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§1 ����&qM"0, P`5Y R �=W+ Ginzburg-Landau R)



∂u

∂t
− (λ+ iα)∆u + γu = f(u) + g(t, x), t > τ, x ∈ R,

u(τ, x) = uτ (x), x ∈ R, τ ∈ R,

(1.1)x0 i �p*7L, u(t, x) �J*=W+n*, U`l f(u) = −(k + iβ)|u|2u �~℄W+n*, g ∈ L2
loc(R, L

2(R)), uτ ∈ L2(Ω;L2(R)), (Ω,F , P ) �D	=ZZ:�, λ, α, γ, k, β��"*�|\> λ, γ, k > 0.

Ginzburg-Landau R)�SDu0~℄1|=U`lgi, 38�)U`l��a��$9l��� - ��,4p.?℄d. f� =�Bl�rJ1|=`A, H�, �M [1–4]. HQ9x =#vkH, U�:�
gQw+, �f�Bl= Ginzburg-LandauR), 8��M [5–6] ?. M [7–11] GX*0�EKW<D[, 'k�8= O-U �{, w+Q5��l~`l(l���=0� Ginzburg-Landau R)=0�U�:. f�0�EKW<=D[o0�rEVR)=
,P`}8���M [12–16]. �K, :hzH-,I�ÆU`l����E=0� Ginzburg-Landau R)z^�8=�{, �05�U`l���=0� Ginzburg-Landau R)
5Y, 8���M [17–18] �x�5M^.+<6�=�, �)M^0=,+��B=. �K, X*0�U�:D[oX*0�EKW<D[����5�0�,+=U`lW<. 5�0�,+=�BlR)%:�N 2021 n 3 � 27 
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416 + v n 3 A � 43 0QsJ=f6, H�, �M [19–21]. ��)`A=�EZ, P`GM [21]0=��Bu=s10�U�:D[, w+5�0�,+=R) (1.1) �Q"��= =�Bl��0�U�:=2�lo2vl. I�s10�EKW<=D[, P`8���M [22]. +<6:=�, (1.1)�~℄B�� R �=W+R), &�;�M [20–23]0=�"�=}=.�M=V~℄h��'~�w+O7 (1.1) ���:� L2(Ω, L2
σ(R)) �=s10�U�:=2�l�F~lo2vl, &℄��:��m L2(Ω, L2(R)). � L2(Ω, L2(R))aÆ, ��:� L2(Ω, L2

σ(R))(σ >
1
2 ) �mQ R �2�=�"8 n*. ��:� L2

σ(R)�=>|X*0�U�:08m�mk� , P`8��M [24–28] Q _JY�. /P`2*, O7 (1.1) ���:���J�s10�U�:=w+�j. �0, ��M0,P`5YQO7 (1.1) ���:� L2(Ω, L2
σ(R)) �=s10�U�:=2�loF~l, �|(dQ8 g H2vn*�&fU�:=2vl (�BD 5.2). +<6:=�, ���:� L2(Ω, L2

σ(R)) 0I g =_/�� L2(Ω, L2(R)) 0=_/.�M=�b�Z:A 2 �$�Qf�>|s10�U�:=~f���j. A 3 ��IQÆO7 (1.1) �'=s10�EKW<. A 4 �(dQO7 (1.1) =s10�U�:=2�loF~l, �^.Q>|s10�U�:=2vl, �A 5 ��x�g:��:� L2(Ω, L2
σ(R)) �.

§2 	Cp���0, P`|d�^BZZ:��, s10�EKW<=>|s10�U�:=2�l=~f���j. � (Ω,F , P ) �~℄D	=ZZ:�, X �~℄5�P* ‖ · ‖X=�ir:�. ~℄{8 n* ψ : Ω → X &H Bochner 8�=, �j2�~S�7n*
ψn : Ω → X , �<

lim
n→+∞

∫

Ω

‖ψn − ψ‖XdP = 0.

ψ � Ω �= Bochner �V
B�H∫

Ω

ψdP = lim
n→+∞

∫

Ω

ψndP.I_~℄ p ∈ (1,+∞), B� Lp(Ω,F , X) H�m2� (?�C)Bochner 8�n* ψ :

Ω → X =�ir:�, �<
‖ψ‖Lp(Ω,F ,X) =

(∫

Ω

‖ψ‖pXdP
) 1

p

< +∞.ZbS.Q~f Lp(Ω, X) �=s10�EKW<=�f��Zo, _JY�8���M [21].R� 2.1 Φ = {Φ(t, τ) : t ∈ R
+, τ ∈ R} 
&H Lp(Ω, X) �=s10�EKW<, �jI2�= τ ∈ R o t, s ∈ R

+,

(1) Φ(t, τ) : Lp(Ω, X) → Lp(Ω, X);
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(2) Φ(0, τ) � Lp(Ω, X) �=t?/:;

