 k V A 2 / g ^b��U (2.1) K* (2.3), ��V




(∂t + v · ∇)̟ + k0̟div(v) = −u · ∇̟ − k0̟div(u),

(∂t + v · ∇)v + k0̟∇̟ = −(u · ∇)v − (v · ∇)u −
SF
ρ
,

∂t(I − I) + Ω · ∇(I − I) = S,

(4.1)xx v = u− u.�=;_W���T U , U q��Z (0, u) � (̟, v). 'w� [23], (4.1) ÆS1��m3gK.#
∂tU +

d∑

j=1

Aj(U)∂jU = −E(DU,U)−

d∑

j=1

uj∂jU −

∫∫ (
̟

2(κ−1)
γ−1 S −̟

2(κ−1)
γ−1 σaI

+

∫∫
ν

ν′
̟

2(κ−1)
γ−1 σsI

′ −̟
2(κ−1)
γ−1 σs

′IdΩ′dν′
)
ΩdΩdν, (4.2)+Æ

E(DU,U) =

(
k0̟div(u)

(v · ∇)u

)
.a (4.2) �`�R#Tp� Dm, =�\ DmU #�'�����QN

1

2

d

dt

∫

Rd

DmU ·DmUdx :=

∫

Rd

Km
1 dx +

∫

Rd

Km
2 dx+

∫

Rd

Km
3 dx,+Æ

Km
1 = −DmU ·

(
Dm

d∑

j=1

Aj(U)∂jU −

d∑

j=1

Aj(U)∂jD
mU
)
−

1

2

d∑

j=1

DmU · ∂jAj(U)DmU,
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Km

2 =
1

2

d∑

j=1

∂jujD
mU ·DmU −DmU ·DmE(DU,U)

−DmU ·
(
Dm

( d∑

j=1

uj∂jU
)
−

d∑

j=1

uj∂jD
mU
)
,

Km
3 = −DmU ·Dm

(∫∫
Ω
(
̟

2(κ−1)
γ−1 S −̟

2(κ−1)
γ−1 σaI

+

∫∫
ν

ν′
̟

2(κ−1)
γ−1 σsI

′ −̟
2(κ−1)
γ−1 σ′

sIdΩ
′dν′

)
dΩdν

)
.'b� [23], B�pS�w�9��Y ∫

Rd K
m
i dx, i = 1, 2 S�,�MS 4.1 Bi-f C1 > 0, NJrY s, d, UQ

∫

Rd

Km
1 dx 6




C1‖U‖(1−

1
s
)(1− d

2s−2 )+2‖DsU‖(1−
1
s
) d
2s−2+

1
s , K m = 0,

C1‖U‖(1−
1
s
)(1− d

2s−2 )‖DsU‖(1−
1
s
) d
2s−2+

1
s
+2, K m = s1{�K*BiNJrY s, d, δ, |Du0|∞ S-f C2 > 0, UQ

∫

Rd

Km
2 dx

6






(d
2
− k0d

)
·

1

1 + t
‖̟‖2 +

(d
2
− 1
)
·

1

1 + t
‖v‖2 +

C2

(1 + t)2
‖U(·, t)‖2, K m = 0,

(d
2
− k0d− s

)
·

1

1 + t
‖Ds̟‖2 +

(d
2
− s− 1

)
·

1

1 + t
‖Dsv‖2 +

C2

(1 + t)2
‖DsU(·, t)‖2

+C2

s+1∑

l=2

|DU |
1− l−1

s−1
∞ ‖DsU‖

l−1
s−1 ‖U‖(1−

1
s
)(1− d

2s−2 )
l−1
s−1 ‖DsU‖

l−1
s−1 [(1−

1
s
) d
2s−2+

1
s
]+1+ s−l

s−1 ,K m = s1{�ow� [23] ÆS��mi�yT�w 2.1, Gagliardo-Nirenberg #UY� Sobolev #UY+g��y�w�
i=�:+���3�B�p���;va'�MS 4.2 BiNJrY s, d, Mb S-f C > 0, UQ∫

Rd

K0
3dx 6 C‖U‖(1−

d
2s )(

2(κ−1)
γ−1 −1)+2‖DsU‖

d
2s (

2(κ−1)
γ−1 −1)

+ C
(∫∫

‖I − I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )

