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§1 v�s�R=℄�\7$Wbo Schrödinger T";?YTA (NL4Sα):



iut + uxxxx + |u|α−1u = 0, t > 0, x ∈ R,

u(x, 0) = u0(x),t2 α > 1. ℄?YTAE��R [1–2] 2
�E=℄7$��e!/T-12y�q/;),2;B�;Wbo7$ Schrödinger T";��hk


iut +∆2u+ ε∆u+ µ|u|α−1u = 0, t > 0, x ∈ Rn,

u(x, 0) = u0(x),
(1.1)t2 ε ∈ {0,±1}, µ ∈ {±1}, α > 1.!s�;��o2,7$ SchrödingerT"!fdY��97UrS;��, !Wboqu��4�FOu�>H:XIC��6`g>TfGO�U{5�;B�, 7CA�=R [1–7]. !K7$ Schrödinger T";I`y22, R [8] K7$ Schrödinger T";bo��::�NUo����T t ;2�kÆ. ��&i2�kÆ, *G7$ SchrödingerT";?YTA (1.1) !%--�qTA�; Sobolev B�297UrSy2, A�=R

[9–16]. t2R [9–13] y2U!mTX+}D\ H2(Rn) 'C);�/nP. R [14] #*gU?YTA (1.1) !E� α
2 > 4

n
, s > s0 := n

2 − 4
α
\, %-B�P Hs(Rn) ;5�$Do;'`. R [15] !E� ε = 0, n > 2, sc = n

2 − 4
α
wu+ Sobolev B� Ḣsc(Rn) 2;h%-
�\*9U);'C,!ow��'`. !1TX+;}l\,R [16]>`U7$�S 2021 p 4 � 19 
&8, 2022 p 1 � 10 
&8q_b.
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Schrödinger T"; L2 'C);�0nP. Z�Tf, R [17] 2�97U4 α = 3 �);�r.*L! Besov B����id�'`. R [18] g'U! 1 6 n 6 4 ;}D\, ℄?YTA#5�$Dw'C$D;, t)B�P C([−T, T ]; Ḃsα

2,q(R
n)) w C([−T, T ];Bs

2,q(R
n)),t2 sα = n

2 − 4
α
, s > sα, 1 6 q 6 ∞.-9��;#, 4%- u0 �-�iGqTA�B��, o�?YTA (1.1) $Do;'`�!�,Bk;WqTA�B�P Lpw L̂pB� (p 6= 2). !1B;M$ SchrödingerT";y22,&GTA97U�Y)9,�U�id�;'`. !R [19] 2, B%y2U�\;?YTA: 



iut − uxx ± |u|2u = 0, t > 0, x ∈ R,

u(x, 0) = u0(x), u0(x) ∈ Lp(R),
(1.2)t2 1 < p < 2. '^D�M$ Schrödinger T"bo��:: U(t) = eit∆, #℄TA;>�l P

u(t) = U(t)u0 ± i

∫ t

0

U(t− τ)(|u(τ)|2u(τ))dτ.t+Gs�dbo�� v(x, t) = U(−t)u(x, t), �℄�YT"8~PZ�d�YT"
v(t) = u0 ± i

∫ t

0

U(−t)[U(−τ)v̄(τ)(U(τ)v(τ))2 ]dτ.L�R [20] 2o� U(t), U(−t) �Y)i 
U(t)ϕ =MtDtFMtϕ, U(−t)ϕ =M−1

t F−1D−1
t M−1

t ϕ, (1.3)t2 F ,F−1 �!\K���wtn��, :: Mt, Dt ;D��\:

Mt : ω 7→ ei
|x|2

4t ω, Dt : ω 7→ (4πit)−
n
2 ω

( x

4πit

)
, t 6= 0,℄R2*9U�do�;�bokÆ

‖U(−τ)[U(−τ)v1(τ)U(τ)v2(τ)U(τ)v3(τ)]‖L1(R)

6 Cτ−1‖v1(τ)‖L1(R)‖v2(τ)‖L1(R)‖v3(τ)‖L1(R).?}�F�*kÆ97U?YTA (1.2) ! Lp(1 < p < 2) \;5�$Do.3K�%--�iGWqTA�B�;7$ Schrödinger T";?YTAL|, R
[19];TQ4� $�. PK�7$ SchrödingerT";bo��:: S(t) = eit∆

2 WQ97G9� (1.3)  ;Y)i , <�r�8�6\�Z�4TQEy2. R [21–23]#��UZL�4M��I;y2TQEy2*GM$ Schrödinger T". �R [21] PM, =℄U�\;?YTA: 


iut + uxx ± |u|α−1u = 0, t > 0, x ∈ R,

u(x, 0) = u0(x),
(1.4)97U!%--� L̂p, { p #0� 2 ;E�\℄?YTA'C);,!o,t2 L̂p B�;D�P:

L̂p := {ϕ : ϕ̂ ∈ Lp′}, ‖ϕ‖
L̂p = ‖ϕ̂‖Lp′ . (1.5)



