
I � � P A �
2023, 44(2):163–198

DOI: 10.16205/j.cnki.cama.2023.0013( T ! � 
 0 	 Kirchhoff F � � � 	 5 � N+2 ' A R a ∗g � h 1 f e d 2:K �mWvmJ66uw
J Kirchhoff 
�d.	
ε(t)∂2

t u−M(‖∇u‖2)∆u+ (−∆)γ∂tu+ f(u) = g(x), γ ∈
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§1 S � I0 Ω > R
3 
I5|��9 ∂Ω IN���lQsl'y Kirchhoff ��
-�

ε(t)∂2t u−M(‖∇u‖2)∆u + (−∆)γ∂tu+ f(u) = g(x), (x, t) ∈ Ω× [τ,+∞), (1.1)

u|∂Ω = 0, u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω, (1.2)�
jY�H u = u(x, t) : Ω× [τ,+∞) → R, u0(x), u1(x) : Ω → R h
-W-0[�6)"\xH ε(t) �e���H M, f xs'y'0�
(A1) ε(t) ∈ C1(R) h?PN+59�H��xs

lim
t→+∞

ε(t) = 0. (1.3)X�L�9F&H L > 0, 9G
sup
t∈R

(|ε(t)| + |ε′(t)|) 6 L. (1.4)

(A2) M ∈ C1(R+),

M(s) >M0 > 0, ∀s ∈ R
+ (1.5)�m 2022 � 4 B 29 &CE� 2022 � 12 B 28 &CE�kn�
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νM := lim inf

s→+∞
M(s) > 0. (1.6)

(A3) f ∈ C2(R), f(0) = 0. W7%(I s ∈ R, f xs�,�\-
µf := lim inf

|s|→+∞

f(s)

s
> −λ1νM , (1.7)%�K'�\-

|f ′′(s)| 6 C0(1 + |s|p−2), 2 6 p 6 pγ = 3 + 2γ, (1.8)�
&H C0 > 0, �� λ1 hOo −∆ F Dirchlet �9\-yIM!XT[�
(A4) g ∈ L2(Ω).

(A5) (u0, u1) ∈ H1
τ xs ‖(u0, u1)‖H1

τ
6 R._ 1.1 qH'0 (A2) 
I (1.6) � (A3) 
I (1.7) SY�9F!o&H β0, xs

0 < β0 < min
{
νM
3 , 1

}
, 9G

∫ s

0

M(r)dr > (νM − β0)s− C(β0), M(s)s > (νM − β0)s− C(β0), s ∈ R
+,

〈F (s), 1〉 > − (νM − 3β0)λ1
2

‖s‖2 − C(β0),

〈f(s), s〉 > −(νM − 3β0)λ1‖s‖2 − C(β0), s ∈ R+d��
 F (s) =
∫ s
0
f(r)dr._ 1.2 qH'0 (A3)
I (1.8)SY�9F!oU&H C1,9GA 2 6 p 6 pγ = 3+2γ6�5
|f ′(s)| 6 C1(|s|+ |s|p−1)

6

{
C1|s|p−1, ) |s| > 1,

C1(1 + |s|p−1), ) |s| 6 1

6 C1(1 + |s|p−1)+d�
- (1.1)[?7SZ1{SSx`�SI53UIH�sa�D�1883� KirchhoffFl [1] 
�ElSZ1{ISS�h��0dl'y���
ρh
∂2u

∂t2
=

(
p0 +

Eh

2L

∫ L

0

(∂u
∂x

)2

dx
)∂2u
∂x2

+ f, (1.9)�
 0 < x < L, t > 0. jY�H u = u(x, t) �<{7V) x �6) t I
�k$���� E �<�A�j� ρ �<bj}U� h �<
3~�� L �<'U� p0 �<0:h�Ze� f �<de���W7COI�
-�6_
-r�3m!L�GlSZ1{ISSoZ�FSS�-
�47SSx`�2z5I>*�O9d9��|1I*
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0dl�GI5*v	ISZ1{e��SSI���
ρh
∂2u

∂t2
+ δ

∂u

∂t
=

(
p0 +

Eh

2L

∫ L

0

(∂u
∂x

)2

dx
)∂2u
∂x2

+ f, (1.10)�
 δ >v	xH�'�{�m4"\7NUI���"nt+��zFSS�-
�1}�v	�� −∆ut (, [3]). ���PI>�v	I�*�?"\NeY��"\7NeI��t�2l�v	�*v	Zd��5!fv	*h5tv	��O*hgHv	�� (−∆)γut, 0 < γ < 1. 5tv	j�4"nI��!e9;bI��|1+�I���,�;7*v	��v	Z)�47I55tv	I
-/58#-1�D�-1�D�8Y+�l�X�OI�E���460}1;j{7j��I�E+� (,
[4–10] ���{l~).'�6)"\xH ε(t) ≡ C, eF �xH�H M ≡ 1, v	�,\H γ = 0 �O
γ = 1, I
- (1.1) h*v	�O�v	�
-�{76���Ae���xs7p9K'�Op9K'6�Pata K$Fl [11–12]
Vul7I?Q��'6)Se��h�YW7=55tv	I�
-�A 0 < γ < 1

2 6� Savostianov Fl [6] 
UVl
- (1.1)Fe���7p9K'6u+o�\Hu+oI9F�
A 1
2 6 γ < 1 6� Chueshov Fl [4] 
�ElI5p9e���I Kirchhoff �
-7I.A�T��GDl�F\Hu+oI9F�
A 1

2 < γ < 1 6��^(K$Fl [5] 
VulI5)p9e���I
Kirchhoff �
-7I?Q��.A��[Gl(I>�'�
- (1.1) 

�6)"\xH ε(t), �� ε(t) hFq��5�7q6I59?PN+�H��zoZ (1.1)–(1.2) 1�Gr&5�9iD�*h66�jb�

E(t) = ε(t)

∫

Ω

|∂tu(x, t)|2dx+

∫

Ω

|∇u(x, t)|2dx,�
 ε(·) I�,��al℄&()-IuB�I9F����V)I59�uBl!Q6)V
IR5}F�hl7M6oZ�Fl [13–14] 
� Conti K$FZ�u+��y��I�4-Y1l6)"\u+oIl
���0dl6)"\u+oau�F6au�4-�Fl [15–17]
�|OVul�,�℄M
-I7F6)"\V)
I.A�T�3�{7=55tv	�7p9K'?�I�
-�A 0 < γ < 1
2 6�Fl [7] 
�w�RK$W�l6)"\u+oI9F�9UI��Hp|RY�{7 1

2 < γ < 1 6I=55tv	I Kirchhoff ��
-I7F6)"\V)
I'6)Se��h�.j5$�E�96_6�
-
R
�I5tv	��e���� Kirchhoff �eF �p7I�,�v �59uB�I9F�%�7�-I.A=��W=[l�b�Y��W7Q�Y��℄�C1.AUIv �F�BP�HI
^�6)"\u+oau�p|sTlQ��F��Z���W�loZ (1.1)–(1.2)7I?Q�9UI�%�FV) H1
0 (Ω)×L2(Ω) 
I Lipschitz g����Y�Wl�-
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W�loZ (1.1)–(1.2) I6)"\�Fu+oFV) H1
0 (Ω) × L2(Ω)
I9F��

§2 � � � V � " ��4j�;/11DI"���HV)�!�<�5��y~191l [18] 
I"���0
A = −∆, Q);h D(A) = H1

0 (Ω) ∩H2(Ω).Qs Hilbert V)u D(A
s
2 ), s ∈ R, ��h8S|�-I���`H�

〈·, ·〉
D(A

s
2 )

= 〈A s
2 ·, A s

2 ·〉, ‖u‖2
D(A

s
2 )

= ‖A s
2 · ‖2,�
 〈·, ·〉 � ‖ · ‖ g��< L2(Ω) 
I���`H�hl91
��p|+("��" Vs = D(A

s
2 ), s ∈ R, ���`Hg��<h�

〈u, v〉s =
∫

Ω

A
s
2u(x)A

s
2 v(x)dx, ‖u‖2s =

∫

Ω

|A s
2u(x)|2dx, ∀u, v ∈ Vs.I V0 = L2(Ω), D(A

s
2 ) = Vs, D(A− s

2 ) = V−s.-1 Sobolev �(Qa�SG=�(�
Vs1 →֒→֒ Vs2 , A s1 > s2 6, (2.1)%�g��(

Vs →֒L
2n

n−2s . (2.2)_6� Poincaré �K;
λs1

∫

Ω

|v|2dx 6

∫

Ω

|A s
2 v|2dx (2.3)'+d�*6�oZ (1.1)–(1.2) S%	+%yÆ;�

ε(t)∂2t u+M(‖u‖21)Au +Aγ∂tu+ f(u) = g(x), (x, t) ∈ Ω× [τ,+∞), (2.4)

u|∂Ω = 0, u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω, (2.5)�
 γ ∈
(
1
2 , 1

)
.Q)w[�XV)u

H1+ϑ
t = V1+ϑ × Vϑ,��h8�-II���`H

‖z(t)‖2
H1+ϑ

t

= ‖(u(t), ∂tu(t))‖2H1+ϑ
t

= ‖u(t)‖21+ϑ + ε(t)‖∂tu(t)‖2ϑ. (2.6)X�L�A ϑ = 0 6�w[�XV)u H1
t Q)'y�

H1
t = V1 × L2(Ω), (2.7)
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‖z(t)‖2H1

t
= ‖(u(t), ∂tu(t))‖2H1

t
= ‖u(t)‖21 + ε(t)‖∂tu(t)‖2; (2.8)A ϑ = 1 6�w[�XV)u H2

t Q)'y�
H2
t = V2 × V1, (2.9)����`Hh�

‖z(t)‖2H2
t
= ‖(u(t), ∂tu(t))‖2H2

t
= ‖u(t)‖22 + ε(t)‖∂tu(t)‖21. (2.10)6d�A ϑ > 0 6�

H1+ϑ
t →֒→֒ H1

t .hl{7I.AUIv �p|191%y/�5��Q. 2.1 [5] '� xn h59�o�� ψ ∈ C(R) h?P�H��z
ψ
(
lim inf
n→∞

xn

)
6 lim inf

n→∞
ψ(xn).Q. 2.2 [19−20] 0X,B� Y h+o BanachV)�W7 ∀T > 0,'� X →֒→֒ B →֒ Y,��

W = {u ∈ Lp([0, T ];X)|∂tu ∈ Lr([0, T ];Y )}, r > 1, 1 6 p <∞,

W1 = {u ∈ L∞([0, T ];X)|∂tu ∈ Lr([0, T ];Y )}, r > 1,�z
W →֒→֒ Lp([0, T ];B), W1 →֒→֒ C([0, T ];B).p|1�y%yl
�!�/�5��S|1177F6)"\V)I'6)Se��h�E��P 2.1 [13] 0Xt>!uh`V)�*J#HOou {U(t, τ ) : Xτ → Xt, t > τ, τ ∈ R}>!o�-�'�W%(I τ ∈ R,

(i) U(τ, τ) = Id > Xτ -I�KOo

(ii) W%(I σ ∈ R �%(I t > τ > σ, U(t, τ)U(τ, σ) = U(t, σ).0 Xt >!uh`V)�W{!o t ∈ R, Q) Xt I R- �h

Bt(R) = {z ∈ Xt|‖z‖Xt
6 R}.

distXt
(A,B) �<h8�	 A ⊂ Xt D�	 B ⊂ Xt I Hausdorff �K`��

distXt
(A,B) = sup

x∈A
distXt

(x,B) = sup
x∈A

inf
y∈B

‖x− y‖Xt
.�P 2.2 [13] '�9F&H R > 0, 9G Ct ⊂ Bt(R), ∀t ∈ R, I*59� Ct ⊂ Xt I�	u C = {Ct}t∈R >!`59I�



168 I � � P A � 44 L�P 2.3 [13] '�W%(I R0 > 0, 9F&H t0 = t0(R) 6 t, 9G
τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0),I*!`59�u Bt = {Bt(R0)}t∈R >�- U(t, τ) I6)"\uB��'��-/5!o6)"\uB���z*�->�,I��P 2.4 [13] y�u A = {At}t∈R *h�- U(t, τ) I6)"\u+o�'� A xs�

(i) {o At F Xt 
>=I

(ii) A >Z�u+I��S>!`59I���W7{o!`59u C = {Ct}t∈R �{o t ∈ R, ��

lim
τ→−∞

distXt
(U(t, τ)Cτ , At) = 0+d��. 2.1 [13] '��- U(t, τ) >.A=I���	

K = {K = {Kt}t∈R|{oKtFXt 
=,KZ�u+}>eVI��z6)"\u+o A 9F�g!���S9 A = {At}t∈R !`�Q. 2.3 [15] '��- U(·, ·) >.A=I��zS>Z�.A=I��P 2.5 [21−22] 0 {Xt}t∈R >!u Banach V)��� C = {Ct}t∈R > {Xt}t∈R I!u!`59o��p|*Q)F Xt ×Xt -I�H Φtτ (·, ·) h Cτ ×Cτ -IBP�H�'�W%(zQI t ∈ R �%(I�o {xn}∞n=1 ⊂ Cτ , 9Fo�o {xnk
}∞k=1 ⊂ {xn}∞n=1, 9G

lim
k→∞

lim
l→∞

Φtτ (xnk
, xnl

) = 0, ∀τ 6 t.p|1 C(Ct) �< Ct × Ct -BP�HI�	��. 2.2 [15] 0 U(·, ·) > {Xt}t∈R -I�-���0S/5!oZ�uB� B =

{Bt(R0)}t∈R. '�W%(I ε > 0, 9Fo�o T (ε) 6 t,ΦtT ∈ C(BT (R)), 9GW%(zQI t ∈ R,

‖U(t, T )x− U(t, T )y‖ 6 ε+ΦtT (x, y), ∀x, y ∈ BT (R),�z U(·, ·) >Z�.A=I��. 2.3 [15] 0 U(·, ·) h|17 BanachV)u {Xt}t∈R I�-�I U(·, ·) /56)"\�Fu+o A∗ = {A∗
t }t∈R, xs At =

⋂
s6t

⋃
τ6s

U(t, τ)Bτ (R), A�?A
(i) U(·, ·) /5Z�uB�u B = {Bt(R0)}t∈R;

(ii) U(·, ·) >Z�.A=I�
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�d.J7*#℄ Gv,p 169�P 2.6 [13, 23−24] �H t → Z(t) �� Z(t) ∈ Xt *h�- U(t, τ) I!oe�59}F (CBT), A�?A
(i) sup

t∈R

‖Z(t)‖Xt
<∞;

(ii) Z(t) = U(t, τ)Z(τ), ∀ τ 6 t, τ ∈ R.�P 2.7 [13, 23−24] '�WR5I τ 6 t, 5
U(t, τ)Aτ = At.I*6)"\u+o A = {At}t∈R >��I��. 2.4 [13, 23−24] '��- U(t, τ) I6)"\u+o A = {At}t∈R >��I��zS9�- U(t, τ) IR5 CBT �	!`��

A = {Z | t→ Z(t) ∈ Xt, Z(t) >�- U(t, τ) I CBT}.

§3 # 
 7 
 H U Z X HDz�p|WoZ (2.4)–(2.5) I7|1'yQ)��P 3.1 W7 τ ∈ R, '�
u ∈ L∞([τ, T ];V1), ∂tu ∈ L∞([τ, T ];L2(Ω)) ∩ L2([τ, T ];Vγ),�xs

〈ε(t)∂2t u, ω〉+M(‖u‖21)〈u, ω〉1 + 〈∂tu, ω〉γ + 〈f(u), ω〉 = 〈g(x), ω〉, ∀τ 6 t � ∀ω ∈ V1,I*\=x y = (u, ∂tu) >oZ (2.4)–(2.5) F�) [τ, T ] -I!o*7��. 3.1 '� (A1)–(A5) +d��zW{!o T > τ � γ ∈ (12 , 1), oZ (2.4)–(2.5)9F*7 y = (u, ∂tu) ∈ C([τ, T ];H1
t )∩L2([τ, T ];V2−γ ×Vγ), �� ∂2t u ∈ L∞([τ, T ];V−2γ)∩

L2([τ, T ];V−γ), xs
‖u(t)‖21 + ε(t)‖∂tu(t)‖2 + ε2(t)‖∂2t u(t)‖2−2γ

+

∫ t+1

t

(‖u(s)‖22−γ + ε2(t)‖∂2t u(s)‖2−γ)ds+
∫ t

τ

‖∂tu(s)‖2γds

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L), t > τ. (3.1)�!��7�xsyo�b�
(i) (�,�) 9F!oTd7 γ ∈ (12 , 1) IU&H R, 9G

‖(u, ∂tu)‖H1
t
6 R0, ∀t > t0(R), (3.2)�
 τ 6 t− t0(R), �� t0(R) h"\7U&H R I6U�

(ii) (�jK;) W{!o τ 6 s 6 t, yo�jK;
E(u(t), ∂tu(t)) + 2

∫ t

s

‖∂tu(r)‖2γdr = E(u(s), ∂tu(s)) +

∫ t

s

ε′(r)‖∂tu(r)‖2dr (3.3)
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E(u(t), ∂tu(t)) = ε(t)‖∂tu(t)‖2 +

∫ ‖u‖2
1

0

M(r)dr + 2〈F (u(t)), 1〉 − 2〈g, u(t)〉. (3.4)

(iii) (F*
ÆV)
I Lipschitz nQ�) 7 y = (u, ∂tu) FV) Vγ × V−γ 
>
Lipschitz g�I��

‖ũ(t)‖2γ + ε(t)‖∂tũ(t)‖2−γ +
∫ t

τ

(‖ũ(s)‖21 + ‖∂tũ(s)‖2)ds

6

(µ3

µ2
e(C̃0+C̃0C̃1)(t−τ)+C̃0C̃1

+
µ3

k
e2(C̃0+C̃0C̃1)(t−τ)+2C̃0C̃1

)
(‖ũ(τ)‖2γ + ε(τ)‖∂tũ(τ)‖2−γ), (3.5)�
 ỹ = (ũ, ∂tũ) = y1 − y2, �� yi = (ui, ∂tui) (i = 1, 2) >oZ (2.4)–(2.5) g�W-70[ (ui0 , ui1) (i = 1, 2) Iio*7���

C̃0 = C(R, β0, ‖g‖, λ1, C1, C2,M0, δ),

C̃1 = C(R, β0, ‖g‖, λ1, C1, C2,M0, L).

(iv) (t > τ 6I�FUI�) W%(I τ < qa < a 6 t 6 T (A a > 0 6 0 < q < 1, �A a < 0 6 q > 1),

(∂tu, ∂
2
t u) ∈ L∞([a, T ];Vγ × V−γ) ∩ L2([a, T ];V1 × L2(Ω))xs

‖∂tu‖2γ + ε(t)‖∂2t u‖2−γ +
∫ t+1

t

(‖∂2t u(s)‖2 + ‖∂tu(s)‖21)ds

6

( 1

µ6
+

1

k1
e2C̃0C̃1+C̃0

) C̃3

C̃2(1 + C̃1)
eC̃2C̃1

eC̃2(1+C̃1)(t−τ)

(t− τ)2
, ∀t > τ, (3.6)96_6�

u ∈ L∞([a, T ];V1+γ) ∩ L2([a, T ];V2)xs
‖u‖21+γ +

∫ t+1

t

‖u(s)‖22ds

6 C̃5e
C̃4(t−qa)(t− qa) +

C̃6

M0γ(1− γ)
eC̃4(t−qa)(t− qa)−1

+ C̃5e
C̃4(t−qa)

C̃3

k1C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(t−qa)

(qa− τ)2

+
4

5M0
e−C̃4

(
C̃5e

C̃4(t−qa)(t− qa) +
C̃6

M0γ(1− γ)
eC̃4(t−qa)(t− qa)−1

+ C̃5e
C̃4(t−qa)

C̃3

k1C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(t−qa)

(qa− τ)2
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+ C̃5 + C̃5

( 1

k1

C̃3

C̃2(1 + C̃1)
e(2C̃0+C̃2)C̃1+C̃0

eC̃2(1+C̃1)(t−τ)

(t− τ)2

))
, (3.7)�


C̃2 = C(R, β0, ‖g‖, λ1, C2, C2,M0, L, δ),

C̃3 = C(R, β0, ‖g‖, λ1, C2,M0, L, δ),

C̃4 = C(R, β0, ‖g‖, λ1, C1, C2,M0),

C̃5 = C(‖g‖,M0, L),

C̃6 = C(R, β0, ‖g‖, λ1, C2).[ p|1gr�W�Qa 3.1.�L� W��jK; (3.3).1 (2.4) 9 ∂tu ����GD
d

dt
(ε(t)‖∂tu‖2 +

∫ ‖u‖2
1

0

M(r)dr + 2〈F (u), 1〉 − 2〈g, u〉) + 2‖∂tu‖2γ = ε′(t)‖∂tu‖2.W-;F [s, t] -�g�SG (3.3) +d��Æ� W� (3.1) +d�47 ε′(t) < 0, SY
E(u(t), ∂tu(t)) + 2

∫ t

τ

‖∂tu(s)‖2γds

6 E(u0, u1)

6 C(R, β0, ‖g‖, λ1, C2), t > τ. (3.8)=8-�qH�g
[Qa� (A2), SG
∫ ‖u‖2

1

0

M(s)ds =M(ς)‖u‖21 6 max
s∈[0,‖u‖2

1
]
M(s)‖u‖21, (3.9)�
 0 6 ς 6 ‖u‖21. 4 (A3) 
I (1.8) �=�( V1 →֒→֒ Lp+1(Ω), SG

2〈F (u), 1〉 6 2C1(‖u‖2 + ‖u‖p+1
Lp+1(Ω)) 6 C2(‖u‖21 + ‖u‖p+1

1 ). (3.10)4 (A4), SY
2|〈g, u〉| 6 β0

4
‖u‖21 +

4

β0λ1
‖g‖2. (3.11)*6

E(u0, u1)

= ε(τ)‖u1‖2 +
∫ ‖u0‖

2
1

0

M(s)ds+ 2〈F (u0), 1〉 − 2〈g(x), u0〉

6 ε(τ)‖u1‖2 + max
s∈[0,‖u0‖2

1
]
M(s)‖u0‖21 + C2(‖u0‖21 + ‖u0‖p+1

1 ) +
β0

4
‖u0‖21 +

4

β0λ1
‖g‖2
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6 µ0(ε(τ)‖u1‖2 + ‖u0‖21 + ‖u0‖p+1

1 ) + C

6 C(R, β0, ‖g‖, λ1, C2),�
 µ0 = max
{
1, C2 + max

s∈[0,‖u0‖2
1
]
M(s) + β0

4

}
, C = 4

β0λ1
‖g‖2. x (3.8) +d�4l 1.1, SY

∫ ‖u(t)‖2
1

0

M(s)ds+ 2

∫

Ω

F (u)dx

> (νM − β0)‖u(t)‖21 − C(β0)− (νM − 3β0)‖u(t)‖21 − 2C(β0)

> 2β0‖u(t)‖21 − 3C(β0). (3.12)4v (3.11)–(3.12), SY
µ1‖(u(t), ∂tu(t))‖2H1

t
− C 6 E(u(t), ∂tu(t)) 6 C(R, β0, ‖g‖, λ1, C2), (3.13)�
 µ1 = min

{
1, 7β0

4

}
, C = 4

β0λ1
‖g‖2 + 3C(β0).qH (3.8) � (3.13), SG

∫ t

τ

‖∂tu(s)‖2γds 6 C(R, β0, ‖g‖, λ1, C2), t > τ. (3.14)C1�( L1+ 1
p (Ω) →֒→֒ V−1 →֒→֒ V−2γ �
- (2.4), SG
ε2(t)‖∂2t u(t)‖2−2γ

