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§1 � � � A PS�(>RE!y U = {z ∈ C : |z| < 1} rH2[�3T�����H�3gR[A' h(0) = 0, h′(0) = 1. :���� S �( A CgR>�yA'HOT��~ f , g ( U r2[��9(�n U �2[�3 ω(z): ω(0) = 0 � |ω(z)| < 1, %G
f(z) = g(ω(z)), +- f 71� g, �V f(z) ≺ g(z) (% [1–2]).fS 3 −1 6 A < B 6 1, +�3

φ(z) =
1 +Az

1 +Bz
, z ∈ U*�nH�3���;(>R!yaHj*x�$GW-H�� K(A,B) �(InH Janowski H�3T�2W

K(A,B) =
{
h ∈ A : 1 +

zh′′(z)

h′(z)
≺

1 +Az

1 +Bz
, z ∈ U

}
. (1.1)>�M�A A = −1 � B = 1 #� K(−1, 1) PD'HH�3T��A A = 2θ − 1, B =

1 (0 6 θ < 1) #��KP θ .HT K(θ)(% [3]). :���� T �( A HO�����H�3P
ĥ(z) = z −

∞∑

k=2

|ak|z
k, z ∈ U.)$��Silverman[4] Ub�?℄ T �3T�P℄�?^��XjS� KT (A,B) ≡ K(A,B)⋂

T .�n[��3 f = u(x, y) + iv(x, y) Pd� Ω �Hd9Q��3A�9A u � v gRP�P6^/
∆u =

∂2u

∂x2
+
∂2u

∂y2
= 0, ∆v =

∂2v

∂x2
+
∂2v

∂y2
= 0.�U 2021 w 2 $ 24 �-E� 2022 w 10 $ 2 �-E{hm�
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432 4 � w G A � 43 C(��>[D� D ⊂ Ω,d9Q��3K�O�H�:P f = h+g,2W h� g ( Dr2[�Xj- h P f H2[�`�g P f tY2[�`�F#�� Jf (z) = |h′(z)|2−|g′(z)|2=� f H�K�� w(z) = g′(z)
h′(z) =� f HO.� Lewy[5] �lQ��3 f ( U �PA�>��kHA�9A Jf (z) > 0, 2	(℄ |w(z)| < 1, z ∈ U.� H �(S�E>R!y U �[�d9Q��3R� SH P H Cb	>��kA'HO�����H�3w&P f = h+ g, 2W h � g Æ[�

h(z) = z +
∞∑

k=2

akz
k, g(z) =

∞∑

k=1

bkz
k, z ∈ U. (1.2)>�M��~ b1 = g′(0) = 0, + SH ≡ SH0

. 
�� SH0
⊂ SH. b�H�?Æ5$ SH0*8H�4|H��* SH *4|Y_8H (% [6]). �x U �oE�Fw&HQ�>��3OTH�0~�K"%gxTe� %T [7–16].2[�tY2[�`WQ��3H��yB�?U�D℄��F�HV� (% [17]).T [18] HV0�?℄ SH HO� S

α

H HyB��C�3gR f = h + g, |b1| = α. T
[19] H Klimek-Michalski �?℄T Ŝα H��yB��C�3gR f = h+ g ∈ SH, 2W
|b1| = α, h ∈ K. :��� Kanas-Klimek-Smȩt[20] Id℄�3T S

α

H � Ŝα H^3u��|$SU� Bloch'3H4�<Q�Kanas-Maharana-Prajapat[21] �?℄Q��3T Gα
H,���H�3w&P f = h+ g ∈ H � |b1| = α, h ∈ G, 2W G (�n^kPHH�.Kanas-Maharana-Prajapat[21]J�?7H�Z�XjIdQ��3TKT

H (α,A,B)HOR��C�3H2[�`* Janowski HH�	�*
KT

H(α,A,B) = {f = h+ g ∈ H : g′(z) = w(z)h′(z), h ∈ KT (A,B)}, (1.3)2W −1 6 A < B 6 1, w *>RE!yW�Ho�Y6P����
w(z) =

z + α

1 + αz
, 0 6 α < 1.K�D KT

H(α,A,B) ⊂ Ŝα ⊂ S
α

H, �MxZ�3T Gα
H, Ŝα � S

α

H H�n�?7 (%
[20–21]),Xj)D�Id�3T KT

H(α,A,B) H�NQO1�?��ng�H0~���^3u�� Bloch '3� pre-Schwarzian B3JW��6T�/ Kanas-Maharana-Prajapat[21] ^&S�Q��3H Bloch '3�
pre-SchwarzianB3�2nS��4GH2[�3�w�0���(N 2 /�Xjp2℄�nF�H�U�(N 3.1/�Xj5l℄�3 f ∈ KT