2 s N�= ~�D 8%Xp Schrödinger U#" L̂p &.C�3*<(D-"pz3 139"��, Gs Hausdorff-Young �> A+:  p > 2, # L̂p ⊆ Lp� 1 6 p 6 2, #
Lp ⊆ L̂p.R [21] 6�)R [24] 2K%-;Y)z;wO, �%- u(0) ∈ L̂p Y) 

u0 = ϕN + ψN , ‖ϕN‖L2 ∼ N
1−θ
θ , ‖ψN‖

L̂p0
. N−1, N > 1, (1.6)t2b< 1

p′ =
1−θ
p′
0

+ θ
2 , 0 < θ < 1. �*Y�*9%-Y�P ϕN w ψN ;Sd?Y:TA;);5�,!o. ?} �R [25] 2;TQ$7�9?YTA (1.4) 'C),!; θ;E�.6*, �R[OL�R [21] ;y2TQE=℄?YTA (NL4Sα) !%- u0 ∈ L̂p \);,!oTA. !℄TA5�)w'C);*gs"2, SG Strichartz kÆv7Uo�o;B�. ��G#u+T"; Stichartz kÆ:

‖S(t)f‖LqLr . ‖f‖
L̂p ,

4

q
+

1

r
=

1

p
. (1.7)℄kÆ A�R [11, 26] 2�� L2 B�;u+ Strichartz kÆJrL9. Z�GWu+T"; Strichartz kÆ;l �\:

∥∥∥∥
∫ t

0

S(t− τ)F (·, τ)dτ
∥∥∥∥
L

q

[0,T ]
Lr

x

. ‖F‖Lγ

[0,T ]
L

ρ
x
, (1.8)4 (q, r), (γ′, ρ′) :P3Cw�sK (D�� (1.11)) �, R [11, 26] �*9℄  N. 3!�R;*gs"2r�!h��;E�\;Wu+ Strichartz kÆ, td�;Jrl ��RÆI 2.2 2g'.\f��+g'?YTA (NL4Sα) ;5�)w'C);,!oDI.O_ 1.1 ��%- u0 ∈ L̂p {b<

2 < p < α+ 1,jdK ∀ N > 1, ,!�d T = δN = CN
− 1−θ

θ
· 8(α−1)

(9−α) wb< p < p0 < α+ 1 ; p0, t2 C#�d�0, �9?YTA (NL4Sα) ,!�d5�) u, t)B��. P
u = v + w ∈ L

8(α+1)
α−1

IT
Lα+1(R) + L

q
IT
Lα+1(R),t2�0b<

4

q
+

1

α+ 1
=

1

p0
. (1.9)h/��, K	
 t ∈ [0, δN ], \  N

‖w(t) − S(t)w(0)‖L2
x
. N

−1+ 1−θ
θ

{− (α−1)2

(9−α)(α+1)
+ 8(α−1)

(9−α)q
}
. (1.10)O_ 1.2 �� u0 ∈ L̂p(R) {b<

2 < p <





α+ 1, 1 < α 6
3 +

√
153

8
,

7α+ 9

4α
,

3 +
√
153

8
< α < 9,



140 1 v p < A � 43 8#Kb< (1.9) ;$Y/; q,,!�d p0 b< p < p0 < α+1,�9℄?YTA (NL4Sα),!�d'C) u, {t)B��. P
u = v + w ∈ L∞(R, L2(R)) ∩ L

8(α+1)
α−1 (R, Lα+1(R)) + Lq(R, Lα+1(R)).`g'�R<r�;�i�v
D�.

(1) K	
�0 a ∈ [1,∞], a′ �B a ;jC, b<
1

a
+

1

a′
= 1.

(2) K	
 T > 0, � IT = [0, T ].

(3) [ I ⊆ R, q, r ∈ [1,∞], D��\;�zR0
‖u‖Lq

I
Lr

x
= ‖u‖Lq(I,Lr) :=

(∫

I

(∫

R

|u(t, x)|rdx
) q

r

dt
) 1

q

.?�?, 4 I = R, Ve� LqLr = L
q
R
Lr.

(4)  f PD�! Rx �;B��Tu0, � f̂ = Ff Pto�B��T;\K���.

(5) K?YTA (NL4Sα) 2;Wboe, D��d[-��u0
G̃(v, w1, w2) = |v + w1|α−1(v + w1)− |v + w2|α−1(v + w2).

