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§2 { 6 u 
��Q�hND [2] &j�g}CL>�8p[�n8�yua%�Ap 2.1[2] �J
�+

∗ : [0, 1]× [0, 1] → [0, 1]Bp_Jf t- g�
q0℄2tN8��
(1) F�w8 a, b, c ∈ [0, 1], � a ∗ b = b ∗ a, a ∗ (b ∗ c) = (a ∗ b) ∗ c;

(2) ∗ �Jf8�
(3) F�w a ∈ [0, 1], B� a ∗ 1 = a;

(4) F�w a, b, c, d ∈ [0, 1], 
 a 6 c, b 6 d, � a ∗ b 6 c ∗ d.G
� a ∗ b = ab, a ∗ b = min{a, b}, u a ∗ b = max{0, a+ b− 1} B�Jf t- g�	uk�Jf t- g℄2NPa%�Ze 2.1[2] � ∗ : [0, 1]× [0, 1] → [0, 1] �p_Jf t- g��
(1) 
 a, b ∈ (0, 1) | a > b, �.� c ∈ (0, 1), �7 a ∗ c > b;

(2) F�w a ∈ (0, 1), .� b ∈ (0, 1), �7 b ∗ b > a.Ap 2.2[2] � X �p_�y�∗ �p_Jf t-g��� M : X×X× (0,∞) → (0, 1]� X �8p_g}CL�
qF�w x, y, z ∈ X , s, t > 0, M ℄2NP8��
(1) M(x, y, t) > 0;

(2) M(x, y, t) = 1 ⇔ x = y;

(3) M(x, y, t) = M(y, x, t);

(4) M(x, y, t) ∗M(y, z, s) 6 M(x, z, t+ s);

(5) M(x, y, ·) : (0,∞) → (0, 1] �Jf8�F�w x, y ∈ X , M(x, y, ·) �P�8 [2]. p_2�Jf t- g|T	p_g}CL8�y�Bg}CL>��� (X,M, ∗) �p_g}CL>�� Y ⊆ X , j^ (Y,MY , ∗) o�p_g}CL>��t&MY U3� M � Y × Y × (0,∞) 8T$� (Y,MY , ∗) �Bg}CL80>��V 2.1 � (X, d)�p_CL>���y a∗b = ab,t& a, b ∈ [0, 1]. F�w x, y ∈ X ,

t > 0, �yNPg}CL
M(x, y, t) =

t

t+ d(x, y)
.� (X,M, ∗) �p_g}CL>�� (X,M, ∗) 5 (X, d) 8Æ.g}CL>��M  5� d �48Æ.g}CL�� (X,M, ∗) �p_g}CL>��� x ∈ X , r ∈ (0, 1) u t > 0, �

B(x, r, t) = {y ∈ X | M(x, y, t) > 1− r}.� B(x, r, t) � (X,M, ∗) &t x B�^8�� |(B(x, r, t))| ��� B(x, r, t) &>8_%�g}CL>� (X,M, ∗) �/�p#�T8�
qF__ r ∈ (0, 1) u t > 0, .���%
N(r, t), �7F�w x ∈ X , 1� |(B(x, r, t))| 6 N(r, t). � (X, d) �p_CL>�� X 2��$�w�
qF�w S > 0, 1.� N > 0, �7F�w x ∈ X , � |Bd(x, S)| 6 N �



4 s Dp{ �#� h~DM?�9{y� 401H�t& Bd(x, S) = {y ∈ X | d(x, y) 6 S}. 	D7X8g}CL>�B�/�p#�$8�CL>�B2��$�w�Nb8}C`%NCL>�&8�
0U~8Æ.g}CL>�&8���8IM�qU 2.1[16] � (X, d) �p_CL>�� (X,M, ∗) �U~8Æ.g}CL>��F��w x ∈ X, t > 0, r ∈ (0, 1) u R > 0, �
Bd(x,R) = B

(

x,
R

t+R
, t
)

= B
(

x, r,
R(1− r)

r

)�H�Ap 2.3[2] � (X,M, ∗)�p_g}CL>���X 80� A�$�
q.� r ∈ (0, 1)u t > 0, �7F�w x, y ∈ A, �N��H
M(x, y, t) > 1− r.qU 2.2[15] � (X, d) �p_CL>�� (X,M, ∗) �U~8Æ.g}CL>���F�w x, y ∈ X , r ∈ (0, 1) u t > 0, 1�

M(x, y, t) > 1− r ⇔ d(x, y) <
rt

1− r
.�$}C^*Fa�CL>�&8�$��tU~8Æ.g}CL>�&o��$8�K�v���H.�p[g}CL>��08K_�$0�8��G$8 (� [15, G

2.7]). D [15] &�
N
g}CL>�&�.�R|0���$0�8����$�BNkdyC2\g}CL>�8zx���	D&1���3 a 6= 0, b 6= 0��1� a∗b 6= 0.

