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1 ����[<_�f=2Uv=?�>yGS"W:


∂tρ+∇ · (ρv) = 0,

∂t(ρv) +∇ · (ρv ⊗ v) +∇p(ρ) + aρv = 0,
(1.1)6M ρ = ρ(t, x) +℄IkH; v = (v1, v2, v3)

T +℄I:H. �P p fT γ-a:

p(ρ) = Aργ ,6M γ > 1 +:�C2, A > 0 +�2; a > 0 +p�2. _i ��f=&�AK�:


(ρ,v)(x, 0) = (ρ0,v0), x ∈ Ω,

v · n|∂Ω = 0, t > 0,6M Ω ⊂ R3 +fT C4-:2zK� (��B 2  ) =`$
&. n �)
& Ω =�$SOqV.P (1.1) m1W?�>�I℄*nKD&I, �-Æ~K2���1n. 5B�X2WÆX!, Nishida[1−2]�OWr&A=Æ4-E", Hsiao s Liu[3]0,�OWP=0!��)yW. Nishihara[4]�OW"=X�.T:H. ={, Nishihara s Yang[5]�1W�$s�J"=�)yW=�o. J$\X�w, MnJ_Zp2=SeVb, Wang s
Yang[6]�OW"=Æ4.0zsNCf�. Sideris?[7];nW5&&A0,5=Q2Jxr!, Uvp?�UD�CN�, ��;nW-E"� (1 + t)−

3

4 =:b0 L2-Q2J4��\ 2017 x 11 - 22 �/9, 2018 x 11 - 4 �/9|[℄.
1Kl>�+Q��2A, ^h\wdQQ�MD$�-, �, 100190. E-mail: yjqmath@163.com
2r,1�3�d, r, 210093. E-mail: DG1521016@smail.nju.edu.cn
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∂tρ+∇ · (ρv) = 0,

∂t(ρv) +∇ · (ρv ⊗ v) +∇p(ρ) = − µ
(1+t)λ

ρv,

(ρ,v)(x, 0) = (ρ0,v0).

(1.2)06{[3J, Y5;nW, �m 0 6 λ < 1, �5 λ = 1, µ > 3− d, � curl v0 = 0, qgS"W7"r&A=Æ4-E"; �m λ > 1 �5 λ = 1, 0 < µ 6 3 − d, qgP0"k!�t
�, �J d 4�X2. [ÆSl, ÆtY5�<_W&�A^H. 0[ [10], Pan s
Zhao ;nW"$
&J=-E"=Æ4.0zsUÆz, �;nW-E"�C2:H.T8℄C. {I, 0[ [11] J, Zhang s Tan <_W7"Uvs�$s�= p-P. 0[
[12] J, Y5i��1W7"UlzUvsgG�$s�= p-P. �L, 6_i�=, J$`$
&, �|h"�u!m. +S, 0[ [13–14] J, Zhang s Wu �1W"$
&�=�X2Uv=U?[?�>yGS". 0[ [15] J, Y5<_WP (1.2) 0�B�=�w, ;nW5&&A�)�|yQC!, G�+5 λ = 0 !, P (1.2) ,�W (1.1), .0Æ`Æ4k}".�[�<_P0Æ�`$
&J= (1.1). _i�;n, �m
&fTÆG= C4-:2zK�, ��&&A�)|yC!,2.0Æ`Æ4-E". [ÆSl, �<_W�B�J=!��)yW, �[ [7], _i�;n-E"0 L2 Q2f� (1 + t)−

3

4 4�8�A�/QC.�_i~dÆf_i=;n.  $
&+`$=, _i�u%� poincaré �?(, ��u����[ [10] J=;n. WWAX6ÆFs,_i�G�Æ`v=�o��p=r�p, �MnSe=�<, ;nUlzp?�Æv=r�pEH. WW;8�B�J"=4�, _i��� Kagei s Kobayashi[16]=8n. MnZO%i��s:i��, _i?���B�=;n,�89`B�. A;P�=+, _i=;nE,�$��f�, �W\�f�}
Ætm�zK� (��P 4.1). N!, N�P=!ds div-curl �L (���L 3.1), _i�;8W H1 f�, +j!m9|�+X=.�[��fW?. 0B 2  J, _i�LuP (1.1) WJ�6�P, �a(4�.0GL. 0B 3  J, _i�;nÆ4.0GL. 0B 4  J, _i��1P (1.1) 0�B�J=0!�yW.