(6) !B�Q0P�Q;}l\, D� (q, r) P3Cw�sK, t�b<;E�P
2 6 r 6 ∞,

4

q
+

1

r
=

1

2
. (1.11)

§2 wE}d!�&2, ^g'qfl;�i?+Aw�y���v. �qf��� R �\:

R := {(x, y) ∈ R
2, 0 6 x, y 6 1}. g' R 2�iA;D�

O = (0, 0), B =
(1
2
, 0
)
, C =

(
0,

1

8

)
, E =

(
0,

1

4

)
,

O′ = (1, 1), B′ =
(1
2
, 1
)
, C′ =

(
1,

7

8

)
, E′ =

(
1,

3

4

)
,I�D�� l T̂1 := △OBE w� l T̂2 := △O′B′E′, t2(U�t B w B′ t=�+AG��t. PN3Cw�sK;D�A+

BC :=
{
(x, y) ∈ R;

(1
y
,
1

x

)#3Cw�sK}
,

B′C′ :=
{
(x, y) ∈ R;

( 1

y′
,
1

x′

)#3Cw�sK}
.#\E�R�g'u+l \; Strichartz kÆ�*g,.u_ 2.1 [ p > 2,

(
1
r
, 1
q

)
∈ △OBC {b<

4

q
+

1

r
=

1

p
,



2 s N�= ~�D 8%Xp Schrödinger U#" L̂p &.C�3*<(D-"pz3 141#,!�d)�0 C1 > 0, �9K	
 T > 0 w f ∈ L̂p, G�
‖S(t)f‖Lq

IT
Lr 6 C1‖f‖L̂p .{ � L̂p R0;D� (� (1.5)) A+, *ÆI>��*g�> 

‖S(t)F−1f‖Lq
IT

Lr 6 C‖f‖Lp′ , (2.1)K	
 T > 0 w f ∈ L̂p′

, 1 6 p′ 6 2 G N.�R [11] A9 (2.1)  ! p′ = 2 #_� N;, �
‖S(t)F−1f‖Lq1

IT
Lr1 6 C‖f‖L2, (2.2)t2 (

1
r1
, 1
q1

)
∈ BC. �P S(t)F−1f = F−1(eit|ξ|

4

f), <�4 f ∈ L1 �,

‖S(t)F−1f‖L∞
IT

L∞ = ‖F−1eit|ξ|
4

f‖L∞
IT

L∞

= sup
t∈IT

sup
x∈R

∫

R

|eixξeit|ξ|4f(ξ)|dξ

6 sup
t∈IT

sup
x∈R

∫

R

|f(ξ)|dξ

6 ‖f‖L1. (2.3)?}, K (2.2)–(2.3)  /n�-�A97 (2.1)  .Z�Tf, KWu+T"���\; Strichartz GkÆ.u_ 2.2 [27] �� (
1
r
, 1
q

)
∈ T̂1,

(
1
ρ
, 1
γ

)
∈ T̂2 {b<

4

γ
+

1

ρ
= 4 +

4

q
+

1

r
,#,!�d�0 C2 > 0, �9K	
 T > 0 w F ∈ L

γ
IT
Lρ, G�

∥∥∥
∫ t

0

S(t− τ)F (τ)dτ
∥∥∥
L

q
IT

Lr
6 C2‖F‖Lγ

IT
Lρ . (2.4)���.SG Strichartz kÆ, ��\SdJ`.ja 2.1 [ q > max{ 4(α+1)

α−1 ,
4(α2−1)
3α+5 }, #,!�0 C3 > 0,K	
 v ∈ L

8(α+1)
α−1

IT
Lα+1,

w1, w2 ∈ L
q
IT
Lα+1, \ G N:

∥∥∥
∫ t

0

S(t− τ)G̃(v, w1, w2)(τ)dτ
∥∥∥
L

q
IT

Lα+1

6 C3

[
T

9−α
8 ‖v‖α−1

L

8(α+1)
α−1

IT
Lα+1

‖w1 − w2‖Lq
IT

Lα+1

+ T
1− α−1

4(α+1)
−α−1

9
{
‖w1‖α−1

L
q
IT

Lα+1 + ‖w2‖α−1
L

q
IT

Lα+1

}
‖w1 − w2‖Lq

IT
Lα+1

]
. (2.5){ P q >

4(α+1)
α−1 , �ÆI 2.2 A9

∥∥∥
∫ t

0

S(t− τ)G̃(v, w1, w2)(τ)dτ
∥∥∥
L

q
IT

Lα+1
6 C2‖G̃(v, w1, w2)‖

La
IT

L
α+1
α
,
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a
= 1 + 1

q
− α−1

4(α+1) . KWboe���\�> :

|G̃(v, w1, w2)| . (|v|α−1 + |w1|α−1 + |w2|α−1)|w1 − w2|,*
‖G̃(v, w1, w2)‖

La
IT

L
α+1
α

. ‖|v|α−1|w1 − w2|‖
La

IT
L

α+1
α

+ ‖|w1|α−1|w1 − w2|‖
La

IT
L

α+1
α

+ ‖|w2|α−1|w1 − w2|‖
La

IT
L

α+1
α

= I1 + I2 + I3.=℄ I1, Gs Hölder �> A+
I1 6

∥∥‖vα−1‖
L

α+1
α−1

‖w1 − w2‖Lα+1

∥∥
La

IT

6 ‖1‖Lb
IT

‖vα−1‖
L

8(α+1)