6M2(‖u(t)‖21)‖u(t)‖22−2γ + ‖∂tu(t)‖2 + ‖f(u)‖2−2γ + ‖g‖2−2γ

6 C(R, β0, ‖g‖, λ1, C2)(‖u(t)‖22−2γ + ‖∂tu(t)‖2 + ‖f(u)‖2
L

1+1
p
+ ‖g‖2)

6 C(R, β0, ‖g‖, λ1, C2)(‖u(t)‖21 + ‖u(t)‖2p1 + ‖∂tu(t)‖2 + ‖g‖2)

6 C(R, β0, ‖g‖, λ1, C2). (3.15)1 (2.4) ;9 A1−γu |���SG
d

dt
(ε(t)〈∂tu,A1−γu〉) +M(‖u‖21)‖u‖22−γ + 〈Aγ∂tu,A1−γu〉+ 〈f(u), A1−γu〉

= ε(t)‖∂tu‖21−γ + ε′(t)〈∂tu,A1−γu〉+ 〈g,A1−γu〉. (3.16)b1'0 (A2) SY
M(‖u‖21)‖u‖22−γ >M0‖u‖22−γ.y~�g�5a (3.16) ;I{!��

|〈Aγ∂tu,A1−γu〉| 6 ‖∂tu‖γ‖u‖2−γ 6
M0

4
‖u‖22−γ +

1

M0
‖∂tu‖2γ,

|ε(t)〈∂tu,A1−γu〉| 6 L‖u‖2−2γ‖∂tu‖ 6 C(λ1)L‖u‖1‖∂tu‖ 6 C(R, β0, ‖g‖, λ1, C2, L),

|ε′(t)〈∂tu,A1−γu〉| 6 L‖u‖2−2γ‖∂tu‖ 6 C(λ1)L‖u‖1‖∂tu‖ 6 C(R, β0, ‖g‖, λ1, C2, L),

|〈g,A1−γu〉| 6 ‖g‖−γ‖u‖2−γ 6
M0

4
‖u‖22−γ + C(‖g‖,M0, λ1),
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|〈f(u), A1−γu〉| 6 C1

∫

Ω

(|u|+ |u|p)|A1−γu|dx

6 C1

∫

Ω

|A 1−γ
2 u||A 1−γ

2 u|+ |u|p|A1−γu|dx

6 C(λ1, C1)‖u‖21 + C1‖A1−γu‖
L

6
3−2γ

‖u‖p
L

6p
3+2γ

6 C(R, β0, ‖g‖, λ1, C1, C2) + C2‖u‖2−γ‖u‖p
L

6p
3+2γ

6 C(R, β0, ‖g‖, λ1, C1, C2) + C2‖u‖2−γ‖u‖pL6

6 C(R, β0, ‖g‖, λ1, C1, C2) + C2‖u‖2−γ‖u‖p1

6
M0

4
‖u‖22−γ + C(R, β0, ‖g‖, λ1, C1, C2,M0), (3.17)�
 2 6 p 6 pγ = 3 + 2γ.1-Gv >( (3.16), GD

d

dt
(ε(t)〈∂tu,A1−γu〉) + M0

4
‖u‖22−γ

6
1

M0
‖∂tu‖2γ + C(R, β0, ‖g‖, λ1, C1, C2,M0, L).*6�

∫ t+1

t

‖u(s)‖22−γds

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L) +
1

M0

∫ t+1

t

‖∂tu(s)‖2γds

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L). (3.18)b1�( L
6

3+2γ →֒ V−γ � (3.18), SG
‖f(u)‖2−γ 6 C‖f(u)‖2

L
6

3+2γ

6 C(‖u‖2
L

6
3+2γ

+ ‖u‖2p
L

6p
3+2γ

)

6 C(‖u‖21 + ‖u‖2p1 )

6 C(R, β0, ‖g‖, λ1, C2),*6� f(u) ∈ L2([τ, T ];V−γ), ��
ε2(t)‖∂2t u(t)‖2−γ 6M2(‖u(t)‖21)‖u(t)‖22−γ + ‖∂tu(t)‖2γ + ‖f(u)‖2−γ + ‖g‖2−γ

6 C(R, β0, ‖g‖, λ1, C2)(‖u(t)‖22−γ + ‖∂tu(t)‖2γ + ‖g‖2)

6 C(R, β0, ‖g‖, λ1, C2)(‖u(t)‖22−γ + ‖∂tu(t)‖2γ).EqH (3.14) � (3.18), SG
∂2t u ∈ L2([τ, T ];V−γ). (3.19)4 (3.8), (3.13)–(3.15), (3.18)–(3.19), SGv (3.1).



174 I � � P A � 44 L�3� W�oZ (2.4)–(2.5) I7FV) C([τ, T ];H1
t ) ∩ L2([τ, T ];V2−γ × Vγ) 
I9F��0 yn = (un, ∂tun) >oZ (2.4)–(2.5) I7�&Yv (3.1) W Galerkin �A�o

{yn} +d�*6�9F\=x y = (u, ∂tu) ∈ L∞([τ, T ];H1
t ) ∩ L2([τ, T ];V2−γ × Vγ) �

∂2t u ∈ L∞([τ, T ];V−2γ) ∩ L2([τ, T ];V−γ), 9G
(un, ∂tun) F L∞([τ, T ];H1

t ) 
*∗Bh7 (u, ∂tu),

(un, ∂tun) F L2([τ, T ];V2−γ × Vγ) 
*Bh7 (u, ∂tu),

∂2t un F L∞([τ, T ];V−2γ) 
*∗Bh7 ∂2t u,

∂2t un F L2([τ, T ];V−γ) 
*Bh7 ∂2t u.-1+a 2.2, SG�A η : 0 < η ≪ 1 6�(un, ∂tun) F C([τ, T ];V1−η × V−η) 
Bh7 (u, ∂tu),

un F L2([τ, T ];V1) -Bh7 u,� un(x, t) F Ω× [τ, T ] 
�Æ55Bh7 u(x, t), (3.20)

∂tun F L2([τ, T ];L2(Ω)) 
Bh7 ∂tu,

f(un) F L1+ 1
p ([τ, T ];L1+ 1

p (Ω)) 
Bh7 f(u).*6�
∫ T

τ

|M(‖un(t)‖21)−M(‖u(t)‖21)|2dt

6

∫ T

τ

( ∫ 1

0

|M ′(λ‖un(t)‖21 + (1− λ)‖u(t)‖21)|2dλ | ‖un(t)‖21 − ‖u(t)‖21 |
)2

dt

6 C(R, β0, ‖g‖, λ1, C2)

∫ T

τ

(‖un(t)‖1 + ‖u(t)‖1)2‖un(t)− u(t)‖21dt

6 C(R, β0, ‖g‖, λ1, C2)

∫ T

τ

‖un(t)− u(t)‖21dt → 0.W7%(I ξ ∈ C∞
0 (Ω),

∫ T

τ

〈M(‖un(t)‖21)Aun −M(‖u(t)‖21)Au, ξ〉dt,

=

∫ T

τ

(M(‖un(t)‖21)−M(‖u(t)‖21))〈Aun, ξ〉dt+
∫ T

τ

M(‖u(t)‖21)〈Aun −Au, ξ〉dt

6 C(R, β0, ‖g‖, λ1, C2)(‖M(‖un(t)‖21)−M(‖u(t)‖21)‖L2([0,T ]) + ‖un(t)− u(t)‖L2([0,T ];V1))

→ 0.6d�W7%(I ξ ∈ C∞
0 (Ω), SG
∫ T

τ

〈f(un)− f(u), ξ〉dt,
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6 C2

∫ T

τ

(1 + ‖un‖p−1
1 + ‖u‖p−1

1 )‖un − u‖1‖ξ‖1

6 C(R, β0, ‖g‖, λ1, C2)‖un − u‖L2([τ,T ],V1) → 0.r-RG�SG�H y = (u, ∂tu) >oZ (2.4)–(2.5) I*7��xsv (3.1).y~p|1W�oZ (2.4)–(2.5) I7 y = (u, ∂tu) ∈ C([τ, T ];H1
t ).47 (u, ∂tu) ∈ C([τ, T ];V1−η × V−η) ∩L∞(τ, T ;H1

t ), SY (u, ∂tu) ∈ Cw([τ, T ];H1
t ) �

‖(u, ∂tu)‖H1
t
6 lim inf

s→t
‖(u(s), ∂tu(s))‖H1

s
.W7%(I t ∈ [τ, T ], qH (3.3) SY

lim
s→t

E(u(s), ∂tu(s)) = E(u(t), ∂tu(t)). (3.21)qH (3.21), A s → t 6�SG u(x, s) → u(x, t) a.e. x ∈ Ω. -1+a 2.1, l 1.1 � Fatou+a�SG
lim
s→t

2〈g, u(s)〉 = 2〈g, u(t)〉,

‖(u(t), ∂tu(t))‖2H1
t
6 lim inf

s→t
‖(u(s), ∂tu(s))‖2H1

s
,

∫ ‖u(t)‖2
1

0

M(r)dr 6

∫ lim inf
s→t

‖u(s)‖2
1

0

M(r)dr 6 lim inf
s→t

∫ ‖u(s)‖2
1

0

M(r)dr,

∫

Ω

(2F (u(t)) + (νM − 3β0)λ1|u(t)|2 + 2C(β0))dx

6 lim inf
s→t

∫

Ω

(2F (u(s)) + (νM − 3β0)λ1|u(s)|2 + 2C(β0))dx

6 lim inf
s→t

∫

Ω

2F (u(s))dx+ (νM − 3β0)λ1‖u‖2 + 2C(β0)|Ω|,� ∫

Ω

2F (u(t))dx 6 lim inf
s→t

∫

Ω

2F (u(s))dx.4-Gv � (3.21), 5
lim inf
s→t

(ε(s)‖∂tu(s)‖2) + lim inf
s→t

(∫ ‖u(s)‖2
1

0

M(r)dr + 2〈F (u(s)), 1〉
)

6 lim
s→t

(ε(s)‖∂tu(s)‖2 +
∫ ‖u(s)‖2

1

0

M(r)dr + 2〈F (u(s)), 1〉)

= ε(t)‖∂tu(t)‖2 +
∫ ‖u(t)‖2

1

0

M(r)dr + 2〈F (u(t)), 1〉

6 ε(t)‖∂tu(t)‖2 + lim inf
s→t

∫ ‖u(s)‖2
1

0

M(r)dr + lim inf
s→t

2〈F (u(s)), 1〉

6 lim inf
s→t

(ε(s)‖∂tu(s)‖2) + lim inf
s→t

(∫ ‖u(s)‖2
1

0

M(r)dr + 2〈F (u(s)), 1〉
)
.
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ε(t)‖∂tu(t)‖2 = lim

s→t
ε(s)‖∂tu(s)‖2. (3.22)_aSG

∫ ‖u(t)‖2
1

0

M(r)dr = lim
s→t

∫ ‖u(s)‖2
1

0

M(r)dr.�!��qH M(‖u‖21) >M0, A s→ t 6�SG
0 6M0 | ‖u(t)‖21 − ‖u(s)‖21 |6|

∫ ‖u(t)‖2
1

‖u(s)‖2
1

M(r)dr |→ 0,�
‖u(t)‖21 = lim

s→t
‖u(s)‖21. (3.23)qHV) H1

t >!`bI�f	 (3.22)–(3.23)%� (u, ∂tu) ∈ Cw([τ, T ];H1
t ),SG (u, ∂tu) ∈

C([τ, T ];H1
t ).y~W�7FV) Vγ × V−γ 
I Lipschitz nQ��0 yi(t) (i = 1, 2) >oZ (2.4)–(2.5) xs ‖yi(τ)‖H1

τ
6 R (i = 1, 2) I7�I ỹ =

(ũ, ∂tũ) = y1 − y2 xs
ε(t)∂2t ũ+

1

2
M12Aũ +

1

2
(M1 −M2)A(u1 + u2) +Aγ∂tũ+ f1 − f2 = 0,

(x, t) ∈ Ω× [τ,∞), (3.24)

