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§1 ��~�K7��%, Wdo���h(:T4tB�;, h%.Ro�
.RE/>#����, NP��H!, h[%
z+m
dp$f��, {k.R^�gFtb, 3O.Rdo+K�o�b�, i���%d�[%. R����;%kL(m�A~. M�WdoE/, �E�bZY�,\CQj1, _k�-sbj1t�iwCC'tB�Cx�Ct', 3O��i���$KUR, >'3esK℄*.WdoE/, �W�xdoE/<%, dp�h%f�NG. doE/��GRE/x.RE/, ℄�Æ�dp, h&j\�, do�J*N. dp�d!xdG�<%, ��
�8�N+. 	�WdoE/�\�℄, �E�+�dNGFbZYX#?℄, z1j�4 �dNGFbZY. \ln�dNGFbZY�j15N	GR�n[1−5] . 	GRN, .R�=�n/m|?N. ��.R
bJXM℄�,�v�[, Mh�bZY,\��
��m�.

2017`, SpillerBt�� [6]%<PLr=.Rdo 2×2dNGFbZY� RiemannB*, hZY<
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(Au)t + (Au2)x +
A

ρ
px = −Ru,
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At + (Au)x = 0,

(Au)t + (Au2)x +
A

ρ
px = 0.

(1.2)�nZY�PG6<t'>�� [7–8].<L[ÆU'< (1.2), h6do�)�, {wrfdo�ÆGU'
p = pe +K(x)

[( A

AE

)m

−
( A

AE

)n]

, (1.3)h% pe x AE Y��	d{2'Hdo�%�7 gFxdoz$W�,8��<#�,

m > 0 x n 6 0 8<qF���. M�.RdpNG,m ≈ 10, n = − 3
2 , "<� [6]. K(x)�	do�:℄E�, �.R%,K(x) T9

K(x) =
E(x)

12(1− ν2)

(he(x)

re(x)

)3

.�D E(x) �	l�:℄ZJ, ν <� , �< ν = 1
2 . he(x) x re(x) Y��	d{2'Hdo�|Jxdo�0. n�do�ÆGU'�PG(}>�� [8–12]. ���%��

E,he u� re 8<lF"�, � K <#�.

§2 m�Tu�\EJ
§2.1 l�StM Q = (A, u), �U'< (1.2) >�<

Qt +A(Q)Qx = 0, (2.1)h%
A(Q) =

(

u A
p
A

ρ
u

)

. (2.2)� |λE −A(Q)| = 0, � (λ− u)2 − A
ρ
pA = 0, >?5� A(Q) �If)�"

λ1 = u− c, λ2 = u+ c,h%
c =

√

A

ρ
p

A
=

√

K

ρ

[

m
( A

AE

)m

− n
( A

AE

)n]

. (2.3)<L���U, > �! (2.3) _U< c =
√

(m+ 1)γ1Am + (n+ 1)γ2An, h%
γ1 =

mK

(m+ 1)ρAm
E

> 0, γ2 = −
nK

(n+ 1)ρAn
E

< 0..t�#, )�" λ1 x λ2 M|��)�RJY�<
r1 =

(

−
c

A
, 1
)T

, r2 =
( c

A
, 1
)T

.
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hd�o�. �
∇λ1 · r1 = −∇λ2 · r2 = −

K
[

m(m+ 2)
(

A
AE

)m
− n(n+ 2)

(

A
AE

)n]

2A
√

ρK
[

m
(

A
AE

)m
− n

(

A
AE

)n]
6= 0,> 1- )�x 2- )�I
��XM℄�. z1, >_+K�I:�I
�x���.HWCU(QU'< (1.2) �	��.

§2.2 kjHÆI, CU<PU'< (1.2) �q�'. .t�#, )�" λ1, λ2 M|� Riemann ��JY�<














λ1 = u− c, u+

∫

c(A)

A
dA = Const.,

λ2 = u+ c, u−

∫

c(A)

A
dA = Const..

