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§2 �O�n+��z

Rm|2n = {(x, x̀) | x = (x1, · · · , xm) ∈ Rm, x̀ = (x̀1, · · · , x̀2n) ∈ Λ2n}?, �GT)a
Alg{xi; x̀j} ⊗Alg{ei; èj} = Alg{xi, ei; x̀j , èj},9? i = 1, · · · ,m; j = 1, · · · , 2n, Λ2n Z Grassmann )a, �!)a Alg{xi; x̀j} vn P ,m4�J Alg{ei; èj} vn C, P a C ?&eZ�}k0, �>)I




xixj = xjxi, i, j = 1, · · · ,m,

x̀ix̀j = −x̀j x̀i, i, j = 1, · · · , 2n,

xix̀j = x̀jxi, i = 1, · · · ,m; j = 1, · · · , 2na 



ejek + ekej = −2δjk, j, k = 1, · · · ,m,

è2j è2k − è2kè2j = 0, j, k = 1, · · · , n,

è2j−1è2k−1 − è2k−1è2j−1 = 0, j, k = 1, · · · , n,

è2j−1è2k − è2kè2j−1 = δjk, j, k = 1, · · · , n,

ej èk + èkej = 0, j = 1, · · · ,m; k = 1, · · · , 2n.+ n = 0 S, P ⊗ C ∼= Cl0,m(R).9� P ⊗ C ?}!n x = x+ x̀, 9?
x =

m∑

i=1

xiei, x̀ =

2n∑

j=1

x̀j èj. q [8], !
x2 =

n∑

j=1

x̀2j−1x̀2j −

m∑

i=1

x2i = x̀2 + x2,9? x2 = −
m∑
i=1

x2i .+�q?, v Ω ⊂ Rm\{0} n�QG� i�r, 9
� ∂Ω n�m��9}a�;0 Liapunov �.. v Sc(xei) := xi n xei 0�!�J, 9? i = 1, · · · ,m, x ∈ Rm.v
F(Ω)m|2n = {f | f : Ω⊗ Λ2n → P ⊗ C}.

Ck(Ω) 
X Ω ? k # 
�mT9^a0rd, 9? k ∈ N∗, N∗ Z32ar.v
Ck(Ω)m|2n = Ck(Ω⊗ Λ2n).>$ f ∈ C1(Ω)m|2n, JÆ9�La"� Dirac fGFv[8]:

Dxf = Dx̀f −Dxf = 2

n∑

j=1

(
è2j

∂f

∂x̀2j−1
− è2j−1

∂f

∂x̀2j

)
−

m∑

i=1

ei
∂f

∂xi
,
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fDx = −fDx̀ − fDx = −2
n∑

j=1

( f∂

∂x̀2j−1
è2j −

f∂

∂x̀2j
è2j−1

)
−

m∑

i=1

∂f

∂xi
ei.>$ f ∈ C1(Ω)m|2n, ��z?0� Euler fG9�Fv[8]:

Ef =
2n∑

j=1

x̀j
∂f

∂x̀j
+

m∑

i=1

xi
∂f

∂xi
= Ex̀f +Exf,9?

Ex̀f =

2n∑

j=1

x̀j
∂f

∂x̀j
, Exf =

m∑

i=1

xi
∂f

∂xi
.| P J�n<#?{V�z

P =

2n⊕

k=0

Pk =
(⊕

k ;Pk

)⊕(⊕

k 6Pk

)
= Po

⊕
Pe,9?

Pk = {ω ∈ P | Ex̀ω = kω, k ∈ N∗}, Po =
⊕

k ;Pk, Pe =
⊕

k 6Pk.>$ fi ∈ Pi, i = 1, · · · ,m, s+!
∂fi

∂x̀j
=





fi∂

∂x̀j
, H i n:a, j = 1, · · · , 2n,

−
fi∂

∂x̀j
, H i n5a, j = 1, · · · , 2n.