2(κ−1)
γ−1 +1‖DsU‖

d
2s ·

2(κ−1)
γ−1

+ C
(∫∫

‖I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )

2(κ−1)
γ−1 +1‖DsU‖

d
2s ·

2(κ−1)
γ−1 ,K* ∫

Rd

Ks
3dx 6 C‖U‖(1−

d
2s )(

2(κ−1)
γ−1 −1)‖DsU‖

d
2s (

2(κ−1)
γ−1 −1)+2

+ C

s∑

l=0

(∫∫
‖I − I‖2dΩdν

) 1
2 (1−

d
2s )

l
s
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·
( ∫∫

‖Ds(I − I)‖2dΩdν
) 1

2 (
d
2s ·

l
s
+1− l

s
)

· ‖U‖(1−
d
2s )(

2(κ−1)
γ−1 − l

s
)‖DsU‖

d
2s (

2(κ−1)
γ−1 − l

s
)+ l

s
+1

+ C

s∑

l=0

(∫∫
‖I‖2dΩdν

) 1
2 (1−

d
2s )

l
s
(∫∫

‖DsI‖2dΩdν
) 1

2 (
d
2s ·

l
s
+1− l

s
)

· ‖U‖(1−
d
2s )(

2(κ−1)
γ−1 − l

s
)‖DsU‖

d
2s (

2(κ−1)
γ−1 − l

s
)+ l

s
+11{�l ��b�=a'.1∫

Rd

Km
3 dx = −

∫∫
Ω
(∫

Rd

DmU ·Dm̟
2(κ−1)
γ−1 Sdx

)
dΩdν

+

∫∫
Ω
( ∫

Rd

DmU ·Dm
(
̟

2(κ−1)
γ−1 (I − I)

)
σadx

)
dΩdν

+

∫∫
Ω
( ∫

Rd

DmU ·Dm(̟
2(κ−1)
γ−1 I)σadx

)
dΩdν

−

∫∫
Ω
( ∫∫ ν

ν′

∫

Rd

DmU ·Dm
(
̟

2(κ−1)
γ−1 (I ′ − I

′
)
)
σsdxdΩ

′dν′
)
dΩdν

−

∫∫
Ω
( ∫∫ ν

ν′

∫

Rd

DmU ·Dm(̟
2(κ−1)
γ−1 I

′
)σsdxdΩ

′dν′
)
dΩdν

+

∫∫
Ω
( ∫∫ ∫

Rd

DmU ·Dm
(
̟

2(κ−1)
γ−1 (I − I)

)
σ′
sdΩ

′dν′dx
)
dΩdν

+

∫∫
Ω
( ∫∫ ∫

Rd

DmU ·Dm(̟
2(κ−1)
γ−1 I)σ′

sdΩ
′dν′dx

)
dΩdν

:= Km
3,1 +Km

3,2 +Km
3,3 +Km

3,4 +Km
3,5 +Km

3,6 +Km
3,7.K m = 0 R�U1M 6 K* Sobolev #UY���V

K0
3,1 = −

∫∫
Ω
(∫

Rd

U ·̟
2(κ−1)
γ−1 Sdx

)
dΩdν 6 C‖U‖

∥∥∥̟
2(κ−1)
γ−1

∥∥∥
∫∫

SΩdΩdν

6 C|U |
2(κ−1)
γ−1 −1

∞ ‖U‖2
∫∫

|S|dΩdν 6 C‖U‖(1−
d
2s

)( 2(κ−1)
γ−1

−1)+2‖DsU‖
d
2s

( 2(κ−1)
γ−1

−1).slW����QN
K0

3,2 +K0
3,4 +K0

3,6 6 C
( ∫∫

‖I − I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )

2(κ−1)
γ−1 +1‖DsU‖

d
2s ·

2(κ−1)
γ−1 ,

K0
3,3 +K0

3,5 +K0
3,7 6 C

( ∫∫
‖I‖2dΩdν

) 1
2

‖U‖(1−
d
2s )

