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§1 p�k
§1.1 \AbP�M:.V�X�f$�, Joni-Rota[1] f4Ii4�, �fl-��/��fr
�6�-X��}. 0�D�, :.V�X�l�-� A, Æ�^l�-X� (;	t�\2) P�-"X� (;	t�"\2), #,bd"X�f"8 ∆ : A → A⊗A rx

∆(ab) = a ·∆(b) + ∆(a) · b, ∀ a, b ∈ A. (1.1)

Aguiar[2] H{[&R2��f�^0�\2P"\2f:.V�X�. 24 [3] U,

Aguiar	:.V Hopf X�-}/�-:.V�X���[�-�k S, 8k[Æfn�zSiT, #
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1�$A5;Ts�s&"ss-, �$ 210044; �$A5;Ts��\���sWb/��\C"	�&�/��HvT�TT`|t, �$ 210044. E-mail: zhangy2016@nuist.edu.cn
2��B. FbTs�s&"ss-, Fb 730000. E-mail: gaoxing@lzu.edu.cn
∗�6{Hyu>:sg� (No. 12101316, No. 12071191, No. 11771191) Q�$A5;TsA+%x� (No. 21r014) hqg.
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M&�5m 4 �Vg�J.
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HÆ%�f D-�X�[6], Frobenius X�[6], O-
r[7],PAÆ�S Yang-Baxter �:[8]�ox+fSB. #D, * - *[9]%A[ Aguiar[2] f�I#,��r:.V Hopf X�f Drinfeld �!g[B!fu*. Yau[10] �H[:.V
Hom �X�, #�h -Makhlouf-Menni-Panaite[11] �[!�(u*.

§1.2 \AbP�M�D��*
2006 , Loday-Ronco[12] �H[e�Z?oEf:.V�X�P:.V Hopf X�,#� Foissy[13−14] 21~QUD[Zh. 0�D�, Loday P Ronco ?oEf:.V�X�l�-� A, Æ�^l�-X� (U\2) P�-"X� (U"\2), #,b�"8 ∆rxEyfLFi��:

∆(ab) = a ·∆(b) + ∆(a) · b− a⊗ b, ∀ a, b ∈ A. (1.2)2 Ebrahimi-Fardf%jo4[15]U,!�[CW-LFi�� ——ig (1.1)P (1.2)—

— bL6-�-U7ffg:

∆(ab) = a ·∆(b) + ∆(a) · b+ λ(a⊗ b), ∀ a, b ∈ A,�U λ ∈ k l�-<u1�. C,�D[U7:.V�X� (Hopf X�) f$�[15], �E4uÆ 2.1.8vfl�-whD, U7f�S%p Yang-Baxter �:[15], Æ	� L�S%p Yang-Baxter �:-}� Ogievetsky-Popov[16] ℄^
H. �g %p Yang-Baxter �:f�/DK�X�PZr<[17]C�_�`Kfk_, Aguiar[2] u*[�S Yang-Baxter�: (�[- AYBE)[18−19]:

r13r12 − r12r23 + r23r13 = 0,#H{[X�AUAYBEfB
� ry�`D�-7-af:.V\2�X�. Ebrahimi-

Fard[15] �K�HU7�S%p Yang-Baxter �::

r13r12 − r12r23 + r23r13 = λr13,%A[ �I. Nd��fl, �K=S�-U7fd`r[15−16,20], X� A QfU7�S%p Yang-Baxter�:fB��y;	�$ A �-U7:.V�X�. �K, U7:.V�X�;u-U7�S%p Yang-Baxter �:fX�LÆ.

§1.3 $�&i�4_1~P1N_lzSrPX�rU℄~fu*�S. |℄~fPrL�l1N_f Connes-Kreimer-Hopf X�, Æ24 [21–26] U�A�j�SPu*, #� HIZr0oUf℄F℄7�[27−30]. 21N_Q_�n��Æf Hopf X��7, PG Foissy-

Holtkamp Hopf X�[31−32], Loday-Ronco Hopf X�[33]P Grossman-Larson Hopf X�[34].CY1N_QfX��7L�	0�℄~
Æ, l�-ÆvS�0��iT.PG,1N_Qf Connes-Kreimer Hopf X�NU�Ki
rfX���UfBd�Sw<�X��7[26,31]. |#, �Kjr�y1N_, 1N_fC��iT24 [35] Udb[%A, #24 [36] U�K�y�+~u*[ Loday-Ronco-Hopf X�f�iT.Q���bfU� (�-e�-) Ki
rX�f$�l� Kurosh[37] �Hf. XD, F[38]5Æv- Ω-U
rX�, #2�YzS�SQ76[CHX�ft��S, G
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Motzkin i, 1N_PBOv. CMf Ω l�-�D�tKi
rfmS, e� [39–40].�f �-~�
r, e}f1N_f Connes-Kreimer-Hopf X��;	�2U
rX�f�}E. K', �to��=mS Ω jrf�y1N_ HRT(Ω), U��y~�
r
(B+

ω )ω∈Ω l Ω-U
rX���Ef"d�S (e=mQft��S)[35,41].l�-�4fPrl2�PgX� k〈x1, · · · , xn〉 Q76�-7- λ f:.V�X�. 8v_2�Hjr�y1N_ HRT(X,Ω) Q76[7- 0f:.V�X�, #/D[Æf"8fzS�p, ,Q2 Connes-Kreimer HopfX�U�KFn�+dbf"8�}.y HRT(X,Ω) Qf~�
r (B+
ω )ω∈Ω f#
, 8v
8vf�}C:b Ω-U
rX�f�}E, #�H7- λf Ω-U
r:.V�X� (Hopf X�). !�(, =S�-:.V?oEf Hochschild 1- "t^��P\2, 8v�H[7- λ f Ω-"t^:.V\2�X� (Hopf X�). �1, zS�S0��Y�iT,8vH{[Ujrf1N_ HRT (X,Ω),U��y~�
r (B+

ω )ω∈Ω, l7-af Ω-"5:.V\2�X� (Hopf X�) ��ft��S.

§1.4 $8��M�4_q�X�f$�", Baxter[42] �$mofu*, l-[2�wIoUI� SpitzerVig, �Ye}f�rx, PG Atkinson-Cartier-Rota[43] ���[3Xfu*. 3n;j�, � /uf�`^ k P<u1� λ ∈ k, 7- λ fq�X�lO�+z (R,P ), �U R l�SX�, P : R → R lKi�T, ,rx	Efq�ig:

P (x)P (y) = P (xP (y) + P (x)y + λxy), ∀x, y ∈ R, (1.3)5 P -�-7- λ fq�
r. q�X�;	u-i�
rfX�>S, �g +�X�l+�
rfX�>SC�f�k_. V (C,∆, ε) l"X�, (A, µ) -�SX�, 8 Cb A f:� k-Ki�TfmS Homk(C,A) 21i
(f ⋆ g) := µ(f ⊗ g)∆, ∀ f, g ∈ Homk(C,A)LEl�SX�. !�(j, {V C l�X�, #� C �` A, Ebrahimi-Fard[15] 2

Homk(C,C)QuÆ[�-^f�S8� ◦,p Homk(C,C)QKi�TfS6.V (C, µ,∆)l7- λ f:.V�X�. uÆKi�T
γL : Homk(C,C) → Homk(C,C), f 7→ idC ⋆ f,

γR : Homk(C,C) → Homk(C,C), f 7→ f ⋆ idC ,8 γL, γR �!l (Homk(C,C), ◦) QW-7- λ f�`q�
r[15, ��3.14].

§1.5 $s1�M�4_)KX�|5DH2 Vinberg � # Llfu*4�U[44], �^�|RjDH2= �SX�Q�sfu*U[45] . Æ%�rP�r>IUfn�'�oGefSB, GK<PKX�Qf��7P℄�7, %pPZr Yang-Baxter�:,toX�, Zr0oP
operads(� [46–47] o�-84I). Aguiar[5] N7-af:.V�X�D
76[�-)KX��7. 8v%A[ Aguiar f76, #NB
�-7- λ f:.V�X�`D[�-)KX�. K', �4�H[7- λ f`�f$�, %A[e}f%p`rf$�. �



156 � s � 6 A l 43 2[C-$�, 8v2U7?oE%A[ Novikov X�Qf Gelfand-Dorfman uI. �-��, 8vN�-U7�`:.V�X�`D[�-^f)KX�.� N�SX�bU7:.V�X�f76 (�P 2.1(a)), 8v
H�SX�, )KX�, KX�PU7:.V�X�L��ox+f=B. C�-f;	�Ey&�X���
ÆEf�`$D$B.�SX�
��

// U7:.V\2�X�
��KX� )KX�oo�4��GE: l 2 �wF�H[7- λ f:.V\2�X�f$�. =X, H{[BR�SX� (U\2) y��-t=fU7:.V\2�X��7. K', _�H[U7:.V"\2�X�f$�, ÆPb8v�HU79AX�. �-U7`rf��, �D[U7"`rf$� (�uÆ 2.6), #H{[7- λ f:.V�X�f���l7- λf:.V�X� (�uI 2.2).y Hopf �f#
, l 3 ��H[U7:.V\2 Hopf �f$� (�uÆ 3.1), Æ%A[ Aguiar[2] u*f:.V Hopf �. 8vH{[%p Hopf �f�Yf�Pr2U7:JV�X�f�(E�0�U7:JV Hopf 	� (�P 3.3). 8vH{[^ A lU7�KÆ:.V\2�X�^, B
 A �y��-t=fU7:.V\2 Hopf ��7.l 4 �d~u*jr�y1N_Qf:.V\2�X��7. 2b;[�y1N_ff�KaLX, wF/D[�Z^fjr�y1N_f��, Cbd8v763��ft��S6-;	. �K/�:.V?oEf Hochschild 1- "t^, 2 HRT(X,Ω) Q76[�-^f"8b�6-�-^f"X��7 (��I 4.4). /D[C-^f"8fzS�p (�uI 4.1). !�(j, = ��8�, 	=~-\2, HRT(X,Ω) ;	6-�-7-af:.V\2�X� (�uI 4.2). 
U7:.V�X�%U
rX�L�S,�D[U7 Ω-
r:.V�X�f$� (�uÆ 4.3(a)). ^=S:.V 1- "t^��^, �H[z7 Ω-"t^:.V\2�X� (�uÆ 4.3(c)). �[CY$�, 8vH{[

HRT(X,Ω) lmS X Q7-aft�"t^:.V\2�X� (�uI 4.3).l 5 �NU7:.V�X�%`D�-)KX��7 (�uI 5.1). �-��, 2
HRT(X,Ω)Q76[�-)KX��7 (HRT(X,Ω),⊲RT)P�-KX��7 (HRT(X,Ω),

[−,−]RT). |X/D[ ⊲RT P [−,−]RT fzS�p.�O: V k l�-\2�`^,G�OuLÆ,�8Æ,l���,X�, "X�, �X�, >Zi	oKi�Tff^. X�Ofl�SX� (;	t�\2), "X�Ofl"�S"X� (;	t�"\2). 8vb� Sweedler �i�:

∆(a) =
∑

(a)

a(1) ⊗ a(2).� X� A, >ZX� A⊗A ��- A-���7, �U���P���uÆGE:

a · (b⊗ c) := ab⊗ c P (b ⊗ c) · a := b ⊗ ca, ∀ a, b, c ∈ A. (1.4)
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§2 ÆF^CdR�O
§2.1 )��n$3���wFb;U7:.V�X�f$�[15] , Æ�^%A[ Joni-Rota[1] �Hf:.V�X�	o Loday-Ronco[12] �Df:.V�X�. �L�*[U7:.V�X�ff�iT.�n 2.1[15] V λ l k U�-<u+	.

(a) 5K+z (A, µ,∆) l7- λ f:.V�X�, GI (A, µ) l�-X� (&L\2), (A,∆) l�-"X� (&L"\2), ,"8 ∆ rx A QU7f`rig, p
∆(ab) = a ·∆(b) + ∆(a) · b+ λ(a⊗ b), ∀ a, b ∈ A. (2.1)

(b) J (A, µ, 1) l\2 k-X�, 85�+z (A, µ, 1,∆) l7- λ f:.V\2�X�.

(c) J (A,∆, ε) l"\2 k-"X�, 85�+z (A, µ,∆, ε) l7- λ f:.V"\2�X�."E:4, 8v
b�Um�O ε-%fFJ infinitesimal [`.} 2.1 (a) CZUo7℄fuÆ��b8v	:!�ig (1.1) P (1.2) UfW-LFi��, Æv�!�/� 4 [1, 12]. 0�D�, Joni-Rota[1] �Sf:.V�X�f7la, Loday-Ronco[12] �Df:.V�X�f7l −1.