(2.1)>$ f ∈ C2(Ω)m|2n, � Dirac fG07EZ� Laplace fG:

∆f = D2
xf = 4

n∑

j=1

∂2f

∂x̀2j−1∂x̀2j
−

m∑

i=1

∂2f

∂x2i
= ∆x̀f +∆xf.1QfG0�IG�JZ

∆xf = −

m∑

i=1

∂2f

∂x2i
,hZ
60 Laplace fG, H,G�JZ

∆x̀f = 4

n∑

j=1

∂2f

∂x̀2j−1∂x̀2j
.Y} 2.1 H f ∈ C1(Ω)m|2n )I

Dxf(x) = 0 (f(x)Dx = 0),-� f Z Ω ?0L (") 3-^a.~k 2.1 [4] H f ∈ C2(Ω)m|2n, -
(Dxf(x))Dx = Dx(f(x)Dx). �� 2.1, +�q?s+� (Dxf(x))Dx % Dx(f(x)Dx) k�vn Dxf(x)Dx.



150 b � 4 � A q 44 �Y} 2.2 H f ∈ C2(Ω)m|2n )I Dxf(x)Dx = 0, -� f Z Ω ?0#3-^a.Y} 2.3 H f ∈ C2(Ω)m|2n )I ∆f(x) = 0, -� f Z Ω ?08a^a.~k 2.2 [14] H f, g ∈ C1(Ω)m|0, -
Dx(f(x)g(x)) = (Dxf(x))g(x) +

m∑

i=1

eif(x)
∂g(x)

∂xi
,

(f(x)g(x))Dx =
m∑

i=1

∂f(x)

∂xi
g(x)ei + f(x)(g(x)Dx).>$D�0 f ∈ C2(Ω)m|2n ⊗ C, 9�+ Ω⊗ Λ2n J0oJFv:

∫

Ω⊗Λ2n

f =

∫

Ω

dx

∫

B

f =

∫

B

∫

Ω

fdx,9?
dx = dx1 ∧ · · · ∧ dxm,

∫

B

f = π−n ∂2nf

∂x̀2n · · ·∂x̀1
.~k 2.3 [7] LG��r Σ ⊂ Ω, Σ ⊂ Γ n�Q m o(!Yj
� ∂Σ 0�m�;9}0&�, β ∈ Λ2n, H f, g ∈ C1(Σ)m|2n ⊗ C, -

∫

Σ

∫

B

[(fβ̂Dx)g + fβ(Dxg)]dx = −

∫

∂Σ

∫

B

fβdσxg +

∫

Σ

∫

B

f(βDx̀)gdx,9?VGL
0 fβ̂Dx 
X� Dirac fG Dx %"�:M�+ f J, M�0�\% β z�, dσx =
m∑
i=1

(−1)i−1eidx̂i, dx̂i = dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxm, i = 1, 2, · · · ,m.mt 2.1 H f ∈ Pe A9$ R⊗ Λ2n ?, -
Dxf(x) = f(x)Dx.� T�2V (2.1) �.

Dxf = Dx̀f −Dxf = 2

n∑

j=1

(
è2j

∂f

∂x̀2j−1
− è2j−1

∂f

∂x̀2j

)
−

m∑

i=1

ei
∂f

∂xi

= −2

n∑

j=1

( f∂

∂x̀2j−1
è2j −

f∂

∂x̀2j
è2j−1

)
−

m∑

i=1

∂f

∂xi
ei = fDx.mt 2.2 H f ∈ Pe Z�Q9�$ Ω ?A9+ R⊗ Λ2n J0#3-^a, - f Z Ω?08a^a.mt 2.3 L3-^aa"3-^a�Z#3-^a.mt 2.4 H f ∈ C3(Ω)m|2n Z�Q#3-^a, - f + Ω ?)I

(Dx)
3f(x) = f(x)(Dx)

3 = 0.k��7, f Z Ω ?0

 3-3-^a.� �n f Z�Q#3-^a, s+!
Dxf(x)Dx = 0,
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(Dx)

3f(x) = Dx(∆f(x)) = Dxf(x)∆ = (Dxf(x)Dx)Dx = 0.�d5, s+!
f(x)(Dx)

3 = 0.mt 2.5 + Ω ?0*�Q#3-^a f ∈ C4(Ω)m|2n ;Z Ω ?0
8a^a, th+ Ω ?)IE�
(∆x)

2f(x) = 0.