ũ|∂Ω = 0, ũ(x, τ) = u10(x) − u20(x), ∂tũ(x, τ) = u11(x) − u21(x), x ∈ Ω, (3.25)�
 M12 =M1 +M2,Mi =M(‖ui‖21), � fi = f(ui), i = 1, 2.Fy~Iv 
�p|�H δ h%(�IUH�1 (3.24) ;9 2A−γ∂tũ+ 2δũ |���SG
d

dt
K(ũ, ∂tũ) + δM12‖ũ‖21 + (2− 2δε(t))‖∂tũ‖2 + δ(M1 −M2)〈A(u1 + u2), ũ〉

=

4∑

j=1

Πj + 2δε′(t)〈∂tũ, ũ〉+ ε′(t)‖∂tũ‖2−γ , (3.26)�

K(ũ, ∂tũ) = 2δε(t)〈ũ, ∂tũ〉+ ε(t)‖∂tũ‖2−γ +

1

2
M12‖ũ‖21−γ + δ‖ũ‖2γ ,

Π1 = (M ′(‖u1‖21)〈Au1, ∂tu1〉+M ′(‖u2‖21)〈Au2, ∂tu2〉)‖ũ‖21−γ ,

Π2 = (M1 −M2)〈A(u1 + u2), A
−γ∂tũ〉,

Π3 = −2〈f(u1)− f(u2), A
−γ∂tũ〉,

Π4 = −2〈f(u1)− f(u2), δũ〉.
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2∑

i=1

(Mi + |M ′
i |) 6 C(R, β0, ‖g‖, λ1, C2), (3.27)

|M1 −M2| 6 C(R, β0, ‖g‖, λ1, C2)‖ũ‖1. (3.28)qH'0 (A1) 
I (1.4) SY
2|δε(t)〈ũ, ∂tũ〉| 6 2δ2L‖ũ‖2γ +

ε(t)

2
‖∂tũ‖2−γ .I9F&H µ2, µ3, 9G

µ2(‖ũ(t)‖2γ + ε(t)‖∂tũ(t)‖2−γ) 6 K(ũ, ∂tũ) 6 µ3(‖ũ(t)‖2γ + ε(t)‖∂tũ(t)‖2−γ), (3.29)�
 µ2 = min
{
1
2 , δ − 2δ2L

}
, µ3 = max

{
3
2 , δ + 2δ2L+ C(R,β0,‖g‖,λ1,C2)

2λ2γ−1

1

}
.0

ψ1(t) =

2∑

i=1

‖∂tui‖2γ , ψ2(t) =

2∑

i=1

‖ui‖22−γ . (3.30)qH (3.1) ��$�K;SY
|2δε′(t)〈ũ, ∂tũ〉| 6

L

2
‖∂tũ‖2−γ + 2δ2L‖ũ‖2γ ,

|δ(M1 −M2)〈A(u1 + u2), ũ〉|

6 δ

1∫

0

|M ′(λ‖u1‖21 + (1− λ)‖u2‖21)|dλ|〈A(u1 + u2), ũ〉|2

6 C(R, β0, ‖g‖, λ1, C2, δ)(‖u1‖22−γ + ‖u2‖22−γ)‖ũ‖2γ
= C(R, β0, ‖g‖, λ1, C2, δ)ψ2(t)‖ũ‖2γ ,

|Π1| 6 C(R, β0, ‖g‖, λ1, C2)(‖u1‖2−γ‖∂tu1‖γ + ‖u1‖2−γ‖∂tu2‖γ)‖ũ‖21−γ
6 C(R, β0, ‖g‖, λ1, C2)(‖u1‖2−γ‖∂tu1‖γ + ‖u2‖2−γ‖∂tu2‖γ)‖ũ‖21−γ
6 C(R, β0, ‖g‖, λ1, C2)(ψ1(t) + ψ2(t))‖ũ‖2γ ,

|Π2| 6 C(R, β0, ‖g‖, λ1, C2)‖ũ‖1((‖u1‖2−γ + ‖u2‖2−γ)‖∂tũ‖−γ)

6
δM0

4
‖ũ‖21 + C(R, β0, ‖g‖, λ1, C2,M0, δ)ψ2(t)‖∂tũ‖2−γ ,

|Π3| 6 2

∫

Ω

|f(u1)− f(u2)| · |A−γ∂tũ|dx

6 2C1

∫

Ω

(1 + |u1|p−1 + |u2|p−1)|ũ||A−γ∂tũ|dx

6 2C1

( ∫

Ω

(1 + |u1|p−1 + |u2|p−1)
p+1

p−1dx
) p−1

p+1
( ∫

Ω

|ũ|p+1dx
) 1

p+1

·
(∫

Ω

|A−γ∂tũ|p+1dx
) 1

p+1

6 C1(1 + ‖u1‖p−1
Lp+1(Ω) + ‖u2‖p−1

Lp+1(Ω))(‖ũ‖
2
Lp+1(Ω) + ‖A−γ∂tũ‖2Lp+1(Ω))
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6 C(R, β0, ‖g‖, λ1, C1, C2)(‖ũ‖21−η + ‖∂tũ‖21−2γ−η)

6 δ
(M0

4
‖ũ‖21 + ‖∂tũ‖2

)
+ C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)(‖ũ‖2γ + ‖∂tũ‖2−γ),

|Π4| 6 2

∫

Ω

|f(u1)− f(u2)| · |δũ|dx

6 2C1δ

∫

Ω

(1 + |u1|p−1 + |u2|p−1)|ũ|2dx

6 2C1δ
( ∫

Ω

(1 + |u1|p−1 + |u2|p−1)
p+1

p−1dx
) p−1

p+1
( ∫

Ω

|ũ|p+1dx
) 2

p+1

6 2C1δ(1 + ‖u1‖p−1
Lp+1(Ω) + ‖u2‖p−1

Lp+1(Ω))(‖ũ‖
2
Lp+1(Ω))

6 C(R, β0, ‖g‖, λ1, C1, C2, δ)‖ũ‖21−η

6
δM0

4
‖ũ‖21 + C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)‖ũ‖2γ ,�
�A 0 < η ≪ 1 6�p|91l Sobolev �(� V1−η →֒ Lp+1(Ω).1%-v >( (3.26) ;�SG

d

dt
K(ũ, ∂tũ) + k(‖ũ‖21 + ‖∂tũ‖2)

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)(1 + ψ1(t) + ψ2(t))K(ũ, ∂tũ)

= C̃0(1 + ψ1(t) + ψ2(t))K(ũ, ∂tũ), (3.31)�
 k = min
{

5δM0

4 , 2− 2δL− δ
} �� C̃0 = C(R, β0, ‖g‖, λ1, C1, C2,M0, δ).1 (3.31) ;,% e−C̃0

∫
t

τ
(1+ψ1(r)+ψ2(r))dr ��F [τ, T ] -�g�SG

µ2(‖ũ(t)‖2γ + ε(t)‖∂tũ(t)‖2−γ) + k

∫ t

τ

e−C̃0

∫
s

τ
(1+ψ1(r)+ψ2(r))dr(‖ũ(s)‖21 + ‖∂tũ(s)‖2)ds

6 eC̃0

∫
t

τ
(1+ψ1(r)+ψ2(r))drµ3(‖ũ(τ)‖2γ + ε(τ)‖∂tũ(τ)‖2−γ)

6 e(C̃0+C̃0C̃1)(t−τ)+C̃0C̃1µ3(‖ũ(τ)‖2γ + ε(τ)‖∂tũ(τ)‖2−γ),�

∫ t

τ

‖∂tui(s)‖2γds 6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L) = C̃1,

∫ t+1

t

‖ui(s)‖22−γds 6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L) = C̃1.�!��p|S%GD (3.5) ;��9� p|1W�oZ (2.4)–(2.5) I7I�,��0 K1(u, ∂tu) = E(u, ∂tu) + 2δε(t)〈∂tu, u〉.qHv 
2|δε(t)〈u, ∂tu〉| 6

2δ2L

λ1
‖u‖21 +

ε(t)

2
‖∂tu‖2�v (3.1) ;�I9F&H µ4, µ5, 9G

µ4‖(u, ∂tu)‖2H1
t
− C3 6 K1(u, ∂tu) 6 µ5‖(u, ∂tu)‖2H1

t
+ C(R, β0, ‖g‖, λ1, C2), (3.32)
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 µ4 = min
{
1
2 ,

7β0

4 − 2δ2L
λ1

}
, µ5 = max

{
1
2 ,

2δ2L
λ1

}
, C3 = 4

β0λ1
‖g‖2 + 3C(β0).1 (2.4) ;,% 2∂tu+ 2δu �F Ω -�g�SG

d

dt
(K1(u, ∂tu) + C3) + δ(K1(u, ∂tu) + C3) + 2δ(M(‖u‖21)‖u‖21 + 〈f(u), u〉) + 2δ〈Aγ∂tu, u〉

+ 2‖∂tu‖2γ − (3δε(t)‖∂tu‖2 + 2(δε′(t) + δ2ε(t))〈u, ∂tu〉+ ε′(t)‖∂tu‖2)

= δ

∫ ‖u‖2
1

0

M(s)ds+ 2δ〈F (u), 1〉+ δC3. (3.33)|"
2|δ2ε(t)〈u, ∂tu〉| 6

2δ3L

λ1
‖u‖21 +

δL

2
‖∂tu‖2, (3.34)

2|δε′(t)〈u, ∂tu〉| 6
2δ

3
2L

λ1
‖u‖21 +

δ
1
2L

2
‖∂tu‖2. (3.35)4v (3.1) � (3.9)–(3.10), SG

δ

∫ ‖u‖2
1

0

M(s)ds+ 2δ〈F (u), 1〉+ δC3 6 C(R, β0, ‖g‖, λ1, C2, C3, δ).&Y
|2δ〈Aγ∂tu, u〉| 6 ‖∂tu‖2γ +

δ2

λ
1−γ
1

‖u‖21,

‖∂tu‖2γ > λ
γ
1‖∂tu‖2,

2δM(‖u‖21)‖u‖21 + 2δ〈f(u), u〉

> 2δ(νM − β0)‖u‖21 − 2δC(β0) + 2δ(−(νM − 3β0))‖u‖21 − 2δC(β0)

> 4δβ0‖u‖21 − 4δC(β0).1-Gv >( (3.33), GD
d

dt
(K1(u, ∂tu) + C3) + δ(K1(u, ∂tu) + C3) + Υ(u, ∂tu)

6 C(R, β0, ‖g‖, λ1, C2, C3, δ), (3.36)�

Υ(u, ∂tu) =

(
4δβ0 −

2δ3L

λ1
− 2δ

3
2L

λ1
− δ2

λ
1−γ
1

)
‖u‖21

+
(
λ
γ
1 − δL

2
− δ

1
2L

2
− 4δL

)
‖∂tu‖2 > 0.qH (3.32) � (3.36), SWGoZ (2.4)–(2.5) 7I�,���?� W�oZ (2.4)–(2.5) I7I�FUI��1 (2.4) ;{7 t �CH���r v = ∂tu, SG

ε(t)∂2t v + ε′(t)∂tv +M(‖u‖21)Av + 2M ′(‖u‖21)〈A
1
2 u,A

1
2 ∂tu〉Au

+Aγ∂tv + f ′(u)v = 0. (3.37)



180 I � � P A � 44 L1 (3.37) ;,% A−γ∂tv + δv ��F Ω -�g�SG
d

dt
K2(v(t), ∂tv(t)) + 2δM0‖v‖21 + 2(1− δε(t))‖∂tv‖2 6

5∑

i=1

Γi, (3.38)�

K2(v, ∂tv) = 2δε(t)〈∂tv, v〉+ ε(t)‖∂tv‖2−γ +M(‖u‖21)‖v‖21−γ + δ‖v‖2γ ,

Γ1 = 2δε′(t)〈∂tv, v〉,

Γ2 = −2〈ε′(t)∂tv,A−γ∂tv + δv〉,

Γ3 = 2M ′(‖u‖21)〈A
1
2 u,A

1
2 ∂tu〉‖v‖21−γ ,

Γ4 = −4M ′(‖u‖21)〈A
1
2u,A

1
2 ∂tu〉〈Au,A−γ∂tv + δv〉,

Γ5 = −2〈f ′(u)v,A−γ∂tv + δv〉.qH Hölder �K;�SG
2|δε(t)〈∂tv, v〉| 6 2δ2L‖v‖2γ +

1

2
ε(t)‖∂tv‖2−γ .*6�9F&H µ6 � µ7, 9G

µ6(‖v‖2γ + ε(t)‖∂tv‖2−γ) 6 K2(v, ∂tv) 6 µ7(‖v‖2γ + ε(t)‖∂tv‖2−γ), (3.39)�
 µ6 = min
{
1
2 , δ − 2δ2L