(b) = uÆU�!*s\2if�fl, 8vb�f 1-"t^��l~\2. �!j, 8vl~N�\22jr�y1N_Q76:.V\2�X�. k_Q, � Loday-

Ronco[12] �Hf:.V�X�0�\2P"\2iT.CM8vl~�h}A,^8v2U7:.V�X���E�^8k\2P"\2f^W, �m~17 λ 6= 0, Cl�-&R2�^0�\2P"\2f7-af:.V�X�[2].�n 2.2 V A, B lW-7- λ f:.V�X�, 5 k-Ki�T φ : A → B lN Ab B f:.V�X���, GI φ ulX����l"X���. :.V\2 ("\2)�X���;	��}f�g/DuÆ.} 2.2 V (A, µ, 1,∆) l7- λ f:.V\2�X�, 8 ∆(1) = −λ(1⊗ 1). �-
∆(1) = ∆(1 · 1) = 1 ·∆(1) + ∆(1) · 1 + λ(1⊗ 1) = 2∆(1) + λ(1 ⊗ 1).3 2.1 Eyl�YU7:.V\2 ("\2) �X�fPr.

(a) B
f�SX� (A, µ, 1) Q��-t=f7- λ f:.V\2�X��7, Æf"8uÆ-:

∆(a) := −λ(a⊗ 1), ∀ a ∈ A.

(b) 4 [2, P2.3.5] U�PgX� k〈x1, x2, x3, · · · 〉 Q�7-af:.V\2�X��



158 � s � 6 A l 43 27, Æf"8 ∆ �ig (2.1) P
∆(xn) =

n−1
∑

i=0

xi ⊗ xn−1−i = 1⊗ xn−1 + x1 ⊗ xn−2 + · · ·+ xn−1 ⊗ 1/D, �UCu x0 = 1.

(c) 4 [2, P2.3.2] UV�+z Q = (Q0, Q1, s, t) l�$. Æ�tofmS Q0, �RfmS Q1, W-�u-�R a ∈ Q1 PÆf,o s(a) ∈ Q0 Po t(a) ∈ Q0 U�"Df�T s, t : Q1 → Q0 z6, 8iX� kQ Q�7-af:.V\2�X��7, Æf"8uÆ-:

∆(a1 · · ·an) :=







































0, GIn = 0,

s(a)⊗ t(a), GIn = 1,

s(a1)⊗ a2 · · · an + a1 · · ·an−1 ⊗ t(an)

+

n−2
∑

i=1

a1 · · ·ai ⊗ ai+2 · · ·an, GIn > 2,�U a1 · · ·an l kQ Ufi. �!j, ^ n = 0 ^, a1 · · ·an ∈ Q0.

(d) 4 [48, =� 1.4] UV (A, µ, 1,∆, ε, c) l�r�X�, �U A = k ⊕ ker ε, �r
c : A⊗A → A⊗A uÆ-:

c :























1⊗ 1 7→ 1⊗ 1,

a⊗ 1 7→ 1⊗ a,

1⊗ b 7→ b⊗ 1,

a⊗ b 7→ 0,�U a, b ∈ ker ε, 8 (A, µ, 1,∆, ε) l7- −1 f:.V\2"\2�X�.

(e) 4 [12, =� 2.3] UV V lRZ=�, 8 V Qf>ZX�l>Z�
T (V ) :=

∞
⊕

n=0

T nV = k⊕ V ⊕ V ⊗2 · · · .���-����f�S8�:

(v1 ⊗ v2 · · · vi)⊗ (vi+1 ⊗ · · · vn) 7→ v1 ⊗ v2 · · · vn, 0 6 i 6 n.���P, t v1v0, vn+1vn = 1. >ZX�l�-e}ft��SX�, 8 T (V ) Q�7-
−1 f:.V\2�X��7, Æf"8uÆ-

∆(v1 · · · vn) :=
n
∑

i=0

v1 · · · vi ⊗ vi+1 · · · vn.

(f) �-B�2 k Uf��`�PgX� k〈x1, · · · , xn〉 l� {x1, · · · , xn} Z6ft�X�. t
Mon := {xα1

i1
xα2

i2
· · ·xαm

im
| 1 6 i1, i2, · · · , im 6 n, αk ∈ N},8 Mon Uf+	�5- k〈x1, · · · , xn〉 f\Pg, �Uf+	Dt {x1, · · · , xn} U��vfmS. h
b Mon l k〈x1, · · · , xn〉 f�- k-f#, Mon lU�\2 x0 := 1 ft���<. t k〈x1, · · · , xn〉 Qf8�- m. �B
2~ l(w) = n fv w ∈ Mon, uÆ�-
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w[i, j] :=







w fl i -+	bl j -+	, GI1 6 i 6 j 6 n,

1, �Æ.� B
fv w ∈ Mon, uÆ
∆ε(w) :=



























0, GIw = 0,

−λ(1⊗ 1), GIw = 1,
n
∑

i=1

w[1, i− 1]⊗ w[i + 1, n] + λ

n−1
∑

i=1

w[1, i]⊗ w[i + 1, n], GI l(w) = n > 0,8 (k〈x1, · · · , xn〉,∆ε,m) l�-7- λ f ε-\2�X�.

§2.2 )�hz8vwF<\�-�I�-)�.o0 2.1 V (A, µ,∆, ε) l7- λ f:.V"\2�X�, 8
ε(ab) = −λε(a)ε(b), ∀ a, b ∈ A.w �B
f a ∈ A, �"\2i;d

a = (ε⊗ id)∆(a) =
∑

(a)

(ε⊗ id) a(1) ⊗ a(2) =
∑

(a)

ε(a(1))a(2). (2.2)�K
ε(a) =

∑

(a)

ε(a(1))ε(a(2)) = (ε⊗ ε)∆(a). (2.3)�B
f a, b ∈ A,

ε(ab) = (ε⊗ ε)∆(ab) (�ig (2.3))

= (ε⊗ ε)(a ·∆(b) + ∆(a) · b+ λ(a⊗ b)) (�ig (2.1))

= (ε⊗ ε)
(

∑

(b)

ab(1) ⊗ b(2) +
∑

(a)

a(1) ⊗ a(2)b+ λ(a⊗ b)
)

=
∑

(b)

ε(ab(1))ε(b(2)) +
∑

(a)

ε(a(1))ε(a(2)b) + λε(a)ε(b)

=
∑

(b)

ε(ab(1)ε(b(2))) +
∑

(a)

ε(ε(a(1))a(2)b) + λε(a)ε(b)

= ε(ab) + ε(ab) + λε(a)ε(b) (�ig (2.2)).dH.} 2.3 (a) ^ λ = −1, "\2 ε lX���, C��IP%p-f�R. 2CZ-fE, GIX� A �\2 1, 8 ε(1) = 1k.

(b) Aguiar[5] �Sf"\2:.V�X�f7l 0; Loday-Ronco[12] �Df"\2:.V�X�f7l −1.
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, 8v�HU79AX�f$�, Æ%A[ Aguiar[5] u*f9AX�. �n 2.3 V λ l k Uf�-<u+	. 5K+z (A, µ, ε) l7- λ f9AX�, GI (A, µ) lX� ( ;	&L\2 ), Ki�T ε : A → k l7- λ f9A�T. p� B
f a, b ∈ A, �
ε(ab) = −λε(a)ε(b). (2.4)�n 2.4 V (A, µA, εA) P (B, µB, εB) lW-7- λ f9AX�. 5N A b B fX��� φ : A → B l9Af, GIÆrx εBφ = εA.} 2.4 ��I 2.1;d, B
f7- λf:.V"\2�X�l7- λf9AX�.Eyf�I�6[�Z2U7:.V�X�Q�z"\2f��.;T 2.1 f (A, µ,∆) l7- λ f:.V�X�, Æ�-X�l��=mS S Z6f. V ε : A → k l7- λ f9A�T#,"\2i (ε⊗ id)∆ = id = (id⊗ ε)∆ 2 S Q6R, 8�+z (A, µ,∆, ε) l7- λ f:.V"\2�X�.w 8vQl~H{ A Q"\2i6R, p

(ε⊗ id)∆(ab) = ab, ∀ a, b ∈ S.�B
f a, b ∈ S, �{V;d
(ε⊗ id)∆(a) = a P (ε⊗ id)∆(b) = b.!��

(ε⊗ id)∆(ab) = (ε⊗ id)(a ·∆(b) + ∆(a) · b+ λ(a ⊗ b))

= (ε⊗ id)
(

∑

(b)

ab(1) ⊗ b(2) +
∑

(a)

a(1) ⊗ a(2)b+ λ(a⊗ b)
)

=
∑

(a)

ε(ab(1))⊗ b(2) +
∑

(a)

ε(a(1))⊗ a(2)b+ λ(ε(a)⊗ b)

= −λ
∑

(a)

ε(a)ε(b(1))⊗ b(2) +
∑

(a)

ε(a(1))⊗ a(2)b+ λ(ε(a)⊗ b)

= −λε(a)b+ ab+ λ(ε(a)⊗ b)

= ab.�K ε l�"\2. �H�fr
;d ε �l�"\2. ~�dH.�K�-Sof8�f76, Eyf�I�{W-7- λ f9AX�f>ZiD=;	l7- λ f9AX�.;T 2.2 V (A, µA, εA) P (B, µB , εB) lW-7- λ f9AX�, 8 A⊗B Q�^f�SX��7, �8� ·ε uÆ-
(a1 ⊗ b1) ·ε (a2 ⊗ b2) : = εB(b1)a1a2 ⊗ b2 + εA(a2)a1 ⊗ b1b2

+ λεA(a2)εB(b1)a1 ⊗ b2, ∀ ai ∈ A, bi ∈ B, 1 6 i 6 2. (2.5)



2 � ?� )�d W9<0X�Z� 161!�, A⊗B l7- λ f9AX�, �9A�TuÆ-
εA⊗B(a⊗ b) := εA(a)εB(b), ∀ a ∈ A, b ∈ B. (2.6)w Ql~{HEyf�Sl6R. p�B
f ai ∈ A, bi ∈ B, 1 6 i 6 3,

((a1 ⊗ b1) ·ε (a2 ⊗ b2)) ·ε (a3 ⊗ b3) = (a1 ⊗ b1) ·ε ((a2 ⊗ b2) ·ε (a3 ⊗ b3)).��y,

((a1 ⊗ b1) ·ε (a2 ⊗ b2)) ·ε (a3 ⊗ b3)

= (εB(b1)a1a2 ⊗ b2 + εA(a2)a1 ⊗ b1b2 + λεA(a2)εB(b1)a1 ⊗ b2) ·ε (a3 ⊗ b3)

(�ig (2.5))

= εB(b1)(a1a2 ⊗ b2) ·ε (a3 ⊗ b3) + εA(a2)(a1 ⊗ b1b2) ·ε (a3 ⊗ b3)

+ λεA(a2)εB(b1)(a1 ⊗ b2) ·ε (a3 ⊗ b3)

= εB(b1)(εB(b2)a1a2a3 ⊗ b3 + εA(a3)a1a2 ⊗ b2b3 + λεA(a3)εB(b2)a1a2 ⊗ b3)

+ εA(a2)(εB(b1b2)a1a3 ⊗ b3 + εA(a3)a1 ⊗ b1b2b3 + λεA(a3)εB(b1b2)a1 ⊗ b3)

+ λεA(a2)εB(b1)(εB(b2)a1a3 ⊗ b3 + εA(a3)a1 ⊗ b2b3 + λεA(a3)εB(b2)a1 ⊗ b3)

= εB(b1)εB(b2)a1a2a3 ⊗ b3 + εB(b1)εA(a3)a1a2 ⊗ b2b3

+ εA(a2)εB(b1b2)a1a3 ⊗ b3 + εA(a2)εA(a3)a1 ⊗ b1b2b3

+ λεB(b1)εA(a3)εB(b2)a1a2 ⊗ b3 + λεA(a2)εA(a3)εB(b1b2)a1 ⊗ b3

+ λεA(a2)εB(b1)εB(b2)a1a3 ⊗ b3 + λεA(a2)εB(b1)εA(a3)a1 ⊗ b2b3

+ λ2εA(a2)εB(b1)εA(a3)εB(b2)a1 ⊗ b3

= εB(b1)εB(b2)a1a2a3 ⊗ b3 + εB(b1)εA(a3)a1a2 ⊗ b2b3

+ λεB(b1)εA(a3)εB(b2)a1a2 ⊗ b3 − λεA(a2)εB(b1)εB(b2)a1a3 ⊗ b3

+ εA(a2)εA(a3)a1 ⊗ b1b2b3 − λ2εA(a2)εA(a3)εB(b1)εB(b2)a1 ⊗ b3

+ λεA(a2)εB(b1)εB(b2)a1a3 ⊗ b3 + λεA(a2)εB(b1)εA(a3)a1 ⊗ b2b3

+ λ2εA(a2)εB(b1)εA(a3)εB(b2)a1 ⊗ b3 (�ig (2.4))