§3 V��brX Cauchy e\_pY} 3.1 H f ∈ C1(Ω)m|0 )I
Dxf(x) = δ(x),9? δ(x) Z Dirac ^a, -� f Z Dirac fG Dx 0m��.~k 3.1 [15] Laplace fG�IG�J0#- (∆x)

l 0m��Z v
m|0
2l (x), >)I

(∆x)
jv

m|0
2l (x) = v

m|0
2l−2j(x), j < l, j, l ∈ N∗,

(∆x)
lv

m|0
2l (x) = δ(x), l ∈ N∗,9? v

m|0
2l (x) 
XFv:

v
m|0
2l (x) =





r2l−m

γl−1
, m = 2k − 1,

r2l−m

γ́l−1
, m = 2k, l < k,

−r2l−m log r

γ́l−1
+ Cl−k

γ́l−1
r2l−m, m = 2k, l > k,9? r =

√
−x2, C0 = 0, Cl =

l∑
j=1

1
2j +

l+k−1∑
j=k

1
2j ,

γt = (−1)t+1(2−m)4tt!
Γ
(
t+ 2− m

2

)

Γ
(
2− m

2

) 2π
m
2

Γ
(
m
2

) , m = 2k − 1,

γ́t =





(−1)t(2−m)4tt!
(k − 2)!

(k − t− 2)!

2π
m
2

Γ(m2 )
, m = 2k, k > 1, t < k − 1,

(−1)t+1(2−m)4t(k − 2)!t!(t+ 1− k)!
π

m
2

Γ(m2 )
, m = 2k, k > 1, t > k − 1,

γ́t = 4t(t!)2
2π

m
2

Γ(m2 )
, m = 2,9? k ∈ N∗, t = l − 1.� 3.1 (1) +�� 3.1 ?, v

m|0
2k+2(x− y) Z�% r =

√
−x2 !X0T9^a.
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(2) %

v
m|0
2k+1(x) = −Dxv

m|0
2k+2(x) = −v

m|0
2k+2(x)Dx,- v

m|0
2k+1(x) ∈ Rm, 9? k ∈ N∗.

(3)  �� 3.1, s+!
Dxv

m|0
2k+1(x) = v

m|0
2k+1(x)Dx = −v

m|0
2k (x), k ∈ N∗.Y} 3.2 H f ∈ C1(Ω)m|0 )I

Dxf(x) = δ(x),9?
δ(x) = δ(x)

πn

n!
x̀2n,-� f Z� Dirac fG Dx 0m��.~k 3.2 [8] L (") � Dirac fG Dx 0m��Z

v
m|2n
1 (x) =

n−1∑

k=0

2
4kk!

(n− k − 1)!
v
m|0
2k+2(x)x̀

2n−2k−1 +

n∑

k=0

4kk!

(n− k)!
v
m|0
2k+1(x)x̀

2n−2k. (3.1)~k 3.3 [6] � Laplace fG ∆ 0m��Z
v
m|2n
2 (x) =

n∑

k=0

4kk!

