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§1 �;�H�C*�Q}g 3 Z�{ [1].80 3 (1) S4 pG��RF 4-YR? LbU|u/ 4-Y9RfA�*
;

(2) S3 pG��RF 3-YR? LbU|u/ 3-Y9RfA�*
;

(3) Y��b`R k, Sk pGu/ k-Y9RfA*
?℄` Sk = {tk + 1 | t ∈ N, t > 1}.℄$70QG}g 3 ~xfDA k = 3, 4 ;u/ k-Y9RfA�*
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212 S $ � R A  44 O/ 3-Y9RfA�*
. �F~xW1}T S3 p��`RMCu/ 3-Y9RfA? TM->p, ~xEBf/q S3 pG`RMCu/ 3-Y9RfAG/+k5. TM->��,~x&Jf 3-YRGqR, aW1�|~xt�K^AIPYRÆ 3-YRG�o. YFIPYR, Legendre Æ Gauss T:�D*�f�s2f)� 
 ()wYRR^):

lim
x→+∞

π(x)
x

ln(x)

= lim
x→+∞

π(x)

li(x)
= 1,℄` li(x) =

∫ x

2
dt

ln(t) , π(x) =
∑ZS p6x

1 �B�FIF x GYRGqR. ℄q 
J�FA Hadamard Æ Poussin T 1896 �f�V
d|G. Selberg[2] Æ Erdös[3] �1IbaT
1949 �f�V
d|fYRR^. \WK, ~x;* π3(x) =

∑

3− ZS p
p6x

1, a�B�FIF
x G 3-YRGqR. m� 3-YRGd_, ~xEBf�F π3(x) G/qMhw�, m�℄qw�~x
�YRGqRZ&\ 3-YRGqR. Æwrl, ~xEBf�F π3(x) G/�GWw�. m� Python �-, ~x�2f�F π3(x), π(x) 1! π3(x) GGWw�Gekq.�zF/���m
Æ�
f>, axW1T&�/��F1IRlGOpYB, b){ [4–8]. ℄�l{z+�~`R, d�Fb`R.�> 1.1 )�8T/q`R k, ?E a = kd, �r) d `3 a, 'Æ d | a .�> 1.2 , a, b wb`R, `R d p� d | a Æ d | b ��)� c | a Æ c | b, C d > c,�r) d w a Æ b G�;w9R, 'Æ (a, b). )� (a, b) = 1, V) a I b �Y.�> 1.3 /q;F 1 G`R3f�4Æ 1 stC�aGb9R)wYR. /q;F 1 G`R)��FYRK)w�R.T�zGR^p, ~xh2T�{pI(�BG�F`3G/��n.�$ 1.1 (1) (=H3a) )� a Æ b Feqb`R, �r/R8Tequ/G`R
q Æ r, ?E a = bq + r, 0 6 r < b;

(2) )� (a, b) = d, �r8T`R x Æ y, ?E ax+ by = d;

(3) )� p F/qYR� p | ab, V p | a � p | b;
(4) )� p F/qYR� p | a1a2 · · ·as, V8T�q i (1 6 i 6 s) C p | ai;
(5) (u/Y9RfA) u/q;F 1 Gb`R n W1��*/�YRG,�,��T�TkY9RGT G�X�℄sfAFu/G, #C

n = q1q2 · · · qs,�p qi(1 6 i 6 s) UFYR, ℄sfA�)Æ��Y9RfA;

(6) (YRyfA) T�TkT G�X�,u/q;F 1 Gb`R n W1�u/K�*)���:

n = pe11 pe22 · · · pett ,



2 � T�4 T�^ 7�6 k-ZS�v0gB 213�p p1, p2, · · · , pt wee�oGYR.{~GoH'
 ≡ FA Gauss ;*G.�> 1.4 )� m | (a− b), V) a ≡ b(mod m) (a I b � m oH).�FoHC)��n.)0 1.1 3 a, b, c, d w`R, �w m,

(1) )� a ≡ b(mod m) � c ≡ d(mod m), V a+ c ≡ b+ d(mod m);

(2) )� a ≡ b(mod m) � c ≡ d(mod m), V ac ≡ bd(mod m);

(3) )� ac ≡ bc(mod m) � (c,m) = d, V a ≡ b(mod m
d
).