(α−1)2

IT
L

α+1
α−1

‖w1 − w2‖Lq
IT

Lα+1

= T
9−α

8 ‖v‖α−1

L

8(α+1)
α−1

IT
Lα+1

‖w1 − w2‖Lq
IT

Lα+1 ,t2 1
b
+ (α−1)2

8(α+1) +
1
q
= 1

a
⇒ 1

b
= 9−α

8 . II, � q >
4(α2−1)
3α+5 A9

I2 6 T
1− α−1

4(α+1)−
α−1
q ‖w1‖α−1

L
q
IT

Lα+1‖w1 − w2‖Lq
IT

Lα+1 ,

I3 6 T
1− α−1

4(α+1)
−α−1

q ‖w2‖α−1
L

q
IT

Lα+1‖w1 − w2‖Lq
IT

Lα+1 .t+PU97'C)�r��\J`.ja 2.2 [ q >
8α(α+1)
7α+9 , jd,!�0 C3 > 0, K	
 T > 0 w v ∈ L

8(α+1)
α−1

IT
Lα+1,

w ∈ L
q
IT
Lα+1 G�\  N:

∥∥∥
∫ t

0

S(t− τ)G̃(v, w, 0)(τ)dτ
∥∥∥
L∞

IT
L2

6 C3

[
T

9−α
8 + α−1

8(α+1)
− 1

q ‖v‖α−1

L

8(α+1)
α−1

IT
Lα+1

‖w‖Lq
IT

Lα+1

+ T
7α+9

8(α+1)
−α

q ‖w‖Lq
IT

Lα+1

]
. (2.6)� 2.1 ℄J`;*gwJ` 2.1 ;*gG9, G#��ÆI 2.2 w Hölder �> EM , &K4� 9..#\E-��do�! L2 %-
�\?YTA (NL4Sα) ;)K%-;�F"J;'`.u_ 2.3 �� v : R× R → C, v(0, x) = ϕ(x) ∈ L2 #\fT";):

ivt + vxxxx + |v|α−1v = 0,
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8α

α− 1
< q <





∞ 1 < α 6 2,

8α

α− 2
, 2 < α < 9,#,!.�F� α ;)�0 K1, K2, �9

‖v‖Lq
Iδ

Lr 6 K1‖ϕ‖L2 (2.7)K	
 δ ∈ [0, (K2‖ϕ‖L2)−
8(α−1)
9−α ] G N.PU*g℄ÆI, r�\fSdÆIE/n�*.u_ 2.4 [27] �� (q1, r1), (q2, r2) :P3Cw�sK, #,!)�0 C4 > 0, �9K	
 T > 0, F ∈ L

q′2
IT
Lr′2 , G�
∥∥∥
∫ t

0

S(t− τ)F (τ)dτ
∥∥∥
L

q1
IT

Lr1

6 C4‖F‖
L

q′
2

IT
L

r′2
. (2.8)u_ 2.5 [ (q, r) #�d3Cw�sK{b<

8α

α− 1
< q <





∞, 1 < α 6 2,

8α

α− 2
, 2 < α < 9,jd,!�0 C4 > 0, �9K	
 T > 0, u ∈ L
q
IT
Lr, G�

∥∥∥
∫ t

0

S(t− τ)(|u|α−1u)(τ)dτ
∥∥∥
L

q
IT

Lr
6 C4T

9−α
8 ‖u‖αLq

IT
Lr . (2.9){ '^�

8α

α− 1
< q <





∞, 1 < α 6 2,

8α

α− 2
, 2 < α < 9A+,

((
r
α

)′
, a′

) �#�d3Cw�sK, #�ÆI 2.4 A9
∥∥∥
∫ t

0

S(t− τ)(|u|α−1u)(τ)dτ
∥∥∥
L

q
IT

Lr
6 C4‖uα‖La

IT
L

r
α
,t2 4

a′ +
1

( r
α
)′ =

1
2 ⇒ 1

a
= 9

8 − α
4r .  Gs Hölder �> A+

‖uα‖
La

IT
L

r
α
=

∥∥‖u‖αLr
x

∥∥
La

IT

6 ‖1‖Lb
IT

‖u‖αLq
IT

Lr = T
9−α

8 ‖u‖αLq
IT

Lr ,t2 1
b
+ α

q
= 1

a
⇒ 1

b
= 9−α

8 .#\E, g'ÆI 2.3 ;*gs".[ δ∗ = (2−
2

α−1C
1

α−1

4 C5‖ϕ‖L2)−
8(α−1)
9−α , w	z

I = {δ ∈ [0, δ∗] : ‖u‖Lq

[0,δ]
Lr 6 C5‖ϕ‖L2},t2 (q, r) #3Cw�sK, C4 #ÆI 2.5 2;�0, C5 #�9\  N;�0

‖S(t)f‖Lq

[0,δ]
Lr 6

C5

2
‖f‖L2. (2.10)