(n− k)!
v
m|0
2k+2(x)x̀

2n−2k, k ∈ N∗. (3.2)~k 3.4 [8] % f ∈ C1(Ω)m|0, y ∈ Ω > B(y,R) Z Ω ?� y n���n R 0?, -!v$�(��:

lim
R→0+

∫

B(y,R)

v
m|0
k (x− y)f(x)dx = 0, ∀k ∈ N∗,

lim
R→0+

∫

∂B(y,R)

v
m|0
k (x− y)dσxf(x) =

{
−f(y), k = 1,

0, ∀k > 1, k ∈ N∗.~k 3.5 [7] (Cauchy-Pompeiu VV) H f ∈ C1(Ω)m|2n, -∫

∂Ω

∫

B

v
m|2n
1 (x − y)dσxf(x) +

∫

Ω

∫

B

v
m|2n
1 (x− y)(Dxf(x))dx

=

{
−f(y), y ∈ Ω,

0, y ∈ Rn\Ω.%�� 3.5 05/�d, s+!Fv�(.Yk 3.1 (Cauchy-Pompeiu VV) H f ∈ C1(Ω)m|2n, -∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y) +

∫

Ω

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx

=

{
−f(y), y ∈ Ω,

0, y ∈ Rn\Ω.
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(1)

Dx((f(x)Dx)(x− y)) = (Dxf(x)Dx)(x− y)−

m∑

i=1

ei(f(x)Dx)ei.

(2)

x̀2n+2Dx((f(x)Dx)(x̀ − ỳ))− x̀2n+2(Dxf(x)Dx)(x̀ − ỳ)

= 2

n∑

j=1

(è2j(f(x)Dx)x̀2n+2è2j−1 − è2j−1(f(x)Dx)x̀2n+2 è2j).� T��� 2.2, s+!
(1)

Dx((f(x)Dx)(x − y)) = (Dxf(x)Dx)(x− y)−

m∑

i=1

ei(f(x)Dx)
∂(x− y)

∂xi

= (Dxf(x)Dx)(x− y)−

m∑

i=1

ei(f(x)Dx)ei.

(2)

x̀2n+2Dx((f(x)Dx)(x̀− ỳ))− x̀2n+2(Dxf(x)Dx)(x̀− ỳ)

= 2

m∑

j=1

(
e2j(f(x)Dx)x̀2n+2

∂(x̀− ỳ)

∂x̀2j
− e2j(f(x)Dx)x̀2n+2

∂(x̀− ỳ)

∂x̀2j−1

)

= 2
n∑

j=1

(è2j(f(x)Dx)x̀2n+2è2j−1 − è2j−1(f(x)Dx)x̀2n+2è2j).Yk 3.3 v$2V��:

(1)

v
m|2n
1 (x− y)ei + eiv

m|2n
1 (x− y)

= 2

n∑

k=0

4kk!

(n− k)!
Sc(v

m|0
2k+1(x− y)ei)(x̀ − ỳ)2n−2k, i = 1, · · · ,m.

(2)

v
m|2n
1 (x− y)x̀2n+1è2j − x̀2n+1è2j−1v

m|2n
1 (x− y)

= 2

n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀ − ỳ)2n−2k−2(x̀2j−1 − ỳ2j−1)x̀2n+1, j = 1, · · · , n.

(3)

v
m|2n
1 (x− y)x̀2n+1è2j−1 + x̀2n+1è2j−1v

m|2n
1 (x− y)

= −2

n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x − y)(x̀ − ỳ)2n−2k−2(x̀2j − ỳ2j)x̀2n+1, j = 1, · · · , n.� T�D 3.1 a2V (3.1), s+!
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(1)

v
m|2n
1 (x− y)ei + eiv

m|2n
1 (x− y)

=

n∑

k=0

4kk!

(n− k)!
(v

m|0
2k+1(x − y)ei + eiv

m|0
2k+1(x− y))(x̀− ỳ)2n−2k

= 2

n∑

k=0

4kk!

(n− k)!
Sc(v

m|0
2k+1(x− y)ei)(x̀− ỳ)2n−2k.