§2 k-.,3 k F/qb`R, j
Sk = {n ∈ N | n > 1, n ≡ 1(mod k)}.A�g 1.1 WE, Sk �F,aR\h�, #: )� a, b ∈ Sk, V ab ∈ Sk. A Sk GR5, ~xC

S1 = {2, 3, 4, 5, · · · };

S2 = {3, 5, 7, 9, · · · };

S3 = {4, 7, 10, 13, · · · };

S4 = {5, 9, 13, 17, · · · };

Sk = {tk + 1 | t ∈ N, t > 1}.?$ 2.1 .3 a, b Fb`R� a ∈ Sk, b > 1, V ab ∈ Sk A�EA b ∈ Sk.B ~xE�d|�+�. k = 1;�$. �z~x�
3 k > 2. j b ≡ t(mod k) (0 6

t < k). ($ a ∈ Sk, a ≡ 1(mod k), 95
ab ≡ t(mod k).A ab ∈ Sk WE
t ≡ 1(mod k).5# k | t − 1. AF −1 6 t − 1 < k − 1, 95 t − 1 = 0 × k = 0. FF t = 1, 7\WE

b ∈ Sk.�> 2.1 .3 n ∈ Sk, )� n 
��B* n = ab, �p a, b ∈ Sk, V n �)Æ/q
k-�R, iV) n F/q k-YR.AR5 2.1, 1- YRKFIPGYR; 2- YRKFIPG�YR. 9w

S3 = {4, 7, 10, 13, 16, 19, 22, · · ·},



214 S $ � R A  44 O~xfD��IPG�R (b) 4, 10, 22, · · · ) UF 3- YR. ℄s��=�� k(> 3)-YRW
MCÆIPG 1-YRÆ 2-YRt"�oG�n.T℄/>p~xz+Tk Sk pGu/ k-Y9RfAÆdn�R^.~xJ��4/�T 1837�A Dirichlet � L 	R^ld|G{~G Dirichlet R^.

Selberg[9] T 1949 �s2f Dirichlet R^G/q1Id|. �FIF x GIPYRGqR'Æ π(x), 3 φ(x) w�Y	R.�$ 2.1 (Dirichlet R^) .3 k, r Fp� (k, r) = 1 Gb`R, VT\PRh
mk + r(m ∈ N) p8T��[qYR p, #8T��[qYR p ≡ r(mod k). tF/�C,YF πk,r(x) =

∑

p ZS,p6x
p≡r(mod k)

1,

πk,r(x) ∼
π(x)

φ(k)
.?$ 2.2 Sk p8T��[q k-YR.B T0Q Dirichlet R^ 2.1 pj r = 1, VA Dirichlet R^ 2.1 WrE8T��[qYR p ≡ 1(mod k), FF8T��[qYR p ∈ Sk. AR5 2.1 WE, Sk pGu/qIPYRUF k-YR. 95 Sk p8T��[q k-YR.?$ 2.3 u/q n ∈ Sk 
��q k-YR`3.B )� n ∈ Sk �F/q k-YR, �r n KF/qp� n = n1m1 G k-�R,�p n1,m1 ∈ Sk � k < n1 < n. )� n1 �F/q k-YR, �r n1 = n2m2, �p

n2,m2 ∈ Sk � k < n2 < n1. )5
�!, ~xEB/h%p?Q31G Sk pGb`RRh n > n1 > n2 > · · · > k. ($ Sk pGb`RRh�W
?N%p?QO3�!, 95~x�r
YB/q k-YR`3 n.)0 2.1 u/q n ∈ Sk +rF/q k-YR+rF/� k-YRG,�.B .3 n ∈ Sk F/q k-�R,A;^ 2.3Wf nC/q k-Y9R p1. FF n = p1n1� n > n1. ($ n F/q k-�R, V n1 > 1. A;^ 2.1 WE n1 ∈ Sk. )� n1 �F/q k-�R, �ra�C/q k-Y9R p2 � n1 = p2n2, �p n1 > n2 > 1, n2 ∈ Sk. }
n = p1p2n2. )� n2 '$F/q k-�R, )!℄q�-, W7* Sk pG/q%p?QO3GRh n > n1 > n2 > · · · > k. 9w Sk pGb`RRh�W
�
K%p?QO3�!, ^1�r�EB ns = ps+1 F/q k-YR. 7\C

n = p1n1 = p1p2n2 = · · · = p1p2 · · · psns = p1p2 · · · psps+1.�> 2.2 `R a, b ∈ Sk G�;wz k-9R'Æ (a, b)k, aF`R d ∈ Sk �p�
d | a, d | b 1!)� c | a, c | b � c ∈ Sk, V d > c. )� a, b(∈ Sk) T Sk ptCwzG
k-9R, V~x) a Æ b T Sk p�Y, 'Æ (a, b)k = 1.