§3 \ J C X S N ? ` ^ bV�Q`%Ng}CL>�zx�8�y�BNbt8C#g}CL>�8,�wa%u"
��`%g}CLL#N8,�w8Uj�y��Fa1�P%�CL>�&U~8�y�,w5}C 2.2 �*r R7P�(n�Ap 3.1[17] � (X, d) �p_CL>��� X �:zx�83|&3F�w R, ε > 0,.�LI�3 �� ξ : X → l2(X), ℄2
(1) F�w x ∈ X , � ‖ξx‖ = 1;

(2) 3 d(x, y) < R ��� ‖ξx − ξy‖ < ε;

(3) lim
S→∞

sup
x∈X

∑

z /∈Bd(x,S)

|ξx(z)|
2 = 0.Ap 3.2 � (X,M, ∗) �p_g}CL>��� X �:zx�83|&3F�w

ε > 0, r ∈ (0, 1) u t > 0, .�LI�3 �� ξ : X → l2(X) ℄2
(1) F�w x ∈ X , � ‖ξx‖ = 1;

(2) 3 M(x, y, t) > 1− r ��� ‖ξx − ξy‖ < ε;

(3) .� T > 0, �7
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|ξx(z)|
2 = 0.



402 & h n 5 A � 43 4Ze 3.1 � (X, d) �p_CL>�� (X,M, ∗) �U~8Æ.g}CL>���
(X, d) �:zx�83|&3 (X,M, ∗) �:zx�8�t �� (X, d) �:zx�8��� ε > 0, r ∈ (0, 1) u t > 0, �V c = tr

1−r . ��y
3.1 ��.��� ξ : X → l2(X), ℄2

(1) F�w x ∈ X , � ‖ξx‖ = 1;

(2) 3 d(x, y) < c, � ‖ξx − ξy‖ < ε;

(3) lim
S→∞

sup
x∈X

∑

z /∈Bd(x,S)

|ξx(z)|
2 = 0.�}C 2.2, ��F�w x, y ∈ X , �

d(x, y) < c =
tr

1− r
⇔ M(x, y, t) > 1− r.	3 M(x, y, t) > 1− r �� ‖ξx − ξy‖ < ε �H��}C 2.1, 75

Bd(x, S) = B
(

x,
S

t+ S
, t
)

.i� T > 0, �V R = S
T+S . ,w53 S → +∞ �� R → 1−, �m.75

lim
R→1−

sup
x∈X

∑

z /∈B(x,R,T )

|ξx(z)|
2 = 0..t� (X,M, ∗) �:zx�8�TpOb��� (X,M, ∗) �:zx�8�� R, ε > 0, �V t = R, r = 1

2 . ��y 3.2��.��� ξ : X → l2(X), ℄2
(1) F�w x ∈ X , � ‖ξx‖ = 1;

(2) 3 M(x, y, t) > 1− r, � ‖ξx − ξy‖ < ε;

(3) .� t′ > 0, �7
lim

r′→1−
sup
x∈X

∑

z /∈B(x,r′,t′)

|ξx(z)|
2 = 0.�}C 2.2, �

M(x, y, t) > 1− r ⇔ d(x, y) <
tr

1− r
= t = R..t3 d(x, y) < R �� ‖ξx − ξy‖ < ε. V S > 0, r′ = S

t′+S . �3 S → +∞ �� r′ → 1−.�}C 2.1, Fa75
B(x, r′, t′) = B

(

x,
S

t′ + S
, t′

)

= Bd(x, S)..t
lim

S→∞
sup
x∈X

∑

z /∈Bd(x,S)

|ξx(z)|
2 = 0.|*� (X, d) �:zx��T��zx��NPr)a%�Ze 3.2 � (X,M, ∗) p_g}CL>�� (Y,MY , ∗) � X 80>��
 X �:zx�8�� Y o�:zx�8�



4 s Dp{ �#� h~DM?�9{y� 403t � t0 > 0. p0 : X → Y �p_<��℄2
M(x, p0(x), t0) > M(x, Y, t0),t& x ∈ X , M(x, Y, t0) = sup{M(x, y, t0) | y ∈ Y }.F�w x ∈ X, y ∈ Y , �y γ : l2(X) →

l2(Y ×X), �7
γ(u)(y, x) =







u(x), 
 y = p0(x),

0, R�,�E u ∈ l2(X). �:t6% γ �:3����w� ε, t > 0 u r ∈ (0, 1). |B X �:zx�8��.��� η : X → l2(X), ℄2�
(1) F�w x ∈ X , � ‖ηx‖ = 1;