= εB(b1)εB(b2)a1a2a3 ⊗ b3 + εB(b1)εA(a3)a1a2 ⊗ b2b3

+ λεB(b1)εA(a3)εB(b2)a1a2 ⊗ b3 + εA(a2)εA(a3)a1 ⊗ b1b2b3

+ λεA(a2)εB(b1)εA(a3)a1 ⊗ b2b3.e��y,

(a1 ⊗ b1) ·ε ((a2 ⊗ b2) ·ε (a3 ⊗ b3))

= (a1 ⊗ b1) ·ε (εB(b2)a2a3 ⊗ b3 + εA(a3)a2 ⊗ b2b3 + λεA(a3)εB(b2)a2 ⊗ b3)

(�ig (2.5))

= εB(b2)(a1 ⊗ b1) ·ε (a2a3 ⊗ b3) + εA(a3)(a1 ⊗ b1) ·ε (a2 ⊗ b2b3)



162 � s � 6 A l 43 2
+ λεA(a3)εB(b2)(a1 ⊗ b1) ·ε (a2 ⊗ b3)

= εB(b2)(εB(b1)a1a2a3 ⊗ b3 + εA(a2a3)a1 ⊗ b1b3 + λεA(a2a3)εB(b1)a1 ⊗ b3)

+ εA(a3)(εB(b1)a1a2 ⊗ b2b3 + εA(a2)a1 ⊗ b1b2b3 + λεA(a2)εB(b1)a1 ⊗ b2b3)

+ λεA(a3)εB(b2)(εB(b1)a1a2 ⊗ b3 + εA(a2)a1 ⊗ b1b3 + λεA(a2)εB(b1)a1 ⊗ b3)

= εB(b2)εB(b1)a1a2a3 ⊗ b3 − λεB(b2)εA(a2)εA(a3)a1 ⊗ b1b3

− λ2εB(b2)εA(a2)εA(a3)εB(b1)a1 ⊗ b3 + εA(a3)εB(b1)a1a2 ⊗ b2b3

+ εA(a3)εA(a2)a1 ⊗ b1b2b3 + λεA(a3)εA(a2)εB(b1)a1 ⊗ b2b3

+ λεA(a3)εB(b2)εB(b1)a1a2 ⊗ b3 + λεA(a3)εB(b2)εA(a2)a1 ⊗ b1b3

+ λ2εA(a3)εB(b2)εA(a2)εB(b1)a1 ⊗ b3 (�ig (2.4))

= εB(b2)εB(b1)a1a2a3 ⊗ b3 + εA(a3)εB(b1)a1a2 ⊗ b2b3

+ εA(a3)εA(a2)a1 ⊗ b1b2b3 + λεA(a3)εA(a2)εB(b1)a1 ⊗ b2b3

+ λεA(a3)εB(b2)εB(b1)a1a2 ⊗ b3.�K�Sl6R.H2wpH{ A⊗B l7- λ f9AX�. �B
f a1 ⊗ b1, a2 ⊗ b2 ∈ A⊗B,

εA⊗B((a1 ⊗ b1) ·ε (a2 ⊗ b2))

= εA⊗B(εB(b1)a1a2 ⊗ b2 + εA(a2)a1 ⊗ b1b2 + λεA(a2)εB(b1)a1 ⊗ b2)

(�ig (2.5))

= εB(b1)εA⊗B(a1a2 ⊗ b2) + εA(a2)εA⊗B(a1 ⊗ b1b2)

+ λεA(a2)εB(b1)εA⊗B(a1 ⊗ b2)

= εB(b1)εA(a1a2)εB(b2) + εA(a2)εA(a1)εB(b1b2)

+ λεA(a2)εB(b1)εA(a1)εB(b2) (�ig (2.6))

= −λεB(b1)εA(a1)εA(a2)εB(b2)− λεA(a2)εA(a1)εB(b1)εB(b2)

+ λεA(a2)εB(b1)εA(a1)εB(b2) (�ig (2.4))

= −λεA(a1)εB(b1)εA(a2)εB(b2)

= −λεA⊗B(a1 ⊗ b1)εA⊗B(a2 ⊗ b2).wQ�}, ~�dH.f (A, µ, 1,∆) l7- λ f:.V\2�X�, 8 k-� A ⊗ A Q�"X��7, �"8uÆ-
∆A⊗A : A⊗A

∆⊗∆
−→ A⊗A⊗A⊗A

idA⊗τ⊗idA−→ A⊗A⊗A⊗A,�U τ : A⊗A → A⊗ A, a⊗ b 7→ b ⊗ a li`�T[49, Q2.2.2]. =�2C-"8LE, 8�
µ : A⊗ A → A &1l"X���. k_Q,

∆ ◦ µ(a⊗ b) = ∆(ab) = a ·∆(b) + ∆(a) · b+ λ(a⊗ b)
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=
∑

(b)

ab(1) ⊗ b(2) +
∑

(a)

a(1) ⊗ a(2)b+ λ(a⊗ b)

6=
∑

(a)

∑

(b)

a(1)b(1) ⊗ a(2)b(2)

= (µ⊗ µ) ◦∆A⊗A(a⊗ b).Ey, 8v2 A⊗A Q76�-^f"8D�3C-&LFf7�,C-76%A[7-a^, Aguiar[2, �J3.5] f�I. wF8vb;7- λ fH<f$�. V (C,∆) l"X�.5 C U+	 e l7- λ fH<+[50], GI ∆(e) = λ(e ⊗ e). 1.h 2.2, 7- λ f:.V\2�X�f\2+ 1 l7- −λ fH<+.;T 2.3 V 1A, 1B lW-7- −λ fH<+, (A,∆A, 1A), (B,∆B , 1B) l"�S"X�, 8 A⊗B Q�"�S"X��7, �"8uÆ-
∆(a⊗ b) : =

∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b) +
∑

(b)

(a⊗ b(1))⊗ (1A ⊗ b(2))

+ λ(a⊗ 1B)⊗ (1A ⊗ b), (2.7)�U a(1), a(2), b(1), b(2)Dt Sweedlert�∆A(a) =
∑

(a)

a(1)⊗a(2)P∆B(b) =
∑

(b)

b(1)⊗b(2).w Ql~{H"�Sl6R. p�B
f a⊗ b ∈ A⊗B,

(id⊗∆)∆(a⊗ b) = (∆⊗ id)∆(a⊗ b).�ig (2.7) Pht 2.2 U ∆A(1A) = −λ(1A ⊗ 1A) ;d
∆(1A ⊗ b) = (−λ⊗ 1B)⊗ (1A ⊗ b) +

∑

(b)

(1A ⊗ b(1))⊗ (1A ⊗ b(2))

+ λ(1A ⊗ 1B)⊗ (1A ⊗ b)

=
∑

(b)

(1A ⊗ b(1))⊗ (1A ⊗ b(2)). (2.8)H�j,

∆(a⊗ 1B) =
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B). (2.9)��y,

(id⊗∆)∆(a⊗ b)

= (id⊗∆)
(

∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b) +
∑

(b)

(a⊗ b(1))⊗ (1A ⊗ b(2))

+ λ(a⊗ 1B)⊗ (1A ⊗ b)
)

=
∑

(a)

(a(1) ⊗ 1B)⊗∆(a(2) ⊗ b) +
∑

(b)

(a⊗ b(1))⊗∆(1A ⊗ b(2))

+ λ(a⊗ 1B)⊗∆(1A ⊗ b)

=
∑

(a)

(a(1) ⊗ 1B)⊗
(

∑

(a(2))

(a(2)(1) ⊗ 1B)⊗ (a(2)(2) ⊗ b) +
∑

(b)

(a(2) ⊗ b(1))⊗ (1A ⊗ b(2))
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+ λ(a(2) ⊗ 1B)⊗ (1A ⊗ b)

)

+
∑

(b)

(a⊗ b(1))⊗
(

∑

(b(2))

(1A ⊗ b(2)(1))⊗ (1A ⊗ b(2)(2))
)

+ λ(a⊗ 1B)⊗
(

∑

(b)

(1A ⊗ b(1))⊗ (1A ⊗ b(2))
)

(�ig (2.7) P (2.8))

=
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B)⊗ (a(3) ⊗ b)

+
∑

(a)

∑

(b)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b(1))⊗ (1A ⊗ b(2))

+ λ
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B)⊗ (1A ⊗ b)

+
∑

(b)

(a⊗ b(1))⊗ (1A ⊗ b(2))⊗ (1A ⊗ b(3))

+ λ
∑

(b)

(a⊗ 1B)⊗ (1A ⊗ b(1))⊗ (1A ⊗ b(2)).e��y,

(∆⊗ id)∆(a ⊗ b)

= (∆⊗ id)
(

∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b) +
∑

(b)

(a⊗ b(1))⊗ (1A ⊗ b(2))

+ λ(a⊗ 1B)⊗ (1A ⊗ b)
)

=
∑

(a)

∆(a(1) ⊗ 1B)⊗ (a(2) ⊗ b) +
∑

(b)

∆(a⊗ b(1))⊗ (1A ⊗ b(2))

+ λ∆(a⊗ 1B)⊗ (1A ⊗ b)

=
∑

(a)

∑

(a(1))

(a(1)(1) ⊗ 1B)⊗ (a(1)(2) ⊗ 1B)⊗ (a(2) ⊗ b)

+
∑

(b)

(

∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b(1))

+
∑

(b(1))

(a⊗ b(1)(1))⊗ (1A ⊗ b(1)(2))

+ λ(a⊗ 1B)⊗ (1A ⊗ b(1))
)

⊗ (1A ⊗ b(2))

+ λ
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B)⊗ (1A ⊗ b) (�ig (2.7) P (2.9))

=
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B)⊗ (a(3) ⊗ b)

+
∑

(b)

∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ b(1))⊗ (1A ⊗ b(2))

+
∑

(b)

(a⊗ b(1))⊗ (1A ⊗ b(2))⊗ (1A ⊗ b(3))
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+ λ
∑

(b)

(a⊗ 1B)⊗ (1A ⊗ b(1))⊗ (1A ⊗ b(2))

+ λ
∑

(a)

(a(1) ⊗ 1B)⊗ (a(2) ⊗ 1B)⊗ (1A ⊗ b)

= (id⊗∆)∆(a ⊗ b).dH. l8vdbEyf�I, Æ�^%A[ Aguiar[2] P Foissy[13] f�I.�0 2.1 8v�EyW-��3}.

(a) V (A, µA,∆A, εA) l7- λ f:.V"\2�X�#,u (A⊗A, ·ε) -~� 2.2UfX�, 8 ∆A : (A, µA) → (A⊗A, ·ε) lX���.

(b) V (A, µA,∆A, 1A) l7- λ f:.V\2�X�#,u (A ⊗ A,∆) -~� 2.3Uf"X�, 8 µ := µA⊗A : (A⊗A,∆) → (A,∆A) l"\2��.w (a) 8vQl~H{ ∆(a) ·ε ∆(b) = ∆(ab), ∀ a, b ∈ A 6R. k_Q,

∆A(a) ·ε ∆A(b)

=
(

∑

(a)

a(1) ⊗ a(2)

)

·ε
(

∑

(b)

b(1) ⊗ b(2)

)

=
∑

(a)

∑

(b)

(a(1) ⊗ a(2)) ·ε (b(1) ⊗ b(2))

=
∑

(a)

∑

(b)

(ε(a(2))a(1)b(1) ⊗ b(2) + ε(b(1))a(1) ⊗ a(2)b(2) + λε(a(2))ε(b(1))a(1) ⊗ b(2))

=
∑

(b)

ab(1) ⊗ b(2) +
∑

(a)

a(1) ⊗ a(2)b+ λ(a⊗ b) (�"\2i)

= a ·∆A(b) + ∆A(a) · b+ λ(a⊗ b)

= ∆A(ab).

(b) Æl (a) f��.

§2.3 �D\AbP�M��>���K�HU7"`rf$�, H{[7- λ f:.V�X�f���l7- λf:.V�X�.�n 2.5[20] V λ l k Uf�-<u+	, (A, µ) lX�, W l (A,A)-��. 5�T
D : A → W l A f7- λ f`r, GIÆrxig (2.1), p

Dµ = s(idA ⊗D) + t(D ⊗ idA) + λ(idA ⊗ idA),�U s : A ⊗W → W P t : W ⊗ A → W lW-���7�T. CM, u W = A ⊗ A -
(A,A)-��.��j, 8v�HU7"`rf$�.