}
, µ7 = max

{
3
2 , δ + 2δ2L+ C(R,β0,‖g‖,λ1,C2)

λ
2γ−1

1

}
." ψ3(t) = ‖∂tu‖2γ , ψ4(t) = ‖u‖22−γ. b1v (3.1) � Poincaré �K;�SG

|Γ1| 6 2δ
3
2L‖v‖21 +

1

2λ1
δ

1
2L‖∂tv‖2,

|Γ2| 6 2L‖∂tv‖2−γ + 2δ
3
2L‖v‖21 +

1

2λ1
δ

1
2L‖∂tv‖2,

|Γ3| 6 C(R, β0, ‖g‖, λ1, C2, δ)‖u‖2−γ‖v‖γ‖v‖21−γ
6 C(R, β0, ‖g‖, λ1, C2, δ)(ψ3(t) + ψ4(t))‖v‖2γ ,

|Γ4| 6 C(R, β0, ‖g‖, λ1, C2)‖v‖1〈Au,A−γ∂tv + δv〉

6
δM0

2
‖v‖21 + C(R, β0, ‖g‖, λ1, C2,M0, δ)ψ4(t)(‖v‖2γ + ‖∂tv‖2−γ). (3.40)47e��� f IK'\H 2 6 p 6 3 + 2γ, SY

|Γ5| 6 2C1

∫

Ω

(|1 + |u|p−1)|v||δv +A−γ∂tv|dx

6 2C1(1 + ‖u‖p−1
Lp+1)‖v‖Lp+1(δ‖v‖Lp+1 + ‖A−γ∂tv‖Lp+1)

6 C(R, β0, ‖g‖, λ1, C1, C2, δ)(‖v‖21−δ + ‖∂tv‖21−2γ−η)

6 δ‖∂tv‖2 +
δM0

2
‖v‖21 + C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)(‖v‖2γ + ‖∂tv‖2−γ), (3.41)�
�p|1Dl'0 (A3) 
I (1.8) ��( V1−η →֒ Lp+1(Ω) (0 < η ≪ 1).1-Gv >( (3.37), SG

d

dt
K2(v(t), ∂tv(t)) + k1(‖v‖21 + ‖∂tv‖2)
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6 C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)(1 + ψ3(t) + ψ4(t))K2(v(t), ∂tv(t)), (3.42)�
 k1 = min
{
δM0 − 4δ

3
2L, 2− 2δL− 1

λ1
δ

1
2L− δ

}
.W%(I t > τ , 1 (3.42) ;,% (t− τ)2, SG

d

dt
((t− τ)2K2(v(t), ∂tv(t))) + k1(t− τ)2(‖v‖21 + ‖∂tv‖2)

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, δ)(t− τ)2(1 + ψ3(t) + ψ4(t))K2(v(t), ∂tv(t))

+ 2(t− τ)µ7(‖v‖2γ + ε(t)‖∂tv‖2−γ)

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L)(1 + ψ3(t) + ψ4(t))(t− τ)2K2(v(t), ∂tv(t))

+
k1

2
(t− τ)2‖∂tv‖2 + C(R, β0, ‖g‖, λ1, C2,M0, L, δ),�
�p|1D'yv �

2(t− τ)µ7ε(t)‖∂tv‖2−γ 6 2(t− τ)µ7C‖∂tv‖ε(t)‖∂2t u‖−2γ

6
k1

2
(t− τ)2‖∂tv‖2 + C(R, β0, ‖g‖, λ1, C2,M0, L, δ)%�

2(t− τ)µ7‖v‖2γ 6 µ7 + µ7(t− τ)2‖∂tu‖2γ‖v‖2γ
6 µ7 + µ7ψ3(t)(t − τ)2K2(v(t), ∂tv(t)).*6

d

dt
((t− τ)2K2(v(t), ∂tv(t))) +

k1

2
(t− τ)2(‖v‖21 + ‖∂tv‖2)

6 C(R, β0, ‖g‖, λ1, C1, C2,M0, L, δ)(1 + ψ3(t) + ψ4(t))(t − τ)2K2(v(t), ∂tv(t))

+ C(R, β0, ‖g‖, λ1, C2,M0, L, δ). (3.43)1 (3.43) ;,% e−C(R,β0,‖g‖,λ1,C1,C2,M0,L,δ)
∫

t

τ
(1+ψ3(r)+ψ4(r))dr ��F [τ, t] -�g�SG

(t− τ)2K2(v(t), ∂tv(t))

6 C(R, β0, ‖g‖, λ1, C2,M0, L, δ)

∫ t

τ

eC(R,β0,‖g‖,λ1,C1,C2,M0,L,δ)
∫

t

s
(1+ψ3(r)+ψ4(r))drds

6
C(R, β0, ‖g‖, λ1, C2,M0, L, δ)

C(R, β0, ‖g‖, λ1, C1, C2,M0, L, δ)(1 + C(R, β0, ‖g‖, λ1, C1, C2,M0, L))

· eC(R,β0,‖g‖,λ1,C1,C2,M0,L,δ)(1+C(R,β0,‖g‖,λ1,C1,C2,M0,L))((t−τ)+C(R,β0,‖g‖,λ1,C1,C2,M0,L)),I
K2(v(t), ∂tv(t)) 6

C̃3

C̃2(1 + C̃1)
eC̃2C̃1

eC̃2(1+C̃1)(t−τ)

(t− τ)2
, ∀t > τ, (3.44)�


C̃1 = C(R, β0, ‖g‖, λ1, C1, C2,M0, L),
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C̃2 = C(R, β0, ‖g‖, λ1, C2, C2,M0, L, δ),

C̃3 = C(R, β0, ‖g‖, λ1, C2,M0, L, δ).W%(I τ < a 6 t, 1 (3.42) ;,% e−C(R,δ0,‖g‖,λ1,C1,C2,M0,δ)
∫

t

a
(1+ψ3(r)+ψ4(r))dr �F [a, t] -�g�5

K2(v(t), ∂tv(t))e
−C(R,β0,‖g‖,λ1,C1,C2,M0,δ)

∫
t

a
(1+ψ3(r)+ψ4(r))dr

+ k1

∫ t

a

e−C(R,β0,‖g‖,λ1,C1,C2,M0,δ)
∫

s

a
(1+ψ3(r)+ψ4(r))dr(‖v‖21 + ‖∂tv‖2)ds

= K2(v(t), ∂tv(t))e
−C̃0

∫
t

a
(1+ψ3(r)+ψ4(r))dr

+ k1

∫ t

a

e−C0

∫
s

a
(1+ψ3(r)+ψ4(r))dr(‖v‖21 + ‖∂tv‖2)ds

6 K2(v(a), ∂tv(a)),�

C̃0 = C(R, β0, ‖g‖, λ1, C1, C2,M0, δ).I

∫ t

a

(‖v‖21 + ‖∂tv‖2)ds

6
1

k1

C̃3

C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(a−τ)eC̃0(1+C̃1)(t−a)

(a− τ)2
, ∀t > a. (3.45)1 (3.42) ;,% e−C̃0

∫
t

τ
(1+ψ3(r)+ψ4(r))dr �F [t, t+ 1] -�g�SG

K2(v(t + 1), ∂tv(t+ 1))e−C̃0

∫
t+1

τ
(1+ψ3(r)+ψ4(r))dr

+ k1

∫ t+1

t

e−C̃0

∫
s

τ
(1+ψ3(r)+ψ4(r))dr(‖v‖21 + ‖∂tv‖2)ds

6 K2(v(t), ∂tv(t))e
−C̃0

∫
t

τ
(1+ψ3(r)+ψ4(r))dr.*6

∫ t+1

t

(‖v‖21 + ‖∂tv‖2)ds

6
1

k1

C̃3

C̃2(1 + C̃1)
e(2C̃0+C̃2)C̃1+C̃0

eC̃2(1+C̃1)(t−τ)

(t− τ)2
. (3.46)f	 (3.44) � (3.46) SG (3.6) ;��

‖∂tu‖2γ + ε(t)‖∂2t u‖2−γ +
∫ t+1

t

(‖∂2t u(s)‖2 + ‖∂tu(s)‖21)ds

6

( 1

µ6
+

1

k1
e2C̃0C̃1+C̃0

) C̃3

C̃2(1 + C̃1)
eC̃2C̃1

eC̃2(1+C̃1)(t−τ)

(t− τ)2
, ∀t > τ.1 (2.4) ;9 Au |����4 M(‖u‖21) >M0, SG

d

dt
‖u‖21+γ + 2M0‖u‖22 6 2〈ε(t)∂2t u,Au〉+ 2〈g,Au〉 − 2〈f(u), Au〉. (3.47)
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|2ε(t)〈∂2t u,Au〉| 6

4L2

M0
‖∂2t u‖2 +

M0

4
‖u‖22, (3.48)

|2〈g,Au〉| 6 4

M0
‖g‖2 + M0

4
‖u‖22. (3.49)A p 6 3 + 2γ 6�SY

| − 2〈f(u), Au〉| 6 2C1(1 + ‖u‖p−1
Lp+1)‖∇u‖2Lp+1

6 C(R, β0, ‖g‖, λ1, C1, C2)‖u‖22−η

6 C(R, β0, ‖g‖, λ1, C1, C2,M0)‖u‖21 +
M0

4
‖u‖22. (3.50)r	-Gv �SG

d

dt
‖u‖21+γ +

5M0

4
‖u‖22

6 C(R, β0, ‖g‖, λ1, C1, C2,M0)‖u‖21+γ + C(‖g‖,M0, L)(‖∂2t u‖2 + 1). (3.51)W%(I τ < qa < a 6 t, xs a > 0 � 0 < q < 1, �O a < 0 � q > 1, 1 (3.51) ;,% (t− qa)
1

1−γ , SG
d

dt
((t− qa)

1
1−γ ‖u‖21+γ) +

5M0

4
(t− qa)

1
1−γ ‖u‖22

6 C(R, δ0, ‖g‖, λ1, C1, C2,M0)(t− qa)
1

1−γ ‖u‖21+γ +
1

1− γ
(t− qa)

γ
1−γ ‖u‖21+γ

+ C(‖g‖,M0, L)(t− qa)
1

1−γ (‖∂2t u‖2 + 1)

6 C(R, β0, ‖g‖, λ1, C1, C2,M0)(t− qa)
1

1−γ ‖u‖21+γ

+ C(‖g‖,M0, L)(t− qa)
1

1−γ (‖∂2t u‖2 + 1) +
(t− qa)

2γ−1

1−γ

M0(1 − γ)2
‖u‖21 +

M0

4
(t− qa)

1
1−γ ‖u‖22,�


1

1− γ
(t− qa)

γ
1−γ ‖u‖21+γ 6

M0

4
(t− qa)

1
1−γ ‖u‖22 +

(t− qa)
2γ−1

1−γ

M0(1− γ)2
‖u‖21.*6

d

dt
((t− qa)

1
1−γ ‖u‖21+γ) +M0(t− qa)

1
1−γ ‖u‖22

6 C̃4(t− qa)
1

1−γ ‖u‖21+γ + C̃5(t− qa)
1

1−γ (‖∂2t u‖2 + 1) + C̃6
(t− qa)

2γ−1

1−γ

M0(1 − γ)2
, (3.52)�


C̃4 = C(R, β0, ‖g‖, λ1, C1, C2,M0),

C̃5 = C(‖g‖,M0, L),

C̃6 = C(R, β0, ‖g‖, λ1, C2).1 (3.52) ;,% e−C̃4(t−qa) ��F [qa, t] -�g�SG
(t− qa)

