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−△u+
κu

2
△u2 = λ|u|p−2u, x ∈ Ω,u5 u ∈ H1

0
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§1 J�GT1<C>�R�
izt = −△z +W (x)z − ρ(|z|2)z + κ

2
[△|z|2]z, x ∈ R

N , (1.1)Z� W : RN → R �P^`>6 �, ρ : R → R �P^k'2_>d��J�N�q6z~p�. 1 ρ(s) = asq x, R� (1.1) "-k81�'2sT1<iE6_�$��[1−2]. %�, 1 ρ(s) = −α − β
(a+s)3 x, R� (1.1) O�H#����LvAx6��R�[3]. aH6(���" [4–6].�"&H)A���6)k<, �!����:n ϕ(x, t) = exp(−iEt)u(x) 6�, Z� E ∈ R ` u > 0 �P^z~p�. S� ϕ E� (1.1) 1`�1 u �n)�fR�6�:

−△u+ V (x)u +
κu

2
△u2 = ρ(u2)u, x ∈ R

N , (1.2)t4 V (x) =W (x) − E �P^86 �. j? ρ(s) = s
p−2

2 , &H42
−△u+ V (x)u +

κu

2
△u2 = |u|p−2u, x ∈ R

N . (1.3)I` (1.3) �Q:Qp
I0(u) =

1

2

∫

RN

(1− κu2)|∇u|2dx+ 1

2

∫

RN

V (x)u2dx− 1

p

∫

RN

|u|pdx (1.4)�# 2022 U 9 h 6 m�3, 2023 U 3 h 21 m�3?\℄.
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114 � F U ( A � 44 '6 Euler-Lagrange R�. �� Alves 8k" [7] ��", nk κ > 0, Qp I0 k
U6P!))k9^.P. ℄a N > 3 x, Qp (1.4) k,� H1(RN ) ��i|v��G^>U6, �R;P^.P�GrP^w�6 Sobolev ,�. ;J^.P�nu�{Qp�64
1−κu2 > 0. �m�ERM/> √

1− κt2 6
2√
6
, �H{J;R� (1.3) TWO�6)k<.&�9, �H{J;R�

−div(g2(u)∇u) + g(u)g′(u)|∇u|2 + V (x)u = l(u), x ∈ R
N (1.5)TWO�6)k<, Z� κ > 0 ` g(t) =

√
1− κt2, |t| < 1√

3κ
. ,j, 1 g(t) =

√
1− κt2 `

l(t) = tp−1, 2 < p < 2∗ x, R� (1.5) ��R� (1.3). �)/, 6[ Morse L∞ f�, �H{J;)kP^�� κ0 > 0, {4Fku κ ∈ [0, κ0), �d6�E� max
x∈RN

|u| < 1√
3κ
. 0�HG^`" κ0 6&�+}. aHhaR� (1.3) 6�k��" [8–11].�"6	NM��H#n)R1<C>�R�6�w~$�:







−△u+ κ

2
u△u2 = λ|u|p−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω,

(1.6)Z� Ω � R
N �6^�ed. &HK-Qp

I1(u) =
1

2

∫

Ω

√

1− κu2dx (1.7)/�k�: ∑

α

= {u ∈ H1
0 (Ω) :

∫

Ω
|u|pdx = α} r6�5� Euler-Lagrange R� (1.6) 6�. �N�"6�t46 I1(u) �LI= I0(u) 69^.P.\Ka" [12–13], �
~

v = G(u) =

∫ u

0

g(s)ds, (1.8)t4 g(t) =
√
1− κt2, |t| 6 1√

3κ
` g(t) k |t| > 1√

3κ
x�[Z6R}`". 6[
~

(1.8) Rz, Qp I1(u) 
� J1(v) =
∫

Ω
|∇v|2dx. I`Qp J1(v) /�k

{

v ∈ H1
0 (Ω) :

∫

Ω

|G−1(v)|pdx = α
}r6�5��1<R�











−△v = λ|G−1(v)|p−2G−1(v)

g(G−1(v))
, x ∈ Ω,

v = 0, x ∈ ∂Ω

(1.9)6�. �)/, 6[" [14] �;JqW2 5.1 `"6}�U�8}��U�8}6RM,&Hm� v 6 L∞ f�, `&Hf�}��^��C�Q}6. jz, �a u = G−1(v)�R� (1.6) 6�R��8} |u|∞ 6
√
6|v|∞ < 1√

3κ
, &H`";�� κ0, α0 6+}.�"�[n)Wr: |u|p � Lp(Ω) (1 6 p < +∞) 6P�, |Ω| �ed Ω 6�D,I C �z��.	N�k�n).
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α0,1 = (120λ1CN |Ω|2a)−1|φ1|2p;