H(α,A,B)H Bloch'3*�4H�(N 3.2/�XjGD℄�3 f ∈ KT
H(α,A,B) :�H^3�4u����A k = 2#�u�*U�H�F#�xZ�3T KT

H(α,A,B) H,)�|$SUÆ,L2D�U��D�%� Vincent SU�Xj5l℄T KT
H(α,A,B) H pre-SchwarzianB3H[3*�4H�g�,WmT Gα

H(� Ŝα) �w�2WH4s=� (% §3.3).

§2 � Z � }P℄=fH�0~�Xj)|��a�U��| 2.1 �~ h = z −
∞∑
k=2

|ak|zk ∈ KT (A,B) � |z| = r < 1, +a_0f.Y�
(i)

∣∣∣ zh
′′(z)

h′(z)

∣∣∣ 6 (B−A)r
1−Br

, z ∈ U.

(ii) 1− B−A
1+2B−A

r 6 |h′(z)| 6 1 + B−A
1+2B−A

r, z ∈ U.

(iii) |ak| 6
B−A

k[(1+B)k−(1+A)] , k = {2, 3, · · · }.



4 � z\{ N�X R��4SIo5Iv�1� 433� �U 2.1 C (i)–(iii) 0~*InH��6�2W eh`5l�/��| 2.2 [22] (Avkhadiev-Wirths) !� f = g + h ∈ H � g′ = wh′, 2W w * U Ho�Y6P��
w(z) =

z + α

1 + αz
= c0 + c1z + c2z

2 + · · · , α ∈ (0, 1), ci ∈ C, i ∈ {1, 2, · · · }.+a_0f.Y�
(i) c0 = g′(0) = α � |ck| 6 1− |c0|2, k ∈ {1, 2, · · · }.

(ii) |r−α|
1−αr

6 |w(z)| 6 r+α
1+αr

, |z| = r < 1.

(iii) |w′(z)| 6 1−|w(z)|2

1−|z|2 , z ∈ U.

§3 � Æ v m q � �
§3.1 Bloch _�w� f P U �H�5�3�>PH Bloch semi- [3ÆS�P

‖f‖B = sup{(1− |z|2)|f ′(z)| : z ∈ U}.�~ ‖f‖B < ∞, + f Æ-P Bloch �3 (% [23]). g�Hix(lQdL#	Æ{℄J{%� (% [24–25]]).��3 f = h+ g ∈ H, + f HQ� Bloch '3P
Bf = sup

z,w∈U,z 6=w

|f(z)− f(w)|

Q(z, w)
, (3.1)2W

Q(z, w) =
1

2
log

(1 + | z−w
1−zw

|

1− | z−w
1−zw

|

)
= arctan

∣∣∣ z − w

1− zw

∣∣∣*6� z � w 8#H5�BT�2W z, w ∈ U. � Bf <∞, +- f P Bloch Q��3�X� (3.1), Colonna[26] 5l℄
Bf = sup

z∈U

(1− |z|2)(|fz(z)|+ |fz(z)|) = sup
z∈U

(1− |z|2)|h′(z)|(1 + |w(z)|). (3.2))$��}XV0Æ>�F/V�?℄Q��3H Bloch '3 (% [27]).(2�/�XjGD�3T KT
H(α,A,B) H Bloch '3H4�f| 3.1 � α ∈ (0, 1), −1 6 A < B 6 1 � |z| = r < 1. �~�3 f ∈ KT

H(α,A,B),+ f H Bloch '3 Bf *�4H��
Bf 6 (1 + α)

(1 + r0 − r20 − r30)[1 + 2B −A+ (B −A)r0]

(1 + 2B −A)(1 + αr0)
,2W r0 *^/ N (r) := {(1 − 2r − 3r2)[1 + 2B − A + (B − A)r] + (1 + r − r2 − r3)(B −