(3) Φ(t+ s, τ) = Φ(t, τ + s) ◦ Φ(s, τ).� D �Æ τ ∈ R �*y= Lp(Ω, X) �=~fU:�":�?=�q, 	
D =

{
D = {D(τ) ⊆ Lp(Ω, X) : D(τ) 6= ∅ bounded, τ ∈ R} : lim

τ→−∞
eγτ‖D(τ)‖2Lp(Ω,X) = 0

}
.R� 2.2 B = {B(τ) : τ ∈ R} ∈ D 
&H Φ = Lp(Ω, X) �= D >|U!�, �jI2�= τ ∈ R o D ∈ D, 2� T = T (τ,D) > 0, �<I2�= t > T ,

Φ(t, τ − t)(D(τ − t)) ⊆ B(τ)'I.0C, �jI_~℄ τ ∈ R, B(τ) � Lp(Ω, X) �=~℄&U::�, j℄ B =

{B(τ) : τ ∈ R} 
&H Φ =& D >|U!�.R� 2.3 K = {K(τ) : τ ∈ R} ∈ D 
&H Φ = Lp(Ω, X) �= D >|U��,�jI2�= τ ∈ R, D ∈ D, ��_~℄ B(τ) � Lp(Ω, X) �=T� Nw(B(τ)), 2�
T = T (τ,D,Nw(B(τ))) > 0, �<I2�= t > T ,

Φ(t, τ − t)(D(τ − t)) ⊆ Nw(B(τ)).0C, �jI_~℄ τ ∈ R, B(τ) � Lp(Ω, X) =~℄&:�, j℄ B = {B(τ) : τ ∈
R} 
&H Φ = D >|&=U��.R� 2.4 A = {A(τ) : τ ∈ R} ∈ D 
&H Φ = Lp(Ω, X) �= D >|s10�U�:, �j\>ZS�℄8�:

(1) I_~℄ τ ∈ R, A(τ) � Lp(Ω, X) =~℄&:�;

(2) A � Φ = D >|U��;

(3) A � D =\>8� (1) o (2) =�e�, 	, �j B = {B(τ) : τ ∈ R} ∈ D � Φ= D >|&=U��, !I2�= τ ∈ R, A(τ) ⊆ B(τ) 'I.Zb^. Φ � Lp(Ω, X) �= D >|s10�U�:=2�l, F~lo2vlBD, &℄�j(d�M [21].Rd 2.1 � X �~℄<O=�ir:�, p ∈ (1,+∞). W D � Lp(Ω, X) =~fU:�":�?=~℄l��q, Φ � Lp(Ω, X) �=s10�EKW<. �j Φ �~℄& D >|U!� B ∈ D, j℄ Φ 2�F~= D >|s10�U�: A ∈ D, j��Z:I_~℄ τ ∈ R,

A(τ) = Ωw(B, τ) =
⋂

r>0

lim
t>r

Φ(t, τ − t)(B(τ − t)),x0���I� Lp(Ω, X) =BuKz. 0C, �j2�~℄'* T , �< Φ o B G�
T 2v=, j℄ A }� T 2v=.
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§3 N�r℄K�P{u (1.1) P_oHPjar℄Tf}w���0, P`�(dO7 (1.1) = 8��'~℄s10�EKW<. H0, P`o|(d (1.1) = =2�loF~l. ÆM [4] 8*, 5��B,+ uτ =O7 (1.1) �
L2(R) 0��B=. HQR�, P`^.Zb=�j.ht 3.1 � g ∈ L2

loc(R, L
2(R)), !I��= τ ∈ R ��_~℄�B=,+ uτ ∈

L2(R), O7 (1.1) �~℄F~= 
u ∈ C([τ,+∞);L2(R)) ∩ L2

loc([τ,+∞);H1(R)) ∩ L4
loc([τ,+∞);L4(R)).�Z�, P`^.5�0�,+ uτ =O7 (1.1) = =B�.R� 3.1 W τ ∈ R, uτ ∈ L2(Ω, L2(R)). ~℄Ms�� u(·, τ, uτ ): [τ,+∞) →

L2(Ω, L2(R)) 
&HO7 (1.1) = , �j
u(·, τ, uτ ) ∈ C([τ,+∞);L2(Ω, L2(R))) ∩ L2

loc((τ,+∞);L2(Ω, H1(R)))

∩ Lp
loc((τ,+∞);L4(Ω, L4(R))),�|I_~℄ t > τ �� η ∈ H1(R) ∩ L4(R), u 
w��\>

(u(t), η)+(λ+iα)