(2.4)gFr?2' Ql = (Al, ul), �.t�x�	?2' Ql NH��2' Q = (A, u) T9uHnE:


















←−
R (Ql, Q) (abbr.

←−
R (Ql)) : u = ul −

∫ A

Al

c(τ)

τ
dτ, A < Al,

−→
R (Ql, Q) (abbr.

−→
R (Ql)) : u = ul +

∫ A

Al

c(τ)

τ
dτ, A > Al.

(2.5)�b 2.1 � (u,A) dWz, }R�x�oM ←−R (Ql, Q) 
hdD��, lR�x�oM −→R (Ql, Q) 
hdD��. 4� Aα T9:
(

Aα

AE

)m−n
= n(n−2)

m(m−2) , �?; A < Aα �,
←−
R (Ql, Q) 
2�,

−→
R (Ql, Q) 
��; ; A > Aα �,

←−
R (Ql, Q) 
��,

−→
R (Ql, Q) 
2�.	 M�}R�x� ←−R (Ql, Q) , � (2.5) ?

du

dA

∣

∣

∣←−

R (Ql,Q)
= −

c

A
< 0,

d2u

dA2

∣

∣

∣←−

R (Ql,Q)
= −

K
[

m(m− 2)
(

A
AE

)m
− n(n− 2)

(

A
AE

)n]

2ρA2c
.z1, 4� Aα T9:

(

Aα

AE

)m−n
= n(n−2)

m(m−2) , �?; A < Aα �, d2u
dA2

∣

∣

∣←−

R (Ql,Q)
> 0; ; A > Aα�, d2u

dA2

∣

∣

∣←−

R(Ql,Q)
< 0.B�C, >u?=n�lR�x� −→R (Ql, Q) ��Y.

§2.3 ℄HHW, CU<PU'< (1.2) ��L'. t ��LMz'T9 Rankine-Hugoniot ,��










−σ[A] + [Au] = 0,

−σ[Au] +
[

Au2 +
AEK

ρ

( m

m+ 1

( A

AE

)m+1

−
n

n+ 1

( A

AE

)n+1)]

= 0,
(2.6)h% σ = dx

dt <�L!J,[A] = A−Al <�LMI�2'�-�. �z�>?
(u − ul)

2 =
A−Al

AAl

[

γ1(A
m+1 −Am+1

l ) + γ2(A
n+1 −An+1

l )
]

.
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λ1(Q) < σ1 < λ1(Ql), σ1 < λ2(Q),lR�T9:

λ2(Q) < σ2 < λ2(Ql), σ2 > λ1(Ql),�� u < ul. z1, M�gF�?2' Ql = (Al, ul), .t�	?2' Ql NH��2'
Q = (A, u) T9uHnE:























































←−

S (Ql, Q) :

(� ←−S (Ql))



















u = ul −

√

A− Al

AAl

[γ1(Am+1
−Am+1

l
) + γ2(An+1

−An+1

l
)], A > Al,

σ1 = ul −
1

Al

√

AAl

A− Al

[γ1(Am+1
−Am+1

l
) + γ2(An+1

−An+1

l
)].

−→

S (Ql, Q) :

(� −→S (Ql))



















u = ul −

√

A− Al

AAl

[γ1(Am+1
− Am+1

l
) + γ2(An+1

− An+1

l
)], A < Al,

σ2 = ul +
1

Al

√

AAl

A− Al

[γ1(Am+1
− Am+1

l
) + γ2(An+1

− An+1

l
)].

(2.7)

�b 2.2 � (u,A) dWz, }R�oM ←−S (Ql, Q) 
hdD��, lR�oM
−→
S (Ql, Q) 
hdD��.	 M�}R� ←−S (Ql, Q) , � (2.7) ?

du

dA

∣

∣

∣←−

S (Ql,Q)
=

1

2(u− ul)

( g

A2
+

A−Al

AAl

c2
)

< 0,h% g = γ1(A
m+1 −Am+1

l ) + γ2(A
n+1 −An+1

l ).B�C, >u?=n�lR� −→S (Ql, Q) ��Y. 2.1 .t�#> , �oM� (u,A) dW^�m+�rfmE, -L Al = Aα�n[.8z%�,  %�oMW= (u,A) dW%, v5 1 u�5 2 %	.