2 � T�4 T�^ 7�6 k-ZS�v0gB 215b)A k = 3 ;, , a = 2 · 72 · 53 · 13 ∈ S3 Æ b = 2 · 7 · 52 · 11 ∈ S3, VAR5Wf
(a, b)3 = 7 · 52 1! (a, b) = 2 · 7 · 52.A{ [1] G}g 3(!4M/>), ~xfD�F 3-YR� 4-YRGu/9RfA�*
. E=0~x
{d|Ab`R k 6= 1, 2 ;, Sk �F k-YRGu/9RfAU�*
.�Fw<r�F k-YRGu/9RfAlY k = 1, 2 *
�? wf^A℄s��	�GK9, ~x�[B9RfAd|GMp, `�f'7℄s��G�nK9.�> 2.3 (k-	�k5) YF&3 a, b ∈ Sk, 8T`R xÆ y, ?E (a, b)k = ax+ by.YF k = 1 �[ 2, k-	�k5F*
G, ℄FIPG�%`E\a (E)W��3a) Gt+rl.?$ 2.4 .3 k-	�k5*
, )� p ∈ Sk F/q k-YR, a, b ∈ Sk � p | ab, V
p | a �[ p | b.B ($ p F/q k-YR, �rC (p, a)k = p �[ (p, a)k = 1. M/s���C
p | a. M^s�X�, 7 k-	�k5Wf, 8T`R x Æ y, ?E px + ay = 1, FFC
p(bx) + (ab)y = b, 7\C p | b.4& 2.1 .3 k-	�k5*
, )� p ∈ Sk F/q k-YR� p | a1a2 · · ·as, �p
aj ∈ Sk (1 6 j 6 s), V8T�q i (1 6 i 6 s), ?E p | ai.B ~x�R#��adh. A k = 2;,A;^ 2.4f�l*
. .3A s = t;�l*
, ~x8d|A s = t+ 1 ;�l*
. .3 p | a1a2 · · · atat+1, # p | (a1a2 · · · at)at+1.FFA;^ 2.4, WE

p | a1a2 · · · at �[ p | at+1.M/s���, C p | a1a2 · · ·at, 7\A��.3WE8T�q i (1 6 i 6 t), ?E p | ai;M^s���, C p | ai, �p i = t+ 1. 95, �lF�s��, U8T i (1 6 i 6 t+ 1),?E p | ai.?$ 2.5 )� k > 3 �CeqYR pi (i = 1, 2)p� pi ≡ k− 1(mod k), V n = p1p2F Sk pG/q k-YR.B ($ n = p1p2 ≡ (k− 1)2(mod k) ≡ 1(mod k), �r n = p1p2 ∈ Sk. .3 n = p1p2�F/q k-YR, V8T a, b ∈ Sk, ?E n = ab. FF p1 | ab. AR^ 1.1 E p1 | a �[
p1 | b. �9/��, ~x�
3 p1 | a, FF a = p1q. )� q > 1, ~xC

n = p1p2 = ab = p1qb.7\C p2 = qb, ℄I p2 F/qYRqZ. )� q = 1, V p1 = a ≡ 1(mod k). AF
k − 1 > 2, �rI p1 ≡ k − 1(mod k) qZ. 95 n = p1p2 F/q k-YR.�$ 2.2 �QlWFI/G:

(1) k-	�k5*
;
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(2) Sk pu/ k-Y9RfA*
;