2 (#ut~af!�06�VJ, _i�LdP (1.1). 0h, ���: σ(ρ) =
√
p′(ρ), � σ = σ(ρ) W�/kH ρ > 0 J�=�:. G�

u =
2

γ − 1
(σ(ρ)− σ),2J$ C1 ", yGS"W (1.1) �W�fP:





∂tu+ σ∇ · v = −v · ∇u− γ − 1

2
u∇ · v,

∂tv + σ∇u+ av = −v · ∇v − γ − 1

2
u∇u.

(2.1)
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{
(u0,v0)|t=0 = (u0,v0),

v · n|∂Ω = 0,
(2.2)6M u0 = 2

γ−1 (σ(ρ0)− σ), �� Ω fTÆG C4- :2zK� (��[ [17] J=Ie 4.10).0h, "�f�L, B^;_iP (1.1) s (2.1) +?�=.�� 2.1 [7,10] J�� T > 0, �m (ρ,v) ∈ C1(Ω × [0, T ]) + (1.1) =Æ`", �
ρ > 0, 2 (u,v) ∈ C1(Ω × [0, T ]) + (2.1) =Æ`", � (

γ−1
2

)
u + σ > 0. P>, �m

(σ,v) ∈ C1(Ω × [0, T ]) + (2.1) =Æ`", � (
γ−1
2

)
u + σ > 0 �	 ρ = σ−1

((
γ−1
2

)
u + σ

)
,2 (ρ,v) ∈ C1(Ω× [0, T ]) + (1.1) =Æ`", � ρ > 0.fl=�L�	W&&kHW:!kH=:z.�� 2.2 [7,10] �m (ρ,v) ∈ C1(Ω× [0, T ])+ (1.1)0 Ω× [0, T ]�=Æ`ÆG"$",� ρ(x, 0) > 0,20 Ω×[0, T ]� ρ(x, t) > 0. �m (σ,v) ∈ C1(Ω×[0, T ])+ (2.1)0 Ω×[0, T ]�=Æ`ÆG"$", � (

γ−1
2

)
u(x, 0) + σ > 0, 20 Ω× [0, T ] � (

γ−1
2

)
u(x, t) + σ > 0.j0\

X3([0, T ],Ω) ≡ {F : Ω× [0, T ] → R
3 | ∂l

tF ∈ L∞([0, T ];H3(Ω)), l = 0, 1, 2, 3},�7"Q2
‖F‖3,T ≡ ess sup

06t6T

9F (·, t)9 = ess sup
06t6T

[ 3∑

l=0

‖∂tF (·, t)‖23−l

] 1

2

,2_i;8Wfl=4�.0�L.�� 2.3 [18] �m (σ0,v0) ∈ H3(Ω)��fTm�zK�,
 ∂tv(0)·n|∂tΩ = 0, 0 6 l 6

2,2&�A^H (2.1), (2.2), .0Æ`UÆ=4�" (σ,v) ∈ C1(Ω× [0, T ])∩X3([0, T ],Ω),6M T > 0 +Æ`"k�2.