144 1 v p < A � 43 8_� 0 ∈ I, �	z I 6= Ø. *.r5g	z I �;�Æ�A, � δ 7→ ‖u‖Lq

[0,δ]
Lr QtA+	z I #Æ	. �`.r}*	z I #;	. nD δ ∈ I b< δ < δ∗, � ε > 0 b<

δ + ε 6 δ∗, =℄�?YTA;>��YT"l 
v(t) = S(t)ϕ+ i

∫ t

0

S(t− τ)(|v|α−1v)(τ)dτ,�ÆI 2.4 w (2.10) A9
‖v‖Lq

[0,δ+ε]
Lr 6 ‖S(t)ϕ‖Lq

[0,δ+ε]
Lr +

∥∥∥
∫ t

0

S(t− τ)(|v|α−1v)(τ)dτ
∥∥∥
L

q

[0,δ+ε]
Lr

6
C5

2
‖ϕ‖L2 +

∥∥∥
∫ t

0

S(t− τ)(|v|α−1v)(τ)dτ
∥∥∥
L

q

[0,δ]
Lr

+
∥∥∥
∫ t

0

S(t− τ)(|v|α−1v)(τ)dτ
∥∥∥
L

q

[δ,δ+ε]
Lr

6
C5

2
‖ϕ‖L2 + C4δ

9−α
8 ‖v‖αLq

[0,δ]
Lr + C4ε

9−α
8 ‖v‖αLq

[δ,δ+ε]
Lr . ε $Yh, #�

C4ε
9−α

8 ‖v‖αLq

[δ,δ+ε]
Lr 6

C5

4
‖ϕ‖L2.�P δ ∈ I, δ 6 δ∗, m

‖v‖Lq

[0,δ+ε]
Lr 6

3

4
C5‖ϕ‖L2 + C4(δ

∗)
9−α
8 (C5‖ϕ‖L2)α

=
3

4
C5‖ϕ‖L2 + C4(2

− 2
α−1C5C

1
α−1

4 ‖ϕ‖L2)−
8(α−1)
9−α

· 9−α
8 C5‖ϕ‖αL2

= C5‖ϕ‖L2 .* δ + ε ∈ I ⇒ I #;	 ⇒ I = [0, δ∗]. ?}� K1 = C5, K2 = 2−
2

α−1C5C
1

α−1

4 �A.ZLo� L̂p B�;Y)o1, ��\ÆI.u_ 2.6 [21] [ p > 2, p < p0 < α + 1, 1
p′ = 1−θ

p′
0

+ θ
2 , 0 < θ < 1, #K ∀ u0 ∈

L̂p(R)\L2(R), ,!)�0 C0 wu0W (ϕN )N>1 ⊆ L2, (ψN )N>1 ⊆ L̂p0 , �9K	

N > 1 G� u0 = ϕN + ψN w\  N

C−1
0 N

1−θ
θ 6 ‖ϕN‖L2 6 C0N

1−θ
θ , ‖ψN‖

L̂p0
6 C0

1

N
. (2.11)

§3 P` 1.1 N|!�&2, �*gK ∀ N > 1, !�� [0, δN ] � (δN;D�� (3.1)  ), ?YTA
(NL4Sα) G,!�d5�).IÆI 2.6 ;��E�, [ p > 2, p < p0 < α+ 1, 1

p′ =
1−θ
p′
0

+ θ
2 , 0 < θ < 1, D� q b<

4

q
+

1

α+ 1
=

1

p0
.
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M > max{K2, 3

1
α−1C

1
α−1

3 K1, 2
−1 · 4 α

σα C
α−1
σα

−1

0 C
α−1
σα

1 C
1

σα

3 },t2 C0, C1, C3,K1,K2 Y�#ÆI 2.6, ÆI 2.1, J` 2.1, ÆI 2.3 2;�0,  D�
σα :=

8(α− 1)

9− α

(
1− α− 1

4(α+ 1)
− α− 1

q

)
> 0,
K	
 N > 1, D�

δN := (M(2C0N
1−θ
θ ))−

8(α−1)
9−α . (3.1)� u0 ∈ L̂p wÆI 2.6 A+ u0 = ϕN

0 + ψN
0 , {PU\�&'C);*g2b< (4.6) ; NE�, �V��> (2.11) Æ~P

(2C0)
−1N

1−θ
θ 6 C−1

0 N
1−θ
θ 6 ‖ϕN

0 ‖L2 6 C0N
1−θ
θ 6 (2C0)N

1−θ
θ , (3.2)

‖ψN
0 ‖

L̂p0
6 C0

1

N
(3.3)K	
 N > 1 G N. *?YTA (NL4Sα) ;) u m�! u = v+w, t2 v, w Y�P\fSd?Y:TA;):



ivt + vxxxx + (|v|α−1v) = 0, t > 0, x ∈ R,

v(x, 0) = ϕN
0 (x),

(3.4)




iwt + wxxxx + G̃(v, w, 0) = 0, t > 0, x ∈ R,

w(x, 0) = ψN
0 (x).