α0,2 = (1.1p(1+2a)2p(a+2)3p(1+2a)(λ1CN )p|Ω|2a(p−1))−
1

2a+p |φ1|
2p

2a+p

p κ−
ap

2a+p ,t4 2 < p < 2∗, a = 1
p
− 1

2∗ , CN �Sobolev �	��, ` λ1 s φ1 U��
� −△6;P�w~s;P�wp�. oFku6 κ > 0, �w~$�(1.6) k α < α0 := min{α0,1, α0,2}x^E� max
x∈Ω

|u(x)| <
√

1
3κ 6� (λ, u). / 1.2 t α = 1. NFnk

κ < κ0 := 18−1(1 + 12λ1|φ1|−2
p |Ω|2aCN )−

(

2+ 1
a

)

(12λ1|φ|−2
p CN )−

1
a |Ω|−

2

p′ ,Z� p′ = p
p−1 , o�w~$�(1.6) ^E� max

x∈Ω
|u(x)| <

√

1
3κ 6� (λ, u).

§2 EM�:�;�{Qp (1.7) 	46yz<, &H+Fp� √
1− κt2 �;>z.tp� g : [0,+∞) → R >U�

g(t) =



















√
1− κt2, p 0 6 t <

√

1

3κ
;

1

3
√
2κt

+

√

1

6
, p √

1

3κ
6 t.k t 6 0 x? g(t) = g(−t), o g ∈ C1

(

R,
(

√

1
6 , 1

]) ` g(t) �k (−∞, 0) r/<pIk
[0,+∞) r/<Æ6Vp�.tLQp

I(u) =
1

2

∫

Ω

g2(u)|∇u|2dx (2.1)/�k ∑

α

r6�5� Euler-LagrangeR�
{

−div(g2(u)∇u) + g′(u)g(u)|∇u|2 = λ|u|p−2u, x ∈ Ω,

u = 0, x ∈ ∂Ω
(2.2)6�. %�, ℄a^I>U6p� g(t) �^�6, &H%+Rk,� H1

0 (Ω) �ÆCY/��5$�. nkQe{JQp (2.1) /�k ∑

α

r6�5 u E� |u|∞ 6

√

1
3κ , NF

g(u) =
√
1− κu2, (It^�5p� u ℄q%�&HNr6�. O%�	, k%b:)Qp (2.1) ℄q�Qp (1.7) �` u %�R� (1.6) 6�.�;42/��5$��6)k<s L∞ f�, &H[
~

v = G(u) =

∫ u

0

g(s)dx (2.3)�Ti|Qp (2.1) }�P^i|Qp. 3X6 Euler-Lagrange R� (2.2) �x
�;P^�1<R�. t4�NJh�"6��"426 L∞ f��	� h6.
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~ G−1(t) )k�`�P^[p�. %�, �N_<6�
G,G−1 ∈ C2(R).)I6W2[7] `"; g(t) s G−1(t) 6P6�N<�.I/ 2.1 (1) lim

t→0

G−1(t)
t

= 1;

(2) lim
t→∞

G−1(t)
t

=
√
6;

(3) ∀ t > 0, F t 6 G−1(t) 6
√
6t;

(4) ∀ t > 0, F − 1
2 6

t
g(t)g

′(t) 6 0.6[
~ (2.3), dQp (2.1) k ∑

α

r/�6�5$�+R}�dQp
J(v) =

∫

Ω

|∇v|2dx (2.4)/�k ∑

α,g

= {v ∈ H1
0 (Ω) :

∫

Ω
|G−1(v)|pdx = α} r6�5$�. ℄" [15], Qp J(v) /�k ∑

α,g

r6�5+RkP^TXp�rg2, �, )k v ∈ ∑

α,g

, v(x) > 0 a.e. k Ω r, {4
J(v) = min

{

J(v) | v ∈
∑

α,g

}

,�`p� v E�
∫

Ω

[

∇v∇ψ − λ|G−1(v)|p−2G−1(v)ψ

g(G−1(v))

]

dx = 0, ∀ψ ∈ H1
0 (Ω). (2.5)

§3 L
∞ '+℄; 2 �U+})kP^�1<R�











−△v = λ
|G−1(v)|p−2G−1(v)

g(G−1(v))
, x ∈ Ω,

v = 0, x ∈ ∂Ω

(3.1)6P^TWO� v. )I&HN`" v 6 L∞ f�.F l > 0, t ψ = (v − l)+ � (2.5) 6P^�Kp�, �T2 1
g(t) 6