(2)

v
m|2n
1 (x− y)x̀2n+1è2j + x̀2n+1è2jv

m|2n
1 (x− y)

=

n−1∑

k=0

2
4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀− ỳ)2n−2k−1è2j x̀2n+1

+
n∑

k=0

4kk!

(n− k)!
v
m|0
2k+1(x− y)x̀2n+1è2j(x̀− ỳ)2n−2k

−

n−1∑

k=0

2
4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)è2j(x̀− ỳ)2n−2k−1x̀2n+1

−

n∑

k=0

4kk!

(n− k)!
v
m|0
2k+1(x− y)x̀2n+1è2j(x̀− ỳ)2n−2k

=

n−1∑

k=0

2
4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀− ỳ)2n−2k−2(x̀2j−1 − ỳ2j−1)(è2j−1 è2j − è2j è2j−1)x̀2n+1

= 2
n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀− ỳ)2n−2k−2(x̀2j−1 − ỳ2j−1)x̀2n+1.% (2) 05/�d, 8��. (3) ��.Yk 3.4 (Cauchy-Pompeiu VV) H f ∈ C2(Ω)m|2n, -

1

2

∫

Ω

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x − y)dx

+
1

2

∫

∂Ω

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x − y))

−

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y)−

1

2

m∑

i=1

ei

(∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
ei

−
1

2

m∑

i=1

ei

( ∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

−
n∑

j=1

x̀2n+1è2j−1

( ∫

Ω

∫

B

v
m|2n
2 (x − y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1

−

n∑

j=1

x̀2n+1è2j−1

( ∫

∂Ω

∫

B

v
m|2n
2 (x − y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1
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+
n∑

j=1

x̀2n+1è2j

( ∫

Ω

∫

B

v
m|2n
2 (x − y)(Dxf(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

+
n∑

j=1

x̀2n+1è2j

( ∫

∂Ω

∫

B

v
m|2n
2 (x − y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1

=

{
f(y), y ∈ Ω,

0, y ∈ Rn\Ω.
(3.3)� (i) H y ∈ Ω, A δ > 0, U.

B(y,δ) := {x ∈ Rm : |x− y| < δ} ⊂ Ω.v Ωδ = Ω\B(y,δ),

I =

∫

Ωδ

∫

B

m∑

i=1

v
m|2n
1 (x − y)ei(f(x)Dx)eidx

+ 2

∫

Ωδ

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1è2j−1(f(x)Dx)x̀2n+2è2j

∂2

∂x̀2n+2∂x̀2n+1
dx

− 2

∫

Ωδ

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1è2j(f(x)Dx)x̀2n+2è2j−1

∂2

∂x̀2n+2∂x̀2n+1
dx. (3.4) 2V (3.4), 9� 3.2 �s�� 2.3, s+!

I =

∫

Ωδ

∫

B

v
m|2n
1 (x− y)((Dxf(x)Dx)(x − y)−Dx((f(x)Dx)(x− y)))dx

+

∫

Ωδ

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1x̀2n+2(Dxf(x)Dx)(x̀ − ỳ)

∂2

∂x̀2n+2∂x̀2n+1
dx

−

∫

Ωδ

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1x̀2n+2(Dx((f(x)Dx)(x̀− ỳ)))

∂2

∂x̀2n+2∂x̀2n+1
dx

=

∫

Ωδ

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x − y)dx

−

∫

Ωδ

∫

B

v
m|2n
1 (x − y)(Dx((f(x)Dx)(x − y)))dx

=

∫

Ωδ

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x − y)dx

+

∫

∂Ωδ

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x − y)). (3.5)T�2V (3.4), 9� 3.3 �s+ (3.1) ? v

m|2n
1 (x− y) 0
&V, s+!

I =

∫

Ωδ

∫

B

m∑

i=1

(
− eiv

m|2n
1 (x− y)(f(x)Dx)ei

+ 2
n∑

k=0

4kk!