(3) k = 1 �[ 2.B (1)⇒(2) YF n ∈ Sk, A�g 2.1 WE n 
��* k-YRG,�. .3 n 
�es�oGb��* k-YRG,�)�:

n = p1p2 · · · pt = q1q2 · · · qs.9w p1 | q1q2 · · · qs, Arl 2.1 WE8T�q i (1 6 i 6 s), ?E p1 | qi. j qi = n1p1. )� n1 > 1, A;^ 2.1 WE n1 ∈ Sk. FF qi F/q k-�R. ℄qqZr2 n1 = 1 1!8T�q i (1 6 i 6 s), ?E p1 = qi. 95℄�9RW1�/3, FFEB
p2 · · · pt = q1 · · · qi−1qi+1 · · · qs.\WK~xW1EB p2 IF8�G q pG/q, 7\-W1�/3. )5)!�!, ~xEB p pGu/qb�F q pG/q. A~x/3t℄� p �, KtC q 8�Zf. FF,�pMC�oG9R, W
T �C^�o. 955; Sk �F k-YRMCu/9RfA.

(2)⇒(3) .3 Sk �FMCu/ k-Y9RfA, E3 k > 3, FF (k, k − 1) = 1.A Dirichlet R^ 2.1 WE8T��[qYR p, ?E p ≡ k − 1(mod k). "�eqYR
pi (i = 1, 2) p� pi ≡ k− 1(mod k) � p1 6= p2, A;^ 2.5 WE, YF n = p21p

2
2 ∈ Sk, 8Teq�oG k-Y9RfA)�:

n = (p1p1) · (p2p2) = (p1p2) · (p1p2).A5WE k = 1�[ 2.

(3)⇒(1) ~xfD 1-YRKFIPGYR1! 2-YRKFIPG�YR. 95YF
k = 1�[ 2, k-	�k5*
Fu^wfG (!4R^ 1.1).TM^>G8��f, ~x8;* Sk pGdnR^, �T Sk p&Ju/ k-Y9RfAÆdnR^h1G��. IPGdnR^C;�;
dn�R^,1BIdn;R^
(1 x, y, z wzfRG>Rb- xn + yn = zn(n > 2, n ∈ N) tCb`RA) C^��. J�~x�~/�IPGdnR^.�$ 2.3 (dnR^) )� p F/qYR� a F/qp� (a, p) = 1 Gb`R, �r ap−1 ≡ 1(mod p).�r Sk pGdnR^�F<r�?

Sk E��(�$ )� p F Sk pG/q k-YR� a ∈ Sk F/qp� (a, p)k = 1 Gb`R, �r ap−1 ≡ 1(mod p).�$ 2.4 )� k F/qb`R, �r Sk pGdnR^*
A�EA k = 1 �[ 2.B ~xE�d|�+�. .3 k > 3, FF (k, k− 1) = 1. A Dirichlet R^ 2.1 WE,8T��[q q, ?E q ≡ k−1(mod k). "�eqYR pi (i = 1, 2)p� pi ≡ k−1(mod k)� p1 6= p2. j p = p21 1! a = p1p2. A;^ 2.5 Wf a, p ∈ Sk �UF k-YR. E
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(a, p)k = 1 1! (a, p) = p1. AF~x.3 Sk pGdnR^*
, �r
ap−1 ≡ 1(mod p),#C 8T�q`R m, ?Eap−1 = 1 +mp.95 p1 | ap−1 −mp = 1. ℄qqZWrE k = 1 �[ 2.��R^ 2.2 ÆR^ 2.4 ~xWi=EB�{G/qz+��.4& 2.2 .3 k F/qb`R, V�QlWFI/G:

(1) k-	�k5*
;

(2) Sk pu/ k-Y9RfA*
;

(3) Sk pGdnR^*
;

(4) k = 1 �[ 2.

§3 3- .,wft�K^A k-YR, �>~x8�w
l/\dMG k-YR, # 3-YR.�$ 3.1 .3 n ∈ S3 1! n = p1p2 · · · ps F��GY9RfA, V n F/q 3-YRA�EA
(1) s = 1 � p1 ≡ 1(mod 3);

(2) s = 2 � pi ≡ 2(mod 3) (i = 1, 2).B A s = 1 ;/f�F�$G. �TTk s = 2, 3 n = p1p2 �p� pi ≡ 2(mod 3),VA;^ 2.5 Wi=EB n F/q 3-YR.�z~xZd|�+�. .3 n = p1p2 · · · ps ∈ S3 F/q 3-YR. �z~xf�X
l:

(1) s = 1. ($ n = p1 ∈ S3, V~xC p1 ≡ 1(mod 3);

(2) s = 2. ℄;, n = p1p2 ∈ S3 F/q 3-YR. AF n ∈ S3, Vu/q pi 6≡ 0(mod 3),5;C)�es�X:

(a) )�YF i = 1, 2, �pC/q pi ≡ 1(mod 3) (�
3 p1 ≡ 1(mod 3)), �rA;^ 2.1 WE p2 ≡ 1(mod 3). FF n = p1p2 F/q 3-�R, ℄F/qqZ.