∫ t

τ

(∇u,∇ξ)ds+γ
∫ t

τ

(u, η)ds = (uτ , η)+

∫ t

τ

(f(u), η)ds+

∫ t

τ

(g(x, s), η)ds.�Z�, P`^.O7 (1.1) �B� 3.1 ��Z= =2�F~lBD.Rd 3.1 I��= τ ∈ R �� uτ ∈ L2(Ω, L2(R)), O7 (1.1) �~℄F~= 
u(·, τ, uτ). &℄ f� ω ∈ Ω �8 =, �|I
w2�= t > τ ,  u \>mPR):

d

dt
E(‖u(t, τ, uτ )‖2) + 2λE(‖∇u(t, τ, uτ)‖2)

+ 2kE(‖u(t, τ, uτ)‖4L4(R)) + 2γE(‖u(t, τ, uτ)‖2)

= 2E((g(t), u)). (3.1)� (d�VH�℄�4. P`#[b ~S)- �'k~.�, �uI&f)- ��_, �u(d =F~l.Q�F  =).I_~℄ n ∈ N, W On = {x ∈ R, |x| < n}, P`5YZSB���"� On �=,�+8�R):




du

dt
+ (λ+ iα)Au + γu = f(u) + g(t, x), t > τ, x ∈ On,

u(t, x) = 0, t > τ, |x| = n,

u(τ, x) = uτ (x), x ∈ On.

(3.2)
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dun
dt

+ (λ+ iα)PnAun + γun = Pnf(un) + Png(t, x), t > τ, x ∈ On,

un(t, x) = 0, t > τ, x ∈ ∂On,

un(τ, x) = Pnuτ (x), x ∈ On

(3.3)= un(·, τ, uτ (ω)) \>
‖un(t, τ, uτ (ω))‖2 6 ‖uτ(ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds, ∀ t ∈ [τ, τ + T ], (3.4)

2λ

∫ t

τ

‖∇un(s, τ, uτ (ω))‖2ds 6 eγT
(
‖uτ(ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds
)

(3.5)o
2k

∫ t

τ

‖un(s, τ, uτ (ω))‖4L4(On)
ds 6 eγT

(
‖uτ (ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds
)
. (3.6)Æ (3.4)–(3.6) 8<, I_~℄eB= ω ∈ Ω, τ ∈ R o T > 0,

{un(·, τ, uτ (ω))}+∞
n=1 � L∞([τ, τ + T ];L2(On)) ∩ L2([τ, τ + T ];H1

0 (On))

∩ L4([τ, τ + T ];L4(On)) 0�". (3.7)��q (3.6), 8<
{Pnf(un(s, τ, uτ (ω)))}+∞

n=1 � L
4
3 ([τ, τ + T ];L

4
3 (On)) 0�". (3.8)Æ (3.3) o (3.5), P`M℄

{dun
dt

}+∞

n=1
� L

4
3 ([τ, τ + T ];L

4
3 (On)) + L2([τ, τ + T ];H−1(On)) 0�". (3.9)ÆM [29, BD 5.1], 8<

{un(·, τ, uτ (ω))}+∞
n=1 � L2([τ, τ + T ];L2(On)) 0�&=. (3.10)QUF  =2�l.� R\On �� un = 0, 8� un yB:�:� R, 	�A un. eB t0 ∈ (τ, τ + T ],Æ�)�"l�[8<,2� u ∈ L∞([τ, τ +T ];L2(R))∩L2([τ, τ +T ];H1(R))∩L4([τ, τ +

T ];L4(R)), v ∈ L2(R) ��~℄:S {unk
}+∞
k=1, �<

unk
(·, τ, uτ (ω)) � L∞([τ, τ + T ];L2(R)) 0 ∗ !N� u(·, τ, uτ (ω)), (3.11)

unk
(·, τ, uτ (ω)) � L2([τ, τ + T ];H1(R) 0!N� u(·, τ, uτ (ω)), (3.12)

unk
(·, τ, uτ (ω)) � L4([τ, τ + T ];L4(R)) 0!N� u(·, τ, uτ (ω)), (3.13)�0,

unk
(t0, τ, uτ(ω)) � L2(R) 0!N� v. (3.14)I ‖un(·, τ, uτ (ω))− u(·, τ, uτ (ω))‖3L3([τ,τ+T ]×R) 
!+a�, �q {un(·, τ, uτ (ω))−

u(·, τ, uτ(ω))}+∞
n=1 � L4([τ, τ + T ] × R) 0=�"l, ε > 0 =��l, {un(·, τ, uτ (ω))}+∞

n=1



420 + v n 3 A � 43 0� L2([τ, τ + T ];L2(On)) 0=&l��� R\On � un = 0, P`8�<: un(·, τ, uτ (ω))� L3([τ, τ + T ]× R) 0{!N� u(·, τ, uτ (ω)). j℄, 8�$: {unk
}+∞
n=1 =~℄:S (	A {unk