(n− k)!
Sc(v

m|0
2k+1(x− y)ei)(x̀ − ỳ)2n−2k(f(x)Dx)ei

)
dx

+ 2

∫

Ωδ

∫

B

n∑

j=1

(
− x̀2n+1è2j−1v

m|2n
1 (x− y)
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− 2

n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀ − ỳ)2n−2k−2(x̀2j − ỳ2j)x̀2n+1

)
(f(x)Dx)è2j

∂

∂x̀2n+1
dx

− 2

∫

Ωδ

∫

B

n∑

j=1

(
− x̀2n+1è2jv

m|2n
1 (x− y)

+ 2

n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀ − ỳ)2n−2k−2(x̀2j−1 − ỳ2j−1)x̀2n+1

)

· (f(x)Dx)è2j−1
∂

∂x̀2n+1
dx

= −

m∑

i=1

ei

(∫

Ωδ

∫

B

v
m|2n
1 (x− y)(f(x)Dx)dx

)
ei

− 2

∫

Ωδ

∫

B

(f(x)Dx)

n∑

k=0

4kk!

(n− k)!
v
m|0
2k+1(x− y)(x̀− ỳ)2n−2kdx

− 2

n∑

j=1

x̀2n+1è2j−1

(∫

Ωδ

∫

B

v
m|2n
1 (x − y)(f(x)Dx)dx

)
è2j

∂

∂x̀2n+1

− 4

∫

Ωδ

∫

B

(f(x)Dx)

n−1∑

k=0

4kk!

(n− k − 1)!
v
m|0
2k+2(x− y)(x̀− ỳ)2n−2k−1dx

+ 2
n∑

j=1

x̀2n+1è2j

(∫

Ωδ

∫

B

v
m|2n
1 (x − y)(f(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

= −

m∑

i=1

ei

(∫

Ωδ

∫

B

v
m|2n
1 (x− y)(f(x)Dx)dx

)
ei − 2

∫

Ωδ

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx

− 2

n∑

j=1

x̀2n+1è2j−1

(∫

Ωδ

∫

B

v
m|2n
1 (x − y)(f(x)Dx)dx

)
è2j

∂

∂x̀2n+1

+ 2

n∑

j=1

x̀2n+1è2j

(∫

Ωδ

∫

B

v
m|2n
1 (x − y)(f(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1
. (3.6)T�2V (3.6), �� 2.3 �s

v
m|2n
2 (x− y)Dx = v

m|2n
1 (x − y),�.

I = −2

∫

Ωδ

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx

+

m∑

i=1

ei

( ∫

Ωδ

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
ei

+

m∑

i=1

ei

( ∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

+ 2
n∑

j=1

x̀2n+1è2j−1

(∫

Ωδ

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1
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+ 2
n∑

j=1

x̀2n+1è2j−1

(∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1

− 2
n∑

j=1

x̀2n+1è2j

(∫

Ωδ

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

(∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1
. (3.7) 2V (3.5) a (3.7), s+!

− 2

∫

Ωδ

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx+

m∑

i=1

ei

(∫

Ωδ

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
ei

+
m∑

i=1

ei

( ∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

+ 2

n∑

j=1

x̀2n+1è2j−1

(∫

Ωδ

∫

B

v
m|2n
2 (x − y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1

+ 2

n∑

j=1

x̀2n+1è2j−1

(∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

(∫

Ωδ

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

(∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1

=

∫

Ωδ

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x− y)dx

+

∫

∂Ωδ

∫

B

v
m|2n
1 (x − y)dσx((f(x)Dx)(x− y)). (3.8)> ∫

∂Ωδ

∫

B

=

∫

∂Ω

∫

B

−

∫

∂B(y,δ)

∫

B

.���� 3.4, s+!
lim
δ→0

∫

∂B(y,δ)

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x− y))

= lim
δ→0

∫

∂B(y,δ)

∫

B

1

n!
v
m|0
1 (x− y)(x̀ − ỳ)2ndσx((f(x)Dx)(x− y))