2(κ−1)
γ−1 +1‖DsU‖

d
2s ·

2(κ−1)
γ−1 ,Y\K m = 0 R���K m = s R���V

Ks
3,1 = −

∫∫
Ω
( ∫

Rd

DsU ·Ds̟
2(κ−1)
γ−1 Sdx

)
dΩdν 6 ‖DsU‖

∥∥∥Ds̟
2(κ−1)
γ−1

∥∥∥
∫∫

|S|dΩdν.U Gagliardo-Nirenberg #UY� Sobolev #UYgQ�
∥∥∥Ds̟

2(κ−1)
γ−1

∥∥∥ 6 C|̟|
2(κ−1)
γ−1 −1

∞ ‖Ds̟‖

6 C‖U‖(1−
d
2s )(

2(κ−1)
γ−1 −1)‖DsU‖

d
2s (

2(κ−1)
γ−1 −1)+1.
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Ks

3,1 6 C‖U‖(1−
d
2s )(

2(κ−1)
γ−1 −1)‖DsU‖

d
2s (

2(κ−1)
γ−1 −1)+2.$lW�yT~Yin� Gagliardo-Nirenberg#UY� Sobolev #UY���M9

K
s
3,2 +K

s
3,4 +K

s
3,6 6 C

s
∑

l=0

(

∫∫

‖I − I‖2dΩdν
) 1

2
(1− d

2s
) l
s
(

∫∫

‖Ds(I − I)‖2dΩdν
) 1

2
( d
2s

·
l
s
+1− l

s
)

· ‖U‖(1−
d
2s

)(
2(κ−1)
γ−1

−

l
s
)‖Ds

U‖
d
2s

(
2(κ−1)
γ−1

−

l
s
)+ l

s
+1

,

K
s
3,3 +K

s
3,5 +K

s
3,7 6 C

s
∑

l=0

(

∫∫

‖I‖2dΩdν
) 1

2
(1− d

2s
) l
s
(

∫∫

‖Ds
I‖2dΩdν

) 1
2
( d
2s

·

l
s
+1− l

s
)

· ‖U‖(1−
d
2s

)(
2(κ−1)
γ−1

−

l
s
)‖Ds

U‖
d
2s

(
2(κ−1)
γ−1

−

l
s
)+ l

s
+1

.���"�����9sK%qS$��,�MS 4.3 BiNJrY s, d, Mb S-f C > 0, UQ
d

dt

∫∫
‖I − I‖2dΩdν

6 C
( ∫∫

‖I − I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )(

2κ
γ−1−1)+1‖DsU‖

d
2s (

2κ
γ−1−1)

+ C
(∫∫

‖I − I‖2dΩdν
) 1

2
(∫∫

‖I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )

2κ
γ−1 ‖DsU‖

d
2s ·

2κ
γ−1

+ C

∫∫
‖I − I‖2dΩdν‖U‖(1−

d
2s )

2κ
γ−1 ‖DsU‖

d
2s ·

2κ
γ−1 ,K*

1

2

d

dt

∫∫
‖Ds(I − I)‖2dΩdν

6 C
( ∫∫

‖Ds(I − I)‖2dΩdν
) 1

2

‖U‖(1−
d
2s )(

2κ
γ−1−1)‖DsU‖

d
2s (

2κ
γ−1−1)+1

+ C
(∫∫

‖Ds(I − I)‖2dΩdν
) 1

2
s∑

l=0

( ∫∫
‖I − I‖2dΩdν

) 1
2 (1−

d
2s )

l
s

·
( ∫∫

‖Ds(I − I)‖2dΩdν
) 1

2 (
d
2s ·

l
s
+1− l

s
)

‖U‖(1−
d
2s )(

2κ
γ−1−

l
s
)‖DsU‖

d
2s (

2κ
γ−1−

l
s
)+ l

s

+ C
(∫∫

‖Ds(I − I)‖2dΩdν
) 1

2
s∑

l=0

( ∫∫
‖I‖2dΩdν

) 1
2 (1−

d
2s )

l
s

·
( ∫∫

‖DsI‖2dΩdν
) 1

2 (
d
2s ·

l
s
+1− l

s
)

‖U‖(1−
d
2s )(

2κ
γ−1−

l
s
)‖DsU‖

d
2s (

2κ
γ−1−

l
s
)+ l

s1{�l a (4.1) XE�m3S�`�R#Tp� Dm, =��`�Y (Ω, ν) 'q�����QN
1

2

d

dt

∫∫
‖Dm(I − I)‖2dΩdν := Lm1 + Lm2 + Lm3 + Lm4 + Lm5 + Lm6 + Lm7 ,



2 * ( uS2 #o -  f��n4}zÆ H 131+Æ
Lm1 =

∫∫ ∫

Rd

Dm(I − I) ·Dm(̟
2κ

γ−1S)dxdΩdν,

Lm2 = −

∫∫ ∫

Rd

Dm(I − I) ·Dm
(
̟

2κ
γ−1 σa(I − I)