}+∞
n=1), �<I
w//= (t, x) ∈ [τ, τ + T ]× R, �

f(unk
(t, τ, uτ (ω))(x)) → f(u(t, τ, uτ(ω))(x)). (3.15)Æ f =�"l, (3.15) ��M [29, �D 1.3], P`<:

f(unk
(·, τ, uτ (ω))) � L

4
3 ([τ, τ + T ];L

4
3 (R)) 0!N� f(u(·, τ, uτ(ω))). (3.16)G (3.11)–(3.13) o (3.16), I (3.3) OH8 n→ +∞ ���_, P`8�{(, I2�= η ∈ H1(R) ∩ L4(R), �V���Z'I

d

dt
(u, η) + (λ+ iα)(∇u,∇η) + γ(u, η) = (f(u), η)

(L
4
3 (R),L4(R))

+ (g, η), (3.17)�� u(·, τ, uτ(ω)) ∈ C([τ, τ + T ];L2(R)),

u(τ, τ, uτ (ω)) = uτ (ω), u(t0, τ, uτ (ω)) = v, (3.18)!IeB= ω, u(·, τ, uτ (ω)) �5�,+ uτ (ω) =O7 (1.1) =~℄ .V~Rb, (3.14)o (3.18)�mQ unk
(t0, τ, uτ (ω))� L2(R)0!N� u(t0 , τ, uτ (ω)),�qÆf7 3.1^.= =F~l, < un(t0, τ, uτ (ω))� L2(R)0!N� u(t0, τ, uτ (ω)).�H t0 ���=, 2�I��= t > τ o ω ∈ Ω, � un(t, τ, uτ (ω)) � L2(R) 0!N�

u(t, τ, uτ(ω)). K| un(t, τ, uτ (ω)) f� ω ∈ Ω �8 =, 2�x�_ u(t, τ, uτ (ω)) }�8 =.VC, Æ (3.4)–(3.6) � (3.11)–(3.13) 8<, I��= τ ∈ R, ω ∈ Ω o T > 0, �
‖u(t, τ, uτ(ω))‖2 6 ‖uτ (ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds, ∀ t ∈ [τ, τ + T ], (3.19)

2λ

∫ t

τ

‖∇u(s, τ, uτ(ω))‖2ds 6 eγT
(
‖uτ (ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds
)

(3.20)o
2k

∫ t

τ

‖u(s, τ, uτ(ω))‖4L4(R)ds 6 eγT
(
‖uτ (ω)‖2 +

1

γ

∫ τ+T

τ

‖g(s, x)‖2ds
)
. (3.21)�H uτ ∈ L2(Ω, L2(R)), !Æ (3.19)–(3.21), 8<

u ∈ L∞
loc([τ,+∞);L2(Ω, L2(R))) ∩ L2

loc([τ,+∞);L2(Ω, H1(R)))

∩ L4
loc([τ,+∞);L4(Ω, L4(R))). (3.22)Æ�I_~℄eB= ω, u(·, τ, uτ (ω)) ∈ C([τ,+∞);L2(R)), 2�ÆB�\</!NBD8<

u ∈ C([τ,+∞);L2(Ω, L2(R))). (3.23)Æ (3.17)–(3.18) o (3.22)–(3.23) 8* u �O7 (1.1) �B� 3.1 ��Z=~℄ .QmF  =F~l.
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d

dt
‖ũ‖2 + 2λ‖∇ũ‖2 + 2γ‖ũ‖2 = −2Re(k + iβ)

∫

R

(|u1|2u1 − |u2|2u2)ũdx. (3.24)Æ Young �?�, Hölder �?�o Gagliardo-Nirenberg�?� [8,	E 2.10] 8<
− 2Re(k + iβ)

∫

R

(|u1|2u1 − |u2|2u2)ũdx

6 3
√
k2 + β2

∫

R

(|u1|2 + |u2|2)|ũ|2dx

6 3
√
k2 + β2

(∫

R

(|u1|2 + |u2|2)2dx
) 1

2
(∫

R

|ũ|4dx
) 1

2

6 3
√
2
√
k2 + β2[‖u1‖2L4(R) + ‖u2‖2L4(R)]‖ũ‖2L4(R)

6 3
√
2
√
k2 + β2c[‖u1‖2L4(R) + ‖u2‖2L4(R)]‖∇ũ‖

1
2 ‖ũ‖ 3

2

6 3
√
2
√
k2 + β2c

[
ε‖∇ũ‖2 + 3

4
(4ε)−

1
3 [‖u1‖2L4(R) + ‖u2‖2L4(R)]

4
3 ‖ũ‖2

]