1
1−γ ‖u‖21+γ
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6 C̃5e

C̃4(t−qa)(t− qa)
2−γ
1−γ +

C̃6

M0γ(1− γ)
eC̃4(t−qa)(t− qa)

γ
1−γ

+ C̃5e
C̃4(t−qa)(t− qa)

1
1−γ · 1

k1

C̃3

C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(t−qa)

(qa− τ)2
,�

‖u(t)‖21+γ 6 C̃5e
C̃4(t−qa)(t− qa) +

C̃6

M0γ(1− γ)
eC̃4(t−qa)(t− qa)−1

+ C̃5e
C̃4(t−qa)

C̃3

k1C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(t−qa)

(qa− τ)2
,

t > qa. (3.53)1 (3.51) ;,% e−C̃4(t−a) ��F [a, t] -�g�SG
e−C̃4(t−a)‖u(t)‖21+γ +

5M0

4

∫ t

a

e−C̃4(s−a)‖u‖22ds

6 ‖u(a)‖21+γ + C̃5

∫ t

a

e−C̃4(s−a)(‖∂2t u‖2 + 1)ds.*6�A t > a,
∫ t

a

‖u‖22ds

6
4

5M0
eC̃4(t−a)(C̃5e

C̃4(a−qa)(a− qa) +
C̃6

M0γ(1− γ)
eC̃4(a−qa)(a− qa)−1

+ C̃5e
C̃4(a−qa)

C̃3

k1C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(a−qa)

(qa− τ)2

+ (t− a) +
1

k1

C̃3

C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(a−τ)eC̃0(1+C̃1)(t−a)

(a− τ)2
). (3.54)1 (3.51) ;,% e−C̃4(t−τ) ��F [t, t+ 1] -�g�SG

e−C̃4(t+1−τ)‖u(t+ 1)‖21+γ +
5M0

4

∫ t+1

t

e−C̃4(s−τ)‖u‖22ds

6 ‖u(t)‖21+γe−C̃4(t−τ) + C̃5

∫ t+1

t

e−C̃4(s−τ)(‖∂2t u‖2 + 1)ds.*6
∫ t

t+1

‖u‖22ds 6
4

5M0
e−C̃4

(
C̃5e

C̃4(t−qa)(t− qa) +
C̃6

M0γ(1− γ)
eC̃4(t−qa)(t− qa)−1

+ C̃5e
C̃4(t−qa)

C̃3

k1C̃2(1 + C̃1)
e(C̃0+C̃2)C̃1

eC̃2(1+C̃1)(qa−τ)eC̃0(1+C̃1)(t−qa)

(qa− τ)2

+ C̃5 + C̃5

( 1

k1

C̃3

C̃2(1 + C̃1)
e(2C̃0+C̃2)C̃1+C̃0

eC̃2(1+C̃1)(t−τ)

(t− τ)2

))
. (3.55)qH (3.53) � (3.55), SWG (3.7) +d�
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J Kirchhoff 
�d.J7*#℄ Gv,p 185�. 3.2 0\- (A1)–(A5) +d�'� y1 = (u1, ∂tu1), y2 = (u2, ∂tu2) >oZ (2.4)–

(2.5) g�{70[ y10 � y20 Iio7�IW%(I τ < T , 5
‖y1(t)− y2(t)‖2H1

t
6
C9

C8

e
2C̃10

C̃8

√
C̃1(t−τ)‖y10 − y20‖2H1

τ
, ∀t ∈ [τ, T ]. (3.56)[ 0 ỹ = y1 − y2, I ỹ = (ũ, ∂tũ) xs

ε(t)∂2t ũ+
M12

2
Aũ +

M1 −M2

2
A(u1 + u2) +Aγ∂tũ+ f1 − f2 = 0, (3.57)

ũ|∂Ω = 0, ũ(x, τ) = u10(x) − u20(x), ∂tũ(x, τ) = u11(x)− u21(x), x ∈ Ω, (3.58)�
 x ∈ Ω, t ∈ [τ,∞), M12 =M1 +M2, Mi =M(‖ui‖21), fi = f(ui), i = 1, 2.1 (3.57) ;9 ∂tũ |���SG
d

dt
K3(ũ, ∂tũ) + 2‖∂tũ‖2γ =

3∑

i=1

Λi + ε′(t)‖∂tu‖2, (3.59)�

K3(ũ, ∂tũ) = ε(t)‖∂tũ‖2 +

1

2
M12‖ũ‖21,

Λ1 = (M ′(‖u1‖21)〈Au1, ∂tu1〉+M ′(‖u2‖21)〈Au2, ∂tu2〉)‖ũ‖21,

Λ2 = −(M1 −M2)〈A(u1 + u2), ∂tũ〉,

Λ3 = −2〈f(u1)− f(u2), ∂tũ〉.*6�9F&H µ8, µ9, 9G
µ8‖(ũ, ∂tũ)‖2H1

t
6 K3(ũ, ∂tũ) 6 µ9‖(ũ, ∂tũ)‖2H1

t
, (3.60)�
 µ8 = min{1,M0}, µ9 = max{1, C(R, β0, ‖g‖, λ1, C2)}."

ψ2(t) =

2∑

i=1

‖ui‖22−γ , ψ5(t) = ‖∂tu1‖2γ , ψ6(t) = ‖∂tu2‖2γ .qH (3.1) ;�SG
|Λ1| 6 C(R, β0, ‖g‖, λ1, C2)(|〈Au1, ∂tu1〉|+ |〈Au2, ∂tu2〉|)‖ũ‖21

6 C(R, β0, ‖g‖, λ1, C2)(‖u1‖2−γ‖∂tu1‖γ + ‖u2‖2−γ‖∂tu2‖γ)‖ũ‖21
6 C(R, β0, ‖g‖, λ1, C2)(ψ5(t) + ψ6(t) + ψ2(t))‖ũ‖21�

|Λ2| 6 C(R, β0, ‖g‖, λ1, C2)‖ũ‖1(‖u1‖2−γ + ‖u2‖2−γ) · ‖∂tũ‖γ

6
1

2
‖∂tũ‖2γ + C(R, β0, ‖g‖, λ1, C2)(‖u1‖2−γ + ‖u2‖2−γ)2 · ‖ũ‖21

6
1

2
‖∂tũ‖2γ + C(R, β0, ‖g‖, λ1, C2)ψ2(t)‖ũ‖21.
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d

dt
K3(ũ, ∂tũ) +

3

2
‖∂tũ‖2γ

6 C(R, β0, ‖g‖, λ1, C2)(ψ5(t) + ψ6(t) + ψ2(t))‖ũ‖21 + Λ3

6 C(R, δ0, ‖g‖, λ1, C2)(ψ5(t) + ψ6(t) + ψ2(t))(‖ũ‖21 + ε(t)‖∂tũ‖2) + Λ3

6 C(R, δ0, ‖g‖, λ1, C2)(ψ5(t) + ψ6(t) + ψ2(t))
1

µ8
K3(ũ, ∂tũ) + Λ3

= C̃7(ψ5(t) + ψ6(t) + ψ2(t))K3(ũ, ∂tũ) + Λ3, (3.61)�
 C̃7 = C(R, β0, ‖g‖, λ1, C2,M0).1 (3.61) ;,% e−C̃7

∫
t

τ
(ψ5(r)+ψ6(r)+ψ2(r))dr ��F [τ, t] -�g�SG

e−C̃7

∫
t

τ
(ψ5(r)+ψ6(r)+ψ2(r))drµ8(‖ũ‖21 + ε(t)‖∂tũ‖2)

+
3

2

∫ t

τ

e−C̃7

∫
s

τ
(ψ5(r)+ψ6(r)+ψ2(r))dr‖∂tũ‖2γds

6 µ9(‖ũ(τ)‖21 + ε(τ)‖∂tũ(τ)‖2) +
∫ t

τ

e−C̃7

∫
s

τ
(ψ5(r)+ψ6(r)+ψ2(r))drΛ3ds.�!��A 2 6 p 6 pγ = 3 + 2γ 6�p|v Λ3. b1g �g�SG

Λ3 = −2

∫

Ω

(f(u1)− f(u2))∂tũdx

= −2

∫

Ω

f ′(u1 + θ(u2 − u1))ũ∂tũdx

= − d

dt

∫

Ω

f ′(u1 + θ(u2 − u1))ũ
2dx+

∫

Ω

f ′
t(u1 + θ(u2 − u1))ũ

2dx,�
 θ ∈ [0, 1]. *6
− 2

∫ t

τ

∫

Ω

(f(u1)− f(u2))∂tũdxdr

= −
∫

Ω

f ′(u1 + θ(u2 − u1))ũ
2dx |tτ +

∫ t

τ

∫

Ω

f ′
t(u1 + θ(u2 − u1))ũ

2dxdr. (3.62)qH Hölder �K;�SG
−
∫

Ω

f ′(u1(t) + θ(u2(t)− u1(t)))ũ
2dx

6 C1

∫

Ω

(1 + |u1(t)|p−1 + |u2(t)|p−1)|ũ(t)|2dx

6 C1(1 + ‖u1(t)‖p−1
Lp+1 + ‖u2(t)‖p−1

Lp+1)‖ũ(t)‖2Lp+1

6 C2(1 + ‖u1(t)‖p−1
1 + ‖u2(t)‖p−1

1 )‖ũ(t)‖21−η
6 δ‖ũ‖21 + C(R, β0, ‖g‖, λ1, C2, δ)‖ũ(t)‖2γ
6 δ‖ũ‖21 +

µ3

µ2
C(R, β0, ‖g‖, λ1, C2, δ)e

(C̃0+C̃0C̃1)(t−τ)+C̃0C̃1(‖ũ(τ)‖2γ + ε(τ)‖∂tũ(τ)‖2−γ),�
�p|91l Sobolev �(� V1−η →֒ Lp+1(Ω) (0 < η ≪ 1), ���U&H δ %(
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Ω

f ′(u1(τ) + θ(u2(τ) − u1(τ)))ũ(τ)
2dx 6 C(R,C2)‖ũ(τ)‖21.qH Hölder �K;�SG

∫ t

τ

∫

Ω

f ′
t(u1 + θ(u2 − u1))ũ

2dxdr

6 C0

∫ t

τ

∫

Ω

(1 + |u1|p−2 + |u2|p−2)(|∂tu1|+ |∂tu2|)|ũ|2dxdr

6 C0

∫ t

τ

(1 + ‖u1‖p−2
L6 + ‖u2‖p−2

L6 )(‖∂tu1‖
L

6
6−p

+ ‖∂tu2‖
L

6
6−p

)‖ũ‖2L6dr

6 C2

∫ t

τ

(1 + ‖u1‖p−2
1 + ‖u2‖p−2

1 ) · (‖∂tu1‖
L

6
3−2γ

+ ‖∂tu2‖
L

6
3−2γ

)‖ũ‖21dr

6 C(R, β0, ‖g‖, λ1, C1, C2)

∫ t

τ

(
√
ψ5(r) +

√
ψ6(r))‖ũ(r)‖21dr,�
 p−2

6 + 6−p
6 + 1

3 = 1 ��A p 6 3 + 2γ 6� 6
6−p 6

6
3−2γ .�7-Gv �SY

(µ8 − δeC̃7C̃1+C̃7C̃1(T−τ))(‖ũ‖21 + ε(t)‖∂tũ‖2) +
∫ t

τ

eC̃7

∫
t

s
(ψ5(r)+ψ6(r)+ψ2(r))dr‖∂tũ‖2γdr

6 (C(R,C2) + µ9)e
C̃7

∫
t

τ
(ψ5(r)+ψ6(r)+ψ2(r))dr(‖ũ(τ)‖21 + ε(τ)‖∂tũ(τ)‖2)

+
µ3

µ2
C(R, β0, ‖g‖, λ1, C2, δ)e

(C̃0+C̃0C̃1+C̃7C̃1)(T−τ)+C̃0C̃1+C̃7C̃1(‖ũ(τ)‖2γ + ε(τ)‖∂tũ(τ)‖2−γ)