(3.5)K?Y:TA (3.4) ;);,!oy2, �R [28] A+t) v #'C,!;, {�(|_
‖v(t, x)‖L2

x
= ‖ϕN

0 ‖L2 , t > 0. (3.6)�P M > K2,
( 8(α+1)

α−1 , α+ 1
) #3Cw�sK�b<

8α

α− 1
<

8(α+ 1)

α− 1
<





∞, 1 < α 6 2,

8α

α− 2
, 2 < α < 9,<��ÆI 2.3 9

‖v‖
L

8(α+1)
α−1

IδN

Lα+1

6 K1‖ϕN
0 ‖L2. (3.7)*, �*9?YTA (NL4Sα) ;) u !�� [0, δN ] �,!, .r�*g?Y:TA (3.5) ;) w !�� [0, δN ] �,!�A. !}t;*gs"2����FADIE/n5g, '^D�M	JTB� VN w:: Tw �\:

VN :=
{
w ∈ L

q
IδN

Lα+1 : ‖w‖Lq
IδN

Lα+1 6
3C0C1

N

}
,

(Tw)(t) := S(t)ψN
0 + i

∫ t

0

S(t− τ)G̃(v, w, 0)dτ,t2 C0, C1 Y�#ÆI 2.6 wÆI 2.1 2;�0. *�r�*g:: T : VN → VN #RD�{w;;.



146 1 v p < A � 43 8���^*g T : VN → VN #RD�. K ∀ w ∈ VN , P
q > max

{4(α+ 1)

α− 1
,
4(α2 − 1)

3α+ 5

} 
 



4

q
+

1

α+ 1
=

1

p0
,

2 < p < p0 < α+ 1,

2 < α < 9,<��J` 2.1 �
‖Tw‖Lq

IδN
Lα+1 6 ‖S(t)ψN

0 ‖Lq
IδN

Lα+1 +

∥∥∥∥
∫ t

0

S(t− τ)G̃(v, w, 0)dτ

∥∥∥∥
L

q
IδN

Lα+1

6 |S(t)ψN
0 ‖Lq

IδN
Lα+1 + C3(δN )

9−α
8 ‖v‖α−1

L

8(α+1)
α−1

IδN

Lα+1

‖w‖Lq
IδN

Lα+1

+ C3(δN )1−
α−1

4(α+1)
−α−1

q ‖w‖αLq
IδN

Lα+1

= I4 + I5 + I6.I�?, � (
1

α+1 ,
1
q

)
∈ △OBC wÆI 2.1 A9

I4 6 C1‖ψN
0 ‖

L̂p0
6
C0C1

N
.�Me I5 #�+;, P

I5 6 C3(M(2C0N
1−θ
θ ))−

8(α−1)
9−α

· 9−α
8 · (K1‖ϕN

0 ‖L2)α−1 · 3C0C1

N

6 C3(M(2C0N
1−θ
θ ))−(α−1) · (K1(2C0N

1−θ
θ ))α−1 · 3C0C1

N

= 3C3K
α−1
1 M−(α−1) · 3C0C1

N

6
C0C1

N
,t2?}�d�> ; N�F� M ;D�. K��e I6, I��

I6 6 C3(M(2C0N
1−θ
θ ))−

8(α−1)
9−α

·(1− α−1
4(α+1)

−α−1
Q

) ·
(3C0C1

N

)α

= C3M
−σα(2C0)

−σα · 3αCα−1
0 Cα−1

1 · C0C1

N

6
C0C1

N
.*, PN&�eA9

‖Tw‖Lq
IδN

Lα+1 6
3C0C1

N
,��*9 Tw ∈ VN .�M�#r*g T #�dw;��. [ w1, w2 ∈ VN , GsJ` 2.1 A+

‖Tw1 − Tw2‖Lq
IδN

Lα+1 6 C3[(δN )
9−α
8 ‖v‖α−1

L

8(α+1)
α−1

IδN

Lα+1

+ (δN )1−
α−1

4(α+1)
−α−1

q ‖w1‖α−1
L

q
IδN

Lα+1
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+ (δN )1−
α−1

4(α+1)
−α−1

q ‖w2‖α−1
L

q
IδN

Lα+1 ] · ‖w1 − w2‖Lq
IδN

Lα+1 . � I5, I6 G9;kÆA+
C3(δN )

9−α
8 ‖v‖α−1

L

8(α+1)
α−1

IδN
Lα+1

6
1

3
,

C3(δN )1−
α−1

4(α+1)
−α−1

q ‖w1‖α−1
L

q
IδN

Lα+1 6
1

4
,

C3(δN )1−
α−1

4(α+1)
−α−1

q ‖w2‖α−1
L

q
IδN

Lα+1 6
1

4
.<�

‖Tw1 − Tw2‖Lq
IδN

Lα+1 6
(1
3
+ 2 · 1

4

)
‖w1 − w2‖Lq

IδN

Lα+1

=
5

6
‖w1 − w2‖Lq

IδN
Lα+1,�*9 T w;. m�?YTA (NL4Sα) !�� [0, δN ] �,!5�). ZLKDI 1.1 ;?}�d�Y (1.10)  A�d2I5g. � 4