)
dxdΩdν,

Lm3 = −

∫∫ ∫

Rd

Dm(I − I) ·Dm(̟
2κ

γ−1σaI)dxdΩdν,

Lm4 =

∫∫ ∫∫ ∫

Rd

Dm(I − I) ·Dm
( ν
ν′
̟

2κ
γ−1σs(I

′ − I
′
)
)
dxdΩ′dν′dΩdν,

Lm5 =

∫∫ ∫∫ ∫

Rd

Dm(I − I) ·Dm
( ν
ν′
̟

2κ
γ−1σsI

′
)
dxdΩ′dν′dΩdν,

Lm6 = −

∫∫ ∫∫ ∫

Rd

Dm(I − I) ·Dm
(
̟

2κ
γ−1σs

′(I − I)
)
dxdΩ′dν′dΩdν,

Lm7 = −

∫∫ ∫∫ ∫

Rd

Dm(I − I) ·Dm(̟
2κ

γ−1σs
′I)dxdΩ′dν′dΩdν.K m = 0 R��LN1M 6, ��QN

L0
1 6

∫∫
‖I − I‖‖̟‖|̟|

2κ
γ−1−1
∞ |S|dΩdν

6 C
(∫∫

‖I − I‖2dΩdν
) 1

2

‖U‖(1−
d
2s )(

2κ
γ−1−1)+1‖DsU‖

d
2s (

2κ
γ−1−1).K m = s R�U Gagliardo-Nirenberg #UYK* Sobolev #UY�9

Ls1 6

∫∫
‖Ds(I − I)‖|̟|

2κ
γ−1−1
∞ ‖Ds̟‖|S|dΩdν

6 C
( ∫∫

‖Ds(I − I)‖2dΩdν
) 1

2

‖U‖(1−
d
2s )(

2κ
γ−1−1)‖DsU‖

d
2s (

2κ
γ−1−1)+1.+t'gK}�slS�,QN� i���\MB�/;��l� Y (t). M

Y (t) , P̃ (t) + Q̃(t),xx
P̃ (t) , (1 + t)ae

∫
t

0
C

(1+τ)b
dτ
((1 + t)−a1X0 + (1 + t)−a1+sXs), Q̃(t) , Q0 +Qs,+Æ a = min

{
2, 1 + γ−1

2 d
}
, b = 1 + 1

s−1 , a1 = 1 + d
2 ,

Xm(t) , ‖DmU(·, t)‖, Qm(t) ,
(∫∫

‖Dm(I − I)‖2dΩdν
) 1

2

, m = 0, s.B�p���gK��B��w�MS 4.4 Bi-f h0 > 1, 1{
d

dt
Y (t) 6 C(1 + t)−h0(Y 2(t) + Y

2κ
γ−1+1(t)).l � ηm , min

{
γ−1
2 d− 1

2d+m, 1− 1
2d+m

}
, m = 0, s. �LNa�L t > 0, 1{

‖DmI(·, t, ν,Ω)‖ = ‖DmI0(·, ν,Ω)‖. Y\���w 2.1 \�w 4.2–4.3 9h���V
1

2

d

dt
X2

0 6 CX
(1− 1

s
)(1− d

2s−2 )+2

0 X
(1− 1

s
) d
2s−2+

1
s

s −
η0

1 + t
X2

0 +
C

(1 + t)2
X2

0
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+ CX

(1− d
2s )(

2(κ−1)
γ−1 −1)+2

0 X
d
2s (

2(κ−1)
γ−1 −1)

s + CQ0X
(1− d

2s )
2(κ−1)
γ−1 +1

0 X
d
2s ·

2(κ−1)
γ−1

s

+ CX
(1− d

2s )
2(κ−1)
γ−1 +1

0 X
d
2s ·

2(κ−1)
γ−1

s , (4.3)K*
1

2

d

dt
X2
s 6 CX

(1− 1
s
)(1− d

2s−2 )