(2) 3 M(x1, x2, t) > 1− r ��� ‖ηx1
− ηx2

‖ < ε;

(3) .� T0 > 0, �7
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T0)

|ηx(z)|
2 = 0.F t ∈ Y, s ∈ X , �y α : Y → l2(Y ×X), ℄2

αy(t, s) = γ(ηy)(t, s).,w5�F__ y ∈ Y , �
‖αy‖

2
l2(Y×X) =

∑

(t,s)∈Y ×X

|αy(t, s)|
2 =

∑

(t,s)∈Y×X

|γ(ηy)(t, s)|
2

=
∑

s∈X

|ηy(s)|
2 = ‖ηy‖

2
l2(X) = 1.T��F�w y1, y2 ∈ Y , �

‖αy1
− αy2

‖2l2(Y ×X) =
∑

(t,s)∈Y×X

|αy1
(t, s)− αy2

(t, s)|2

=
∑

(t,s)∈Y×X

|γ(ηy1
)(t, s)− γ(ηy2

)(t, s)|2

=
∑

s∈X

|ηy1
(s)− ηy2

(s)|2

= ‖ηy1
− ηy2

‖2l2(X).F__ y ∈ Y , �y β : Y → l2(Y ), ℄2
βy(t) = ‖αy(t, ·)‖l2(X).� β 2�tNK8a%�

(i) F�w y ∈ Y , �
‖βy‖

2
l2(X) =

∑

t∈Y

|βy(t)|
2 =

∑

t∈Y

‖αy(t, ·)‖
2
l2(X) = ‖αy‖

2
l2(Y×X) = 1.

(ii) F�w y1, y2 ∈ Y | M(y1, y2, t) > 1− r, �
‖βy1

− βy2
‖2l2(Y ) =

∑

t∈Y

|βy1
(t)− βy2

(t)|2
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=

∑

t∈Y

|‖αy1
(t, ·)‖l2(X) − ‖αy2

(t, ·)‖l2(X)|
2

6
∑

t∈Y

‖αy1
(t, ·)− αy2

(t, ·)‖2l2(X)

= ‖βy1
− βy2

‖2l2(Y×X)

= ‖ηy1
− ηy2

‖2l2(X)

< ε2.�m�:t75
lim

R→1−
sup
y∈Y

∑

z /∈B(y,R,T0)

|βy(z)|
2 = lim

R→1−
sup
y∈Y

∑

z /∈B(y,R,T0)

‖αy(z, ·)‖
2
l2(X)

= lim
R→1−

sup
y∈Y

∑

z /∈B(y,R,T0)

∑

x∈X

|αy(z, x)|
2

= lim
R→1−

sup
y∈Y

∑

z /∈B(y,R,T0)

∑

x∈X

|γ(ηy)(z, x)|
2

= lim
R→1−

sup
y∈Y

∑

x∈X

∑

z /∈B(y,R,T0)

|γ(ηy)(z, x)|
2

= lim
R→1−

sup
y∈Y

∑

x∈Y

∑

z /∈B(y,R,T0)

|γ(ηy)(z, x)|
2

+ lim
R→1−

sup
y∈Y

∑

x∈X\Y

∑

z /∈B(y,R,T0)

|γ(ηy)(z, x)|
2. (3.1)7X�b (3.1) 8=pV�
q x ∈ Y , � p0(x) = x, +H

lim
R→1−

sup
y∈Y

∑

x∈Y

∑

z /∈B(y,R,T0)

|γ(ηy)(z, x)|
2

= lim
R→1−

sup
y∈Y

∑

x/∈B(y,R,T0)

|ηy(x)|
2

6 lim
R→1−

sup
y∈X

∑

x/∈B(y,R,T0)

|ηy(x)|
2

= 0.7X (3.1) 8=JV��
lim

R→1−
sup
y∈Y

∑

x∈X\Y

∑

z /∈B(y,R,T0)

|γ(ηy)(z, x)|
2
6 lim

R→1−
sup
y∈Y

∑

x/∈X\Y

|ηy(x)|
2

6 lim
R→1−

sup
y∈Y

∑

x/∈B(y,R,T0)

|ηy(x)|
2

6 lim
R→1−

sup
y∈X

∑

x/∈B(y,R,T0)

|ηy(x)|
2

= 0.f57��
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§4 m x A H = ^ bV�Q�
Ng}CL>�8zx��%�a% A u,x���8p',�wa%�Ze 4.1[16] � (X,M, ∗) �p_g}CL>��� X 2�a% A 3|&3F�w
ε > 0, r ∈ (0, 1) u t > 0, .�p_LI�3 �� β : X → l2(X), ℄2