A)}(1 + 2B −A)(1 + αr)− (1 + r − r2 − r3)[1 + 2B −A+ (B −A)r](1 + 2B −A)α = 0 (
# (0, 1) rO�Hr�



434 4 � w G A � 43 C� !� f = h + g ∈ KT
H(α,A,B), +�2[�`�3 h ∈ KT (A,B). X��U

2.1–2.2 � (3.2), �
Bf = sup

z∈U

(1− |z|2)|h′(z)|(1 + |w(z)|)

6 sup
0<r<1

(1− r2)
(
1 +

B −A

1 + 2B −A
r
)(

1 +
r + α

1 + αr

)

= (1 + α) sup
0<r<1

(1 − r2)
(
1 +

B −A

1 + 2B −A
r
) 1 + r

1 + αr
. (3.3)P℄�G (3.3) C Bf H4�XjS��a�3

Q(r) = (1− r2)
(
1 +

B −A

1 + 2B −A
r
) 1 + r

1 + αr

=
(1 + r − r2 − r3)[1 + 2B −A+ (B −A)r]

(1 + 2B −A)(1 + αr)
, 0 < r < 1. (3.4)$>�8K7��3 Q(r) HB3P

Q′(r) =
N (r)

(1 + 2B −A)2(1 + αr)2
, 0 < r < 1, (3.5)2W

N (r) = {(1− 2r − 3r2)[1 + 2B −A+ (B −A)r]

+ (1 + r − r2 − r3)(B −A)}(1 + 2B −A)(1 + αr)

− (1 + r − r2 − r3)[1 + 2B −A+ (B −A)r](1 + 2B −A)α. (3.6)� (3.4) � (3.5), XjK�D��~ N (r) = 0, + Q′(r) = 0, r ∈ (0, 1). �� N (r) *
[0, 1] �x� r H[��3�'� (3.6), �

N (0) = (1 + 3B − 2A)(1 + 2B −A)− (1 + 2B −A)2α

= (1 + 2B −A)[(1 + 2B −A)(1 + α) +B −A] > 0�
N (1) = −4(1 + 2B − A+B −A)(1 + 2B −A)(1 + α)

= −4(1 + 3B − 2A)(1 + 2B −A)(1 + α) < 0.�6��`OSUK7�9(�nr r0 ∈ (0, 1), %G N (r0) = 0. )$���~Xjt5l r0 (
# (0, 1) *O�H�+ r0 *�3 Q(r) HU;9O��6�9|5l�3 N (r)x� r *>QH�2W r ∈ (0, 1), α ∈ (0, 1). P6�XjK�D
N ′(r) = {(−2− 6r)[1 + 2B −A+ (B −A)r]

+ 2(1− 2r − 3r2)(B −A)}(1 + 2B −A)(1 + αr)

= −2{(1 + 3r)[1 + 2B −A+ (B −A)r]

− (B −A)(1 − 2r − 3r2)}(1 + 2B −A)(1 + αr)

= −2(1 + 2B −A)(1 + αr)[1 +B

+ 3(3B − 2A+ 1)r + 6(B −A)r2] < 0. (3.7)



4 � z\{ N�X R��4SIo5Iv�1� 435�6�� (3.3)–(3.4) � (3.7), Xj�
Bf 6 (1 + α) sup

0<r<1
Q(r)

6 (1 + α)
(1 + r0 − r20 − r30)[1 + 2B −A+ (B −A)r0]

(1 + 2B −A)(1 + αr0)
,2W r0 *^/ N (r) = 0 (
# (0, 1) rO�Hr�5��

§3.2 ��ir��`f|��^f|2�/�Xj)GD�3T KT
H(α,A,B) H^3�4��;2A k = 2 #��4u�*U�H (%SU 3.2). F#�Xj(SU 3.3 CJB2℄�3T KT