166 � s � 6 A l 43 2�n 2.6 V λ l k Uf�-<u+	, C l"X�, W l (C,C)-�"�. 5�T
D : W → C l7- λ f"`r, GIÆrx

∆D = (idC ⊗D)s+ (D ⊗ idC)t+ λ(idC ⊗ idC),�U s : W → C ⊗W P t : W → W ⊗ C lW-�"��7�T. CM, �K�T
s = ∆⊗ idC P t = idC ⊗∆ (2.10)u C ⊗ C - (C,C)-�"�.} 2.5 (a) %p`rl7-af`r, %p"`rl7-af"`r[5].

(b) 8v*s%p�X�%U7:.V�X�fd~2!l= "8 ∆ P8� µ fLFi��. 3n;j�, ∆ 2%p�X�MlX���, =�2U7:.V�X�MlU7`r.2%p�X�U, "8 ∆ lX���, Æi| 8� µ l"X���. 2U7:.V�X�U, 8v��H�f<\.;T 2.4 V (A, µ) lX�, (A,∆) l"X�, 8E^3}i|:

(a) ∆ : A → A⊗A l7- λ f`r.

(b) µ : A⊗A → A l7- λ f"`r.CM, 1.ig (1.4), A �-X�, u A⊗A - (A,A)-��. 1.ig (2.10), A �-"X�, u A⊗A - (A,A)-�"�.w h
big (2.1) MfLFi��;	℄[-
∆µ = (µ⊗ idA)(idA ⊗∆) + (idA ⊗ µ)(∆⊗ idA) + λ(idA ⊗ idA), (2.11),ig (2.11) 0L�T ∆ : A → A ⊗ A lX� (A, µ) fU7`r, ÆfQm A ⊗ A l

(A,A)-��. `wL, �T µ : A⊗ A → A lU7"`r, Æ� A-�"� A⊗ A Uf+	�bQm —- "X� (A,∆) U.�0 2.2 V (A, µ,∆) l7- λ f:.V�X�,���7 A∗ ⊗A∗ ∼= (A⊗A)∗, 8��=� A∗ l7- λ f:.V�X�, �8�l
A∗ ⊗A∗ ∼= (A⊗A)∗

∆∗

−→ A∗."8l
A∗ m∗

−→ (A⊗A)∗ ∼= A∗ ⊗A∗.w �~� 2.4, 7- λ f`rP7- λ f"`r[-��, 8�%pX�P"X�L�f�J��i;HduI6R.} 2.6 (a) V (A, µ,∆) l7- λ f:.V�X�, 8 (A,−µ,∆) P (A, µ,−∆) lW-7- −λ f:.V�X�, #, (A,−µ,−∆) l7- λ f:.V�X�.

(b) V (A, µ,∆) l7-af:.V�X�. f µop = µτ , ∆cop = τ∆, 8 (A, µop,∆cop)l7-af:.V�X�[5].
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§3 ÆF^Cd Hopf �O��wF�HU7:.V (\2)Hopf �f$�, #^-�Y0�fU7:.V Hopf�fPr. �LH{[^ A ll���SfU7�KÆ:.V\2�X�^, B
 A �y��-t=fU7:.V\2 Hopf ��7.

§3.1 )��=$3�8vwF�HU7:.V Hopf �f$�.�n 3.1 V λ l k Uf�-<u+	, (A, µ,∆) l7- λ f:.V�X�. 5 k-�
M l7- λf (�):.V Hopf�,GIM u�� A-��7 γ : A⊗M → M,a⊗m 7→ am,��� A-"��7 Λ : M → A⊗M,m 7→

∑

(m)

m(−1) ⊗m(0), bd
Λγ = (µ⊗ idM )(idA ⊗ Λ) + (idA ⊗ γ)(∆⊗ idM ) + λ(idA ⊗ idM ), (3.1)p

Λ(am) = aΛ(m) + ∆(a)m+ λ(a⊗m), ∀ a ∈ A,m ∈ M. (3.2)!�(j, GI (A, µ, 1,∆) l7- λ f:.V\2�X�,�s5 M l7- λ f (�) :.V\2 Hopf �.} 3.1 (a) �B
f a ∈ A, m ∈ M , 8v,�Ey�O
γ(a⊗m) = am P Λ(m) =

∑

(m)

m(−1) ⊗m(0)D�i γ(a ⊗ m) ∈ M P Λ(m) ∈ A ⊗ M . 2Q}t�LE, ig (3.2) UfU7:.V
Hopf �fLFi��;�t-

∑

(m)

(am)(−1) ⊗ (am)(0) =
∑

(m)

am(−1) ⊗m(0) +
∑

(a)

a(1) ⊗ a(2) ·m+ λa⊗m,ÆP%pf Hopf �fLFi��
∑

(m)

(am)(−1) ⊗ (am)(0) =
∑

(m),(a)

a(1)m(−1) ⊗ a(2) ·m(0)l&�f.

(b) Aguiar[5] u*f�:.V Hopf �l7-af:.V Hopf �.U7:.V Hopf �rxP%p Hopf X�Qf%p Hopf �H�f�YiT."�t4 [51, =�1.9], EyfPr�{%p Hopf �fPr�0�U7:.V�X�
ÆEfU7:.V Hopf ��7. = 7-af-AEf�I, ;-84 [5].3 3.1 (a) V λ l k Uf�-<u+	, (A, µ,∆) l7- λ f:.V�X�. 3
γ = µ, Λ = ∆, 1.U7:.V�X�fuÆ, A lÆtWQf7- λ f:.VHopfX�.

(b) V V lKi=�. uÆ
γ = µ⊗ idV : A⊗A⊗ V → A⊗ V P Λ = ∆⊗ idV : A⊗ V → A⊗A⊗ V, (3.3)8 A⊗ V l7- λ f:.VHopf �. k_Q, �B
f a⊗ v ∈ A⊗ V , �

(idA ⊗ Λ)Λ(a⊗ v) = (idA ⊗ (∆⊗ idV ))(∆⊗ idV )(a⊗ v) (�ig (3.3))
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= (idA ⊗ (∆⊗ idV ))(∆(a) ⊗ v)

=
∑

(a)

(idA ⊗ (∆⊗ idV ))(a(1) ⊗ a(2) ⊗ v)

=
∑

(a)

a(1) ⊗∆(a(2))⊗ v

=
∑

(a)

∆(a(1))⊗ a(2) ⊗ v (�"�Sl)

=
∑

(a)

(∆⊗ idA⊗V )(a(1) ⊗ a(2) ⊗ v)

= (∆⊗ idA⊗V )(∆(a) ⊗ v)

= (∆⊗ idA⊗V )Λ(a⊗ v).�K"�Sl6R. �ED8v{HLFi��.

Λγ(a⊗ b⊗ v) = (∆⊗ idV )(µ⊗ idV )(a⊗ b⊗ v)

= ∆(ab)⊗ v (�ig (3.3))

= (a ·∆(b) + ∆(a) · b+ λ(a⊗ b))⊗ v (�ig (2.1))

= (µ⊗ idA⊗V )(idA ⊗∆⊗ idv)(a⊗ b⊗ v)

+ (idA ⊗ µ⊗ idV )(∆⊗ idA⊗V )(a⊗ b⊗ v)

+ λ(idA ⊗ idA⊗V )(a⊗ b⊗ v)

= (µ⊗ idA⊗V )(idA ⊗ Λ)(a⊗ b⊗ v) + (idA ⊗ γ)(∆⊗ idA⊗V )(a⊗ b⊗ v)

+ λ(idA ⊗ idA⊗V )(a⊗ b⊗ v).�Kig (3.1) /ufU7:.V Hopf �fLFi��6R.

§3.2 <$�D\Ab Hopf <�V�H{[^ A lU7�KÆ:.V\2�X�, B
 A �Q��-U7:.V\2 Hopf ��7. 8vwF/D��b�f�Yf�uÆP�O, = λ = 0 f%p�I, ;-84 [2, l 5 =].�n 3.2 V λ l k Uf�-<u+	, A l\2X�, W l A-��.

(a) 5=S+	 r ∈ W fKi�T ∆r : A → W l7 λ df, GIÆrx
∆r(a) = a · r − r · a− λ(a⊗ 1), ∀ a ∈ A. (3.4)

(b) 5+	 r ∈ W l A-&�f, GIÆrx a · r = r · a, ∀ a ∈ A.} 3.2 �ig (3.4) uÆf ∆r l7- λ f`r.H28vb;U7�KÆ ε-\2�X�f$�. V A l\2X�, r =
∑

i

ui ⊗ vi ∈

A⊗A, 87- λ fd`r
∆r : A → A⊗A, a 7→ a · r − r · a− λ(a⊗ 1)
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r13r12 − r12r23 + r23r13 − λr13 ∈ A⊗A⊗Al A-&�f[15]. �[C-k_, GI r l A f7- λ f�S Yang-Baxter �:f�, 8�+z (A, µ, 1,∆r) l7- λ f ε-\2�X�[15]. 8v
�+z (A, µ, 1, r) 5-�-U7�KÆ ε-\2�X�. 3n;j, 8v�GEuÆ.�n 3.3[20] V (A, µ, 1) l\2X�. 5�+z (A, µ, 1, r) l7- λ f�KÆ:.V\2�X�, GI r ∈ A⊗A l A f7- λ f�S Yang-Baxter �:f�.V ∆r lig (3.4) uÆf7- λ fd`r.} 3.3 (a) �+z (A, µ, 1,∆r) l7- λ f:.V\2�X�.

(b) Aguiar[2] u*f�KÆ:.V�X�l7-af�KÆ:.V�X�. 2CZ-AE, �+z (A, µ, 1,∆r) l7-af:.V\2�X�.

(c) V (A, µ, 1, r) l7- λ f�KÆ:.V\2�X�, r =
∑

i

ui ⊗ vi ∈ A⊗ A. 2
A QuÆW-�+/
 ≺,≻ -

a ≻ b :=
∑

i

uiavib P a ≺ b :=
∑

i

auibvi + λab,8K+z (A,≺,≻) l�fX�[20].8vl~Eyf�I.o0 3.1[20] V (A, µ, 1, r) l7- λ ff�KÆ:.V\2�X�, ∆ := ∆r, 8
∆(a) = a · r − r · a− λ(a⊗ 1), (3.5)

(∆⊗ id)(r) = −r23r13, (3.6)

(id⊗∆)(r) = r13r12 − λ(r13 + r12). (3.7)ÆL, ��Y r =
∑

i

ui ⊗ vi ∈ A⊗A, GI7- λ f:.V\2�X� (A, µ, 1,∆) rxig (3.5)–(3.7), �s (A, µ, 1, r) l7- λ f�KÆ:.V\2�X�#, ∆ = ∆r.H2, 8v3}C��fd~�I.�0 3.1 V (A, µ, 1, r) l7- λ f�KÆ:.V\2�X�, M l� A-�, 8 Ml A Q7- λ f:.V\2 Hopf �, �"�� Λ : M → A⊗M uÆ-:

Λ(m) := −
∑

i

ui ⊗ vim, ∀m ∈ M.w 8vwF{H"�Sl:

(idA ⊗ Λ)Λ(m) = (∆r ⊗ idA), ∀m ∈ M.V r =
∑

i

ui ⊗ vi, 8��I 3.1 ;d
(∆r ⊗ idA)(r) =

∑

i

∆r(ui)⊗ vi = −r23r13 = −
∑

i,j

ui ⊗ uj ⊗ vjvi.
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(∆r ⊗ idA)Λ(m) = −

∑

i

∆r(ui)⊗ vim =
∑

i,j

ui ⊗ uj ⊗ vjvim

= −
∑

i

ui ⊗ Λ(vim) = (idA ⊗ Λ)Λ(m).�ED8v{Hig (3.2) UfU7:.V\2 Hopf �fLFi��. �- ∆r(a) =

a · r − r · a− λ(a⊗ 1), �	
aΛ(m) + ∆r(a)m = −

∑

i

aui ⊗ vim+
∑

i

aui ⊗ vim−
∑

i

ui ⊗ viam− λ(a⊗m)

= −
∑

i

ui ⊗ viam− λ(a⊗m)

= Λ(am)− λ(a⊗m).uIdH.

§4  H6J�^Cd�YR�OC��wFb;�y1N_[52]Pjr�y1N_[31,38]fuÆ. �L, �6[�-^f����y1N_!gjr, CZ��%A[4 [31, 35, 38] U�SPu*f��. |X, 2jr�y1N_QuÆ["8, 	b�0�"X��7, #oy 2�Q76�-:.V\2�X�.