(1) F�w x ∈ X , � ‖βx‖ = 1;

(2) 3 M(x, y, t) > 1− r ��� ‖βx − βy‖ < ε;

(3) .� R > 0 u T > 0, �7F�w x ∈ X , βx 8���℄2 supp(βx) ⊆ B(x,R,T).Ze 4.2 2�a% A 8g}CL>��:zx�8�t F�zx�8�y�f5 4.1 z	u7%*"\�g�
�[�Ap 4.1[22] � (X, d) �p_CL>��� X �:,x�83|&3F�w R, ε > 0,.�p_LI�3 �� β : X → H, ℄2
(1) F�w8 x ∈ X , ‖βx‖ = 1;

(2) 
 d(x, y) 6 R, � ‖βx − βy‖ < ε;

(3) lim
S→∞

sup
d(x,y)>S

|〈βx, βy〉| = 0.Ap 4.2 � (X,M, ∗) �p_g}CL>��� X �:,x�83|&3F�w
ε > 0, r ∈ (0, 1) u t > 0, .�p_LI�3 �� β : X → H, ℄2

(1) F�w x ∈ X , ‖βx‖ = 1;

(2) 
 M(x, y, t) > 1− r, � ‖βx − βy‖ < ε;

(3) .� T > 0, �7
lim

R→1−
sup

M(x,y,T )<1−R

|〈βx, βy〉| = 0.Ze 4.3 � (X, d) �p_CL>�� (X,M, ∗) �U~8Æ.g}CL>���
(X, d) �:,x�83|&3 (X,M, ∗) �:,x�8�t �� (X, d) �:,x�8�� ε > 0, r ∈ (0, 1) u t > 0, V c = tr

1−r . �.�p_LI�3 �� β : X → H, t&F__ x ∈ X , B� ‖βx‖ = 1. |�� β �℄2
(1) 
 d(x, y) < c, � ‖βx − βy‖ < ε ;

(2) lim
S→∞

sup
d(x,y)>S

|〈βx, βy〉| = 0.�}C 2.2, �
d(x, y) < c =

tr

1− r
⇐⇒ M(x, y, t) > 1− r.� R = S

t+S , � S = tR
1−R . ,w5
d(x, y) > S =

tR

1−R
⇐⇒ M(x, y, t) < 1−R,|3 S → +∞ �� R → 1−, ��

lim
R→1−

sup
M(x,y,t)>1−R

|〈βx, βy〉| = 0.



406 & h n 5 A � 43 4|*� (X,M, ∗) �:,x�8�KrA��� (X,M, ∗) �:,x�8�� R, ε > 0, V t = R, r = 1
2 . �.�LI�3 �� β : X → H, t&F__ x ∈ X , B� ‖βx‖ = 1. |�� β �℄2

(1) 
 M(x, y, t) > 1− r, � ‖βx − βy‖ < ε;

(2) .� t′ > 0, �7
lim

r′→1−
sup

M(x,y,t′)<1−r′
|〈βx, βy〉| = 0.�}C 2.2, �

M(x, y, t) > 1− r ⇐⇒ d(x, y) <
tr

1− r
= t = R..t d(x, y) < R ��� ‖βx, βy‖ < ε. � S = t′r′

1−r′ , r
′ ∈ (0, 1). �3 r′ → 1− ��S → +∞.,w5

M(x, y, t′) < 1− r′ ⇐⇒ d(x, y) >
t′r′

1− r′
= S.��

lim
S→∞

sup
d(x,y)>S

|〈βx, βy〉| = 0..t� (X, d) �:,x�8�Ze 4.4 :zx�8g}CL>��:,x�8�t �� (X,M, ∗) �:zx�8�� ε > 0, r ∈ (0, 1) u t > 0. |B (X,M, ∗) �:zx�8�.t.��� β : X → l2(X), ℄2
(1) F�w x ∈ X �� ‖βx‖ = 1;

(2) 3 M(x, y, t) > 1− r ��� ‖βx − βy‖ < ε;