√
6, +4

∫

Al

|∇v|2dx = λ

∫

Al

|G−1(v)|p−2G−1(v)(v − l)+

g(G−1(v))
dx 6

√
6λ

∫

Al

|G−1(v)|p−1(v − l)dx, (3.2)Z� Al = {x ∈ Ω | v(x) > l}. [ |Al| ��w Al 6 Lebesgue �D, o
l|Al| 6

∫

Al

|v|dx 6 |v|1.j�wW2 2.1 6 (3), +4
|Al| 6 l−1|v|1 6 l−1

(

∫

Ω

|v|pdx
)

1
p |Ω|

1

p′ 6 l−1α
1
p |Ω|

1

p′ . (3.3)



2 Y  Z- uM� o��S2=D?�S 7�x�%� 117%�, ℄ Hölder �8}�W2 2.1 R� (3.2) +4
∫

Al

|∇v|2dx 6
√
6λ

(

∫

Al

|v − l|pdx
)

1
p
(

∫

Al

|G−1(v)|pdx
)

1

p′

6 6λα1− 2
p

(

∫

Al

|v − l|pdx
)

1
p
(

∫

Al

|v|pdx
)

1
p

6 6λα1− 2
p

(

∫

Al

|v − l|pdx
)

1
p
((

∫

Al

|v − l|pdx
)

1
p

+ l|Al|
1
p

)

6 6λα1− 2
p

(

∫

Al

|v − l|pdx
)

2
p

+ 6λα1− 2
p l|Al|

1
p

(

∫

Al

|v − l|pdx
)

1
p

. (3.4)`℄ Sobolev �8} |v − l|22∗ 6 CN |∇v|22 �j'6[ Hölder �8}, +4
(

∫

Al

|v − l|pdx
)

2
p

6

(

∫

Al

|v − l|2∗dx
)

p

2∗
· 2
p |Al|

(

1− p

2∗

)

2
p

6 CN |Al|2a
∫

Al

|∇v|2dx, (3.5)t4 a := 1
p
− 1

2∗ . tL, �w (3.4)–(3.5), &H^
(

∫

Al

|v − l|pdx
)

2
p

6 6λα1− 2
pCN |Al|2a

[(

∫

Al

|v − l|pdx
)

2
p

+ l|Al|
1
p

(

∫

Al

|v − l|pdx
)

1
p
]

. (3.6)p? l0 = (12λCN )
1
2aα

(

1− 2
p

)

1
2a

+ 1
p |Ω|

1

p′ , +4
6λα1− 2

pCN

(α
1
p |Ω|

1

p′

l0

)2a

=
1

2
. (3.7)V%, p l > l0, ℄ (3.3) s (3.6)–(3.7) +4

(

∫

Al

|v − l|pdx
)

1
p

6 12λα1− 2
pCN |Al|2a+

1
p l.(I

∫

Al

|v − l|dx 6

(

∫

Al

|v − l|pdx
)

1
p |Al|

1

p′

6 12λα1− 2
pCN |Al|2a+1l. (3.8))I&H�m9^W2`" |v|∞ 6f�}. ;P^W2\Ka" [14] �;Jq6W2 5.1.I/ 3.1 
t(3.8) �7�` l > l0 > 0, o�1<R�(3.1) 6� v E�

|v|∞ 6 (1 + 12λCNα
1− 2

p |Ω|2a)1+ 1
2a (12λCN )

1
2aα

1
p
+(1− 2

p
) 1
2a |Ω|

1

p′ .N )Ap� f(l) =
∫

Al
|v − l|dx. o −f ′(l) = |Al|. �R (3.8) +R[7� f(l) 6

12λα1− 2
pCN l(−f ′(l))2a+1, �

l−
1

1+2a 6 (12λα1− 2
pCN )

1
1+2a f(l)−

1
1+2a (−f ′(l)).
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l
1− 1

1+2a
max − l

1− 1
1+2a

0 6 (12λα1− 2
pCN )

1
1+2a ((f(l0))

1− 1
1+2a − (f(lmax))

1− 1
1+2a )

6 (12λα1− 2
pCN )

1
1+2a (f(l0))

1− 1
1+2a . (3.9)%�, �T2

f(l0) =

∫

Al0

|v − l0|dx 6 12λα1− 2
pCN |Ω|1+2al0. (3.10)�w (3.9)–(3.10), +4

l
2a

1+2a
max 6 l

2a
1+2a

0 + (12λα1− 2
pCN )

1
1+2a (12λα1− 2

pCN |Ω|1+2al0)
2a

1+2a .y242�8}
|v|∞ = lmax 6 (l

2a
1+2a

0 + (12λα1− 2
pCN )

1
1+2a (12λα1− 2

pCN |Ω|1+2al0)
2a

1+2a )
1+2a
2a

= (1 + 12λCNα
1− 2

p |Ω|2a)1+ 1
2a (12λCN )