6 3
√
2
√
k2 + β2c

[
ε‖∇ũ‖2 + 3

4
(4ε)−

1
3 2

1
3 [‖u1‖

8
3

L4(R) + ‖u2‖
8
3

L4(R)]‖ũ‖2
]
. (3.25)W ε =

√
2λ

3
√

k2+β2c
, !Æ (3.24)–(3.25) <

d

dt
‖ũ‖2 6

[
− 2γ +

3

4

( 4
√
2λ

3
√
k2 + β2c

)− 1
3

2
1
3 (‖u1‖

8
3

L4(R) + ‖u2‖
8
3

L4(R))
]
‖ũ‖2.HQ'gR�,  a = 3

4

(
4
√
2λ

3
√

k2+β2c

)− 1
3 2

1
3 , !Æ Hölder �?��� Gronwall �?�<

‖u1(t, τ, uτ )− u2(t, τ, uτ )‖2 6 e
−2γ(t−τ)+a

[( ∫
t

τ
‖u1‖4

L4(R)
ds
) 2

3 +
( ∫

t

τ
‖u2‖4

L4(R)
ds
) 2

3
]
(t−τ)

1
3

· ‖u1(τ, τ, uτ )− u2(τ, τ, uτ )‖2. (3.26)6�:,

E(‖u1(τ, τ, ·)− u2(τ, τ, ·)‖2) = 0,2� ‖u1(τ, τ, ·)−u2(τ, τ, ·)‖2 = 0
w��'I,�q (3.26)8< ‖u1(t, τ, ·)−u2(t, τ, ·)‖2 =

0 
w��'I, !�
E(‖u1(t, τ, ·)− u2(t, τ, ·)‖2) = 0.�0, P`(dQ =F~l, 1KBD 3.1 <(.B�~℄�� Φ : R+ × R× L2(Ω, L2(R)) → L2(Ω, L2(R)), 3Æ

Φ(t, τ, uτ ) = u(t+ τ, τ, uτ )^., x0 uτ ∈ L2(Ω, L2(R)), u �5�0�,+ uτ = (1.1) = . P`8�<:
Φ(0, τ) = uτ��

Φ(t+ s, τ) = Φ(t, τ + s) ◦ Φ(s, τ),



422 + v n 3 A � 43 01K Φ �~℄s10�EKW<.0C, P`��I��= τ ∈ R, �
e−γτ

∫ τ

−∞
eγs‖g(s)‖2ds < +∞. (3.27)

§4 N�r℄K�P{u (1.1) Pljar℄|����.K�w+ (1.1) = D >|s10�U�:=2�loF~l. Zb, #[^. =~.�, &I�b Φ = D >|U!��U"�=.�d 4.1 �� (3.27) 'I, !I_~℄ τ ∈ R o D = {D(t)}t∈R ∈ D, 2� T =

T (τ,D) > 0 �<I2�= t > T , O7 (1.1) = \>
E(‖u(τ, τ − t, uτ )‖2) 6M +Me−γτ

∫ τ

−∞
eγs‖g(s)‖2ds,x0 uτ ∈ D(τ − t), M �~℄��A� τ o D ='"*.� Æ Young �?�8<

2E((g(t), u)) 6 γE(‖u(t, τ − t, uτ )‖2) +
1

γ
‖g(t)‖2. (4.1)Æ (3.1) o (4.1), 8�<.

d

dt
E(‖u(t, τ − t, uτ )‖2) + 2λE(‖∇u(t, τ − t, uτ )‖2)

+ 2kE(‖u(t, τ − t, uτ )‖4L4(R)) + γE(‖u(t, τ − t, uτ )‖2)

6
1

γ
‖g(t)‖2. (4.2) eγt ( (4.2), �u� (τ − t, τ) ��V, x0 t > 0, !

E(‖u(τ, τ − t, uτ)‖2) + 2λe−γτ

∫ τ

τ−t

eγsE(‖∇u(s, τ − t, uτ )‖2)ds

+ 2ke−γτ

∫ τ

τ−t

eγsE(‖u(s, τ − t, uτ )‖4L4(R))ds

6 e−γtE(‖uτ‖2) +
1

γ
e−γτ

∫ τ

τ−t

eγs‖g(s)‖2ds. (4.3)�H uτ ∈ D(τ − t) o D ∈ D, 2�8 t→ +∞ �, �
e−γtE(‖uτ‖2) = e−γτeγ(τ−t)E(‖uτ‖2)

6 e−γτeγ(τ−t)‖D(τ − t)‖2L2(Ω,L2(R)) → 0,&�K82� T1 = T1(τ,D) > 0, �<I2�= t > T1,

e−γtE(‖uτ‖2) 6 1. (4.4)Æ (4.3)–(4.4) �� (3.27) 8<, I2�= t > T1,

E(‖u(τ, τ − t, uτ)‖2) + 2λe−γτ

∫ τ

τ−t

eγsE(‖∇u(s, τ − t, uτ )‖2)ds
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+ 2ke−γτ