(3) .� T > 0, �7
lim

R→1−
sup

M(x,y,T )>1−R

∑

z /∈B(x,R,T )

|βx(z)|
2 = 0.�� R ∈ (0, 1), �7 M(x, y, T ) < 1−R. �

|〈βx, βy〉| 6
∑

z∈X

|βx(z)βy(z)|

=
∑

z /∈B(x,R,T )

|βx(z)βy(z)|+
∑

z∈B(x,R,T )

|βx(z)βy(z)|

6
∑

z /∈B(x,R,T )

|βx(z)|
2 +

∑

z∈B(x,R,T )

|βy(z)|
2

6
∑

z /∈B(x,R,T )

|βx(z)|
2 +

∑

z∈B(y,R,T )

|βy(z)|
2..t

lim
R→1−

sup
M(x,y,T )<1−R

|〈βx, βy〉| = 0.|*� (X,M, ∗) �:,x�8�
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§5 = : 8 mD [15] &�Grzegrzolka%�Ng}CL>�8,"
�NbFaP�hp[�n8Yo��|�
g}CL>�8zx��,��8�Ap 5.1[5] � (X, d) u (Y, d) �CL>�� f : X → Y �p_���
(1) f �p#��8�
qF�w A > 0,.� B > 0,�7F�w x, y ∈ X , d(x, y) < A��1� d(f(x), f(y)) < B;

(2) f �v38�
qF__ C > 0,.�D > 0,�7F�w x ∈ X , f−1(Bd(f(x), C)) ⊆

Bd(x,D) 1�H�
(3) f �,x���
q0�p#��8|�v38�
(4) f �,5����
q.� T > 0,�7F__ y ∈ Y ,.� x ∈ X ,℄2 d(f(x), y) <

T ;

(5) f �,:����
q0�,x���|�,5����
(6) �� g : X → Y �p_���� f u g �U(8��5 f ∼ g, 
q.� c > 0,�7F�w x ∈ X , � d(f(x), g(x)) < c �H�Ap 5.2[15] � (X,M1, ∗1), (Y,M2, ∗2) �K_g}CL>�� f : X → Y �p_���
(1) f �p#��8�
qF�w A > 0, t > 0 .� B ∈ (0, 1), t′ > 0, �7F�w

x, y ∈ X , M1(x, y, t) > A ��� M2(f(x), f(y), t
′) > B �H�

(2) f �v38�
qF__ C > 0, t > 0, .� D ∈ (0, 1), t′ > 0, �7F�w
x, y ∈ X , M2(f(x), f(y), t) > C ��1� M1(x, y, t

′) > D.

(3) f �,x����
q0�p#��8|�v38�
(4) f �,5����
q.� r ∈ (0, 1) u t > 0, �7F__ y ∈ Y , .� x ∈ X , ℄2 M2(f(x), y, t) > 1− r;

(5) f �,:����
q0�,x�|�,5��
(6)�� g : X → Y �p_���� f u g �U(8��5 f ∼ g, 
q.� r ∈ (0, 1)u t > 0, �7F�w x ∈ X , � M2(f(x), f(y), t) > 1− r �H�� (X, d) u (Y, d) �CL>��
q f : X → Y �p#��8�|.�Tp_p#���� g : Y → X , �7 f ◦ g u g ◦ f Q�
 Y u X �8{:���U(8��g}CL>�&,L#wyN�Fa�tNB)8"\�Ze 5.1[15] � (X,M1, ∗1), (Y,M2, ∗2) �K_g}CL>��� f : X → Y �,:�3|&3 f : X → Y �p#��8�|.�Tp_p#���� g : Y → X , �7 f ◦ gu g ◦ f Q�
 Y u X �8{:���U(8�Ap 5.3[15] � (X,M, ∗) �g}CL>�� r ∈ (0, 1), t > 0. U � X 80��� U8 (r, t)- Q�B

Nr,t(U) = {x ∈ X | ∃x′ ∈ U s.t. M(x, x′, t) > 1− r}.
q f : (X,M1, ∗1) → (Y,M2, ∗2) �,5�����.� r ∈ (0, 1) u t > 0, �7
Y = Nr,t(f(X)).



408 & h n 5 A � 43 4Ze 5.2[15] � (X,M, ∗) �g}CL>�� U � X,M, ∗ 8p#�$0�3��F�w r ∈ (0, 1), t > 0, Nr,t(U) o� X,M, ∗ 8p#�$0�3�t&
Nr,t(U) = {Nr,t(U) | U ∈ U}.
q U � X 8SZ�� Nr,t(U) o��qU 5.1 � (X,M ′, ∗′), (Y,M, ∗) �K_g}CL>�� f : X → Y �,5����
q f(X) �:zx�8�� Y o�:zx�8�t � Y ′ = f(X). |B f �,5����.t.� r′ ∈ (0, 1), t′ > 0, �7