(b) )�u/q pi ≡ 2(mod 3), �r pi 6∈ S3 � n = p1p2 ≡ 4(mod 3) ≡ 1(mod 3).

(3) s > 3. ℄;, n = p1p2 · · · ps ∈ S3 F/q 3-YR. ($ n ∈ S3, Vu/q
pi 6≡ 0(mod 3). 5;C)�es�X:

(a) )�YF i = 1, 2, · · · , s, �pC/q pi ≡ 1(mod 3) (�
3 p1 ≡ 1(mod 3)), �rA;^ 2.1 WE p2 · · · ps ∈ S3. FF n = p1 · (p2 · · · ps) F/q 3-�R, ℄F/qqZ.

(b) )�u/q pi ≡ 2(mod 3), �r p1p2 ≡ 1(mod 3) � p1p2 ∈ S3. S6A;^ 2.1WE p3 · · · ps ∈ S3 (AF s > 3). FF n = (p1p2) · (p3 · · · ps) F/q 3-�R, ℄F/qqZ.



218 S $ � R A  44 O�� (1)–(3), ~xEB)� n = p1p2 · · · ps ∈ S3 F/q 3-YR, �r s = 1 �
p1 ≡ 1(mod 3) �[ s = 2 � pi ≡ 2(mod 3) (i = 1, 2).4& 3.1 .3 n ∈ S3 1! n = p1p2 · · · ps F��GY9RfA, V n F/q 3-�RA�EA s = 2 � pi ≡ 1(mod 3) (i = 1, 2) �[ s > 3.% 3.1 AF 685 = 5 × 137 F��GY9RfA1! 5, 137 ≡ 2(mod 3), AR^ 3.1Wf 685 F/q 3-YR;

2275 ∈ S3 � 2275 = 5 × 5 × 7× 13 F��GY9RfA, Arl 3.1 Wf 2275 F/q 3-�R.Arl 2.2 ~xfD�F 3-YRGu/9RfA/�F�*
G,�rl 2.2 tCs2/qMh�� S3 pG��`RMC�F 3-YRGu/9RfAGba. m�f�/�dMGb�, ~xEBf�Q��R^.�$ 3.2 .3 n ∈ S3 Æ n = pe11 pe22 · · · pett , �p p1, p2, · · · , pt w�oGYR (YRyfA), j P = {pi | pi ≡ 2(mod 3), 1 6 i 6 t}, V n T�TkT G�X�
u/K�B* 3-YRG,�A�EA card(P ) = 0, 1 �[ card(P ) = 2, P = {pi1 , pi2} � {ei1 , ei2}pm1C/qF 1.B /f�. )� card(P ) = 0, �r n ∈ S3 r2u/q pi ≡ 1(mod 3) (1 6 i 6 t). FFu/qYR pi UF 3-YR. 7\ n 
�* 3-YRG,�
n = p1 · · · p1

︸ ︷︷ ︸

e1

p2 · · · p2
︸ ︷︷ ︸

e2

· · · pt · · · pt
︸ ︷︷ ︸

et

.\WF�z card(P ) = 1 G��, ~xW1d|0Q�9�T�TkT G�X�Fu/G. )� card(P ) = 1, �9/��~x.3 P = {p1 | p1 ≡ 2(mod 3)}. n ∈ S3 Wr2 e1F�R. AR^ 3.1 E p21 ∈ S3 F/q 3-YR�u/qYR pi (2 6 i 6 t) UF 3-YR. FF n 
��* 3-YRG,�
n = p21 · · · p21