∫ τ

τ−t

eγsE(‖u(t, τ − t, uτ )‖4L4(R))ds

6 1 +
1

γ
e−γτ

∫ τ

−∞
eγs‖g(s)‖2ds.�Z�, P`^. (1.1) =& D >|U!�=2�l.�d 4.2 �� (3.27) 'I, !s10�EKW< Φ �~℄& D >|U!� B =

{B(τ) : τ ∈ R} ∈ D, 	I_~℄ τ ∈ R,

B(τ) = {u ∈ L2(Ω, L2(R)) : E(‖u(τ, τ − t, uτ )‖2) 6 R(τ)},x0 R(τ) \>
R(τ) =M +Me−γτ

∫ τ

−∞
eγs‖g(s)‖2ds.� I_℄ τ ∈ R, B(τ)� L2(Ω, L2(R))=~℄�"�?:�,�03� L2(Ω, L2(R))0�&=. VC, Æ�D 4.1, P`M℄I��= τ ∈ R o D = {D(t)}t∈R ∈ D, G2�

T = T (τ,D) > 0, �<I2�= t > T ,

Φ(t, τ − t,D(τ − t)) ⊆ B(τ).V~Rb, 8�s��(d B ∈ D. �0, B � Φ =~℄& D >|U!�.Zb, ^.Q Φ = D >|s10�U�:=2�F~l.Rd 4.1 �� (3.27) 'I, !s10�EKW< Φ � L2(Ω, L2(R)) �2�F~= D >|s10�U�: A = {A(τ) : τ ∈ R} ∈ D.� 6�:�D 4.2 �K8 Φ �~℄& D >|U!� B = {B(τ) : τ ∈ R}, !ÆM
[21, BD 2.7] 8�I	<. Φ = D >|s10�U�: A ∈ D =2�F~l.Rd 4.2 �� (3.27) 'I, �j2�~℄'* T , �< g : R → L2(R) � T 2v=,! A }� T 2v=.� �H g : R → L2(R) � T 2v=, I��= t > 0 o τ ∈ R, P`�

Φ(t, τ + T ) = u(t+ τ + T, τ + T ) = u(t+ τ, τ) = Φ(t, τ)��
lim

τ→−∞
eγτ‖B(τ)‖2 = lim

τ→−∞
eγτ+T‖B(τ + T )‖2 = 0.2�s10�EKW< Φ ��U!� B G� T 2v=. �0, ÆM [21, BD 2.7] 8�<: A = T 2vl.
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§5 {u (1.1) 
 L2(Ω, L2

σ
(R)) nPljar℄|��������:� L2(Ω, L2

σ(R)) �(d Φ = D >|s10�U�: A ∈ D =2�F~l, x0 L2
σ(R) �~℄��:�, xB�H

L2
σ(R) =

{
u : R → C �8 =,

∫

R

φ(x)|u(x)|2dx < +∞
}
,x0 σ > 1

2 , φ(x) = (1 + x2)−σ, �|P*H
‖u‖L2

σ(R)
=

(∫

R

φ(x)|u(x)|2dx
) 1

2

.HQR�, P`�P* ‖ · ‖L2
σ(R)
A ‖ · ‖σ.6�:, �jb|w+W< (1.1) ���:� L2(Ω, L2

σ(R)) �=EKu, �q� Φ 1
L2(Ω, L2(R)) yB: L2(Ω, L2

σ(R)). H0, Zb�w+ � L2(Ω, L2
σ(R)) �= Lipschitz Msl. P`#[$�M [24] 0=~℄�D.�d 5.1 I�p −1 < µ < +∞ �� x, y ∈ C, ZS�?�

| Im(x− y)(|x|µx− |y|µy)| 6 µ

2
√
µ+ 1

Re(x− y)(|x|µx− |y|µy)'I.�ZM0, P`��
k >

√
3

3
|β|. (5.1)�d 5.2 � g1, g2 ∈ L2

loc(R, L
2(R)), u1,τ , u2,τ ∈ L2(Ω, L2(R)) �� (5.1) 'I. W u1o u2 V�� (1.1) = , a
� g 
{' g1 o g2, !I��= τ ∈ R o T > 0, G2�~℄'"* M1 =M1(τ, T ), �<I2�= t ∈ [τ, τ + T ], �

E(‖u1(t)− u2(t)‖2σ)

6M1E(‖u1,τ − u2,τ‖2σ) +M1

∫ t

τ

‖g1(s)− g2(s)‖2σds.� Æ (1.1) 8<
d

dt
‖u1 − u2‖2σ + 2γ‖u1 − u2‖2σ

= 2Re(λ+ iα)(△(u1 − u2), u1 − u2)σ

− 2Re(k + iβ)(|u1|2u1 − |u2|2u2, u1 − u2)σ

+ 2Re(g1(t, x)− g2(t, x), u1 − u2)σ. (5.2)