q
+ 1

α+1 = 1
p0
, p0 > p > 2 w 2 < α < 9 	9

4
q
= 1

p0
− 1

α+1 <
1
2 − 1

α+1 <
7α+9

2α(α+1) , #GsJ` 2.2 A+
‖w(t)− S(t)w(0)‖L2

x
=

∥∥∥
∫ t

0

S(t− τ)G̃(v, w, 0)dτ
∥∥∥
L2

x

6
∥∥∥
∫ t

0

S(t− τ)G̃(v, w, 0)dτ
∥∥∥
L∞

IδN

L2

6 C3δ
9−α
8 + α−1

8(α+1)
− 1

q

N ‖v‖α−1

L

8(α+1)
α−1

IδN

Lα+1

‖w‖Lq
IδN

Lα+1

+ C3δ
7α+9

8(α+1)
−α

q

N ‖w‖αLq
IδN

Lα+1

6 C3

(
M(2C0)N

1− θ

θ

)− 8(α−1)
9−α

·{ 9−α
8 + α−1

8(α+1)− 1
q
}
Kα−1

1

·
(
(2C0)N

1− θ

θ

)α−1

· 3C0C1

N

+ C3

(
M(2C0)N

1− θ

θ

)− 8(α−1)
9−α

·{ 7α+9
8(α+1)

−α
q
}
·
(3C0C1

N

)α

6 CN
−1− 1−θ

θ
· 8(α−1)

9−α
{ α−1

8(α+1)
− 1

q
} + CN

−1− 1−θ
θ

· 8(α−1)
9−α

{ 7α+9
8(α+1)

−α
q
}
,t2!?}�d�> 2 C #�d� N Wo;�0. �P N > 1, α > 2, <� N−α 6

N−1, #Gs�d�2;Æ:A+
7α+ 9

8(α+ 1)
− α

q
>

α− 1

8(α+ 1)
− 1

q
,��

‖w(t)− S(t)w(0)‖L2
x
6 CN

−1− 1−θ
θ

· 8(α−1)
9−α

{ α−1
8(α+1)

− 1
q
}

= CN
−1+ 1−θ

θ
{− (α−1)2

(9−α)(α+1)
+ 8(α−1)

(9−α)q
}
.
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§4 P` 1.2 N|!�&2, DI 1.2 ;*gs"��YP�\S�.���*g��&2;5�)A�{K0 TN , TN ;D��\:

k∗ := CN
1+ 1−θ

θ
{ 6α+10

(9−α)(α+1)
− 8(α−1)

(9−α)q
}
,

TN := [k∗]δN ,t2 C > 0 #�d� N Wo;�0, δN w�&2;D���, �v [a] �!� a ;'0�Y.���&;'`A+!�� [0, δN ] �, ?YTA);�. P
u(δN , x) = v(δN , x) + w(δN , x)

= v(δN , x) + S(δN )ψN
0 + i

∫ δN

0

S(δN − τ)G̃(v, w, 0)(τ)dτ.[
ϕN
1 := v(δN , x) + i

∫ δN

0

S(δN − τ)G̃(v, w, 0)(τ)dτ, (4.1)

ψN
1 := S(δN)ψN

0 , (4.2)# u(δN , x) = ϕN
1 + ψN

1 , ��g'U%- u(δN , ·) ;�dY) , {b<
‖ψN

1 ‖
L̂p0

= ‖eiδN |ξ|4ψ̂N
0 ‖

L
p′
0
= ‖ψ̂N

0 ‖
L

p′
0
6
C0

N
. (4.3)*, kÆ 

(2C0)
−1N

1−θ
θ 6 ‖ϕN

1 ‖L2 6 (2C0)N
1−θ
θ (4.4) N, #5[��&5�);*g, K\f;?YTA



iut + uxxxx + (|u|α−1u) = 0, t > δN , x ∈ R,

u(δN , x) = ϕN
1 + ψN

1 ,I�m97!�� [δN , 2δN ] �;5�). �&4T /n{K, );,!��;�+P
k0δN ;$YE�P.rb<

(2C0)
−1N

1−θ
θ 6 ‖ϕN

k ‖L2 6 (2C0)N
1−θ
θ , ∀k 6 k0, (4.5)t2 k, k0 P'0{

ϕN
k (x) := v(kδN , x) + i

∫ kδN

0

S(kδN − τ)G̃(v, w, 0)(τ)dτ.\f;�$'�9 (4.5)   N;?/ k0 -. � (1.10)  �(3.2)  w (3.6)  A+
‖ϕN

k (x)‖L2 6 ‖v(kδN , x)‖L2 +
∥∥∥
∫ kδN

0

S(kδN − τ)G̃(v, w, 0)(τ)dτ
∥∥∥
L2

6 C0N
1−θ
θ + CkN

−1+ 1−θ
θ

{− (α−1)2

(9−α)(α+1)
+ 8(α−1)