§4.1 ~L?:�G51~lU�:5f�J$. Æ��-�|fto, 5-1. �y1~l	�<u)Hb�yf1~. )�to-�l 1, 2, 3, 4, 5 f�y1~GE�i:

q , q

q

, q∨
qq

, q

q

q

, q∨
qq q

,
q∨
qq

q , q∨
qq

q

, q∨
qq

q

, q

q

q

q

, q∨
qq

�H
q q

, q∨
qq q

q

, q∨
qq q

q

, q∨
qq q

q

, q∨
qq

qq

,�U~f1\2|Ey[52] . V T l�y1~fmS, M(T ) l� T Z6ft���<, ÆQyf8�l��8�, t- mRT , �1�[n. t 1-M(T )Qf=~, ÆlM(T )f\2+. 5 M(T ) Uf+	-�y1N_, Æl�y1~f��`��, t- F = T1 · · ·Tn,�U T1, · · · , Tn ∈ T , n > 0. CM8v,��P, ^ n = 0 ^, F = 1. Eyl�Y�y1N_fPr.

1, q , q q , q

q

, q

q

q , q q

q

, q q∨
qq

, q

q

q q , q q

q

q , q∨
qq

q

q

q

, q q

q

q∨
qq

q∨
qq

qq

.8vH2MD�S�Z�y1N_f^jr. V Ω l�=mS, X le�mS,
X ∩ Ω = ∅. t T (X ⊔ Ω) lto�mS X ⊔ Ω U+	jrf�y1~fmS. uÆ
F(X ⊔Ω) := M(T (X ⊔Ω)) -jr�y1~Z6ft���<. 5 F(X ⊔Ω) Uf+	-jr�y1N_.V T (X,Ω) (F(X,Ω)) l T (X ⊔Ω) (F(X ⊔Ω)) frm, ��oQ	�mS Ω Uf+	jr, �r�o;	� X ⊔ Ω Uf+	jrf�y1~ (1N_) z6. `wL, ��f�o, 	o�Y�r�ol�mS Ω M�f+	jr. GI�-1~Q��-to, 88vuC-to-�r�o. N�Æu;	� Ω jr�;	� X jr. Ey
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qα, qx , q

q

α

β , q

q

α

x , q∨
qq

α

βγ

, q∨
qq

α

xγ

, q∨
qq

α

xy

, q∨
qq

q

α

ββ

γ

, q∨
qq

q

α

βx

γ

, q∨
qq

q

α

βy

x

;=�, EyCYPr&2 T (X,Ω) U:

q

q

x

α , q

q

x

y , q∨
qq

x

βα

, q∨
qq

q

α

xβ

γ

,�U x, y ∈ X , α, β, γ ∈ Ω.8v*sC-^fjr��lUA�f, B��` Connes-Kreimer-HopfX�[32]Uf0jr�y1N_, Foissy-Holtkamp-HopfX�[31]Uf0jr�y1N_P4 [35]Uf0jr�y1N_. -�Eyfht 4.1.} 4.1 Eyl^jr�y1N_f�Y�|-f.

(a) GI X = ∅ P Ω yl\om, �s F(X,Ω) U��fjr�y1N_y��-L�fjr, �K2�7
ÆE, L^ CY�y1N_t�jr. &Ujrf�y1N_Gl_�`Kf Foissy-Holtkamp HopfX�fu*�S, Æ�le}f��`?oEf
Connes-Kreimer Hopf X�[31−32].

(b) GI X = ∅, �s F(X,Ω) ljrFoissy-Holtkamp Hopf X�fu*�S[31].

(c) ^ Ω = {σ} l\om, �s F(X,Ω) 24 [35] U��HPu*, #76[jr�y1N_Qf"t^ Hopf X�.

(d) 4 [38] ~1�y1N_f���r�o� X Uf+	jr, ���o� Ω Uf+	jr, =�CZjr��HI&[\2f7�, #,CZjr1N_Qf��X��7yl�\2f.uÆ HRT(X,Ω) := kF(X,Ω) = kM(T (X,Ω)) l F(X,Ω) Z6ft� k-�. �B
f ω ∈ Ω, F ∈ HRT(X,Ω), uÆ
B+

ω : HRT(X,Ω) → HRT(X,Ω), F 7→ B+
ω (F )-Ki~�
r, �U B+

ω (F ) lO
jr�y1N_ F ~�b�-U�jr ω f^f1oQ�dfjr�y1~. �!j, B+
ω (1) = qω. Eyl3�= ~�
rfPr.

B+
α ( qx) = q

q

α

x , B+
β ( qx qy ) = q∨

qq

β

yx

, B+
ω ( qx q

q

α

y ) = q∨
qq

q

ω

αx

y

, B+
ω ( q

q

β

α
qx) = q∨

qq

q

ω

xβ

α

,�U α, β, ω ∈ Ω, x, y ∈ X . h
b HRT(X,Ω) = ��8� mRT l��f.V F = T1 · · ·Tn ∈ F(X,Ω), n > 0, T1, · · · , Tn ∈ T (X,Ω), uÆ bre(F ) := n - F f?~. CM8v,��P, ^ n = 0, bre(1) := 0.-[uÆjr�y1N_fX~,8vwF2 F(X,Ω) Q�R�-D�f�7. uÆ
•X := {•x | x ∈ X} PmS

F0 := M(•X) = S(•X) ⊔ {1},�U M(•X) P S(•X) �!l� •X Z6f F(X,Ω) fr��<Pr�<. CM��-�OG�f-f, M(•X) ^=�l�mS •X Z6ft���<, &KCW-��<2�7
ÆEl,�f. �K2&R�"dUf-fE, 8v&12�Æv.� /uf n > 0, {V Fn �%�uÆ,  l8vuÆ
Fn+1 := M(•X ⊔ (⊔ω∈ΩB

+
ω (Fn))).
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F(X,Ω) = lim

−→
Fn =

∞
⋃

n=0

Fn. (4.1)5+	 Fn \ Fn−1 Mf+	 F fX~l n, t- dep(F ) = n. Eyl�YPr:

dep(1) = dep(•x) = 0, dep(•ω) = dep(B+
ω (1)) = 1,

dep( qx q

q

ω

y
qy ) = dep( q

q

ω

y ) = dep(B+
ω (•y)) = 1,

dep( q
q

ω

α ) = dep(B+
ω (B

+
α (1))) = 2, dep( q∨

qq

ω

xα

) = dep(B+
ω (B+

α (1)•x)) = 2,�U α, ω ∈ Ω, x, y ∈ X .

§4.2 ~L?:�G5If�r	�!uC�V�2 HRT(X,Ω) Q76�-^f"8, b�6-�-7-af:.V\2�X�.�B
ff+ F ∈ F(X,Ω), 8vN��rD��, �K� F fX~ dep(F ) �D�DuÆ ∆ε(F ). � D�f"o dep(F ) = 0, uÆ
∆ε(F ) :=















0, F = 1,

1⊗ 1, F = •x, x ∈ X,

•x1 ·∆ε(•x2 · · · •xm
) + ∆ε(•x1) · (•x2 · · · •xm

), F = •x1 · · · •xm
,m > 2, xi ∈ X.

(4.2)CMflKZ-f, ∆ε fuÆ|YD�-�?~QfD�,����uÆ-ig (1.4).� D�( dep(F ) > 1, 8v�"8fuÆD�b1N_?~fD�Q.J bre(F ) = 1,��Y ω ∈ Ω P F ∈ F(X,Ω), 8v;	t F = B+
ω (F ), #,uÆ

∆ε(F ) := ∆εB
+
ω (F ) := F ⊗ 1 + (id⊗B+

ω )∆ε(F ). (4.3)`wL
∆εB

+
ω = id⊗ 1 + (id⊗B+

ω )∆ε. (4.4)8v5ig (4.3) ei|fig (4.4) l:.V 1-"t^��. J bre(F ) > 2, 8v;	t
F = T1T2 · · ·Tm, m > 2, T1, · · · , Tm ∈ T (X,Ω), #,uÆ

∆ε(F ) := T1 ·∆ε(T2 · · ·Tm) + ∆ε(T1) · (T2 · · ·Tm). (4.5)Ey8v:i�YPr, 	�3NjI� ∆ε.3 4.1 f x, y ∈ X , α, β, ω ∈ Ω, 8
∆ε( qα) = ∆ε(B

+
α (1)) = 1⊗ 1,

∆ε( q
q

α

x ) = ∆ε(B
+
α ( qx)) = qx ⊗ 1 + 1⊗ qα,

∆ε( qβ q

q

α

x ) = qβ ·∆ε( q
q

α

x ) + ∆ε( qβ) · q

q

α

x = qβ qx ⊗ 1 + qβ ⊗ qα + 1⊗ q

q

α

x ,

∆ε( q∨
qq

q

ω

αβ

x

) = ∆ε(B
+
ω ( qβ q

q

α

x )) = qβ q

q

α

x ⊗ 1 + qβ qx ⊗ qω + qβ ⊗ q

q

ω

α + 1⊗ q

q

q

ω
α

x

.



2 � ?� )�d W9<0X�Z� 1733 4.2 Foissy[13] 76[&Ujrf�y1N_Qf:.V Hopf X�, �"8 ∆ uÆ-
∆(F ) :=















1⊗ 1, GIF = 1,

F ⊗ 1 + (id⊗B+)∆(F ), GIF = B+(F ),

F1 ·∆(F2) + ∆(F1) · F2 − F1 ⊗ F2, GIF = F1F2.�K
∆( q) = q ⊗ 1 + 1⊗ q ,

∆( q
q

) = q

q

⊗ 1 + q ⊗ q + 1⊗ q

q

,

∆( q q
q

) = q q

q

⊗ 1 + q q ⊗ q + q ⊗ q

q

+ 1⊗ q q

q

,

∆( q∨
qq

q

) = q∨
qq

q

⊗ 1 + q q

q

⊗ q + q q ⊗ q

q

+ q ⊗ q

q

q

+ 1⊗ q∨
qq

q

,CPP 4.2 U^-f"8l&�f, pb8vZnP 4.2 U1N_fjr.} 4.2 ig (4.3) U/Df:.V 1-"t^��P Connes-Kreimer[22] u*f%p
1-"t^��

∆(F ) = ∆(B+(F )) = F ⊗ 1 + (id⊗ B+)∆(F ), ∀F = B+(F ) ∈ T (4.6)l&�f.

§4.3 r	��&-KC�V�
�"8 ∆ε /D�-zS�p. f V (F ) -1N_ F f��tofmS.

Foissy[13,31] 2�y1N_Q�H[qHo=B, C-21N_QuÆN_�IN�6[;	. 8v
H Foissy[13,31] f�I�}o� jr�y1N_.�n 4.1 V F = T1 · · ·Tn ∈ F(X,Ω), �U T1, · · · , Tn ∈ T (X,Ω), n > 0, #V
u, v ∈ V (F ), 85

(a) u 6h v (3(), GI2 F UR2N u b v fU�uRi), ~1C-i)�mxo F f�#, F f�lN1b�r�ouRf.

(b) u 6l v (39�), GI� 6h, u P v &LF#,rxEyW-�wL�:

(i) u l Ti fto, v l Tj fto, �U 1 6 j < i 6 n.

(ii) u P v yl Ti fto, #,2Pr Ti f1X�dfjr1N_U u 6l v.

(c) u 6h,l v (3(e39�), GI u 6h v eA u 6l v.