0 X
(1− 1

s
) d
2s−2+

1
s
+2

s −
ηs

1 + t
X2
s +

C

(1 + t)2
X2
s

+ C

s+1∑

l=2

(1 + t)−1+( d
2−s)

l−1
s−1X

(1− 1
s
)(1− d

2s−2 )
l−1
s−1

0

·X
l−1
s−1 [(1−

1
s
) d
2s−2+

1
s
]+1+ s−l

s−1
s + CX

(1− d
2s )(

2(κ−1)
γ−1 −1)

0 X
d
2s (

2(κ−1)
γ−1 −1)+2

s

+ C

s∑

l=0

Q
(1− d

2s )
l
s

0 Q
d
2s ·

l
s
+1− l

s
s X

(1− d
2s )(

2(κ−1)
γ−1 − l

s
)

0 X
d
2s (

2(κ−1)
γ−1 − l

s
)+ l

s
+1

s

+ C

s∑

l=0

X
(1− d

2s )(
2(κ−1)
γ−1 − l

s
)

0 X
d
2s (

2(κ−1)
γ−1 − l

s
)+ l

s
+1

s . (4.4)=���w 4.3 ~o��
d

dt
Q2

0 6 CQ0X
(1− d

2s )(
2κ

γ−1−1)+1

0 X
d
2s (

2κ
γ−1−1)

s

+ CQ0X
(1− d

2s )
2κ

γ−1

0 X
d
2s ·

2κ
γ−1

s

+ CQ2
0X

(1− d
2s )

2κ
γ−1

0 X
d
2s ·

2κ
γ−1

s (4.5)�
d

dt
Q2
s 6 CQsX

(1− d
2s )(

2κ
γ−1−1)

0 X
d
2s (

2κ
γ−1−1)+1

s

+ C

s∑

l=0

Q
(1− d

2s )
l
s

0 Q
d
2s ·

l
s
+2− l

s
s X

(1− d
2s )(

2κ
γ−1−

l
s
)

0 X
d
2s (

2κ
γ−1−

l
s
)+ l

s
s

+ CQs

s∑

l=0

X
(1− d

2s )(
2κ

γ−1−
l
s
)

0 X
d
2s (

2κ
γ−1−

l
s
)+ l

s
s . (4.6)9 ξ > 0 Æ� aξ > 2(κ−1)

γ−1 − 1 + s− d
2 , +Zy�I\�Y\�U (4.4)–(4.5), ��gKM9

d

dt
((1 + t)−a1X0) +

a

1 + t
((1 + t)−a1X0)

6 C((1 + t)−a1X0 + (1 + t)−a1+sXs)
2

+
C

(1 + t)2
((1 + t)−a1X0 + (1 + t)−a1+sXs)

+ C((1 + t)−a1X0 + (1 + t)−a1+sXs)
2(κ−1)
γ−1 (1 + t)aξ

+ CQ0((1 + t)−a1X0 + (1 + t)−a1+sXs)
2(κ−1)
γ−1 (1 + t)aξ (4.7)\

d

dt
((1 + t)−a1+sXs) +

a

1 + t
((1 + t)−a1+sXs)
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6 C((1 + t)−a1X0 + (1 + t)−a1+sXs)
2

+
C

(1 + t)2
((1 + t)−a1X0 + (1 + t)−a1+sXs)

+
C

(1 + t)1+
1

s−1

((1 + t)−a1X0 + (1 + t)−a1+sXs)

+ C((1 + t)−a1X0 + (1 + t)−a1+sXs)
2(κ−1)
γ−1 (1 + t)aξ

+ C(Q0 +Qs)((1 + t)−a1X0 + (1 + t)−a1+sXs)
2(κ−1)
γ−1 (1 + t)aξ

+ C((1 + t)−a1X0 + (1 + t)−a1+sXs)
2(κ−1)
γ−1 (1 + t)aξ. (4.8)= (4.8) \ (4.9) $/�h2^KS'qN�����QN

d

dt
P̃ 6 C(1 + t)−ae

−
∫

t

0
C

(1+τ)b
dτ
P̃ 2

+ C
[
(1 + t)ae

∫
t

0
C

(1+τ)b
dτ
]1− 2(κ−1)