︸ ︷︷ ︸
e1
2

p2 · · · p2
︸ ︷︷ ︸

e2

· · · pt · · · pt
︸ ︷︷ ︸

et

.=�Z~x8d|T�TkT G�X�0Q�9�Fu/G. .3 n = q1q2 · · · qs F
3-YRGi/sfA�9�. FF

n = p21 · · · p21
︸ ︷︷ ︸

e1
2

p2 · · · p2
︸ ︷︷ ︸

e2

· · · pt · · · pt
︸ ︷︷ ︸

et

= q1q2 · · · qs. (3.1)($ p2 | q1q2 · · · qs, VAR^ 1.1 WE8T�q j0, ?E p2 | qj0 . .3 qj0 = p2q. )�
q > 1, �rA;^ 2.1 WrE q ∈ S3, 7\ qj0 F/q 3-�R. ℄qqZrE8T�q j0?E p2 = qj0 . FF p2 Æ qj0 WTb- (3.1) Ge�o;�!. )5)!
�!, ~xW1EB pi (2 6 i 6 t) pGu/qUF qj (1 6 j 6 s) pG/q. A~x8 pi (2 6 i 6 t) p



2 � T�4 T�^ 7�6 k-ZS�v0gB 219GJY�3t�, ~xKW18b- (3.1) �w
p1 · · · p1
︸ ︷︷ ︸

e1

= qj1 · · · qjk , (3.2)\ p1 | qj1 · · · qjk Wr28T�q l, 1 6 l 6 k, ?E p1 | qjl . ($ qjl F/q 3-YR, VAR^ 3.1 1! p1 ≡ 2(mod 3) WdE qjl = p1 · p′1, �p p′1 FYR� p′1 ≡ 2(mod 3). FF
p′1 | p1 · · · p1

︸ ︷︷ ︸

e1

, 7\ p′1 = p1. FFC qjl = p21, ℄*~xW1Tb- (3.2) Ge�o;�!
qjl Æ p21. )5.!K
�!, ~xW1EB p21 KF qjx(1 6 x 6 k) pG/q. A~x�
p21 (p1 · · · p1

︸ ︷︷ ︸

e1

= (p21)
e1
2 ) �3t�, VtC qjx(1 6 x 6 k) W8�. 95EBT card(P ) = 1�� 3-YRGfAFu/G.)� card(P ) = 2 � P = {pi1 , pi2}, {ei1 , ei2} pm1C/qF 1, �9/��, ~x.3 P = {p1, p2} � e1 = 1. n ∈ S3 WrE e2 F�R. AR^ 3.1 WE p1p2, p

2
2 1!u/q pi (3 6 i 6 t) UF 3-YR. \WF card(P ) = 1 G��, ~xW1d| n 
u/K�*

3-YRG,�, #C
n = (p1p2) · p22 · · · p22

︸ ︷︷ ︸
e2−1

2

p3 · · · p3
︸ ︷︷ ︸

e3

· · · pt · · · pt
︸ ︷︷ ︸

et

.�+�. .3YF n ZU 3-YR,�fAFu/G.

(1) card(P ) = r > 4. �9/��, ~xW1.3
P = {p1, p2, p3, p4, · · · , pr}.

n ∈ S3 WrE e1 + e2 + · · ·+ er F�R. FF~xC
n = p1p2p3p4n1.9w p1p2p3p4 ≡ 1(mod 3), A;^ 2.1 WE n1 ∈ S3. A�g 2.1 f, n1 
��* 3-YRG,�
n1 = q1 · · · qs.FFAR^ 3.1 Wf n 
��Qes�oGb��B* 3-YRG,�:

n = (p1p2)(p3p4)q1 · · · qs = (p1p3)(p2p4)q1 · · · qs.

(2) card(P ) = 3. �9/��, ~xW1.3 P = {p1, p2, p3} � e1 + e2 + e3 > 4 I
e1 > 2 UF�R. FF~xC

n = p21p2p3n1.=�ZGd|Æ0Q (1) pGd|t"�o.

(3) card(P ) = 2. ~x.3 P = {p1, p2} � e1 > e2 > 1. n ∈ S3 Wr2 e1 + e2 F�R, 7\ e1, e2 C�oG���. AR^ 3.1 f, p1p2, p
2
1 1! p22 ∈ S3 UF 3-YR. ~xC�QVs��:
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(a) e1 = e2 > 1 w�R. AR^ 3.1 WE n 
��Qes�oGb��B* 3-YRG,�:

n = (p1p2) · · · (p1p2)
︸ ︷︷ ︸

e1

p3 · · · p3
︸ ︷︷ ︸

e3

· · · pt · · · pt
︸ ︷︷ ︸

et

= (p21) · · · (p21)
︸ ︷︷ ︸

e1
2

(p22) · · · (p22)
︸ ︷︷ ︸

e2
2

p3 · · · p3
︸ ︷︷ ︸

e3

· · · pt · · · pt
︸ ︷︷ ︸

et

.