(d) 5mS I ⊆ V (F ) l F f�IN, t- I E F , GI u ∈ I , v ∈ V (F ), bd
u 6h,l v ⇒ v ∈ I. GI�IN I 6= V (F ), �s5 I l F fE�IN, t- I ⊳ F .=m ∅ l F f�-�IN. B
�- F fE�IN I y&L F U|���y1~ Tn f1, Cl�-|���y1~ Tn f1l V (F ) Uf= o 6h,l f|Vto.3 4.3 f F = q∨

qq

α

γβ

. � F fto, Eyf�^�,�!^-Do=B 6h P 6l.
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6h •α •β •γ

•α = 6h 6h

•β >h = ×

•γ >h × =

6l •α •β •γ

•α = × ×

•β × = >l

•γ × 6l =�K •α 6h,l •γ 6h,l •β #, q∨
qq

α

γβ �K-E�IN: ∅, {•β}, {•β, •γ}.} 4.3 GG4 [13, =� 2.1] �i, � B
f F ∈ F(X,Ω),

(a) o 6h l V (F ) Qf�-�o, Æf Hasse $ljr�y1N_ F ;

(b) o 6l l V (F ) Qf�-�o, o 6h,l l V (F ) Qf�-:o.Eyf�I<\[jr�y1N_ F f��EN_�IN.o0 4.1 V F ∈ F(X,Ω), un 6h,l · · · 6h,l u1 lÆf��to, 8 F &N� n -EN_�IN:

Ik = {u1, · · · , uk−1}, k = 1, · · · , n,�U���P I1 = ∅.w ÆP4 [13, �I 13] UfH{l�}f.�B
fmS I ⊆ V (F ), f F|I l F f`Djr�y1rN_, ÆftofmSl
I, Æf�l I UtoL�f F f�. `wL, GI� F 7�$, �s F|I l F JS2 IQf`Dr$. �!j,

F|∅ := 1 P 1|I := 0. (4.7)} 4.4 V F = B+
ω (F ), ω ∈ Ω, F ∈ F(X,Ω) #, I ⊆ V (F ), 8

B+
ω (F |I) = B+

ω (F )|(I⊔{•ω}),GE$�i:

o0 4.2 V F = B+
ω (F ), ω ∈ Ω, F ∈ F(X,Ω), #, I ⊆ V (F ), 8 I E F ^, ^

I E F .w 1.uÆ 4.1 P1 •ω = o 6h,l l V (F ) U|V+fk_;d�I6R.�0 4.1 ,��I 4.1 Uf�O, 8v�
∆ε(F ) =

∑

IkEF

F|Ik ⊗ F|Ik
=

n
∑

k=1

F|Ik ⊗ F|Ik
, (4.8)�U Ik := V (F ) \ (Ik ⊔ {uk}) = {uk+1, · · · , un}, k = 1, · · · , n, ���P In = ∅.w 1.�I 4.1 ;dl�-ig6R. 1.Kii, 8vQl~H{�B
ff+

F ∈ F(X,Ω)l�-ig6Rp;.8v,��rD��, � F fto-� n := |V (F )| > 0



2 � ?� )�d W9<0X�Z� 175!gD�DH{C��I. GI n = 0, �s�ig (4.7) ;K F = 1 #, F|Ik = 1|Ik = 0.1.ig (4.2) ;d
∆ε(F ) = ∆ε(1) = 0 =

∑

IkEF

F|Ik ⊗ F|Ik
.� /ufm > 1,{V� n < m-f�I6R,Ey8k n = m-f.2CZ-fLE,8v� F f?~!gD�DH{�I6R. �- F ∈ F(X,Ω),�U |V (F )| = n > 1,�	 F 6= 1 , bre(F ) > 1. GI bre(F ) = 1, �s8vl~8kEyWZ-f.�g 1 F = •x, x ∈ X . 2CZ-fE, F Q��-E�IN ∅. �ig (4.2) Pig

(4.7) ;d,

∆ε(F ) = ∆ε(•x) = 1⊗ 1 = F|∅ ⊗ F|∅ =
∑

IkEF

F|Ik ⊗ F|Ik
.�g 2 F = B+

ω (F ), F ∈ F(X,Ω), ω ∈ Ω. 1.�I 4.1, F fEN_�INl Ik,

k = 1, · · · , n− 1. �K
∆ε(F ) = ∆ε(B

+
ω (F ))

= F ⊗ 1 + (id⊗B+
ω )∆ε(F ) (�ig(4.3))

= F ⊗ 1 + (id⊗B+
ω )

(

∑

IkEF

F |Ik ⊗ F |Ik

)

(�D�{V)

= F|V (F ) ⊗ F|∅ +
∑

IkEF

F |Ik ⊗B+
ω (F |Ik

)

= F|V (F ) ⊗ F|∅ +
∑

IkEF

F |Ik ⊗B+
ω

(

F |V (F )\(Ik⊔{uk})

)

= F|V (F ) ⊗ F|∅ +
∑

IkEF,Ik 6=V (F )

F |Ik ⊗B+
ω

(

F |V (F )\(Ik⊔{uk})

)

(��I 4.2 )

= F|V (F ) ⊗ F|∅ +
∑

IkEF,Ik 6=V (F )

F |Ik ⊗B+
ω (F )|(V (F )\(Ik⊔{uk}))⊔{•ω}

(�ht 4.4)

= F|V (F ) ⊗ F|∅ +
∑

IkEF,Ik 6=V (F )

F|Ik ⊗ F|V (F )\(Ik⊔{uk})

=
∑

IkEF

F|Ik ⊗ F|Ik
.{V� n = m , bre(F ) < k -f�I6R. Ey8k-f n = m P bre(F ) = k >

2.  l8vt F = TF ′, ��Y T ∈ T (X,Ω), F ′ ∈ F(X,Ω). ��y,

∆ε(F ) = ∆ε(TF
′)

= T ·∆ε(F
′) + ∆ε(T ) · F

′ (�ig (4.5))

= T ·
∑

Ik2EF ′

F ′
|Ik2

⊗ F ′
|Ik2

+
(

∑

Ik1ET

T|Ik1
⊗ T|Ik1

)

· F ′ (�D�{V)

=
∑

Ik2EF ′

TF ′
|Ik2

⊗ F ′
|Ik2

+
∑

Ik1ET

T|Ik1
⊗ T|Ik1

F ′ (�ig (1.4)).
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∑

IkEF

F|Ik ⊗ F|Ik

=
∑

IkETF ′,

Ik∩V (F ′) 6=∅

F|Ik ⊗ F|Ik
+

∑

IkETF ′,

Ik∩V (F ′)=∅

F|Ik ⊗ F|Ik

=
∑

Ik=V (T )⊔Ik2 ,

∅6=Ik2EF ′

F|Ik ⊗ F|Ik
+
(

∑

IkET

F|Ik ⊗ F|Ik
+

∑

Ik=V (T )

F|Ik ⊗ F|Ik

)

=
∑

Ik=V (T )⊔Ik2 ,

Ik2EF ′

F|Ik ⊗ F|Ik
+

∑

IkET

F|Ik ⊗ F|Ik

=
∑

Ik=V (T )⊔Ik2 ,

Ik2EF ′

F|Ik ⊗ F|V (F )\(Ik⊔{uk}) +
∑

IkET

F|Ik ⊗ F|V (F )\(Ik⊔{uk})

=
∑

Ik2EF ′

F|V (T )⊔Ik2
⊗ F|V (F )\(V (T )⊔Ik2⊔{uk2

}) +
∑

IkET

F|Ik ⊗ F|(V (T )\(Ik⊔{uk}))⊔V (F ′)

=
∑

Ik2EF ′

TF ′
|Ik2

⊗ F ′
|V (F ′)\(Ik2⊔{uk2

}) +
∑

IkET

F|Ik ⊗ T|V (T )\(Ik⊔{uk})F
′

=
∑

Ik2EF ′

TF ′
|Ik2

⊗ F ′
|Ik2

+
∑

IkET

T|Ik ⊗ T|Ik
F ′.C,(6[?~ bre(F ) fD�H{N�(6[� n = |V (F )| fD�H{. �Kig

(4.8) 6R.3 4.4 (a) 8k F = qβ q

q

α

x , 8 •α 6h,l •x 6h,l •β. 1.�I 4.1, F �K-EN_�IN ∅, {•β} P {•β, •x}. �K1.uI 4.1,

∆ε( qβ q

q

α

x ) = F|∅ ⊗ F|V (F )\{•β} + F|{•β} ⊗ F|V (F )\({•β}⊔{•x})

+ F|{•β ,•x} ⊗ F|V (F )\({•β ,•x}⊔{•α})

= F|∅ ⊗ F|{•x,•α} + F|{•β} ⊗ F|{•α} + F|{•β ,•x} ⊗ F|∅

= 1⊗ q

q

α

x + qβ ⊗ qα + qβ qx ⊗ 1.

(b) f F = q∨
qq

q

ω

αβ

x

, 8 •ω 6h,l •α 6h,l •x 6h,l •β , N� F ��-EN_�IN ∅, {•β},

{•β, •x} P {•β, •x, •α}. 1.uI 4.1 ;d
∆ε( q∨

qq

q

ω

αβ

x

) = F|∅ ⊗ F|V (F )\{•β} + F|{•β} ⊗ F|V (F )\({•β}⊔{•x})

+ F|{•β ,•x} ⊗ F|V (F )\({•β ,•x}⊔{•α})

+ F|{•β ,•x,•α} ⊗ F|V (F )\({•β ,•x,•α}⊔{•ω})

= F|∅ ⊗ F|{•x,•α,•ω} + F|{•β} ⊗ F|{•α,•ω} + F|{•β ,•x} ⊗ F|{•ω}

+ F|{•β ,•x,•α} ⊗ F|∅

= 1⊗ q

q

q

ω
α

x

+ qβ ⊗ q

q

ω

α + qβ qx ⊗ qω + qβ q

q

α

x ⊗ 1.
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§4.4 ~L?:�G5I�\Ab�XP�M�!u�V��o HRT(X,Ω) Q�-7-af:.V\2�X�. 8vFtj�Y�I�-n�.o0 4.3 V F1, F2 ∈ HRT(X,Ω), 8 ∆ε(F1F2) = F1 ·∆ε(F2) + ∆ε(F1) · F2.w H� uI 4.1 fH{Uf bre(F ) > 2 -A. 8v�
∆ε(F1F2) =

∑

IkEF1F2

(F1F2)|Ik ⊗ (F1F2)|Ik

=
∑

IkEF1F2,
Ik∩V (F2) 6=∅

(F1F2)|Ik ⊗ (F1F2)|Ik
+

∑

IkEF1F2,
Ik∩V (F2)=∅

(F1F2)|Ik ⊗ (F1F2)|Ik

= F1 ·∆ε(F2) + ∆ε(F1) · F2.dH.o0 4.4 �+� (HRT(X,Ω),∆ε) l"X� ( &L\2 ).w wF, 1.uI 4.1 ;d
∆ε(F ) ∈ HRT(X,Ω)⊗HRT(X,Ω), ∀F ∈ F(X,Ω).�K8vQl~H{"�Sl
(id⊗∆ε)∆ε(F ) = (∆ε ⊗ id)∆ε(F ), ∀F ∈ F(X,Ω)6R. {V F �to: un 6h,l un−1 6h,l · · · 6h,l u1. -�\"�, � 1 6 i < j 6 n, 8vt

[i, j] := {ui, · · · , uj}.�!j, � 1 6 k 6 n,

[1, k − 1] = {u1, · · · , uk−1} = Ik #, [k + 1, n] = {uk+1, · · · , un} = Ik.��y, 1.uI 4.1 ;d
(∆ε ⊗ id)∆ε(F ) = (∆ε ⊗ id)

n
∑

k=1

F|Ik ⊗ F|Ik

= (∆ε ⊗ id)

n
∑

k=1

F|[1,k−1] ⊗ F|[k+1,n]

=

n
∑

k=1

∆ε(F|[1,k−1])⊗ F|[k+1,n]

=
n
∑

k=1

(

k−1
∑

i=1

F|[1,i−1] ⊗ F|[i+1,k−1]

)

⊗ F|[k+1,n]

=

n
∑

k=1

k−1
∑

i=1

F|[1,i−1] ⊗ F|[i+1,k−1] ⊗ F|[k+1,n]
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=

n
∑

k=2

k−1
∑

i=1

F|[1,i−1] ⊗ F|[i+1,k−1] ⊗ F|[k+1,n].e��y, 1LN�uI 4.1 ;d
(id⊗∆ε)∆ε(F ) = (id⊗∆ε)

n
∑

i=1

F|Ii ⊗ F|Ii

= (id⊗∆ε)
n
∑

i=1

F|[1,i−1] ⊗ F|[i+1,n]

=

n
∑

i=1

F|[1,i−1] ⊗∆ε(F|[i+1,n])

=
n
∑

i=1

F|[1,i−1] ⊗
(

n
∑

k=i+1

F|[i+1,k−1] ⊗ F|[k+1,n]

)

=

n
∑

i=1

n
∑

k=i+1

F|[1,i−1] ⊗ F|[i+1,k−1] ⊗ F|[k+1,n]

=

n
∑

k=2

k−1
∑

i=1

F|[1,i−1] ⊗ F|[i+1,k−1] ⊗ F|[k+1,n]

= (∆ε ⊗ id)∆ε(F ).�IdH.H28vdb�V�fd~�I.�0 4.2 �+z (HRT(X,Ω), mRT , 1, ∆ε) l7-af:.V\2�X�.w �- HRT(X,Ω) 2��8� mRT El��f,�	K+z (HRT(X,Ω), mRT , 1)l�-\2X�. �K1.�I 4.3 P�I 4.4 ;duI6R.

§4.5 �q Ω-rj'\Ab�XP�MU� (�-e�-) Ki
rX�f$�l� Kurosh[37] �Hf. XD, F[38]5Æv-
Ω-U
rX�, #2mS76[t�U
rX�, e�4 [39, 49]. 2�V�U, 8v$�℄[U
rX�P:.V�X�f�S, #<\[ HRT(X,Ω) 2CYX���Uft�i. �n 4.2[38] V Ω l�=mS.