3 	~qw06�V, _i�;n (2.1) s (2.2) &�AK�=Æ4.0z. 0�[J, C �)Æ`Æ�=:�2, ‖ · ‖, ‖ · ‖s s ‖ · ‖s− 1

2

�) L2(Ω), Hs(Ω) s Hs− 1

2 (∂Ω). G�
W (t) ≡ 9u(t) 92 + 9 v(t)92 =

3∑

l=0

(‖∂l
tu(t)‖23−l + ‖∂l

tv(t)‖2H3−l )._i��(�fI=V
E[u](t) =

3∑

l=0

‖∂l
tu(·, t)‖23−l;

E[v](t) =
3∑

l=0

‖∂l
tv(·, t)‖23−l;

χ[u](t) =
3∑

l=0

‖∂l
tu(·, t)‖23−l − ‖u‖2;
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V (t) =

2∑

l=0

‖∂l
tω‖22−l, ω = ∇× v;

E(t) =

3∑

l=0

(‖∂l
tu‖2 + ‖∂l

tv‖2);

Ẽ(t) =

3∑

l=1

‖∂l
tu‖2 +

3∑

l=0

‖∂l
tv‖2.A;P�=+

W (t) = E[u](t) + E[v](t).0ha(�`�L, �$�<uVf�.  $}��$K�=.0, �$�=B�72+Z==. ;n��Y�J$fl=�L 3.1, B�n ∇U ?�Æ ∇ ·U s ∇×U �f�. _i��[ [19] =SO.�� 3.1 ��
& Ω +Æ`fTÆG Cm+1-:2zK�=`$
&, �� U ∈
Hm(Ω) fT U · n|∂Ω = 0, 2

‖U‖m 6 C(‖∇×U‖m−1 + ‖∇ ·U‖m−1 + ‖U‖m−1), (3.1)6M m > 2, ���2 C '�J m s
& Ω = Cm+1-Q2.$ 0h, _i"
−∆U = ∇×∇×U−∇(∇ ·U). (3.2)- ω =��J, ?�48 ν = (ν1, ν2, ν3)

T ∈ Cm(Ω;R3), %;0 ∂Ω � ν = n. N� (3.2),_i"
−∆(U · ν) = (∇×∇×U) · ν −∇(∇ ·U) · ν − 2∇U · ν −U ·∆ν.N�R*S"=:2zGL, �W Ω fTÆG Cm+1-:2zK��� U · n|∂Ω = 0, _i"

‖U · ν‖m 6 C‖(∇×∇×U) · ν −∇(∇ ·U) · ν − 2∇U · ν −U ·∆ν‖m−2

+ C‖U · n|∂Ω‖m− 1

2

6 C(‖∇ ×U‖m−1 + ‖∇ ·U‖m−1 + ‖U‖m−1). (3.3)[ÆSl, J$��= i = 1, 2, 3,

ν · ∇Ui = ∂i(U · ν)−U · ∂iν +

3∑

j=1

νj(∂jUi − ∂iUj),6�n
∥∥∥∂U
∂n

∣∣∣
∂Ω

∥∥∥
m− 3

2

6 C(‖U · ν‖m + ‖U‖m−1 + ‖∇×U‖m−1). (3.4)b6R*S"=Æ`:2zGL, _i"
‖∇U‖m−1 6 C

(
‖∆U‖m−2 +

∥∥∥∂U
∂n

∣∣∣
∂Ω

∥∥∥
m− 3

2

)
.
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‖∇U‖m−1 6 C

(
‖∇×U‖m−1 + ‖∇ ·U‖m−1 +

∥∥∥∂U
∂n

∣∣∣
∂Ω

∥∥∥
m− 3

2

)
. (3.5)N�f� (3.3)–(3.5), ?�;8 (3.1).fl=�LJ$;nÆ4.0z+FiL
=, Ba(WÆ`"�=uVsr�=?�V.�� 3.2 \ (u,v) + (2.1) =", 2.0Æ`r�2 δ, %;�m W (t) 6 δ, 2.0U`�2 C0 > 0 �	 C1 > 0, %;

W (t) 6 C0(V (t) + E(t)), (3.6)�	
χ[u](t) + E[v](t) 6 C1(Ẽ(t) + V (t)). (3.7)$ N��L 3.1, %�[ [10] �L 3.3 mN=S(, ?�;n (3.6). j0_i;n