(b) e1 = e2 > 1 w�R.

(c) e1 > e2 > 1 w�R.

(d) e1 > e2 > 1 w�R.T0Q�� (b)–(d) p~xW1\WKd| n W1�es�oGb��B* 3-YRG,�.A (1), (2) 1! (3) WE card(P ) = 0, 1 �[ card(P ) = 2, P = {pi1 , pi2} � {ei1 , ei2}pm1C/qF 1.% 3.2 2275 = 52 × 7 × 13 F 2275 GYRyfA� P = {5}. AR^ 3.2 i=WE
2275 Cu/ 3-Y9RfA, # 2275 = 7× 13× 25, ℄` 7, 13, 25 UF S3 pG 3-YR;

3850 = 2 × 52 × 7 × 11 F 3850 GYRyfA� P = {2, 5, 11}. AR^ 3.2 Wf�F
3-YRGu/9RfA�*
. E=0,

3850 = 7× 22× 25 = 7× 10× 55,℄` 7, 10, 22, 25, 55UF S3 pG 3-YR.T�>G�y, ~x:\|&/� 3-YRGqR. �QF�F 1000 G 3-YR� (m� Python �-&\^E):

4, 7, 10, 13, 19, 22, 25, 31, 34, 37, 43, 46, 55, 58, 61, 67, 73, 79, 82, 85, 94, 97, 103, 106, 109,

115, 118, 121, 127, 139, 142, 145, 151, 157, 163, 166, 178, 181, 187, 193, 199, 202, 205, 211,

214, 223, 226, 229, 235, 241, 253, 262, 265, 271, 274, 277, 283, 289, 295, 298, 307, 313, 319,

331, 334, 337, 346, 349, 355, 358, 367, 373, 379, 382, 391, 394, 397, 409, 415, 421, 433, 439,

445, 451, 454, 457, 463, 466, 478, 487, 493, 499, 502, 505, 514, 517, 523, 526, 529, 535, 538,

541, 547, 562, 565, 571, 577, 583, 586, 601, 607, 613, 619, 622, 631, 634, 643, 649, 655, 661,

667, 673, 685, 691, 694, 697, 706, 709, 718, 727, 733, 739, 745, 751, 757, 766, 769, 778, 781,

787, 799, 802, 811, 823, 829, 835, 838, 841, 853, 859, 862, 865, 877, 883, 886, 895, 898, 901,

907, 913, 919, 922, 934, 937, 943, 955, 958, 967, 979, 982, 985, 991, 997.YFIPYRG��, Legendre Æ Gauss T:�D*�f�s2f)� ":

lim
x→+∞

π(x)
x

ln(x)

= lim
x→+∞

π(x)

li(x)
= 1,℄` li(x) =

∫ x

2
dt

ln(t) 1! π(x) =
∑ZS p6x

1, π(x) �BqR�FIF x GYRGqR. 0QW'�T1YRR^)~DC, T 1896 � Hadamard Æ Poussin f�V
Ks2fd



2 � T�4 T�^ 7�6 k-ZS�v0gB 221|. Selberg Æ Erdös T 1949 �f�V
Ks2fYRR^G1Id|. jE/fGF
Selberg T6��Ef Fields :\ Erdös -T 35 ���Ef Wolf :.~x;* π3(x) =

∑

3− ZS p
p6x

1, a�B�FIF x G 3-YRGqR. ~x�4/�T
Dirichlet R^ 2.1 p π3,r(x) =

∑

p ZS,p6x
p≡r(mod 3)

1. AR^ 3.1, ~xfD 3-YRMCes�oG�. 95~xW1EB π3(x) G/qw�, a�a~xW1m�YRGqRZ&\ 3-YRGqR.�$ 3.3 YF x ∈ S3, ~xC�F π3(x) G�Qw�:

π3(x) = π3,1(x) +
∑

26p6[
√
x]ZS p≡2(mod 3)

(

π3,2

([x

p

])

− π3,2(p− 1)
)

,�p [·] �B�`	R.B AR^ 3.1 WE
π3(x) = π3,1(x) +

∑

p1p26x,p16p2ZS pi≡2(mod 3)