H(α,A,B) H,)�|$0~�f| 3.2 �~ α ∈ (0, 1), −1 6 A < B 6 1 �
f = h+ g = z −

∞∑

k=2

|ak|z
k +

∞∑

k=2

bkzk ∈ KT
H(α,A,B), z ∈ U, (3.8)+a_0f.Y�

(i) A k = 2 #��
|b2| 6

1− α2

2
+

(B −A)α

2(1 + 2B −A)
.2nu�*U�H��9�3P

f(z) =





z −
B −A

2(1 + 2B −A)
z2 +

1

2
z2 −

B −A

3(1 + 2B −A)
z3, α = 0,

z −
B −A

2(1 + 2B −A)
z2 +G(z), α 6= 0,

(3.9)2W
G(z) =

[ B − A

1 + 2B −A

( 1

α2
− 1

)
−

1

α

]
z +

B −A

2α(1 + 2B −A)
z2

+
[ B −A

1 + 2B −A

( 1

α3
−

1

α

)
−

1

α2
+ 1

]
ln(1− αz), z ∈ U.

(ii) A k = {3, 4, · · · } #��
|bk| 6

1− α2

k

[
1 +

k−2∑

p=1

B −A

(1 +B)(p+ 1)− (1 +A)

]
+

(B −A)α

k[(1 +B)k − (1 +A)]
, (3.10)

(3.10) W�Hu��*U�H�� !� f = h+ g ∈ KT
H(α,A,B), +

g′(z) = w(z)h′(z), z ∈ U. (3.11)X� (3.8), (3.11) ��U 2.2, XjGD
kbk = −

k−1∑

p=0

(p+ 1)|ap+1|ck−p−1, k ∈ {2, 3, · · · }, (3.12)



436 4 � w G A � 43 C2W cs ∈ C, s ∈ {0, 1, 2, · · · }. ( (3.12) C� k = 2, +�
2b2 = −|a1|c1 − 2|a2|c0. (3.13)�P |c1| 6 1− |c0|2, ��U 2.1 � (3.13), �

2|b2| 6 |a1||c1|+ 2|a2||c0| 6 |c1|+
B −A

1 + 2B −A
|c0|

6 1− |c0|
2 +

B −A

1 + 2B −A
|c0| 6 1− α2 +

(B −A)α

1 + 2B −A
. (3.14)( (3.14), Xj�D)$ |c0| = |w(0)| = |g′(0)| = |b1| = α. -aQ�a�3 f(z) =

h(z) + g(z), 2W
h(z) = z −

B −A

2(1 + 2B −A)
z2 ∈ KT (A,B),��3 f HO.w&P

w(z) =
z − α

1− αz
, 0 6 α < 1, z ∈ U. (3.15)D� (3.11) � (3.15), Xj�

g′(z) = z
(
1−

B −A

1 + 2B −A
z
)
, α = 0 (3.16)�

g′(z) =
z − α

1− αz

(
1−

B −A

1 + 2B −A
z
)

=
[ B −A

1 + 2B − A

( 1

α2
− 1

)
−

1

α

]
+

B −A

α(1 + 2B −A)
z

+
[ B −A

1 + 2B −A

(
1−

1

α2

)
+

1

α
− α

] 1

1− αz
, α 6= 0. (3.17)W (3.16) � (3.17), XjoPW z :x�`�+

g(z) =
1

2
z2 −

B −A

3(1 + 2B −A)
z3, α = 0 (3.18)�

g(z) =
[ B −A

1 + 2B −A

( 1

α2
− 1

)
−

1

α

]
z +

B −A

2α(1 + 2B −A)
z2

+
[ B −A

1 + 2B −A

( 1

α3
−

1

α

)
−

1

α2
+ 1

]
ln(1 − αz), α 6= 0. (3.19)Xj��Zd (3.14) u�*U�H���9�3� (3.18) � (3.19) DS�0f (i) 5��-aQ�Xj5l0f (ii). � (3.12), Xj�

|bk| =
1

k

k−1∑

p=0

(p+ 1)|ap+1||ck−p−1|

=
1

k

[
|a1||ck−1|+ k|ak||c0|+

k−2∑

p=1

(p+ 1)|ap+1||ck−p−1|
]
, k ∈ {3, 4, · · · }. (3.20)���U 2.1 � (3.20), +

|bk| =
1

k
|a1||ck−1|+ |ak||c0|+

1

k

k−2∑

p=1

(p+ 1)|ap+1||ck−p−1|
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6
1− α2

k
+

(B −A)α

k[(1 +B)k − (1 +A)]