(3.7). 0h, �W
∇u = − 1

σ + γ−1
2 u

(vt + av + v · ∇v), (3.8)_i"
‖∇u‖2 6 C(‖vt‖2 + ‖v‖2) + C(‖v‖2L∞‖∇v‖2)

6 C(‖vt‖2 + ‖v‖2) + CE[v]2(t).[ÆSl,

∇ · v = − 1

σ + γ−1
2 u

(ut + v · ∇u), (3.9)�+,

‖∇ · v‖2 6 C(‖ut‖2 + ‖v‖2L∞‖∇u‖2) 6 C(‖ut‖2 + E[v](t)χ[u](t)). �L 3.1, ?;
‖v‖21 6 C(‖ω‖2 + ‖∇ · v‖2 + ‖v‖2)

6 C(‖ω‖2 + ‖ut‖+ ‖v‖+W (t)(χ[u](t) + E[v](t))).�fI, _i (3.8) s (3.9) =72, K9A, "
‖∇ut‖2 6 C(‖vt‖+ ‖vtt‖2 +W (t)(χ[u](t) + v · ∇u)),

‖∇ · vt‖2 6 C(‖utt‖+W (t)(χ[u](t) + E[v](t))),�	
‖∇utt‖2 6 C(‖vtt‖+ ‖vttt‖2 +W (t)(χ[u](t) + E[v](t))),

‖∇ · vtt‖2 6 C(‖uttt‖+W (t)(χ[u](t) + E[v](t))).j0, %�6tf�, � (3.8) s (3.9) =B�72, ?;mN=!mJ�8 ∇u s ∇ · v=M�72 O. X{, J$ m = 1, 2, 3 V�%��L 3.1, �.�6tf�, ?�;n
(3.7).



432 3 � x ; A � 40 9�fI, _i�)L E(t) s V (t) =f�.�� 3.3 .0�2 C > 0, %;
1

2

d

dt
E(t) +

3∑

l=0

‖∂l
tv‖2 6 CW (t)

1

2 (χ[u](t) + E[v](t)). (3.10)$ 0 {pv u(2.1)1 + v · (2.1)2 ��;8
1

2

d

dt
(u2 + |v|2) + a|v|2

= −σ∇ · (uv)− γ − 1

2
∇ · (u2v) +

γ − 1

2
uv · ∇u− uv · ∇u− (v · ∇v) · v. (3.11)0 Ω ��V (3.11), ;8

1

2

d

dt
(‖u‖2L2 + ‖v‖2L2) + a‖v‖2L2 = −

∫

Ω

{
−γ − 1

2
uv · ∇u+ uv · ∇u+ (v · ∇v) · v

}
dx.%� Hölder �?(, Sobolev ��GLs Young �?(, ;8

1

2

d

dt
(‖u‖2L2 + ‖v‖2L2) + a‖v‖2L2

6 C(‖u‖L∞‖v‖L2‖∇u‖L2 + ‖v‖L∞‖v‖L2‖∇v‖L2)

6 C(‖u‖H2‖v‖L2‖∇u‖L2 + ‖v‖H2‖v‖L2‖∇v‖L2)

6 CW (t)
1

2 (χ[u](t) + E[v](t)).�{pv J (2.1) i$ t 	7, U�N!� ut, vt, 2"
1

2

d

dt
(u2

t + |vt|2) + a|vt|2

= −
(
σ∇ · (utvt) +

γ − 1

2
u2
t∇ · v +

γ − 1

2
∇ · (uutvt)

+ utvt · ∇u+ utv · ∇ut + vt · (vt · ∇v) + vt · (v · ∇vt)
)
. (3.12)0 Ω ��V (3.12), N��$K�, ;8

1

2

d

dt
(‖ut‖2 + ‖vt‖2) + a‖vt‖2

6 C[‖ut‖L∞‖ut‖‖∇ · v‖ + ‖ut‖L∞‖∇u‖‖vt‖+ ‖ut‖L∞‖v‖‖∇ut‖

+ ‖vt‖L∞‖vt‖‖∇v‖+ ‖vt‖L∞‖v‖‖∇vt‖]