1. (3.3)j
S = {p1 · p2 | p1 · p2 6 x, p1 6 p2, YR pi ≡ 2(mod 3)}

=
⋃

26p6[
√
x]ZS p≡2(mod 3)

{

p · q |YR q ≡ 2(mod 3)� p 6 q 6

[x

p

]}

.95A π3,2(x) GR5, WE
card(S) =

∑

26p6[
√
x]ZS p≡2(mod 3)

(

π3,2

([x

p

])

− π3,2(p− 1)
)

.��b- (3.3), ~xW1EB)���:

π3(x) = π3,1(x) +
∑

26p6[
√
x]ZS p≡2(mod 3)

(

π3,2

([x

p

])

− π3,2(p− 1)
)

.% 3.3 YF x = 268 ∈ S3, π3,1(268) = 24. ,YR p T�1 [2, [
√
268]] = [2, 16] 0�p� p ≡ 2(mod 3), V p = 2, 5, 11. FFC

π3,2

([268

2

])

− π3,2(2− 1) = π3,2(134)− 0 = 18,

π3,2

([268

5

])

− π3,2(5− 1) = π3,2(53)− 1 = 81!
π3,2

([268

11

])

− π3,2(11− 1) = π3,2(24)− 2 = 3.



222 S $ � R A  44 O7\AR^ 3.3 C π3(268) = 24 + 18 + 8 + 3 = 53. YZb 3.2 �G 3-YR�F�2(, `� π3(268) = 53 Fb#G.A Dirichlet R^ÆYRR^, ~xW1EB)��F π3(x) G/�GWw�.4& 3.2 YF x ∈ S3, ~xC�Q�F π3(x) GGWw�:

(1) π3(x) ≈ 1
2 ·

{
π(x) +

∑

26p6[
√
x]ZS p≡2(mod 3)

(
π
([

x
p

])
− π(p− 1)

)}
;

(2) π3(x) ≈ 1
2 ·

{
x

ln x
+

∑

26p6[
√
x]ZS p≡2(mod 3)

( [ x
p
]

ln[x
p
] −

p−1
ln(p−1)

)}
;

(3) π3(x) ≈ 1
2 ·

{
li(x) +

∑

26p6[
√
x]ZS p≡2(mod 3)

(
li
([

x
p

])
− li(p− 1)

)}
, ℄` li(x) =

∫ x

2
dt

ln(t) .B (1) A Dirichlet R^ 2.1, ~xfDYF&3Gb`R y, C
π3,1(y) ∼

π(y)

φ(3)
=

π(y)

2
� π3,2(y) ∼

π(y)

φ(3)
=

π(y)

2
.FFGWw�WAR^ 3.3 EB.

(2) Æ (3) ℄eqGWw�WA (1) 1!YRR^i=EB.m� Python�-, ~x�fq 1–q 2 �|~x7i�ÆHPbzZfA 3-YR. q
1 XBf π(x) I π3(x) h1G&8.

2 1Tq 2 p, �� (1), (2) 1! (3) f�Y>rl 3.2 pG-qGWw�. 7q 2 ~xW1S2rl 3.2 pGM^qGWw�A x 6 10000 ;���+.
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Abstract In this paper, the authors try to find out the deeper reasons for the unique

factorization into k-primes. In Section 2, the authors introduce the k-combination condition

and Fermat’s theorem in Sk. One major result of this paper is that the following 4 assertions

are equivalent (1) the k-combination condition holds; (2) Sk has the unique factorization into

k-primes; (3) Fermat’s theorem in Sk is true; (4) k = 1 or 2. In order to understand k-primes

more precisely, in Section 3 the authors investigate a special case of k-primes, i.e. 3-primes.

It is well-known that the unique factorization into 3-primes fails in general. However which

integers in S3 have the unique factorization into 3-primes? In Section 3, the authors obtain

a sufficient and necessary condition for which integers in S3 have the unique factorization

into 3-primes. In the end of Section 3, the authors introduce π3(x) which represents the

number of 3-primes less than or equal to x. By the prime number theorem, the authors

obtain a concrete formula and some approximate formulae for π3(x).

Keywords k-Prime, Unique factorization, k-Combination condition, Fermat’s

theorem, Prime number theorem
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