-

6

u

A

Ql

I

II

III

IV

−→

R

←−

R
−→

S

←−

S

p 1 Al > Aα

-

6

u

A

Ql

I

II

III

IV

−→

R

←−

R
−→

S

←−

S

p 2 Al < Aα



4 g 9 w �9& /SeOHG[Z
��AO�B� 351

§3 \EJOzZ���.Ro�u�d�[%., dpNG!J u xdoz$W� A P���. j1.Rdo^	���N�A~, MC'�Ct'�(mxy. <PU'< (1.2) �*"B*:

(A, u)
∣

∣

t=0
=















Ql = (Al, ul), x < x1,

Q0 = (A0, u0), x1 < x < x2,

Qr = (Ar, ur), x > x2.

(3.1)

§3.1 d℄HMxi; Aα < A0 < Al, u0 < ul, Ar > A0 > Aα, ur < u0 �, � (x, t) dW^ t = 0 ^-+KlR� −→S 	}R� ←−S , v5 3 %	, h% Q0 ∈
−→
S (Ql, Q) x Qr ∈

←−
S (Q0, Q). h6C,�, lR� −→S �0�!J σ2(Ql, Q0) 	}R� ←−S �0�!J σ1(Q0, Qr) Y�T9

0 < λ2(Q0) < σ2(Ql, Q0) < λ2(Ql), λ1(Qr) < σ1(Q0, Qr) < λ1(Q0) < 0,� σ2(Ql, Q0) > σ1(Q0, Qr). JrlR� −→S 	}R� ←−S ���L��^P�N�1.

-�
�
�
�
�
�

Ql

Q0

Qr

Q∗

6

−→

S
←−

S

←−

S
−→

S

xx1 x2

t

-

6

u

A

Ql

Q0

Qr

Q∗

−→

S (Ql)
←−

S (Q0)

←−

S (Ql)−→

S (Qr)

p 3 d℄Hxi:
−→
S
←−
S −→

←−
S
−→
S� (u,A)dWA←−S (Ql)�5Q,��←−S (Ql)x←−S (Q0)�>_N", z1 Qr ∈ IV(Ql).��Y ←−S (Ql) 	 −→S (Qr) � (u,A) dW�rf;r�"E Q∗. o3
�, �If��P�N�1}, �N/t�m[%V��. lR�	}R�N�1�&s>u�	<

−→
S (Ql, Q0)⊕

←−
S (Q0, Qr) −→

←−
S (Ql, Q∗)⊕

−→
S (Q∗, Qr),�D ⊕ #*$4�x�, �8�A −→S←−S −→←−S−→S .�do%lR�	}R�P�N�1, �doz$W��I�}��<I�}�, dpNG!J
)�S.
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§3.2 dkjHMxi; A0 > Al > Aα, u0 > ul, Aα < Ar < A0, ur > u0 �, � (x, t) dW^ t = 0 ^-+KlR�x� −→R 	}R�x� ←−R , v5 4 %	. h% Q0 ∈

−→
R (Ql, Q) x Qr ∈

←−
R (Q0, Q).1�, CU>u?=

0 < λ2(Ql) < λ2(Q0), λ1(Q0) < λ1(Qr) < 0.JrlR�x� −→R 	}R�x� ←−R ���L��^P�N�1.