6 CW (t)
1

2 (χ[u](t) + E[v](t)).k{pv K9$�l=;n, "
1

2

d

dt
(‖utt‖2 + ‖vtt‖2) + a‖vtt‖2 6 CW (t)

1

2 (χ[u](t) + E[v](t)).
{pv
1

2

d

dt
(u2

ttt + |vttt|2) + a|vttt|2

=
2− γ

2
|uttt|2∇ · v +

1

2
|vttt|2∇ · v −

(
vttt · ∇u+ 3vt · ∇utt +

3(γ − 1)

2
ut∇ · vtt

)
uttt

−
(
vttt · ∇v + 3vt · ∇vtt +

3(γ − 1)

2
ut∇utt

)
· vttt − 3

(
vtt · ∇ut +

γ − 1

2
utt∇ · vt

)
uttt
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− 3
(
vtt · ∇vt +

γ − 1

2
utt∇ut

)
· vttt −∇ ·

(1
2
|uttt|2v +

1

2
|vttt|2v + σutttvttt

)
.0 Ω ��V, "

1

2

d

dt
(‖uttt‖2 + ‖vttt‖2) + a‖vttt‖2

6 CW (t)
1

2 (χ[u](t) + E[v](t)) + 3
∣∣∣
∫

Ω

(
vtt · ∇ut +

γ − 1

2
utt∇ · vt

)
utttdx

∣∣∣

+ 3
∣∣∣
∫

Ω

(
vtt · ∇vt +

γ − 1

2
utt∇ut

)
· vtttdx

∣∣∣.%� Hölder �?(s Young �?(, "
∣∣∣
∫

Ω

(
vtt · ∇ut +

γ − 1

2
utt∇ · vt

)
utttdx

∣∣∣

6 C‖uttt‖(‖vtt‖L4‖∇ut‖L4 + ‖∇vt‖L4‖utt‖L4)

6 C‖uttt‖(‖vtt‖H1‖∇ut‖H1 + ‖vt‖H2‖utt‖H1)

6 CW (t)
1

2 (χ[u](t) + E[v](t)).K9A, "
∣∣∣
∫

Ω

(
vtt · ∇vt +

γ − 1

2
utt∇ut

)
· vtttdx

∣∣∣ 6 CW (t)
1

2 (χ[u](t) + E[v](t)).R6tf�, _i3;nW�L.:Hr�(j0�L 3.3 J. �fI_i�EFkH=r�.�� 3.4 .0�2 c0, C > 0, %;
d

dt

(
−

3∑

l=1

∫

Ω

∂l−1
t u∂l

tudx
)
+

3∑

l=1

‖∂l
tu‖2

6 CW (t)
1

2 (χ[u](t) + E[v](t)) + c0

3∑

l=0

‖∂l
tv‖2. (3.13)$ �< ∂t(2.1)1, "

utt + σ∇ · vt + vt · ∇u+ v · ∇ut +
γ − 1

2
u∇ · vt +

γ − 1

2
ut∇ · v = 0. (3.14)J (3.14) !� u, ;8

(uut)t − u2
t +∇ ·

(
σuvt +

γ − 1

2
u2vt

)
− (γ − 1)u∇u · vt

− σ∇u · vt + uvt · ∇u+ uv · ∇ut +
γ − 1

2
uut∇ · v = 0.0 Ω ��V�l=S", ?�;8

− d

dt

∫

Ω

uutdx+ ‖ut‖2 6 CW (t)
1

2 (χ[u](t) + E[v](t)) + C(‖∇u‖2 + ‖vt‖2).�W
∇u = − 1

σ + γ−1
2 u

(vt + v + v · ∇v),
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‖∇u‖2 6 C(‖v‖2 + ‖v2