+ lim
δ→0

∫

∂B(y,δ)

∫

B

1

n!
v
m|0
1 (x− y)(x̀− ỳ)2ndσx((f(x)Dx)(x̀− ỳ)) = 0.�d5

lim
δ→0

∫

∂B(y,δ)

v
m|2n
2 (x− y)dσx(f(x)Dx) = 0.
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lim
δ→0

∫

∂Ωδ

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x− y))

=

∫

∂Ω

∫

B

v
m|2n
1 (x − y)dσx((f(x)Dx)(x− y)),

lim
δ→0

∫

∂Ωδ

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx) =

∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx).#

lim
δ→0

∫

Ωδ

∫

B

=

∫

Ω

∫

B

.+2V (3.8) ?A δ → 0, s+!
− 2

∫

Ω

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx+

m∑

i=1

ei

(∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
ei

+

m∑

i=1

ei

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

+ 2
n∑

j=1

x̀2n+1è2j−1

( ∫

Ω

∫

B

v
m|2n
2 (x − y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1

+ 2

n∑

j=1

x̀2n+1è2j−1

( ∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

( ∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

( ∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1

=

∫

Ωδ

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x − y)dx

+

∫

∂Ω

∫

B

v
m|2n
1 (x − y)dσx((f(x)Dx)(x− y)). (3.9)��9� 3.1, s+!

2

∫

Ω

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx = −2

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y)− 2f(y). 2V (3.9) ��.,2V (3.3).

(ii) H y ∈ Rn\Ω, T�9� 3.2, !
∫

Ω

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x− y)dx

=

∫

Ω

∫

B

v
m|2n
1 (x− y)x̀2n+1x̀2n+2(Dxf(x)Dx)(x̀− ỳ)

∂2

∂x̀2n+2∂x̀2n+1
dx

+

∫

Ω

∫

B

v
m|2n
1 (x− y)(Dxf(x)Dx)(x− y)dx

= 2

∫

Ω

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1è2j−1(f(x)Dx)è2j

∂

∂x̀2n+1
dx
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− 2

∫

Ω

∫

B

n∑

j=1

v
m|2n
1 (x− y)x̀2n+1è2j(f(x)Dx)è2j−1

∂

∂x̀2n+1
dx

+

∫

Ω

∫

B

v
m|2n
1 (x− y)(Dx((f(x)Dx)(x̀− ỳ)))dx

+

∫

Ω

∫

B

m∑

i=1

v
m|2n
1 (x− y)ei(f(x)Dx)eidx

+

∫

Ω

∫

B

v
m|2n
1 (x− y)(Dx((f(x)Dx)(x− y)))dx

= J1 + J2 + J3 + J4 + J5. (3.10)T�2V (3.10) a�� 2.3, s+!
J3 + J5 =

∫

Ω

∫

B

v
m|2n
1 (x− y)

(
Dx((f(x)Dx)(x− y))

)
dx

= −

∫

∂Ω

∫

B

v
m|2n
1 (x − y)dσx((f(x)Dx)(x− y)). (3.11)�d2V (3.6), s+!

J1 + J2 + J4 = −2

n∑

j=1

x̀2n+1è2j−1

(∫

Ω

∫

B

v
m|2n
1 (x− y)(f(x)Dx)dx

)
è2j

∂

∂x̀2n+1

+ 2

n∑

j=1

x̀2n+1è2j

(∫

Ω

∫

B

v
m|2n
1 (x− y)(f(x)Dx)dx

)
è2j−1

∂

∂x̀2n+1

−

m∑

i=1

ei

( ∫

Ω

∫

B

v
m|2n
1 (x − y)(f(x)Dx)dx

)
ei

− 2

∫

Ω

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx. (3.12) 9� 3.1, s+!∫

Ω

∫

B

(f(x)Dx)v
m|2n
1 (x− y)dx = −

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y). (3.13)T�2V (3.12)–(3.13), �� 2.3 a

v
m|2n
2 (x− y)Dx = v

m|2n
1 (x − y),�.