Y = Nr′,t′(Y
′), o.�'�

∀y ∈ Y, ∃y′ ∈ Y ′ s.t. M(y, y′, t′) > 1− r′.� ε, t > 0 u r ∈ (0, 1) ��w8��y�� g : Y → Y ′ B
g(y) =

{

y, y ∈ Y ′,

x, y /∈ Y ′,t& x ∈ {y′ ∈ Y ′ | M(y′, y, t′) > 1− r′}. |B Y ′ �:zx�8�.t.�LI�3 �� ξ : Y ′ → l2(Y ), ℄2
(1) F�w y ∈ Y ′, � ‖ξy‖ = 1;

(2)
M(y1, y2, 2t
′+t) > 1−r0,t& 1−r0 < (1−r′)∗(1−r)∗(1−r′),� ‖ξy1

−ξy2
‖ < ε;

(3) F�w δ > 0, .� R0 ∈ (0, 1), T0 > 0, �7
∑

z /∈B(y,R,T0)

|ξy(z)|
2
6 δ,t& R ∈ [R0, 1).�y α : l2(Y ′) → l2(Y ) B

w(y) =

{

v(y), y ∈ Y ′,

0, y /∈ Y ′,t& v ∈ l2(Y ′), w ∈ l2(Y ), α(v) = w. ,w5 α �:3���F�w y ∈ Y , �y
β : Y → l2(Y ) B

βy = α ◦ ξ ◦ g(y),� ‖βy‖ = ‖α ◦ ξ ◦ g(y)‖ = ‖ξg(y)‖ = 1, t& y ∈ Y .
qF�w y1, y2 ∈ Y , M(y1, y2, t) > 1− r, ��
M(g(y1), g(y2), 2t

′ + t) > M(g(y1), y1, t
′) ∗M(y1, y2, t) ∗M(y2, g(y2), t

′)

> (1− r′) ∗ (1− r) ∗ (1− r′)

> 1− r0.

Y ′ �:zx�8�� (2) �
‖βy1

− βy2
‖ = ‖α ◦ ξ ◦ g(y1)− α ◦ ξ ◦ g(y2)‖ = ‖ξg(y1) − ξg(y2)‖ < ε.� R1 ∈ [R0, 1), R2 ∈ (0, 1), �7

1−R2 6 (1−R1) ∗ (1 − r′).



4 s Dp{ �#� h~DM?�9{y� 409V T2 = T0 + t′. F�w y ∈ Y u R ∈ [R2, 1), �
M(y′, y, T2) > M(y′, g(y), T0) ∗M(g(y), y, t′) > (1−R1) ∗ (1− r′) > 1−R2,t& y′ ∈ B(g(y), R1, T0). �*:7

B(g(y), R1, T0) ⊆ B(y,R2, T2)..t�F�w R ∈ [R2, 1), Fa�Nb8fÆ
∑

z /∈B(y,R,T2)

|βy(z)|
2 =

∑

z /∈B(y,R,T2)

|α ◦ ξ ◦ g(y)(z)|2

=
∑

z /∈B(y,R,T2),z∈Y ′

|ξg(y)(z)|
2

=
∑

z /∈B(g(y),R1,T0)

|ξg(y)(z)|
2

6 δ.f57��AU 5.1 � (X,M1, ∗2), M(Y,M2, ∗2) �K_g}CL>�� f : X → Y �,:����� M(X,M1, ∗1) �:zx�83|&3 (Y,M2, ∗2) �:zx�8�t �� X �:zx�8��� f : X → Y �,:���.�p_p#����
g : Y → X , �7 f ◦ g ∼ idY , g ◦ f ∼ idX , 	�.� r1, r2 ∈ (0, 1) u t1, t2 > 0, �7F�w x ∈ X, y ∈ Y , �

M1(g ◦ f(x), x, t1) > 1− r1, M2(f ◦ g(y), y, t2) > 1− r2.V Y ′ = f(X). ,w5 f �,5�����}C 5.1,��"dn�
 Y ′ �:zx�8�|B g : Y → X �p#��8�.t.� r′ ∈ (0, 1) u t′ > 0 �7F�w y1, y2 ∈ B(y, r, t),�
M2(g(y1), g(y2), t

′) > 1− r′,t& y ∈ Y , r ∈ (0, 1) u t > 0 ��w8�F�w x1, x2 ∈ g−1(B(y, r, t)), �
M1(x1, x2, 2t0 + t′)

> M1(x1, g · f(x1), t0) ∗1 M1(g · f(x1), g · f(x2), t
′) ∗1 M1(g · f(x2), x2, t0)