(5.2) ?���=A~8��Z:

2 Re(λ+ iα)(△(u1 − u2), u1 − u2)σ

= −2λ‖∇(u1 − u2)‖2σ − 2Re(λ+ iα)(∇(u1 − u2),∇φ(x)(u1 − u2))

6 −2λ‖∇(u1 − u2)‖2σ + 2σ
√
λ2 + α2(∇(u1 − u2), φ(x)(u1 − u2))
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6 −2λ‖∇(u1 − u2)‖2σ + λ‖∇(u1 − u2)‖2σ +
σ2(λ2 + α2)

λ
‖u1 − u2‖2σ

6 −λ‖∇(u1 − u2)‖2σ +
σ2(λ2 + α2)

λ
‖u1 − u2‖2σ. (5.3)I� (5.2) ?���=AL, Æ�D 5.1 o (5.1) 8<

− 2Re(k + iβ)(|u1|2u1 − |u2|2u2, u1 − u2)σ

= −2Re(k + iβ)

∫

R

φ(x)(|u1|2u1 − |u2|2u2)(u1 − u2)dx

= −2k

∫

R

φ(x)Re Idx+ 2β

∫

R

φ(x) Im Idx

6 2
(
− k +

√
3

3
|β|

) ∫

R

φ(x)|Re I|dx

< 0, (5.4)x0 I = (|u1|2u1 − |u2|2u2)(u1 − u2).Æ Young �?�, (5.2) ?���=A�8��Z:

2 Re(g1(t)− g2(t), u1 − u2)σ 6 γ‖u1 − u2‖2σ +
1

γ
‖g1(t)− g2(t)‖2σ. (5.5)Æ (5.2)–(5.5) 8<

d

dt
‖u1 − u2‖2σ 6

(σ2(λ2 + α2)

λ
− γ

)
‖u1 − u2‖2σ +

1

γ
‖g1(t)− g2(t)‖2σ,G Gronwall �?�, I��= τ ∈ R, T > 0 o t ∈ [τ, τ + T ],

E(‖u1(t)− u2(t)‖2σ) 6 e

(
σ2(λ2+α2)

λ
−γ

)
(t−τ)

E(‖u1,τ − u2,τ‖2σ)

+
1

γ

∫ t

τ

e

(
σ2(λ2+α2)

λ
−γ

)
(t−s)‖g1(s)− g2(s)‖2σds.�0, �D 5.2 <(.�Z�, P`�s10�EKW< Φ 1 L2(Ω, L2(R)) yB:��:� L2(Ω, L2

σ(R)),�w+ (1.1) � L2(Ω, L2
σ(R)) 0=EKukH.Rd 5.1 � g ∈ L2

loc(R, L
2
σ(R)) �� (5.1) 'I, !2�~℄s10�EKW<

Φσ : R+ × R × L2(Ω, L2
σ(R)) → L2(Ω, L2

σ(R)), �<I��= t ∈ R+, τ ∈ R �� uτ ∈
L2(Ω, L2(R)), Φσ(t, τ, uτ ) � (1.1) =F~ .� �H L2(Ω, L2(R))×L2(Ω, L2((τ, τ+T ), L2(R))� L2(Ω, L2

σ(R))×L2(Ω, L2((τ, τ+

T ), L2
σ(R)) 0+a, !I��= (u∗, g) ∈ L2(Ω, L2

σ(R)) × L2(Ω, L2((τ, τ + T ), L2
σ(R)), 2�~S (un, gn) ∈ L2(Ω, L2(R)) × L2(Ω, L2((τ, τ + T ), L2(R)), �<� L2(Ω, L2
σ(R)) ×

L2(Ω, L2((τ, τ + T ), L2
σ(R)) 0'I (un, gn) → (u∗, g). Æ�D 5.2 < {u(·, τ, (un, gn))}+∞

n=1� C([τ, τ + T ], L2(Ω, L2
σ(R))) 0=~℄6TS, �0, lim

n→+∞
u(·, τ, (un, gn)) 2�, |(�

C([τ, τ + T ], L2(Ω, L2
σ(R))). ℄�, eB g ∈ L2

loc(R, L
2
σ(R)), B�~℄�� Φσ : R+×
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R× L2(Ω, L2