+ C(R, β0, ‖g‖, λ1, C1, C2)e
C̃7

∫
t

τ
(ψ5(r)+ψ6(r)+ψ2(r))dr

·
∫ t

τ

(
√
ψ5(r) +

√
ψ6(r))(‖ũ(r)‖21 + ε(r)‖∂tũ(r)‖2)dr

6 (C(R,C2) + µ9)e
C̃7C̃1+C̃7C̃1(T−τ)(‖ũ(τ)‖21 + ε(τ)‖∂tũ(τ)‖2)

+
µ3λ

µ2
C(R, β0, ‖g‖, λ1, C2, δ)e

(C̃0+C̃0C̃1+C̃7C̃1)(T−τ)+C̃0C̃1+C̃7C̃1(‖ũ(τ)‖21 + ε(τ)‖∂tũ(τ)‖2)

+ C(R, β0, ‖g‖, λ1, C1, C2)e
C̃7C̃1+C̃7C̃1(T−τ)

·
∫ t

τ

(
√
ψ5(r) +

√
ψ6(r))(‖ũ(r)‖21 + ε(r)‖∂tũ(r)‖2)dr

6 C̃9(‖ũ(τ)‖21 + ε(τ)‖∂tũ(τ)‖2)

+ C̃10

∫ t

τ

(
√
ψ5(r) +

√
ψ6(r))(‖ũ(r)‖21 + ε(r)‖∂tũ(r)‖2)dr, (3.63)�


λ = max
{ 1

λ
1−γ
1

,
1

λ
γ
1

}
,

C̃8 = µ8 − δeC̃7C̃1+C̃7C̃1(T−τ),

C̃9 =
(
C(R,C2) + µ9 +

µ3λ

µ2
C(R, β0, ‖g‖, λ1, C2, δ)e

(C̃0+C̃0C̃1)(T−τ)+C̃0C̃1

)
eC̃7C̃1+C̃7C̃1(T−τ),
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C10 = C(R, β0, ‖g‖, λ1, C1, C2)e

C̃7C̃1+C̃7C̃1(T−τ).-1 Gronwall +a�SWG (3.56). _6�p| GDloZ (2.4)–(2.5) I7FV) H1
t
Ig!��qHQa 3.1 �Qa 3.2, S%Q)oZ (2.4)–(2.5) I�- U(t, τ) 'y�

y(t) = U(t, τ)y(τ) : H1
τ → H1

t ,���j�-. H1
τ ( H1

t hg�I�
§4 6 � O , B S b 
 � W H
§4.1 4�M*�8�qHQa 3.2(i), p|SGD'y5���. 4.1 FQa 3.1 I'0y�'�W%(I0[ y(τ) ∈ Bτ (R) ⊂ H1

τ , �z9F R0 > 0, 9GW-7oZ (2.4)–(2.5) I�- U(t, τ) /56)"\uB����u
Bt = {Bt(R0)}t∈R.

§4.2 CJ��y~p|1WoZ (2.4)–(2.5) I7�- U(t, τ) ��=��W�h6�p|1{'yz�v �0 yi(t) = (ui(t), ∂tui(t)) (i = 1, 2) >oZ (2.4)–(2.5) g�{70[ (ui(τ), ∂tui(τ)) ∈
{Bτ (R)}τ∈R I7�i7Z% ỹ(t) = y1(t)− y2(t) = (ω(t), ∂tω(t)) xs%y
-�

ε(t)∂2t ω +
M12

2
Aω +

M1 −M2

2
A(u1 + u2) +Aγ∂tω + f1 − f2 = 0, (4.1)

ω|∂Ω = 0, ω(x, τ) = u10(x) − u20(x), ∂tω(x, τ) = u11(x) − u21(x), (4.2)�
 x ∈ Ω, t ∈ [τ,∞), M12 =M1 +M2, Mi(t) =M(‖ui(t)‖21), fi = f(ui), i = 1, 2.Q)
H(t) = ε(t)‖∂tω(t)‖2 +

1

2
M12(t)‖ω(t)‖21.p|1gh%yK���z�v ��L� 1 (4.1) ;,% 2∂tω, ��F [s, t]× Ω -�g�SG

H(t)−H(s)−
∫ t

s

∫

Ω

ε′(r)|∂tω(r)|2dxdr

−
∫ t

s

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉

∫

Ω

|A 1
2ω(r)|2dxdr

−
∫ t

s

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉

∫

Ω

|A 1
2ω(r)|2dxdr
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+ 2

∫ t

s

∫

Ω

|A γ
2 ∂tω(r)|2dxdr + 2

∫ t

s

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdr

= −
∫ t

s

(M1 −M2)

∫

Ω

A
2−γ
2 (u1 + u2)A

γ
2 ∂tω(r)dxdr, (4.3)�
 T 6 s 6 t.qH'0 (A1) 
I (1.4), SG

ε(t)|ωt(t)|2 6 L|ωt(t)|2 − ε′(t)|ωt(t)|2,I
∫ t

T

∫

Ω

ε(r)|∂tω(r)|2dxdr

6 L

∫ t

T

∫

Ω

|∂tω(r)|2dxdr −
∫ t

T

∫

Ω

ε′(r)|∂tω(r)|2dxds

6 H(T ) + L

∫ t

T

∫

Ω

|∂tω(r)|2dxdr

+

∫ t

T

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉

∫

Ω

|A 1
2ω(r)|2dxdr

+

∫ t

T

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉

∫

Ω

|A 1
2ω(r)|2dxdr

−
∫ t

T

(M1 −M2)

∫

Ω

A
2−γ
2 (u1 + u2)A

γ
2 ∂tω(r)dxdr

− 2

∫ t

T

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdr. (4.4)�Æ� 1 (4.1) ;,% ω, ��F [T, t]× Ω -�g�GD∫

Ω

ε(t)∂tω(t)ω(t)dx −
∫

Ω

ε(T )∂tω(T )ω(T )dx+
1

2
‖ω(t)‖2γ −

1

2
‖ω(T )‖2γ

+
1

2

∫ t

T

(M1 −M2)

∫

Ω

A
1
2 (u1 + u2)A

1
2ω(r)dxdr +

1

2

∫ t

T

M12

∫

Ω

|A 1
2ω(r)|2dxdr

+

∫ t

T

∫

Ω

(f(u1)− f(u2))ω(r)dxdr

=

∫ t

T

ε(r)‖∂tω(r)‖2dr +
∫ t

T

∫

Ω

ε′(r)∂tω(r)ω(r)dxdr. (4.5)*6�qH (4.4)–(4.5), SG
∫ t

T

H(r)dr

=

∫ t

T

(ε(r)‖∂tω(r)‖2 +
1

2
M12‖ω(r)‖21)dr

6 H(T ) + L

∫ t

T

‖∂tω(r)‖2dr +
∫ t

T

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉‖ω(r)‖21dr

+

∫ t

T

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉‖ω(r)‖21dr
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−
∫ t

T

(M1 −M2)

∫

Ω

A
2−γ
2 (u1 + u2) ·A

γ
2 ∂tω(r)dxdr

− 2

∫ t

T

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdr −
∫ t

T

∫

Ω

(f(u1)− f(u2))ω(r)dxdr

−
∫

Ω

ε(t)∂tω(t)ω(t)dx +

∫

Ω

ε(T )∂tω(T )ω(T )dx

+
1

2
‖ω(T )‖2γ −

1

2

∫ t

T

(M1 −M2)

∫

Ω

A
1
2 (u1 + u2)A

1
2ω(r)dxdr

+

∫ t

T

∫

Ω

ε(r)|∂tω(r)|2dxdr +
∫ t

T

∫

Ω

ε′(r)∂tω(r)ω(r)dxdr.�3� W (4.3) F [T, t] -{7 s �g�G
H(t)(t− T )

6

∫ t

T

H(s)ds− 2

∫ t

T

∫ t

s

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdrds

−
∫ t

T

∫ t

s

(M1 −M2)

∫

Ω

A
2−γ
2 (u1 + u2)A

γ
2 ∂tω(r)dxdrds

+

∫ t

T

∫ t

s

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉

∫

Ω

|A 1
2ω(r)|2dxdrds

+

∫ t

T

∫ t

s

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉

∫

Ω

|A 1
2ω(r)|2dxdrds

6 H(T ) +
1

2
‖ω(T )‖2γ + L

∫ t

T

‖∂tω(s)‖2ds

+

∫ t

T

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉‖ω(s)‖21ds+

∫ t

T

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉‖ω(s)‖21ds

− 1

2

∫ t

T

(M1 −M2)〈u1 + u2, ω(s)〉1ds−
∫ t

T

(M1 −M2)〈A
2−γ
2 (u1 + u2), A

γ
2 ∂tω(s)〉ds

− 2

∫ t

T

∫

Ω

(f(u1)− f(u2))∂tω(s)dxds −
∫ t

T

∫

Ω

(f(u1)− f(u2))ω(s)dxds

−
∫

Ω

ε(t)∂tω(t)ω(t)dx +

∫

Ω

ε(T )∂tω(T )ω(T )dx

+

∫ t

T

ε(s)‖∂tω(s)‖2ds+
∫ t

T

ε′(s)〈∂tω(s), ω(s)〉ds

− 2

∫ t

T

∫ t

s

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdrds

−
∫ t

T

∫ t

s

(M1 −M2)〈A
2−γ
2 (u1 + u2), A

γ
2 ∂tω(r)〉drds

+

∫ t

T

∫ t

s

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉‖ω(r)‖21drds

+

∫ t

T

∫ t

s

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉‖ω(r)‖21drds.



2 � f�~ [O� J66uw
J Kirchhoff 
�d.J7*#℄ Gv,p 191�9� "
C(M) = H(T ) +

1

2
‖ω(T )‖2γ +

∫

Ω

ε(T )∂tω(T )ω(T )dx (4.6)%�
ΦtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))) = Ψ1 +Ψ2 +Ψ3, (4.7)�


Ψ1 =
L

(t− T )

∫ t

T

‖∂tω(s)‖2ds−
1

(t− T )

∫

Ω

ε(t)∂tω(t)ω(t)dx

+
1

(t− T )

∫ t

T

ε(s)‖∂tω(s)‖2ds+
1

(t− T )

∫ t

T

ε′(s)〈∂tω(s), ω(s)〉ds,

Ψ2 = − 1

(t− T )

(
2

∫ t

T

∫

Ω

(f(u1)− f(u2))∂tω(s)dxds+

∫ t

T

∫

Ω

(f(u1)− f(u2))ω(s)dxds

+ 2

∫ t

T

∫ t

s

∫

Ω

(f(u1)− f(u2))∂tω(r)dxdrds
)
,

Ψ3 =
1

t− T

( ∫ t

T

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉‖ω(s)‖21ds

+

∫ t

T

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉‖ω(s)‖21ds

−
∫ t

T

(M1 −M2)〈A
2−γ
2 (u1 + u2), A

γ
2 ∂tω(s)〉ds

− 1

2

∫ t

T

(M1 −M2)〈A
1
2 u1 + u2, A

1
2ω(s)〉ds

−
∫ t

T

∫ t

s

(M1 −M2)〈A
2−γ
2 (u1 + u2), A

γ
2 ∂tω(r)〉drds

+

∫ t

T

∫ t

s

M ′(‖u1‖21)〈A
γ
2 ∂tu1, A

2−γ
2 u1〉‖ω(r)‖21drds

+

∫ t

T

∫ t

s

M ′(‖u2‖21)〈A
γ
2 ∂tu2, A

2−γ
2 u2〉‖ω(r)‖21drds

)
.*6

H(t) 6
1

t− T
CM +ΦtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))). (4.8)

§4.3  %$Gy~p|1b1BP�H
^W�oZ (2.4)–(2.5) 7�-I.A=���. 4.2 '�\- (A1)–(A5)+d�W7%(zQI t ∈ R�%(59I {τn}∞n=1 ⊂
(−∞, t] (A n→ ∞ 6� τn → −∞) %�W7%(�o {xn}∞n=1 ⊂ Bτn(R) ⊂ H1

τn
, �z�o {U(t, τn)xn}∞n=1 9F!oBhoo�[ W%(I ε > 0 �zQI t, 9F T < t, 9G CM

t−T < ε. qHQa 2.2, p|���W�W7{!ozQI t, 5 ΦtT ∈ C(BT (R)).