(a) V M l��<, Pω : M → M , ω ∈ Ω l M Qf�ymS�Te5
r. 5�+z (M, (Pω)ω∈Ω) l Ω-U
r��<.

(b) V A l (\2) X�, Pω : A → A, ω ∈ Ω l A Qf�yKi�T. 5�+z
(A, (Pω)ω∈Ω) l Ω-U
r (\2) X�.yig (4.4) #
, 8v�HEyCY$�.�n 4.3 V X lmS, Ω l�=mS, λ l k U�-<u+	.

(a) V H = (H,m,∆) l7- λ f:.V�X�, Pω : H → H,ω ∈ Ω l�yKi
r. 5�+� (H, (Pω)ω∈Ω) l7- λ f Ω-U
r:.V�X�. !�(j, GI H �\



2 � ?� )�d W9<0X�Z� 1792, 85 H l7- λ f Ω-U
r:.V\2�X�.

(b) V (H, (Pω)ω∈Ω) P (H ′, (P ′
ω)ω∈Ω) lW-7- λ f Ω-U
r:.V�X�. 5Ki�Tl Ω-U
r:.V�X���, GI φ l:.V�X���#,rx φ ◦ Pω =

P ′
ω ◦ φ, ω ∈ Ω. Ω-U
r:.V\2�X���;	�L�f�guÆ.� \2 1 lEyig (4.9) f�)�, �K8v2�HEy$�f^Wl~8k\2i.

(c) V H = (H, m, 1,∆, (Pω)ω∈Ω) l7- λ f Ω-U
r:.V�X�. 5 H l7-
λ f Ω-"t^:.V\2�X�, GIÆrxEyf:.V"t^��:

∆Pω = id⊗ 1 + (id⊗ Pω)∆, ∀ω ∈ Ω. (4.9)

(d) 57- λ f Ω-U
r:.V\2�X� (HX , mX , 1X ,∆X , (Pω)ω∈Ω) lmS XQf7- λ ft� Ω-"t^:.V\2�X�,GIÆPmS�T jX : X → HX �"rxEyf�iT,p�B
f7- λf Ω-"t^:.V\2�X� (H, m, 1,∆, (P ′
ω)ω∈Ω)PB
fmS�T f : X → H rx ∆(f(x)) = 1⊗ 1, x ∈ X , 8R2,�f Ω-U
r:.V\2�X��� f : HX → H , bd fjX = f .^ Ω l\om, 8v
~[n�O Ω. Eyf�I%A[4 [22, 26, 35, 38, 53] Uu*f�iT. b;ig (4.1) U

F(X,Ω) = lim
−→

Fn =

∞
⋃

n=0

Fn.o0 4.5[50,vJ4.5] f X lmS, Ω l�=mS, jX : X →֒ F(X,Ω), x 7→ •x lt=)H, 8Eyf�o6R:

(a) �+z (F(X,Ω), mRT , 1, (B
+
ω )ω∈Ω) P�T jX �"l X Qt� Ω-U
r��<.

(b) �+z (F(X,Ω), mRT , 1, (B
+
ω )ω∈Ω) P�T jX �"l X Qt� Ω-U
r\2X�.�0 4.3 f X lmS, Ω l�=mS, jX : X →֒ F(X,Ω), x 7→ •x lt=)H, 8=+z (HRT(X,Ω), mRT , 1, ∆ε, (B

+
ω )ω∈Ω) UQ�T jX l X Q7-aft� Ω-"t^:.V\2�X�.w 1.uI 4.2, (HRT(X,Ω), mRT , 1,∆ε) l7-af:.V\2�X�. !�(,UQ�y~�
r (B+

ω )ω∈Ω, 1.ig (4.4), Æl7-af Ω-"t^:.V\2�X�.V (H, m, 1,∆, (Pω)ω∈Ω) l7-af Ω-"t^:.V\2�X�, f : X → H lmS�T, ÆfQrx ∆(f(x)) = 1⊗1, x ∈ X . �!j, (H, m, 1, {Pω | ω ∈ Ω})l Ω-U
r\2X�. ��I 4.5 (b) ;d, R2,�f Ω-U
r\2X��� f : HRT(X,Ω) → H ,bd f ◦ jX = f . �ED8vQl~{H"8 ∆ P ∆ε fLFi, p
∆f(F ) = (f ⊗ f)∆ε(F ), ∀F ∈ F(X,Ω), (4.10)8vN��rD��, �K� F fX~ dep(F ) > 0 �D�DH{ig (4.10). � D�"o dep(F ) = 0, 8v� F = •x1 · · · •xm

, m > 0, x1, · · · , xm ∈ X . CM8v,��P, ^
m = 0 ^, F = 1. GI m = 0, �s1.ht 2.2 Pig (4.2),

∆f(F ) = ∆f(1) = ∆(1) = 0 = (f ⊗ f)∆ε(1) = (f ⊗ f)∆ε(F ).
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∆f(•x1 · · · •xm

)

= ∆(f(•x1) · · · f(•xm
))

=

m
∑

i=1

(f(•x1) · · · f(•xi−1)) ·∆(f(•xi
)) · (f(•xi+1) · · · f(•xm

)) (�ig (2.1))

=

m
∑

i=1

(f(•x1) · · · f(•xi−1)) ·∆
(

f(xi)
)

· (f(•xi+1) · · · f(•xm
))

=

m
∑

i=1

(f(•x1) · · · f(•xi−1)) · (1 ⊗ 1) · (f(•xi+1) · · · f(•xm
))

=
m
∑

i=1

f(•x1) · · · f(•xi−1)⊗ f(•xi+1) · · · f(•xm
)

=

m
∑

i=1

f(•x1 · · · •xi−1)⊗ f(•xi+1 · · · •xm
)

=
m
∑

i=1

(f ⊗ f)(•x1 · · · •xi−1 ⊗ •xi+1 · · · •xm
)

= (f ⊗ f)
(

m
∑

i=1

•x1 · · · •xi−1 ⊗ •xi+1 · · · •xm

)

= (f ⊗ f)∆ε(•x1 · · · •xm
) (�ig (4.8)).� n > 0, dep(F ) 6 n, {Vig (4.10) 6R. Ey8k dep(F ) = n+ 1 f-f. 8v,��1N_f?~ bre(F ) �D�DH{C�-f. �- dep(F ) = n+ 1 > 1, �	 F 6= 1,

bre(F ) > 1. GI bre(F ) = 1, �s� �Y F ∈ F(X,Ω) P ω ∈ Ω, F = B+
ω (F ). �K

∆f(F ) = ∆f(B+
ω (F )) = ∆Pω(f(F ))

= f(F )⊗ 1 + (id⊗ Pω)∆(f(F )) (�ig (4.9))

= f(F )⊗ 1 + (id⊗ Pω)(f ⊗ f)∆ε(F ) (�� dep(F ) fD�{V)

= f(F )⊗ 1 + (f ⊗ Pωf)∆ε(F )

= f(F )⊗ 1 + (f ⊗ fB+
ω )∆ε(F ) (� f lU
rX���)

= (f ⊗ f)
(

F ⊗ 1 + (id⊗B+
ω )∆ε(F )

)

= (f ⊗ f)∆ε(B
+
ω (F )) = (f ⊗ f)∆ε(F ).� dep(F ) = n + 1 P bre(F ) 6 m, {Vig (4.10) 6R, #Grl�-D�{V

dep(F ) 6 n f-f. Ey8k dep(F ) = n + 1 P bre(F ) = m + 1 > 2 f-f.  l��Y F1, F2 ∈ F(X,Ω), �U 0 < bre(F1), bre(F2) < m + 1. 8v;	t F = F1F2. /�
Sweedler t�, 8v;	t

∆ε(F1) =
∑

(F1)

F1(1) ⊗ F1(2) P ∆ε(F2) =
∑

(F2)

F2(1) ⊗ F2(2).
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∆(f(F1)) = (f ⊗ f)∆ε(F1) =
∑

(F1)

f(F1(1))⊗ f(F1(2)),

∆(f(F2)) = (f ⊗ f)∆ε(F2) =
∑

(F2)

f(F2(1))⊗ f(F2(2)).
(4.11)N�,

∆f(F ) = ∆f(F1F2) = ∆(f(F1)f(F2)) = f(F1) ·∆(f(F2)) + ∆(f(F1)) · f(F2)

= f(F1) ·
(

∑

(F2)

f(F2(1))⊗ f(F2(2))
)

+
(

∑

(F1)

f(F1(1))⊗ f(F1(2))
)

· f(F2)

(�ig (4.11))

=
∑

(F2)

f(F1)f(F2(1))⊗ f(F2(2)) +
∑

(F1)

f(F1(1))⊗ f(F1(2))f(F2) (�ig (1.4))

=
∑

(F2)

f(F1F2(1))⊗ f(F2(2)) +
∑

(F1)

f(F1(1))⊗ f(F1(2)F2)

= (f ⊗ f)
(

∑

(F2)

F1F2(1) ⊗ F2(2) +
∑

(F1)

F1(1) ⊗ F1(2)F2

)

= (f ⊗ f)
(

F1 ·
(

∑

(F2)

F2(1) ⊗ F2(1)

)

+
(

∑

(F1)

F1(1) ⊗ F1(2)

)

· F2

)

(�ig (1.4))

= (f ⊗ f)
(

F1 ·∆ε(F2) + ∆ε(F1) · F2

)

= (f ⊗ f)∆ε(F1F2) (��I 4.3)

= (f ⊗ f)∆ε(F ).C(6[�?~ bre(F ) fD�H{, N�(6[�X~ dep(F ) fD�H{. �K�o6R. } 4.5 F[38]�!2 Motzkin i) P(X,Ω) P Motzkin v W(X,Ω) Q76[ XQft� Ω-U
r��<. 1.��Ut��Sf,�i, �- Ω-U
r��<, �
F(X,Ω) ∼= P(X,Ω) ∼= W(X,Ω), �Ul�-�7�E 8v2�y1N_Q�6f^fjr��.

§5 ÆF^CdR�O%t2�O��N�-7- λ f:.V�X�`D�-)KX�. = 7-af-AEf%p�I, -84 [5].

§5.1 ��D\AbP�M�s1�M)KX�l�H��SX�, #�n��Æ}5, G��5X�, Koszul-Vinberg X�, ��SX�i, 3�M--�4 [46–47].



182 � s � 6 A l 43 2�n 5.1 V A l k-�, ⊲ : A ⊗ A → A l A Q�+Ki/
. 5 (A,⊲) l (�) )KX�, GIÆrx
(a⊲ b)⊲ c− a⊲ (b ⊲ c) = (b ⊲ a)⊲ c− b⊲ (a⊲ c), ∀ a, b, c ∈ A. (5.1))KX�PKX�L�f�xSB;	�EyW-f�fiTdb<\.o0 5.1[45,vJ1] V (A,⊲) l)KX�. uÆ�+/
 [−,−] : A⊗A → A -

[a, b] := a⊲ b− b ⊲ a, ∀ a, b ∈ A, (5.2)8 (A, [−,−]) lKX�. �KKX�;	76)KX�ft=%A. C�l)KX�}vf�D.Eyf�I<\[U7:.V�X�%)KX�L�fSB.�0 5.1 V (A, µ,∆) l7- λ f:.V\2�X�,8 (A,⊲) l�-)KX�,�U
⊲ : A⊗ A → A, a⊗ b 7→ a⊲ b :=

∑

(b)

b(1)ab(2). (5.3)CM b(1), b(2) Dt Sweedler t� ∆(b) =
∑

(b)

b(1) ⊗ b(2).w f a, b, c ∈ A, 8�ig (2.1) ;d
∆
(

∑

(c)

c(1)bc(2)

)

=
∑

(c)

∆(c(1)bc(2))

=
∑

(c)

(c(1)b ·∆(c(2)) + ∆(c(1)b) · c(2) + λc(1)b⊗ c(2))

=
∑

(c)

(c(1)b ·∆(c(2)) + (c(1) ·∆(b) + ∆(c(1)) · b+ λ(c(1) ⊗ b)) · c(2) + λc(1)b⊗ c(2))

=
∑

(c)

(c(1)b ·∆(c(2)) + c(1) ·∆(b) · c(2) +∆(c(1)) · bc(2) + λc(1) ⊗ bc(2) + λc(1)b⊗ c(2))

=
∑

(c)

(

∑

(c(2))

c(1)bc(2)(1) ⊗ c(2)(2) +
∑

(b)

c(1)b(1) ⊗ b(2)c(2) +
∑

(c(1))

c(1)(1) ⊗ c(1)(2)bc(2)

+ λc(1) ⊗ bc(2) + λc(1)b⊗ c(2)

)

=
∑

(c)

c(1)bc(2) ⊗ c(3) +
∑

(c),(b)

c(1)b(1) ⊗ b(2)c(2) +
∑

(c)

c(1) ⊗ c(2)bc(3)

+ λ
∑

(c)

c(1) ⊗ bc(2) + λ
∑

(c)

c(1)b⊗ c(2) (�"�Sl).�K�Sig (5.3) ;d
a⊲ (b⊲ c) = a⊲

(

∑

(c)

c(1)bc(2)

)

=
∑

(c)

c(1)bc(2)ac(3) +
∑

(c),(b)

c(1)b(1)ab(2)c(2) +
∑

(c)

c(1)ac(2)bc(3)
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+ λ
∑

(c)

c(1)abc(2) + λ
∑

(c)

c(1)bac(2).�,
(a⊲ b)⊲ c =

(

∑

(b)

b(1)ab(2)

)

⊲ c =
∑

(c),(b)

c(1)b(1)ab(2)c(2).�K
(a⊲ b)⊲ c− a⊲ (b ⊲ c) = −

∑

(c)

c(1)bc(2)ac(3) −
∑

(c)

c(1)ac(2)bc(3)

− λ
∑

(c)

(c(1)abc(2) + c(1)bac(2)). (5.4)?.big (5.4) = a P b l�5f, �K
(a⊲ b)⊲ c− a⊲ (b⊲ c) = (b⊲ a)⊲ c− b⊲ (a⊲ c),N� (A,⊲) l)KX�.