+
1− α2

k

k−2∑

p=1

B −A

(1 +B)(p+ 1)− (1 +A)

6
1− α2

k

[
1 +

k−2∑

p=1

B −A

(1 +B)(p+ 1)− (1 +A)

]

+
(B −A)α

k[(1 +B)k − (1 +A)]
. (3.21)(�k (3.21) C�Xj�D℄)$ |ck−p−1| 6 1 − |c0|2 = 1 − |b1|2 = 1 − α2. 2��0f

(ii) 5��f| 3.3 � α ∈ (0, 1), −1 6 A < B 6 1 � |z| = r < 1. �~�3 f = h + g ∈

KT
H(α,A,B), +ak0f.Y�

(i) ̥1 6 |g′(z)| 6 ̥2, 2W
̥1 =

|r − α|

1− αr

(
1−

B −A

1 + 2B −A
r
)
, ̥2 =

r + α

1 + αr

(
1 +

B −A

1 + 2B −A
r
)
.

(ii) |̥3| 6 |g(z)| 6 ̥4,

̥3 =





S2, α 6= 0,
1

2
r2 −

B −A

3(1 + 2B −A)
r3, α = 0,

̥4 =





S1, α 6= 0,
1

2
r2 +

B −A

3(1 + 2B −A)
r3, α = 0,2W

S1 =
(
−

1

α
−

B −A

1 + 2B −A

)
r +

[
1−

1

α2
+

B −A

1 + 2B −A

( 1

α3
−

1

α

)]

· ln(1− αr) +
B −A

α3(1 + 2B −A)
ln(1 + αr)�

S2 =
B −A

2α(1 + 2B −A)
r2 +

[ 1
α
+

B −A

1 + 2B −A

(
1−

1

α2

)]
r

+
[
1−

1

α2
+

B −A

α(1 + 2B −A)

( 1

α2
− 1

)]
ln(1 + αr).

(iii)
∣∣∣zg

′′(z)

g′(z)

∣∣∣ 6 (1 − α2)r

(1− αr)|r − α|
+

(B −A)r

1−Br
.� ��3 f = h+ g ∈ KT

H(α,A,B). +Xj�x^&
g′(z) = w(z)h′(z), z ∈ U. (3.22)���U 2.1–2.2 �� (3.22), ��7F

|r − α|

1− αr

(
1−

B −A

1 + 2B −A
r
)
6 |g′(z)| 6

r + α

1 + αr

(
1 +

B −A

1 + 2B −A
r
)
, (3.23)



438 4 � w G A � 43 C0f (i) 5��-aQ�Xj��Id0f (ii) � (iii). � (3.22) &HW3	BKG�
zg′′(z)

g′(z)
=
zw′(z)

w(z)
+
zh′′(z)

h′(z)
, z ∈ U (3.24)�

1 +
zg′′(z)

g′(z)
=
zw′(z)

w(z)
+ 1 +

zh′′(z)

h′(z)
, z ∈ U. (3.25)�P h ∈ KT (A,B), 2	(℄

ℜ
(
1 +

zh′′(z)

h′(z)

)
>

1 +A

1 +B
, z ∈ U. (3.26)�6���U 2.2, (3.25) � (3.26), Xj�

ℜ
(
1 +

zg′′(z)

g′(z)

)
>

1− α

1 + α
+

1 +A

1 +B
> 0 > −

1

2
,2�l�3 g *>�H (% [21]).(T [28] C�XjK�D��~�3 ψ *>�H��

m′(r) 6 |ψ′(z)| 6M ′(r), 0 6 |z| = r < 1,+ ∫ r

0

m′(t)dt 6 |ψ(z)| 6

∫ r

0

M ′(t)dt.�� (3.23), GD
|g(z)| 6

∫ r

0

t+ α

1 + αt
dt+

B −A

1 + 2B −A

∫ r

0

t2 + αt

1 + αt
dt

=





S1, α 6= 0,
1

2
r2 +

B −A

3(1 + 2B −A)
r3, α = 0,2W

S1 =
B −A

2α(1 + 2B −A)
r2 +

[ 1
α
+

B −A

1 + 2B −A

(
1−

1

α2

)]
r

+
[
1−

1

α2
+

B −A

α(1 + 2B −A)