-

Ql

Q0

Qr

Q∗6

−→

R
←−

R

←−

R
−→

R

xx1 x2

t

-

6

u

A

Qr

Q∗

Ql

Q0

−→

R (Qr)
←−

R (Ql)

←−

R (Q0)
−→

R (Ql)

p 4 dkjHMxi:
−→
R
←−
R −→

←−
R
−→
Rv Qr ∈ I(Ql). ��Y ←−R (Ql) 	 −→R (Qr) � (u,A) dW�rf;r�"E Q∗. o3
�, �If�x���L��^�N/t�m[%V��x�. lR�x�	}R�x�N�1�&s>u�	<

−→
R (Ql, Q0)⊕

←−
R (Q0, Qr) −→

←−
R (Ql, Q∗)⊕

−→
R (Q∗, Qr),�8�A −→R←−R −→←−R−→R .n�lR�x� −→R 	}R�x� ←−R N�1l}0�!J���, �uH&Q.�b 3.1 lR�x� −→R 	}R�x� ←−R N�1}, lR�x� −→R �0�!J�S, }R�x� ←−R �0�!J�5.	 M�lR�x� −→R , � Qr ∈

←−
R (Q0, Q) >?

ur − u0 = −

∫ Ar

A0

c(A)

A
dA =

∫ A0

Ar

c(A)

A
dA, Ar < A0,z

dc

dA
−

c

A
=

K
[

m(m− 2)
(

A
AE

)m
− n(n− 2)

(

A
AE

)n]

2ρAc
,�; A > Aα �, � dc

dA −
c
A
> 0, 3O

∫ A0

Ar

( dc

dA
−

c

A

)

dA > 0, Aα < Ar < A0,z1 u0 + c0 > ur + cr, � λ2(Q0) > λ2(Qr).B�C, >? ul + cl > u∗ + c∗, � λ2(Ql) > λ2(Q∗).
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��AO�B� 3538z%�, > lR�x� −→R �0�!J�S.B��lR�x� −→R 0�!J�#, M�}R�x�←−R , >? u0− c0 < ul− cl 	
ur − cr < u∗ − c∗, � λ1(Q0) < λ1(Ql) 	 λ1(Qr) < λ1(Q∗), z1}R�x� ←−R �0�!J�5.�do%lR�x�	}R�x�P�N�1, �doz$W��I�}��<I�}�, dpNG!J
)��.

§3.3 kjH�℄HMxi; A0 > Al > Aα, u0 > ul, Ar > A0 > Aα, ur < u0 �, � (x, t) dW^ t = 0 ^-+KlR�x� −→R 	}R� ←−S , v5 5 %	. h% Q0 ∈
−→
R (Ql, Q) x Qr ∈

←−
S (Q0, Q). 1�, CU>u?=

0 < λ2(Ql) < λ2(Q0), λ1(Qr) < σ1(Q0, Qr) < λ1(Q0) < 0.JrlR�x� −→R 	}R� ←−S ���L��^P�N�1.

-�
�
�
�
��

Ql

Q0

Qr

Q∗

6

−→

R ←−

S

←−

S −→

R

xx1 x2

t

-

6

u

A

Q0

Ql

Q∗

Qr

−→

R (Ql)
←−

S (Ql)

←−

S (Q0)
−→

R (Qr)

p 5 kjH�℄HMxi:
−→
R
←−
S −→

←−
S
−→
Rv Qr ∈ II(Ql). ��Y ←−S (Ql) 	 −→R (Qr) � (u,A) dW�rf;r�"E Q∗. o3
�, lR�x� −→R 	}R� ←−S ��L��^�N/t�m[%V�lR�x�	}R�. lR�x�	}R�N�1�&s>u�	<

−→
R (Ql, Q0)⊕

←−
S (Q0, Qr) −→

←−
S (Ql, Q∗)⊕

−→
R (Q∗, Qr),�8�A −→R←−S −→←−S−→R .�do%lR�x�	}R�P�N�1, �doz$W�
)��, dpNG!J�I�}��<I�}�.B�C, lR� −→S 	}R�x� ←−R N�1�&s>u�8�A −→S←−R −→ ←−R−→S .