> (1− r0) ∗1 (1− r′) ∗1 (1 − r0).R��.� r′′ ∈ (0, 1),℄2 1−r′ < (1−r0)∗1 (1−r′)∗1 (1−r0). �*75 {f−1(B(y, r, t)) |

y ∈ Y ′} �p#�$8�� X ′ ⊆ X , f |X′ �1��� f : X ′ → Y ′ �pFp���T���f5 3.2, 7 X ′ �:zx�8�|*�F�w ε > 0, .��� α : X ′ → l2(X ′), �7
(1) F�w x ∈ X ′, � ‖αx‖ = 1;

(2) 
 M1(x1, x2, 2t0 + t′) > 1− r′′, � ‖αx1
− αx2

‖ < ε;

(3) F�w δ > 0, x ∈ X ′, .� R0 ∈ (0, 1) u T0 > 0, �7
∑

z /∈B(y,R,T0)

|αx(z)|
2
6 δ,t& R ∈ (R0, 1). F�w y, z ∈ Y ′, �y β : Y ′ → l2(Y ′) B

βy(z) = αf−1(y)(f
−1(z)).



410 & h n 5 A � 43 4�� ‖βy‖ = ‖αf−1(y)‖ = 1. F�w y1, y2 ∈ Y ′ | M(y1, y2, t) > 1− r, Fa�
M1(f

−1(y1), f
−1(y2), 2t0 + t′) > 1− r′′..t� ‖βy1

−βy2
‖ = ‖αf−1(y1)−αf−1(y2)‖ < ε.|B f �p#��8�.t.� R′

0 ∈ (0, 1)u T ′
0, �7F�w R1 ∈ (R0, 1), x1, x2 ∈ X ′, �

M1(x1, x2, T0) > 1−R1 ⇒ M2(f(x1), f(x2), T
′
0) > 1−R′

0.F�w x ∈ X ′, � y = f(x), ��
f(B(x,R1, T0)) ⊆ B(f(x), R′

0, T
′
0),

B(x,R1, T0) ⊆ f−1(B(f(x), R′
0, T

′
0)),

B(f−1(y), R1, T0) ⊆ f−1(B(y,R′
0, T

′
0)).� R′ ∈ (0, 1) |"Q�(� 1. ��

∑

z /∈B(y,R′,T ′

0
)

|βy(z)|
2 =

∑

z /∈B(y,R′,T ′

0
)

|αf−1(y)(f
−1(z))|2

=
∑

w∈f−1{z|z /∈B(y,R′,T ′

0
)}

|αf−1(y)(w)|
2

6
∑

w/∈B(f−1(y),R1,T0)

|αf−1(y)(w)|
2

< δ.|*� Y ′ �:zx�8�f57��
§6 ` ^ b ? � L Q KV�Q`%g}CL>�zx�8p[t/:�<��AU 6.1 � (X,M, ∗) �p_g}CL>���NPf5:��

(i) X �:zx�8�
(ii) F�w ε > 0, r ∈ (0, 1) u t > 0, .�LI�3>� H u�� α : X → l2(X,H),℄2
(a) F�w x ∈ X , � ‖αx‖ = 1;

(b) 
 M(x, y, t) > 1− r, � ‖αx − αy‖ < ε;

(c) .� T > 0, �7
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

‖αx(z)‖
2 = 0.

(iii) F�w 1 6 p < ∞ u�w ε, t > 0, r ∈ (0, 1), .��� η : X → lp(X), ℄2
(a) F�w x ∈ X , � ‖ηx‖p = 1;

(b) 
 M(x, y, t) > 1− r, � ‖ηx − ηy‖p < ε;

(c) .� T > 0, �7
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

‖ηx(z)‖
p = 0.



4 s Dp{ �#� h~DM?�9{y� 411t (i)⇒(ii): |B X �:zx�8�.t.��� α : X → l2(X) ℄2�y 3.2. V
H = C, t& C BU%��� l2(X) ∼= l2(X,C), �"\�H�

(ii)⇒(i): V ε, t > 0, r ∈ (0, 1),| α : X → l2(X,H)� (ii)&8���F�w x, z ∈ X ,�y�� β : X → l2(X) B
βx(z) = ‖αx(z)‖.�F�w x ∈ X , �

‖βx‖
2 =

∑

z∈X

|βx(z)|
2 =

∑

z∈X

‖αx(z)‖
2 = ‖αx‖

2 = 1.T��F�w℄2 M(x1, x2, t) > 1− r 8 x1, x2 ∈ X , �
‖βx1

− βx2
‖2 =

∑

z∈X

|βx1
(z)− βx2

(z)|2 =
∑

z∈X

|‖αx1
(z)‖ − ‖αx2

(z)‖|2

6
∑

z∈X

‖αx1
(z)− αx2

(z)‖2 = ‖αx1
− αx2

‖2 < ε2.4|�,w5
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|βx(z)|
2 = lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