( 1

α2
− 1

)]
ln(1 + αr).F#�

|g(z)| >
∣∣∣
∫ r

0

t− α

1− αt
dt−

B −A

1 + 2B − A

∫ r

0

t2 − αt

1− αt
dt
∣∣∣

=





|S2|, α 6= 0,
∣∣∣1
2
r2 −

B −A

3(1 + 2B −A)
r3
∣∣∣, α = 0,2W

S2 =
(
−

1

α
−

B −A

1 + 2B −A

)
r +

[
1−

1

α2
+

B −A

1 + 2B −A

( 1

α3
−

1

α

)]

· ln(1− αr) +
B −A

α3(1 + 2B −A)
ln(1 + αr),
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|w′(z)| 6

1− α2

(1 − αr)2
, |z| = r < 1. (3.27)( (3.24) � (3.27) C�%��U 2.1 � 2.2, +�

∣∣∣zg
′′(z)

g′(z)

∣∣∣ =
∣∣∣zw

′(z)

w(z)
+
zh′′(z)

h′(z)

∣∣∣

6

∣∣∣zw
′(z)

w(z)

∣∣∣+
∣∣∣zh

′′(z)

h′(z)

∣∣∣

6
(1 − α2)r

(1− αr)|r − α|
+

(B −A)r

1−Br
,0f (iii) 5��

§3.3 Pre-Schwarzian b�� f P U r2[�A�>��3�;H Schwarzian B3* Sf = (Tf )
′ − (Tf )

2

2 , 2W
Tf (z) =

f ′′(z)

f ′(z)
(3.28)* f H pre-SchwarzianB3�F#� Tf H[3S�P

‖Tf‖ = sup
z∈U

(1 − |z|2)|Tf |. (3.29)�F�2[�3H�w (% (3.28)–(3.29)),Q��3H pre-SchwarzianB3 (� SchwarzianB3) &}�oE�FHS�w& (% [29–30]).(T [31], Chuaqui-Duren-Osgood p2�aQ� pre-Schwarzian B3S��
Tf =

2∂(logλ)

∂z
, (3.30)2W λ = |h′|+ |g′|(% [28]). )$����H2��S��>PH2[�3 pre-SchwarzianB3gV	�Y��X�T [32] � (3.30), XjK�Fsgp pre-SchwarzianB3�a�

Tf =
2∂(logλ)

∂z
=
h′′

h′
+

2w′w

1 + |w|2
= Th +

2w′w

1 + |w|2
. (3.31)�6�Xj	K��/ (3.29) %�Q� pre-Schwarzian B3H[3HS���/�Xj)p2�3T KT

H(α,A,B) xZ pre-Schwarzian B3H�n�J& (%SU 3.4(i)). >�M� KT
H

(
α, 12 , 1

) Tr�3H pre-SchwarzianB3H[3H4	ÆDS (%SU 3.4(ii)).f| 3.4 � α ∈ [0, 1), −1 6 A < B, 0 6 B 6 1� |z| = r < 1. !� f ∈ KT
H(α,A,B),+�a0f.Y�

(i) � f ∈ KT
H(α,A,B), + |Tf | 6 J(r), 2W
J(r) =

B −A

1−Br
+

2(1− α2)(r + α)

(1 + αr)[(1 + r2)(1 + α2)− 4αr]
.:����~ M(r) = (1− r2)J(r), +?�9(�nr r0 ∈ (0, 1), %G M′(r) = 0.

(ii) � f ∈ KT
H

(
α, 12 , 1

)
, + f H pre-Schwarzian B3H[3*�4H���

‖Tf‖ 6
1

2
(1 + r0) + 2(1− α2)

(1 − r20)(r0 + α)

(1 + αr0)[(1 + r20)(1 + α2)− 4αr0]
,



440 4 � w G A � 43 C2W r0 *^/ T(r) = [α(1 +α2)r3 +(1− 3α2)r2 +α(α2 − 3)r+1+α2]2 +2(1−α2)[(α4 +