§3.4 d℄HMÆV; Aα < A0 < Al, u0 < ul, Aα < Ar < A0, ur < u0 �, � (x, t) dW^ t = 0 ^-+KIflR� −→S1 	 −→S2, v5 6 %	, h% Q0 ∈
−→
S1(Ql, Q) x Qr ∈

−→
S2(Q0, Q). h6C,
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−→
S1 �0�!J σ1

2(Ql, Q0) 	 −→S2 �0�!J σ2
2(Q0, Qr) Y�T9

λ2(Q0) < σ1
2(Ql, Q0) < λ2(Ql), λ2(Qr) < σ2

2(Q0, Qr) < λ2(Q0),z1, σ1
2(Ql, Q0) > σ2

2(Q0, Qr). JrlR� −→S1 ���L��^3azlR� −→S2.v� Qr ∈ III(Ql). ��YlR� −→S1 3az −→S2 }1~+rflR��mS~+rf}R�x�. �r&s>u�	<
−→
S (Ql, Q0)⊕

−→
S (Q0, Qr) −→

←−
R (Ql, Q∗)⊕

−→
S (Q∗, Qr),�8�A −→S−→S −→←−R−→S .�do%IflR�P�3a, �doz$W�
)�S, dpNG!J�)a�S�<I�}�.B�C, If}R� ←−S P�3a�&s>u�8�A ←−S←−S −→←−S−→R .

-

Ql

Q0

Qr

Q∗

6

−→

S1
−→

S2

←−

R
−→

S

xx1 x2

t

-

6

u

A

Q∗

Qr

Q0

Ql

−→

S (Qr)

−→

S2(Q0)

←−

R (Ql)
−→

S1(Ql)

p 6 d℄HMÆV:
−→
S
−→
S −→

←−
S
−→
R

-
Ql Q0 Qr

6 −→

R1

−→

R2

xx1 x2

t

-

6

u

A

Qr

Q0

Ql

−→

R (Ql)

p 7 dkjHMÆV:
−→
R
−→
R −→

−→
R

§3.5 dkjHMÆV; A0 > Al > Aα, u0 > ul, Ar > A0 > Aα, ur > u0 �, � (x, t) dW^ t = 0 ^-+KIflR�x� −→R1 x −→R2, v5 7 %	, h% Q0 ∈
−→
R1(Ql, Q) x Qr ∈

−→
R2(Q0, Q). ��lR�x� −→R1 ��l!J	 −→R2 ��}!JNB, z1�IflR�x� −→R1 	 −→R2 �
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��AO�B� 355>_P�3a. �3x>4 −→R1 	 −→R2 >u:�
rflR�x� −→R . lR�x� −→R1 	
−→
R2 N�A~�&s>u�	<

−→
R (Ql, Q0)⊕

−→
R (Q0, Qr) −→

−→
R (Ql, Qr),�8�A −→R−→R −→ −→R .�do%IflR�x�P�3a, �doz$W�xdpNG!JI
)��.B�C, ��}R�x� ←−R1 ��l!J	 ←−R2 ��}!JNB, z1If}R�x�N�A~�&s>u�8�A ←−R←−R −→←−R .8z%�, CU>u?=uH&Q.Pb 3.1 .RdNGFbj2U'<�*"B* (1.2) x (3.1) 4��+'. �K<	�� ( R�� ) �N�A~. &s>�8��<

(1) 	��N
−→
S
←−
S −→

←−
S
−→
S ,

−→
R
←−
R −→

←−
R
−→
R,

−→
R
←−
S −→

←−
S
−→
R,

−→
S
←−
R −→

←−
R
−→
S .

(2) 	��N3
−→
S
−→
S −→

←−
R
−→
S ,

←−
S
←−
S −→

←−
S
−→
R,

−→
R
−→
R −→

−→
R,

←−
R
←−
R −→

←−
R.K � ` � r � v
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Abstract The venous system is an important part of the cardiovascular system. Pulse

waves play a prominent role in blood flow. This paper is concerned with the interaction

of elementary waves in the dynamic model of blood flow in veins. The dynamic model of

blood flow is a set of 2 × 2 strictly hyperbolic equations, and its elementary waves include

rarefaction waves and shock waves, which belong to pulse wave in blood flow. The cross-

sectional area and velocity of blood vessels change after elementary wave interaction.
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