(9−α)q
}
,

‖ϕN
k (x)‖L2 > ‖v(kδN , x)‖L2 −

∥∥∥
∫ kδN

0

S(kδN − τ)G̃(v, w, 0)(τ)dτ
∥∥∥
L2
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> C−1
0 N

1−θ
θ − CkN

−1+ 1−θ
θ

{− (α−1)2

(9−α)(α+1)
+ 8(α−1)

(9−α)q
}
.*\  N:




C0N

1−θ
θ + CkN

−1+ 1−θ
θ

{− (α−1)2

(9−α)(α+1)+
8(α−1)
(9−α)q } 6 2C0N

1−θ
θ ,

C−1
0 N

1−θ
θ − CkN

−1+ 1−θ
θ

{− (α−1)2

(9−α)(α+1)
+ 8(α−1)

(9−α)q
}
> (2C0)

−1N
1−θ
θ ,

(4.6)�A97 (4.5)  . )�> > (4.6) 9
k 6 CN

1+ 1−θ
θ

{ 6α+10
(9−α)(α+1)

− 8(α−1)
(9−α)q

} = k∗,*?/; k0 P k0 = [k∗], �5�);?/,!��;�+ TN = k0δN = [k∗]δN .�M�*g! q �$Y/, { p, α b<DI 1.2 ;��E��, ) u A�{K0W�,� TN = ∞.� k∗ w δN ;D�A+
TN = [k∗]δN > (k∗ − 1)δN

= k∗δN − δN

= CN
1− 1−θ

θ
{ 2(4α2−3α−9)

(9−α)(α+1)
+ 8(α−1)

(9−α)q
} − CN− 1−θ

θ
· 8(α−1)

9−α . (4.7)P 1−θ
θ

· 8(α−1)
9−α

> 0, N > 1, <� N− 1−θ
θ

· 8(α−1)
9−α < 1, *, 1� (4.7)  2A9

TN > CN
1− 1−θ

θ
{ 2(4α2−3α−9)

(9−α)(α+1) + 8(α−1)
(9−α)q } − C.�� N A�	
/, �5g 1− 1−θ

θ

{2(4α2−3α−9)
(9−α)(α+1) + 8(α−1)

(9−α)q

} #x);, # TN �A�	
/. ���4 p0 Wa#0� α+ 1 �, q ���W�/, *.rb<
1− 1− θ

θ
· 2(4α

2 − 3α− 9)

(9− α)(α + 1)
> 0. (4.8)I�, Gs p0 = α+ 1 w 4

q
+ 1

α+1 = 1
p0
A+ 1

p′ =
1−θ

(α+1)′ +
θ
2  N, �

1

θ
=

p(1− α)

2(p− α− 1)
.�~ (4.8)  A9

1

θ
· 2(4α2 − 3α− 9) < (9− α)(α + 1) + 2(4α2 − 3α− 9).��T" 4α2 − 3α− 9 = 0 �Sd) α = 3±

√
153

8 , m4 1 < α 6 3+
√
153

8 , �
1

θ
>

(9− α)(α + 1)

2(4α2 − 3α− 9)
+ 1 =

(7α+ 9)(α− 1)

2(4α2 − 3α− 9)

⇔ p(1− α)

2(p− α− 1)
>

(7α+ 9)(α− 1)

2(4α2 − 3α− 9)

⇔ p

α+ 1− p
>

7α+ 9

4α2 − 3α− 9
.℄ _� N, *!&4}D\, � p < α+ 1.4 3+

√
153

8 < α < 9, G9?A9
1

θ
<

(7α+ 9)(α− 1)

2(4α2 − 3α− 9)
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⇔ p

2(α+ 1− p)
<

7α+ 9

2(4α2 − 3α− 9)

⇔ −(α+ 1− p− α− 1)

α+ 1− p
<

7α+ 9

4α2 − 3α− 9

⇔ α+ 1

(α+ 1− p)
>

7α+ 9

(4α2 − 3α− 9)
+ 1 =

4α2 + 4α

4α2 − 3α− 9

⇔ 4α2 − 3α− 9 < 4α(α+ 1− p)

⇔ p <
7α+ 9

4α
< α+ 1.;�, �R97UDI 1.2 2'C),!;E�.�p `j�a�w���';��w
�.H � \ � k � m
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Existence of Global Solution for the Nonlinear

Fourth-Order Schrödinger Equations with

Initial Data in L̂p-Spaces

WANG Deng1 YANG Han1

1School of Mathematics, Southwest Jiaotong University, Chengdu 611756, China.

E-mail: Wangdeng@my.swjtu.edu.cn; hanyang95@263.net

Abstract The purpose of this paper is to study global well-posedness of the Cauchy problem

for the nonlinear fourth-order Schrödinger equations with initial data u0 ∈ L̂p. Much less is

known about the solvability of this Cauchy problem when p 6= 2. Moreover, motivated by

some results for the second-order Schrödinger equations, and with an data-decomposition

lemma for L̂p-spaces and the Strichartz estimates, the authors show that the problem has a

global solution in the case of p > 2 and under some conditions of nonlinear term index.
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