‖αx(z)‖
2 = 0.�*7� (ii)⇒(i) �H�

(i)⇒(iii): V ε, t > 0, r ∈ (0, 1). � 1 6 p < ∞, �� γ : X → l2(X) ℄2Nb88��
(a) F�w x ∈ X , � ‖γx‖p = 1;

(b) 
 M(x1, x2, t) > 1− r, � ‖γx1
− γx2

‖p < ε;

(c) .� T > 0, �7
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|γx(z)|
2 = 0.� z 7→ |γx(z)| 7� γx, :��F�w x ∈ X , γx 8__QLB��� 8��y η : X →

lp(X) B
ηx(z) = (γz(x))

2

p .F�w x ∈ X , �
‖ηx‖p =

(

∑

z∈X

(ηx(z))
p
)

1

p

=
(

∑

z∈X

((γx(z))
2

p )p
)

1

p

= ‖γx‖
2

p

2 = 1.F�w a, b > 0, �:� |a − b|p 6 |ap − bp| �H��F�w8 x1, x2 ∈ X , | x1, x2 ℄2
M(x1, x2, t) > 1− r, Fa�

‖ηx1
− ηx2

‖pp =
∑

z∈X

|ηx1
(z)− ηx2

(z)|p

6
∑

z∈X

|ηx1
(z)p − ηx2

(z)p|

=
∑

z∈X

|γx1
(z)2 − γx2

(z)2|

=
∑

z∈X

|γx1
(z)− γx2

(z)||γx1
(z) + γx2

(z)|
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6

(

∑

z∈X

|γx1
(z) + γx2

(z)|2
)

1

2

(

∑

z∈X

|γx1
(z)− γx2

(z)|2
)

1

2

= ‖γx1
+ γx2

‖2‖γx1
− γx2

‖2

6 2‖γx1
− γx2

‖2

< εp.4|��
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|ηx(z)|
p = lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|(γx(z))
2

p |p

6 lim
R→1−

sup
x∈X

∑

z /∈B(x,R,T )

|γx(z)|
2

= 0.

(iii)⇒(i): 
q p = 2, "\�R�8�� z 7→ |ηx(z)| 7� ηx, :��F�w x ∈ X , ηx 8__QLB�� ��y��
ξ : X → l2(X) B

ξ = Mp,2 · η,t& Mp,2 : {u | u ∈ lp(X), ‖u‖p = 1} → {v | v ∈ l2(X), ‖v‖2 = 1} �*? Mazur �� [23].3 p < 2 ��� Mazur ��8a%��F�w x1, x2 ∈ X , .��% C, �7
p

2
‖ηx1

− ηx2
‖p 6 ‖ξx1

− ξx2
‖2 6 C‖ηx1

− ηx2
‖

p

2

p . (6.1)3 M(x1, x2, t) > 1− r ���
‖ξx1

− ξx2
‖2 6 C‖ηx1

− ηx2
‖

p

2

p < Cε
p

2 .3 p > 2 ���:� (6.1) 8KOY�H��m� ξ .℄2N�y 3.2 &8=J_8��4|��
lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|ξx(z)|
2 = lim

R→1−
sup
x∈X

∑

z /∈B(x,R,T )

|(ηx(z))
p
2 |2

6 lim
R→1−

sup
x∈X

∑

z /∈B(x,R,T )

|ηx(z)|
p

= 0.|*� X �:zx�8�wl [℄mep�-�FW�\D%L.4%8�nw�u�{�; � P � h � j
[1] Kramosil I, Michalek J. Fuzzy metrics and statistical metric spaces [J]. Kybernetika

-Praha-, 1975, 11(5):336–344.

[2] George A, Veeramani P. On some results in fuzzy metric spaces [J]. Fuzzy Sets Syst,

1994, 64(3):395–399.



4 s Dp{ �#� h~DM?�9{y� 413

[3] Gregori V, Morillas S, Sapena A. Examples of fuzzy metrics and applications [J]. Fuzzy

Sets Syst, 2011, 170(1):95–111.

[4] Lv J R, Luo X G. Image denoising via fast and fuzzy non-local means algorithm [J]. J

Inf Stor Proc Syst, 2019, 15(5):1108–1118.

[5] Nowark P W, Yu G L. Large scale geometry [M]//EMS Textbooks in Mathematics,
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Abstract In this paper, the authors define strong embeddability of fuzzy metric spaces
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