4α2 − 1)r4 + 4α(1−α2)r3 − 4(1+ α4)r2 + 4α(α2 − 1)r+ 1+ 4α2 − α4] = 0 (
# (0, 1) rO�Hr�� (i) !� f = h+ g ∈ KT
H(α,A,B), + h ∈ KT (A,B). ���U 2.1, Xj�

|Th| =
∣∣∣h

′′

h′

∣∣∣ 6 B −A

1−Br
, |z| = r < 1. (3.32)� (3.31) ��kH (3.32), ��GD

|Tf | =
∣∣∣h

′′

h′
+

2w′w

1 + |w|2

∣∣∣ 6 |Th|+
2|w′||w|

1 + |w|2
6
B −A

1−Br
+

2|w′||w|

1 + |w|2
. (3.33)X��U 2.2 � (3.33), +

|Tf | 6 J(r) :=
B −A

1−Br
+

2(1− α2)(r + α)

(1 + αr)[(1 + r2)(1 + α2)− 4αr]
. (3.34)d(�XjS��3 M(r) = (1− r2)J(r), 0 < r < 1, +

M′(r) = (B −A)
Br2 − 2r + B

(1−Br)2
+ 2(1− α2)

·
V(α, r)

[α(1 + α2)r3 + (1− 3α2)r2 + (α3 − 3α)r + 1 + α2]2
, (3.35)2W V(α, r) = (α4 +4α2 − 1)r4 +4α(1−α2)r3 − 4(1+α4)r2 +4α(α2 − 1)r+1+4α2 −α4.D�%� (3.35), XjK�D M′(r) = 0 A�9A H(r) = 0, 2W

H(r) = (B −A)[α(1 + α2)r3 + (1− 3α2)r2 + (α3 − 3α)r + 1 + α2]2

· (Br2 − 2r +B) + 2(1− α2)[(α4 + 4α2 − 1)r4 + 4α(1− α2)r3

− 4(1 + α4)r2 + 4α(α2 − 1)r + 1 + 4α2 − α4](1−Br)2.�P H(r) ( r ∈ [0, 1] [���
H(0) = (B −A)B(1 + α2)2 + 2(1− α2)(1 + 4α2 − α4) > 0,

H(1) = (B −A)(2B − 2)[α(1 + α2)r3 + (1 − 3α2)r2 + (α3 − 3α)r

+ 1 + α2]2 + 8(α2 − 1)(1−B)2(α2 − 1)2 < 0,�6�?�9(�n r0 ∈ (0, 1), %G H(r0) = 0.

(ii) a f ∈ KT
H(12 , 1, α). �� (3.29) � (3.34), +XjGD

‖Tf‖ = sup
0<r<1

(1− r2)|Tf |

6 sup
0<r<1

(1− r2)
[ 1

2(1− r)
+

2(1− α2)(r + α)

(1 + αr)[(1 + r2)(1 + α2)− 4αr]

]

= sup
0<r<1

[1
2
(1 + r) +

2(1− α2)(1 − r2)(r + α)

(1 + αr)[(1 + r2)(1 + α2)− 4αr]

]
. (3.36)�

F(r) =
1

2
(1 + r) +

2(1− α2)(1 − r2)(r + α)

(1 + αr)[(1 + r2)(1 + α2)− 4αr]
, 0 < r < 1. (3.37)



4 � z\{ N�X R��4SIo5Iv�1� 441�k (3.37) 	( F′(r) = 0 A�9A T(r) = 0, 2WP
T(r) =

1

2
[α(1 + α2)r3 + (1− 3α2)r2 + (α3 − 3α)r + 1 + α2]2

+ 2(1− α2)[(α4 + 4α2 − 1)r4 + 4α(1− α2)r3 − 4(1 + α4)r2

+ 4α(α2 − 1)r + 1 + 4α2 − α4]

=
1

2
[α2(1 + α2)2r6 + 2α(1 + α2)(1 − 3α2)r5

+ (2α2(1 + α2)(α2 − 3) + (1 − 3α2)2)r4

+ (2α(1 + α2)2 + 2α(α2 − 3)(1− 3α2))r3

+ (2(1 + α2)(1− 3α2) + α2(α2 − 3)2)r2

+ 2α(α2 − 3)(1 + α2)r + (1 + α2)2] + 2(1− α2)[(α4 + 4α2 − 1)r4

+ 4α(1− α2)r3 − 4(1 + α4)r2 + 4α(α2 − 1)r + 1 + 4α2 − α4].F#�X�0f (i), +2W?�9(�nr r0 ∈ (0, 1), %G F′(r0) = T(r0) = 0. a���Xj|�Æ5l T ( (0, 1) r`O*O�H�P℄2�O�Xj=|�5(
# (0, 1)r
T′(r) < 0. wS r ∈ (0, 1), � M(α) �( T(r) HB3��6�

M(α) = (3r5 − 4r3 + 17r)α6 + (18r2 − 15r4 − 7)α5

+ (6r5 − 14r3 − 28r)α4 + (−12r2 + 14− 10r4)α3

+ (3r5 + 16r3 + 21r)α2 + (5r4 + 18r2 − 11)α− (6r3 + 14r). (3.38)W 0 < r < 1, X� (3.38), Xj� M(0) = −(6r3 + 14r) < 0 � M(1) = 4(r − 1)2(3r +

1)(r2−1) < 0.d(�Xj%� VincentSUÆ5l M(α) (
# (0, 1)rZ`O (% [33]).W 0 < x < 1, S��3
V (x) = (1 + x)6M

( x

1 + x

)
= d0 + d1x+ d2x

2 + d3x
3 + d4x

4 + d5x
5 + d6x

6.�6� V (x) ��a^3�
x0 : d0 = −(6r3 + 14r) < 0,

x1 : d1 = (5r4 − 36r3) + (18r2 − 84r)− 11 < 0,

x2 : d2 = (3r5 − 55) + (25r4 − 74r3) + (90r2 − 189r) < 0,

x3 : d3 = (12r5 − 96) + (40r4 − 56r3) + (168r2 − 196r) < 0,

x4 : d4 = (r − 1)(24r4 + 44r3 + 36r2 + 180r + 68) < 0,

x5 : d5 = (r − 1)(24r4 + 4r3 + 4r2 + 76r + 20) < 0,

x6 : d6 = 4(r − 1)2(3r + 1)(r2 − 1) < 0.

(3.39)

( (3.39), XjtHD�~_ (−,−,−,−,−,−,−) (i�b����6�� VincentSU (% [33]), W�� r ∈ (0, 1), M(α) i�`O�Y� (3.39) 	�l�A α ∈ (0, 1) �
r ∈ (0, 1), � M(α) < 0, �6(
# (0, 1) r T′(r) < 0. '� (3.36), SU5��� 3.1 (i) (SU 3.1–3.4 �*	,H 3 A,B � α, ��#-GDxZQ�T
KT

H(α,A,B) HoR�FOTHg�yB�
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(ii) D�fS�nQ��32[�`(�n^k*H�2[�`��PH�3�

Kanas- Klimek-Smȩt[20] � Kanas-Maharana-Prajapat[21] `��?℄Q��3T Ŝα �
Gα
H. )$��Xjtz#�`^3H�N�

|b2(f)f∈Gα
H
| 6

1 + α− α2

2
, |b3(f)f∈Gα

H
| 6

2(1− α2)

3
+
α

6
,

|b2(f)f∈Gα
H
| 6 α+

1− α2

2
, |b3(f)f∈Gα

H
| 6 α+ 1− α2

(3.40)�
|b2(f)f∈KT

H
(α,−1,1)| 6

α

4
+

1− α2

2
6 min

{1 + α− α2

2
, α+

1− α2

2

}
,

|b3(f)f∈KT
H
(α,−1,1)| 6

α

9
+

1− α2

2
6 min

{2(1− α2)

3
+
α

6
, α+ 1− α2

}
.

(3.41)�6� (3.40) � (3.41) �l��TH^3�4�b�T [20–21] GD0~�:?��D�;S�n>0 3�	K�Zd��)b Ŝα � Gα
H �wg�,��T KT

H(α,A,B) H
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Some Bounds for a Family of Harmonic Mappings
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Abstract In this paper, the authors introduce a class of the sense-preserving complex-

valued harmonic functions f in open unit disk, and the analytic parts of f are restricted to

subordinate a fractional function whose image is symmetric with respect to the real axis.

With this class, the authors obtain the bounds on Bloch constant, coefficients estimates,

growth and distortion theorems. By specifying some crucial parameters, the authors also

prove that the norm of pre-Schwarzian derivative for the class is bounded.
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