§5.2 �,(�D\AbP�M�s1�M�n 5.2 V (A,⊲) l)KX�, 85�+� (A,⊲) l Novikov X�, GIÆrx
(a⊲ b)⊲ c = (a⊲ c)⊲ b, ∀ a, b ∈ A.8vH2�6�Z^f��D76�-)KX�. 8vwF<\�-�I.o0 5.2 V (A, µ,∆) l7- λ f:.V�X�. uÆ D = µ∆ : A → A, 8

D(ab) = aD(b) +D(a)b + λab.w �ig (2.1) ;d
D(ab) = µ∆(ab) = µ(a ·∆(b) + ∆(a) · b+ λa⊗ b)

= µ
(

∑

(b)

ab(1) ⊗ b(2) +
∑

(a)

a(1) ⊗ a(2)b+ λa⊗ b
)

=
∑

(b)

ab(1)b(2) +
∑

(a)

a(1)a(2)b+ λab

= aD(b) +D(a)b + λab.dH.C��Ij
8v�HEyj"f`rf$�, Æ%A[%pf`ruÆ.�n 5.3 V λ l k Uf�-<u+	, A lX�, 85Ki�T D : A → A l7-
λ fj"f`r, GI

D(ab) = aD(b) +D(a)b + λab, ∀ a, b ∈ A. (5.5)} 5.1 (a) %pf`rl7-afj"f`r, Æ2+�X�PKX�'<.o℄~fj2.

(b) ig (5.5) Uf
r D l�-�|f+�e
r[54,*O4.7].



184 � s � 6 A l 43 2�0 5.2 V κ, λ l k Uf<u+	, (A, µ) l�`X�, D : A → A l7- λ fj"`r. uÆ
a⊲D b := µ(a⊗D(b)) + κab = aD(b) + κab, (5.6)8 (A,⊲D) l)KX�, !�(j, Æ�l Novikov X�.w � B
f a, b, c ∈ A,

(a⊲D b)⊲D c− a⊲D (b ⊲D c)

= (aD(b) + κab)⊲D c− a⊲D (bD(c) + κbc) (�ig (5.6))

= aD(b)D(c) + κaD(b)c+ κabD(c) + κ2abc− aD(bD(c))

− κabD(c)− κaD(bc)− κ2abc

= aD(b)D(c)− aD(bD(c)) + κaD(b)c− κaD(bc)

= aD(b)D(c)− a(bD2(c) +D(b)D(c) + λbD(c)) + κaD(b)c

− κa(bD(c) +D(b)c+ λbc) (�ig (5.5))

= −abD2(c)− λabD(c) − κabD(c)− κλabc

= −ab(D2(c) + (κ+ λ)D(c) + κλc).^ A l�`X�^, h
bQyfig= a P b l�5f. �K (A,⊲D) l)KX�.�ED8vH{ (A,⊲D) l Novikov X�. � B
f a, b, c ∈ A,

(a⊲D b)⊲D c = (aD(b) + κab)D(c) + κ(aD(b) + κab)c

= aD(b)D(c) + κabD(c) + κaD(b)c+ κ2abc

= aD(c)D(b) + κaD(c)b+ κacD(b) + κ2abc (� A l�`f)

= aD(c)D(b) + κacD(b) + κaD(c)b + κ2abc

= (aD(c) + κac)D(b) + κ(aD(c) + κac)b

= (a⊲D c)⊲D b.H�.�-Qy�IfM�%o, 8vdb Novikov X�Qf�-U7?oEf Gelfand-

Dorfman uI.W7 5.1 (Weighted Gelfand-Dorfman) V (A, µ) l�`X�, D : A → A l7- λfj"`r. uÆ
a⊲D b := µ(a⊗D(b)) = aD(b), (5.7)8 (A,⊲D) l)KX�, !�(j, Æ�l Novikov X�.w 2uI 5.2 U3 κ = 0 ;d�I6R.W7 5.2 V κ, λ l k Uf<u+	, (A, µ,∆) l7- λ f�`:.V�X�. uÆ

⊲ε : A⊗A → A, a⊗ b 7→ a⊲ε b :=
∑

(b)

ab(1)b(2) + κab,



2 � ?� )�d W9<0X�Z� 185�U b(1), b(2) Dt Sweedler t� ∆(b) =
∑

(b)

b(1) ⊗ b(2), 8 (A,⊲ε) l)KX�, #,l
Novikov X�.w ��I 5.2 PuI 5.2 ;d�I6R.} 5.2 8v*suI 5.2 l�1A�f�-�I. 0�D�,

(a) Novikov X�Qf Gelfand-Dorfman uIluI 5.2 U κ = λ = 0 f�|-f;

(b) Filipov[55] �SPu*f�- Novikov X�luI 5.2 U λ = 0 f�|-f;

(c) � <u+ κ ∈ A, ig (5.6) �uÆ�- Novikov X�, Æ%A[ Xu[56] fu*�I, e� [46, ht 3.7].

§5.3 ~L?:�G5I�s1�M —— �m�!u�-uI 5.1 f�-��, C�V�- HRT(X,Ω) j�[�-)KX��7
(HRT(X,Ω),⊲RT) PKX��7 (HRT(X,Ω), [−,−]RT). |X_�!/D[ ⊲RT P
[−,−]RT fzS�p.�0 5.3 V HRT(X,Ω) luI 4.2 U/uf7-af:.V\2�X�.

(a) �+� (HRT(X,Ω),⊲RT) l)KX�, �U
F1 ⊲RT F2 :=

∑

(F2)

F2(1)F1F2(2), ∀F1, F2 ∈ HRT(X,Ω).

(b) �+� (HRT(X,Ω), [−,−]RT) lKX�, �U
[F1, F2]RT := F1 ⊲RT F2 − F2 ⊲RT F1, ∀F1, F2 ∈ HRT(X,Ω).w �uI 4.2 PuI 5.1 ;K, (HRT(X,Ω),⊲RT) l)KX�. ℄")�, 1.�I

5.1 ;Hd�I6R.

HRT(X,Ω) Qf ⊲RT P [−,−]RT ���-zS�p. ,��I 4.1 PuI 4.1 Uf�O, 8v�GE%o.W7 5.3 �B
f F1, F2 ∈ HRT(X,Ω),

F1 ⊲RT F2 =
∑

Ik2⊳F2

F2|Ik2
F1F2|Ik2

, (5.8)#,
[F1, F2]RT =

∑

Ik2⊳F2

F2|Ik2
F1F2|Ik2

−
∑

Ik1⊳F1

F1|Ik1
F2F1|Ik1

. (5.9)w �uI 4.1 PuI 5.3 ;d�I6R.3 5.1 V F1 = qx , F2 = q

q

α

β , F3 = qγ q

q

ω

y , �U α, β, γ, ω ∈ Ω, x, y ∈ X . ��I 4.1 ;K, F1 Q��-EN_�IN ∅. F2 �W-EN_�IN ∅ P {•β}. F3 �K-EN_�IN ∅, {•γ} P {•γ , •y}. �ig (5.8) Pig (5.9) ;d,

F1 ⊲RT F2 = F2|∅F1F2|{•α} + F2|{•β}F1F2|∅ = 1F1 qα + qβ F11 = qx qα + qβ qx ,

F2 ⊲RT F1 = 1F21 = q

q

α

β , F2 ⊲RT F3 = q

q

α

β
q

q

ω

y + qγ q

q

α

β
qω + qγ qy q

q

α

β ,

[F1, F2]RT = qx qα + qβ qx − q

q

α

β .



186 � s � 6 A l 43 2Ey8v{H F1, F2, F3 rxig (5.1). �uI4.3 ;K,

∆ε(F3) = ∆ε( qγ q

q

ω

y ) = 1⊗ q

q

ω

y + qγ ⊗ qω + qγ qy ⊗ 1,

∆ε(F2 ⊲RT F3) = 1⊗ qα q

q

ω

y + qβ ⊗ q

q

ω

y + q

q

α

β ⊗ qω + q

q

α

β
qy ⊗ 1 + 1⊗ q

q

α

β
qω + qγ ⊗ qα qω

+ qγ qβ ⊗ qω + qγ q

q

α

β ⊗ 1 + 1⊗ qy q

q

α

β + qγ ⊗ q

q

α

β + qγ qy ⊗ qα + qγ qy qβ ⊗ 1.1.uI 5.3,

(F1 ⊲RT F2)⊲RT F3 = qx qα q

q

ω

y + qβ qx q

q

ω

y + qγ qx qα qω + qγ qβ qx qω + qγ qy qx qα + qγ qy qβ qx ,

F1 ⊲RT (F2 ⊲RT F3) = qx qα q

q

ω

y + qβ qx q

q

ω

y + q

q

α

β
qx qω + q

q

α

β
qy qx + qx q

q

α

β
qω + qγ qx qα qω

+ qγ qβ qx qω + qγ q

q

α

β
qx + qx qy q

q

α

β + qγ qx q

q

α

β + qγ qy qx qα + qγ qy qβ qx .�K
F1 ⊲RT (F2 ⊲RT F3)− (F1 ⊲RT F2)⊲RT F3

= ( q
q

α

β
qx qω + qx q

q

α

β
qω) + ( q

q

α

β
qy qx + qx qy q

q

α

β )

+ ( qγ q

q

α

β
qx + qγ qx q

q

α

β ),Æ= F1 = qx P F2 = q

q

α

β �5, �K
(F1 ⊲RT F2)⊲RT F3 − F1 ⊲RT (F2 ⊲RT F3) = (F2 ⊲RT F1)⊲RT F3 − F2 ⊲RT (F1 ⊲RT F3).} 5.3 8v*s8v76f)KX� (HRT(X,Ω),⊲RT)P Chapoton% Livernet[57]NX
?oD
21N_Q76ft�)KX�l&�f. 24 [57] f�}E, Matt[58]/[EyfPr:

qβ ⊲ q

q

α

β = 2 q∨
qq

α

ββ

+ q

q

q

α
β

β

,Æ&� 8v2P 5.1 U� qβ �` F1 �dbf qβ ⊲RT q

q

α

β = qβ qα+ qβ qβ .ye 8v'\ Foissy �xf��, CY����(�4fTZ�1��f. >�2UGgrf�/fJ=E�7[�zaSr�rB, '\ Susan Montgomery �x2�7��f?-�[. �4�AXa'\Y*��DfÆE
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Abstract As an algebraic meaning of the nonhomogenous associative Yang-Baxter equa-

tion, weighted infinitesimal bialgebras play an important role in mathematics and mathe-

matical physics. In this paper, the authors introduce the concept of weighted infinitesimal

Hopf modules and show that any module carries a natural structure of weighted infinitesimal

unitary Hopf module over a weighted quasitriangular infinitesimal unitary bialgebra. They

decorate planar rooted forests in a new way, and prove that the space of rooted forests,

together with a coproduct and a family of grafting operations, is the free Ω-cocycle in-

finitesimal unitary bialgebra of weight zero on a set. A combinatorial description of the

coproduct is given. As applications, the authors obtain the initial object in the category

of cocycle infinitesimal unitary bialgebras on undecorated planar rooted forests, which is

the object studied in the (noncommutative) Connes-Kreimer Hopf algebra. Finally, they

derive two pre-Lie algebras from an arbitrary weighted infinitesimal bialgebra and weighted

commutative infinitesimal bialgebra, respectively. The second construction generalizes the

Gelfand-Dorfman theorem on Novikov algebras.
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