J1 + J2 + J4 = 2
n∑

j=1

x̀2n+1è2j−1

(∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1

+ 2
n∑

j=1

x̀2n+1è2j−1

( ∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

( ∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
è2j

∂

∂x̀2n+1

− 2

n∑

j=1

x̀2n+1è2j

( ∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1
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+ 2

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y)

+
m∑

i=1

ei

(∫

Ω

∫

B

v
m|2n
2 (x− y)(Dxf(x)Dx)dx

)
ei

+

m∑

i=1

ei

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei. (3.14)|2V (3.11) a (3.14) )G2V (3.10), s+.,Fv�(.Yk 3.5 (Cauchy oJVV) H f ∈ C2(Ω)m|2n Z Ω ?0#3-^a, ->$D�0 y ∈ Ω, !

f(y) =
1

2

∫

∂Ω

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x− y))−

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y)

−
1

2

m∑

i=1

ei

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

−

n∑

j=1

x̀2n+1è2j−1

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1

+

n∑

j=1

x̀2n+1è2j

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1
. (3.15)Yk 3.6 (Cauchy oJ9�) H f ∈ C2(Ω)m|2n Z Ω ?0#3-^a, ->$D�0 y ∈ Rn\Ω, !

1

2

∫

∂Ω

∫

B

v
m|2n
1 (x− y)dσx((f(x)Dx)(x − y))−

∫

∂Ω

∫

B

f(x)dσxv
m|2n
1 (x− y)

−
1

2

m∑

i=1

ei

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
ei

−

n∑

j=1

x̀2n+1è2j−1

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j−1

∂

∂x̀2n+1

+

n∑

j=1

x̀2n+1è2j

(∫

∂Ω

∫

B

v
m|2n
2 (x− y)dσx(f(x)Dx)

)
è2j

∂

∂x̀2n+1
= 0. (3.16)� 3.2  $ x̀2n+1∂x̀2n+1 = 1, >$2V? x̀2n+1 a ∂x̀2n+1 :�%}kp<�M�L`, JAl3~7, t f(y) 0oJ
X�℄ x̀2n+1 a ∂x̀2n+1. k�7, (3.3) % (3.16) Z!��0. R � h � w � y
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Clifford analysis [J]. Bulletin of the Brazilian Mathematical Society, New Series, 2021,

1–17.

[14] Huang S, Qiao Y Y, Wen G C. Real and complex Clifford analysis [M]. Berlin: Springer-

Verlag, 2006.

[15] Aronszajn N, Creese T M, Lipkin L J. Polyharmonic functions [M]. New York: The

Clarendon Press, Oxford University Press, 1983.



162 b � 4 � A q 44 �
A Cauchy Integral Formula for Inframonogenic

Functions in Superspace

GAO Long1 DU Xiaojing1 XIE Yonghong2

1School of Mathematical Sciences, Hebei Normal University, Shijiazhuang 050024.

E-mail: gaolong92@126.com
2Corresponding author. School of Mathematical Sciences, Hebei Normal University,

Shijiazhuang 050024. E-mail: 15203219474@163.com; xyh1973@126.com

Abstract In this paper, first some properties for inframonogenic functions (the solution of

sandwich equationDxfDx = 0) in superspace are given. Then a Cauchy-Pompeiu formula in

superspace is proved. Finally the Cauchy integral formula and the Cauchy integral theorem

for inframonogenic functions in superspace are obtained.

Keywords Superspace, Inframonogenic functions, Cauchy-Pompeiu formula,

Cauchy integral formula, Cauchy integral theorem

2000 MR Subject Classification 30E20, 30E25, 45E05

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 44 No. 2, 2023

by ALLERTON PRESS, INC., USA