γ−1

(Q̃+ 1)P̃
2(κ−1)
γ−1 (1 + t)aξ. (4.9)� (4.6)–(4.7) 9h���V

d

dt
Q0 6 C(1 + t)

d
2−(a−1) 2κ

γ−1 P̃
2κ

γ−1 + C(1 + t)−(a−1) 2κ
γ−1 P̃

2κ
γ−1

+ C(1 + t)−(a−1) 2κ
γ−1Q0P̃

2κ
γ−1 , (4.10)K*

d

dt
Qs 6 C(1 + t)

d
2−(a−1) 2κ

γ−1−sP̃
2κ

γ−1 + C(Q0 +Qs)(1 + t)−(a−1) 2κ
γ−1 P̃

2κ
γ−1

+ C(1 + t)−(a−1) 2κ
γ−1 P̃

2κ
γ−1 , (4.11)�

d

dt
Q̃ 6 C(1 + t)−(a−1) 2κ

γ−1 P̃
2κ

γ−1 ((1 + t)
d
2 + (1 + t)

d
2−s + 1 + Q̃). (4.12)�LN 2κ

γ−1 >
2(κ−1)
γ−1 > s > 1+ d

2 K*�Y κS1M���V (a−1) 2κ
γ−1 = min

{
2κ
γ−1 , κd

}
>

1 + d
2 . Y\ (4.11) �


d

dt
Q̃ 6 C(1 + t)−hP̃

2κ
γ−1 (1 + Q̃), (4.13)+Æ h = (a− 1) 2κ

γ−1 −
d
2 > 1. N
1M 5, ����;m ξ, UQ (

1− 2(κ−1)
γ−1

)
a+ aξ < −1.�LN ∫∞

0
C

(1+τ)b
dτ < +∞, #UY (4.10) g�


d

dt
P̃ 6 C(1 + t)−a

′

(P̃ 2 + Q̃P̃
2(κ−1)
γ−1 + P̃

2(κ−1)
γ−1 ), (4.14)+Æ a′ = min

{
a,
( 2(κ−1)

γ−1 − 1
)
a− aξ

}
. "��9 h0 = min{a′, h}, U (4.12)–(4.13) +gQE��
=���=��\v 2.1.oa3H1lL �

λ(x) =

∫ x

1

1

y2 + y
2κ

γ−1+1
dy,



134 g = ! ` A ( 43 ℄�� λ(x) i (0, 1] H��Yo��4K x → 0 R λ(x) → −∞. N=�C Y (0) = ε0 6q+���VV
λ(Y (t)) 6 λ(Y (0)) + C

∫ ∞

0

(1 + τ)−h0dτ < 0, t ∈ [0,+∞),xL�Bi ε1 > 0, Y (t) 6 ε1 W�1{�b	N
Y (0) = ‖U(·, 0)‖+ ‖DsU(·, 0)‖+

( ∫∫
‖I(·, 0)− I(·, 0)‖2dΩdν

) 1
2

+
( ∫∫

‖Ds(I(·, 0)− I(·, 0))‖2dΩdν
) 1

2

6 2‖̟0‖s,K ‖̟0‖s 6q+�+Q_m3�GS|yBi4�r 4.1 }�)�#UY�����QN
(1 + t)−1− d

2 ‖U(·, t)‖ 6 C(1 + t)−a,

(1 + t)−1− d
2+s‖DsU(·, t)‖ 6 C(1 + t)−a,

(∫∫
‖I − I‖2sdΩdν

) 1
2

6 ε1.
���:Z1M7�ZVM�)S1M 7, ow� [23] ÆS�����gQB�\v�3H 4.1 � s > d
2 + 1 
H|f�1\1M 1– 1M 6 1{�� (u, I) \\v 2.1 Æse$�����m3! (1.1)–(1.2) Bi	HS|y�G��Æ� (2.5) \ (2.6)., � D � Z � \
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Abstract The authors are concerned with the global existence of smooth solutions to the

isentropic Euler-Boltzmann equations in Rd, with a class of small initial data. Firstly, they

construct local solutions to the problem and then the wellposedness of the local solutions

is proved. Also, they construct global smooth background solutions to the approximate

system, which possess a nice decay as t increases. Meanwhile, estimates of the source terms

are established with some assumptions on the coefficients of the radiation part. Combining

the decay of the background solutions and the estimates on the source terms, the authors

show that for some integer s > d
2 + 1, the difference of Hs(Rd) × L2(R+ × Sd−1;Hs(Rd))

norm between approximate solutions and real solutions remains finite, which ensures the

global existence of smooth solutions to original problems.
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