σ(R)) → L2(Ω, L2
σ(R)) H
Φσ(t, τ, u

∗) = lim
n→+∞

u(t+ τ, τ, un).C-�A 3�=5[, P`M℄ Φσ � L2(Ω, L2
σ(R)) �=~℄s10�EKW<. �Æ�,

Φσ � Φ ���:� L2(Ω, L2
σ(R)) �=yB, ZM0�~V Φ o Φσ.HQw+ Φ � L2(Ω, L2

σ(R)) �=>|s10�U�:=2�l, P`�:?�P* ( ∫
R
φδ(x)|u(x)|2dx

) 1
2 \> φδ(x) = (1 + |δx|2)−σ, δ ∈ (0, 1) o x ∈ R, |

‖u‖2σ 6

∫

R

φδ(x)|u(x)|2dx 6 δ−2σ‖u‖2σ. (5.6)�ZM0, P`t�
δ <

√
λγ

σ
√

2(λ2 + α2)
, (5.7)&I =~.��U"�=.0C, ��I��= τ ∈ R, ∫ τ

−∞
eγt‖g(t)‖2σdt < +∞, (5.8)&T.Q (3.27) 0 g =_/8�.�d 5.3 �� (5.8) 'I, !I��= τ ∈ R �� B = {B(t)}t∈R ∈ D, 2� T =

T (τ, B) > 0, �<I2�= t > T , (1.1) = u \>
E(‖u(τ, τ − t, uτ−t)‖2σ) 6M2 +M2e

−γτ

∫ τ

−∞
eγs‖g(s)‖2σds, (5.9)x0 uτ−t ∈ B(τ − t) �� M2 �~℄��A� τ o B ='"*.� φδu � u Al�, �u���, 8<

d

dt

∫

R

φδ(x)|u|2dx+ 2γ

∫

R

φδ(x)|u|2dx

= −2λ

∫

R

φδ(x)|∇u|2dx− 2Re(λ+ iα)

∫

R

∇u · ∇φδ(x)udx

− 2k

∫

R

φδ(x)|u|4dx+ 2Re

∫

R

φδ(x)g(t, x)udx. (5.10)I� (5.10) ?���=AL, �
− 2Re(λ+ iα)

∫

R

∇u · ∇φδ(x)udx

6 2σδ
√
λ2 + α2

∫

R

|∇u · φδ(x)u|dx

6 λ

∫

R

φδ(x)|∇u|2dx+
σ2δ2(λ2 + α2)

λ

∫

R

φδ(x)|u|2dx. (5.11)Æ Young �?�, (5.10) ?�=�u~8��Z:

2 Re

∫

R

φδ(x)g(t, x)udx
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6
γ

2

∫

R

φδ(x)|u|2dx+
2

γ

∫

R

φδ(x)|g(t, x)|2dx. (5.12)Æ (5.10)–(5.12) �� (5.7) 8<
d

dt

∫

R

φδ(x)|u|2dx+
3γ

2

∫

R

φδ(x)|u|2dx

6
σ2δ2(λ2 + α2)

λ

∫

R

φδ(x)|u|2dx+
2

γ

∫

R

φδ(x)|g(t, x)|2dx

6 γ

∫

R

φδ(x)|u|2dx+
2

γ

∫

R

φδ(x)|g(t, x)|2dx. (5.13)I (5.13) � (τ − t, τ) ��V, <
E

( ∫

R

φδ(x)|u(τ, τ − t, uτ−t)|2dx
)

6 e−γt
E

( ∫

R

φδ(x)|uτ−t|2dx
)
+

2

γ
e−γτ

∫ τ

τ−t

∫

R

eγsφδ(x)|g(s, x)|2dxds.G (5.6) 8<
E(‖u(τ, τ − t, uτ−t)‖2σ) 6 e−γtδ−2σ

E(‖uτ−t‖2σ) +
2

γδ2σ
e−γτ

∫ τ

−∞
eγs‖g(s)‖2σds,�q (5.8) o uτ−t ∈ B(τ − t) ∈ D 8*, 2� T = T (τ, B) > 0 �<I2�= t > T ,

E(‖Φ(τ, τ − t, uτ−t)‖2) 6 1 +
2

γδ2σ
e−γτ

∫ τ

−∞
eγs‖g(s)‖2σds.�0�D 5.3 <(.Æ�D 5.3 oBD 4.1–4.2 8<�Z= Φ � L2(Ω, L2

σ(R)) �=s10�U�:=2�lBD.Rd 5.2 �� (5.8) 'I, !O7 (1.1) � L2(Ω, L2
σ(R)) ��~℄F~= D >|s10�U�:

A = {A(τ) : τ ∈ R} ∈ D.'~�, �j2�~℄'* T , �< g : R → L2(R) � T 2v=, ! A }� T 2v=.G � b � y � ~
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Abstract In this paper, complex-valued Ginzburg-Landau equations with random initial

data on unbounded domains are investigated. First, based on the global well-posedness of
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solution processes, the mean random dynamical system associated with such equation with

random initial data is established. Then, the existence and uniqueness of weak pullback

mean random attractors are proved, as well as the periodicity of random attractors, which

are further extended to a weighted space L2(Ω, L2
σ(R)).
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