1
2aα

1
p
+
(

1− 2
p

)

1
2a |Ω|

1

p′ .I/ 3.2 �1<R�(3.1) 6�w~ λ &^f�
λ 6 λ1α

2
p |φ1|−2

p ,t4 λ1 s φ1 U��
� −△ 6;P�w~s;P�wp�.N 
t λ1 s φ1 U��
� −△ 6;P�w~s;P�wp�. O%�	 λ1 s
φ1 E� −△φ1 = λ1φ1, |φ1|2 = 1 s |∇φ1|2 = λ1. �T2 ∫

Ω |G−1(0 · φ1)|pdx = 0 R�
∫

Ω

|G−1(ηφ1)|pdx > ηp
∫

Ω

|φ1|pdx = ηpα→ ∞, 1 η → ∞x.o ∫

Ω |G−1(ηφ1)|pdx ha η k [0,+∞) r68A<in;)kP^ η1 ∈ (0,+∞), {4Fa`>6 α ∈ R
+, ^ ∫

Ω
|G−1(η1φ1)|pdx = α. ℄a λ = min

{

J(v) | v ∈ ∑

α,g

}

, +4
λ 6

∫

Ω

|∇η1φ1|2dx 6 η21

∫

Ω

|∇φ1|2dx 6 η21λ1. (3.11)tL, �)/&H��f� η21 . �T2 η
p
1

∫

Ω
|φ1|pdx 6

∫

Ω
|G−1(η1φ1)|pdx = α, &H^

η
p
1 6 α(

∫

Ω
|φ|p1dx)−1, �I

η1 6 α
1
p |φ1|−1

p . (3.12)�R, �w (3.11)–(3.12), &H`";X�6�8} λ 6 λ1α
2
p |φ1|−2

p .�z, &HN�wW2 3.1–3.2 6�k`" L∞ f�:

|v|∞ 6
(

1 + 12λ1|φ1|−2
p CNα|Ω|2a

)1+ 1
2a (12λ1|φ1|−2

p CN )
1
2aα

1
p
+ 1

2a |Ω|
1

p′ . (3.13)

§4 1&"0�O4 / 1.1 �N3 �T2 ∫

Ω |u|pdx = α, ? α0,1 E�
12λ1|φ1|−2

p CNα0,1|Ω|2a 6 0.1.
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√
6|v|∞, 1 0 < α 6 α0,1 := (120λ1CN |Ω|2a)−1|φ1|2p x,^ 1 + 12λ1|φ1|−2

p CNα|Ω|2a 6 1.1 R�
|u|∞ 6

√
6|v|∞ 6

√
6(1.1)1+

1
2a (12λ1|φ1|−2

p CN )
1
2aα

1
p
+ 1

2a |Ω|
1

p′ .-kBg α0,2, E�
√
6(1.1)1+

1
2a (12λ1|φ1|−2

p CN )
1
2aα

1
p
+ 1

2a |Ω|
1

p′ 6

√

1

3κ
. (4.1)�, nk α0,2 := ((1.1)p(1+2a)2p(a+2)3p(2a+1)(λ1CN )p|Ω|2a(p−1))−

1
2a+p |φ1|

2p

p+2a

p κ−
ap

p+2a ` α <

α0 := min{α0,1, α0,2}, o�8} (4.1) �7. / 1.2 �N3 ℄a α = 1, "℄f� (3.13) s�8} |u|∞ 6
√
6|v|∞, &H+R6[�8}

|u|∞ 6
√
6(1 + 12λ1|φ1|−2

p CN |Ω|2a)1+ 1
2a (12λ1|φ1|−2

p CN )
1
2a |Ω|

1

p′ 6

√

1

3κ�E� max
x∈Ω

|u(x)| <
√

1
3κ 6 κ 6r�.� � - � = � A
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Abstract This paper considers a class of quasilinear Schrödinger equations of the form

−△u+ κu

2
△u2 = λ|u|p−2u, x ∈ Ω,

where u ∈ H1
0 (Ω), 2 < p < 2∗, κ > 0, N > 3 and Ω is a bounded domain. Combining

variational approaches with perturbation arguments, the authors prove that there exists

κ0 > 0 such that for any κ ∈ (0, κ0) this eigenvalue problem admits a solution (λ, u). More

interestingly, if the eigenvalue problem is restricted to |u|pp = α, the authors observe that for

any κ > 0, there exists α0 > 0 such that the solution of the eigenvalue problem exists under

the situation of α < α0. Particularly, the authors construct the accurate expressions of κ0

and α0 and, different from the Morse estimate, the authors use another method to show the

L∞ estimate.
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