192 I � � P A � 44 L0 (un, ∂tun) >oZ (2.4)–(2.5) {70[ (un0
, un1

) ∈ BT (R) I7�4Qa 3.1, SY
‖un‖21 + ε(ξ)‖∂tun‖2 >59I�� ‖un‖21 >59I�W7%(zQI t � ∀ξ ∈ [T, t], qH (1.4) � 1

ε(ξ) I59��SY ‖∂tun‖2  >59I�qH Alaoglu Qa�+a 2.2 �Qa 3.1, W%(I τ 6 T 6 t, �5!�� (_X℄�ooBh), p|0
un F L∞([τ, T ];V1) 
* ∗ Bh7 u, (4.9)

∂tun F L∞([τ, T ];L2(Ω)) 
* ∗ Bh7 ∂tu, (4.10)

∂2t un F L∞([τ, T ];V−2γ) 
* ∗ Bh7 ∂2t u, (4.11)

un F L2([τ, T ];V2−γ) 
*Bh7 u, (4.12)

∂tun F L2([τ, T ];Vγ) 
*Bh7 ∂tu, (4.13)

∂2t un F L2([τ, T ];V−γ) 
*Bh7 ∂2t u, (4.14)

un F Lp+1([τ, T ];Lp+1(Ω)) 
Bh7 u, (4.15)

un F L2([τ, T ];V1) 
Bh7 u, (4.16)

un(t) F Lp+1(Ω) 
Bh7 u �� un(T ) F Lp+1(Ω) 
Bh7 u(T ), (4.17)

∂tun F L2([τ, T ];L2(Ω)) 
Bh7 ∂tu. (4.18)�
�A p 6 3 + 2γ 6�p|b1 Sobolev �( V1 →֒→֒ Lp+1(Ω).qH (3.56) SY
{(un(s), ∂tun(s))} ⊂ C([T, t];H1

s) >!o Cauchy o� (4.19)��9F (u(s), ∂tu(s)) ∈ C([T, t];H1
s), 9G

(un(s), ∂tun(s)) F C([T, t];H1
s) 
Bh7 (u(s), ∂tu(s)). (4.20)y~�p|15a (4.7) I{!��Dz�b1 (4.16)–(4.18) SG

lim
n→∞

lim
m→∞

L

∫ t

T

‖∂tun − ∂tum‖2ds = 0, (4.21)

lim
n→∞

lim
m→∞

∫

Ω

ε(t)(∂tun − ∂tum)(un − um)dx

6 lim
n→∞

lim
m→∞

L‖∂tun − ∂tum‖‖un − um‖

6 lim
n→∞

lim
m→∞

L(‖∂tun‖+ ‖∂tum‖)‖un − um‖ = 0, (4.22)

lim
n→∞

lim
m→∞

∫ t

T

ε(s)‖∂tun − ∂tum‖2ds

6 lim
n→∞

lim
m→∞

L

∫ t

T

‖∂tun − ∂tum‖2ds = 0, (4.23)

lim
n→∞

lim
m→∞

∫ t

T

ε′(s)〈∂tun − ∂tum, un − um〉ds
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6 L lim
n→∞

lim
m→∞

( ∫ t

T

‖∂tun − ∂tum‖2ds
) 1

2 ·
( ∫ t

T

‖un − um‖2ds
) 1

2

= 0. (4.24)r	 (4.21)–(4.24), SG
lim
n→∞

lim
m→∞

Ψ1 = 0. (4.25)�7�qH (A3) 
I (1.8) � (4.16), SG
lim
n→∞

lim
m→∞

∫ t

T

∫

Ω

(f(un)− f(um))(un − um)dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

∫

Ω

(1 + |un|p−1 + |um|p−1)|un − um|2dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

(1 + ‖un‖p−1
Lp+1 + ‖um‖p−1

Lp+1) · ‖un − um‖2Lp+1ds

6 C lim
n→∞

lim
m→∞

∫ t

T

(1 + ‖un‖p−1
1 + ‖um‖p−1

1 ) · ‖un − um‖21ds

6 C lim
n→∞

lim
m→∞

∫ t

T

‖un − um‖21ds = 0. (4.26)&Y
∫ t

T

∫

Ω

(f(un)− f(um))(∂tun − ∂tum)dxds

=

∫ t

T

∫

Ω

f(un)∂tundxds+

∫ t

T

∫

Ω

f(um)∂tumdxds−
∫ t

T

∫

Ω

f(um)∂tundxds

−
∫ t

T

∫

Ω

f(un)∂tumdxds

=

∫

Ω

F (un(t))dx −
∫

Ω

F (un(T ))dx+

∫

Ω

F (um(t))dx−
∫

Ω

F (um(T ))dx

−
∫ t

T

∫

Ω

f(um)∂tundxds−
∫ t

T

∫

Ω

f(un)∂tumdxds. (4.27)b1 (1.8) ��( V1 →֒→֒ Lp+1(Ω), SG
∣∣∣
∫

Ω

(F (un(t))− F (u(t)))dx
∣∣∣

6

∫

Ω

|f(u(t) + ϑ(un(t)− u(t))||un(t)− u(t)|dx

6 C

∫

Ω

(1 + |un(t)|p + |(u(t)|p)|un(t)− u(t)|dx

6 C(1 + ‖un(t)‖pLp+1 + ‖u(t)‖p
Lp+1)‖un(t)− u(t)‖Lp+1

6 Cε. (4.28)A n→ ∞, m→ ∞ 6�47 f(un) ∈ L2([τ, T ];V−γ) %� ∂tum ∈ L2([τ, T ];Vγ), x
lim
n→∞

lim
m→∞

∫ t

T

〈f(un), ∂tum〉ds

= lim
n→∞

∫ t

T

〈f(un), ∂tu〉ds
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=

∫ t

T

〈f(u), ∂tu〉ds

=

∫

Ω

F (u(t))dx −
∫

Ω

F (u(T ))dx._aSG
lim
n→∞

lim
m→∞

∫ t

T

〈f(um), ∂tun〉ds =
∫

Ω

F (u(t))dx −
∫

Ω

F (u(T ))dx.*6
lim
n→∞

lim
m→∞

∫ t

T

∫

Ω

(f(un)− f(um))(∂tun − ∂tum)dxds = 0. (4.29)W7{!ozQI t, |
∫ t
s

∫
Ω(f(un)−f(um))(∂tun−∂tum)dxdr|>59I�IqH LebesgueXaBhQa�SG

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

∫

Ω

(f(un)− f(um))(∂tun − ∂tum)dxdrds

=

∫ t

T

lim
n→∞

lim
m→∞

∫ t

s

∫

Ω

(f(un)− f(um))(∂tun − ∂tum)dxdrds

=

∫ t

T

0ds = 0. (4.30)*6�4 (4.27)–(4.30), SG
lim
n→∞

lim
m→∞

Ψ2 = 0. (4.31)y
�p|v Ψ3. 4 (3.27) � (4.20), 5
lim
n→∞

lim
m→∞

∫ t

T

∫

Ω

(Mn −Mm) ·A
1
2 (un + um) ·A 1

2 (un − um)dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

‖A 1
2 (un − um)‖

∫

Ω

|A 1
2 (un + um)| · |A 1

2 (un − um)|dxds

6 C lim
n→∞

lim
m→∞

(
sup
s∈[T,t]

‖un − um‖1
(∫ t

T

∫

Ω

|A 1
2 (un − um)|2dxds

) 1
2
)
= 0. (4.32)b1 (3.28) � (4.19)–(4.20), SG

lim
n→∞

lim
m→∞

∫ t

T

∫

Ω

(Mn −Mm) ·A
2−γ
2 (un + um) ·A γ

2 (∂tun − ∂tum)dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

‖A 1
2 (un − um)‖

∫

Ω

A
2−γ
2 (un + um) · A

γ
2 ∂t(un − ∂tum)dxds

6 C lim
n→∞

lim
m→∞

sup
s∈[T,t]

‖un − um‖1

· lim
n→∞

lim
m→∞

∫ t

T

( d

dt
‖un‖21 +

d

dt
‖um‖21 − 〈A 2−γ

2 un, A
γ
2 ∂tum〉 − 〈A 2−γ

2 um, A
γ
2 ∂tun〉

)
ds

6 C lim
n→∞

lim
m→∞

sup
s∈[T,t]

‖un − um‖1

·
(

lim
n→∞

lim
m→∞

∫ t

T

( d

dt
‖un‖21 +

d

dt
‖um‖21

)
ds−

∫ t

T

d

dt
‖u‖21ds−

∫ t

T

d

dt
‖u‖21ds

)
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= 0. (4.33)qH Lebesgue XaBhQa�W7{!ozQI t, 47
∣∣∣
∫ t

s

∫

Ω

(Mn −Mm) ·A
2−γ
2 (un + um) ·A γ

2 (∂tun − ∂tum)dxdr
∣∣∣>59I�R%

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

∫

Ω

(Mn −Mm) · A 2−θ
2 (un + um) ·A θ

2 (∂tun − ∂tum)dxdrds

=

∫ T

τ

0ds = 0. (4.34)4 (3.27) � (4.19), 5
lim
n→∞

lim
m→∞

∫ t

T

M ′(‖un‖21) · 〈A
γ
2 ∂tun, A

2−γ
2 un〉‖A

1
2un −A

1
2 um‖2ds

6 C lim
n→∞

lim
m→∞

∫ t

T

‖A 1
2 (un − um)‖2

∫

Ω

|A γ
2 ∂tun| · |A

2−γ
2 un|dxds

6 C lim
n→∞

lim
m→∞

(
sup
s∈[T,t]

‖un − um‖21
( ∫ t

T

‖∂tun‖2γds
) 1

2
( ∫ t

T

‖un‖22−γds
) 1

2
)

6 C lim
n→∞

lim
m→∞

sup
s∈[T,t]

‖un − um‖21

= 0 (4.35)�
lim
n→∞

lim
m→∞

∫ t

T

M ′(‖um‖21)〈A
θ
2 ∂tum, A

2−θ
2 um〉‖A

1
2 un −A

1
2 um‖2ds = 0. (4.36)_L7 (4.35) Iv �SG

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

M ′(‖un‖21)〈A
γ
2 ∂tun, A

2−γ
2 un〉‖A

1
2un −A

1
2um‖2drds

=

∫ t

T

lim
n→∞

lim
m→∞

∫ t

s

M ′(‖un‖21)〈A
γ
2 ∂tun, A

2−γ
2 un〉‖A

1
2 un −A

1
2um‖2drds

=

∫ t

T

0ds = 0 (4.37)�
lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

M ′(‖um‖21)〈A
γ
2 ∂tum, A

2−γ
2 um〉‖A 1

2un −A
1
2um‖2drds = 0. (4.38)qH (4.32)–(4.38) SG

lim
n→∞

lim
m→∞

Ψ3 = 0. (4.39)r-RG�SG ΦtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))) ∈ C(BT (R)).
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Abstract In this paper, the authors study the well-posedness and the longtime dynamics

of the solutions to the Kirchhoff wave equation with structural damping:

ε(t)∂2t u−M(‖∇u‖2)∆u+ (−∆)γ∂tu+ f(u) = g(x),

where γ ∈
(
1
2 , 1

)
. When the growth exponent satisfies 1 6 p 6 3 + 2γ, firstly, by use

of Faedo-Galerkin approximation method and asymptotically regular estimate technique,

the well-posedness and regularity of solutions are established. Secondly, the asymptotic

compactness of the solution process is proved via the method of contraction function. Finally,

the existence of time-dependent global attractor is obtained in the natural energy space

H1
0 (Ω)× L2(Ω).

Keywords Kirchhoff-Type wave equation, Time-Dependent global attractor,

Structural damping, Regularity
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