t ‖) + C‖v‖2L∞‖∇v‖2 6 C(‖v‖2 + ‖vt‖2) + CW (t)
1

2E[v](t).�+
− d

dt

∫

Ω

(uut)dx+ ‖ut‖2 6 CW (t)
1

2 (χ[u](t) + E[v](t)) + C(‖v‖2 + ‖vt‖2).�< ∂tt(2.1)1, ��!� ut, _i"
ututtt + ut

[(
σ +

γ − 1

2
u
)
∇ · v

]
tt
+ ut(v · ∇u)tt

= (ututt)t − u2
tt + σut∇ · vtt +

γ − 1

2
ututt∇ · v + (γ − 1)u2

t∇ · vt +
γ − 1

2
uut∇ · vtt

+ utvtt · ∇u+ 2vtut · ∇ut + utv · ∇utt

= (ututt)t − u2
tt + σ∇ · (utvtt)− σ∇ut · vtt +

γ − 1

2
ututt∇ · v + (γ − 1)u2

t∇ · vt

+
γ − 1

2
uut∇ · vtt + utvtt · ∇u+ 2vtut · ∇ut + utv · ∇utt = 0.�_i��Æf�$K�, �J�1S"0 Ω ��V, "

− d

dt

∫

Ω

ututtdx+ ‖utt‖2 6 CW (t)
1

2 (χ[u](t) + E[v](t)) + C(‖∇ut‖2 + ‖vtt‖2)./Æ,%�i(
∇u = − 1

σ + γ−1
2 u

(vt + v + v · ∇v),_i"
‖∇ut‖2L2 6 CW (t)

1

2 (χ[u](t) + E[v](t)) + C(‖vtt‖2 + ‖vt‖2 + ‖v‖2).LY�l=n", �?�;8
− d

dt

∫

Ω

(uttuttt)dx+ ‖uttt‖2

6 C(W (t)
1

2 (χ[u](t) + E[v](t))) + C(‖vttt‖2 + ‖vtt‖2 + ‖vt‖2 + ‖v‖2).!v�l==f�, ?��;�L.�fI=�L?�Æ;nMn%�[ [10]J�L 3.7K9=;n, E}
P�0_i=�LJ W (t) Æ E[v](t) �J4.�� 3.5 J$ V (t), .0Æ`�2 C > 0, %;
d

dt
V (t) + 2aV (t) 6 CE[v]

3

2 . (3.15)j0, _ia(Æ4.0z=GL.j� 3.1 aG&&K�fTm�zK�, 
 ∂l
tU(0) · n|∂Ω = 0, 0 6 l 6 2, 2.0Æ`�2 δ, %;�m U0 ∈ H3(Ω) �	 W (0) < δ, 2&�A^H (2.1) �	 (2.2) .0Æ`UÆ=Æ4" U = (u,v) ∈ X3([0,∞),Ω) ∩ C1(Ω× [0,∞)).
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d

dt

(
C1E(t)−

3∑

l=1

∫

Ω

∂l−1
t u∂l

tudx+ V (t)
)
+ (2C1 − c0)

3∑

l=0

‖∂l
tv‖2 +

3∑

l=1

‖∂l
tu‖+ 2aV (t)

6 CW (t)
1

2 (χ[u](t) + E[v](t)).\
E1(t) ≡ C1E(t)−

3∑

l=1

∫

Ω

∂l−1
t u∂l

tudx,2
d

dt
[E1(t) + V (t)] + C(Ẽ(t) + V (t)) 6 CW (t)

1

2 (χ[u](t) + E[v](t)). (3.16)N� (3.7), "
χ[u](t) + E[v](t) 6 C1(Ẽ(t) + V (t)),�+

d

dt
[E1(t) + V (t)] + C(χ[u](t) + E[v](t)) 6 CW (t)

1

2 (χ[u](t) + E[v](t)). (3.17)�m W (t) +%Vr=, 2"
d

dt
[E1(t) + V (t)] + C(χ[u](t) + E[v](t)) 6 0. (3.18)j0_i C1 Te0, 2��;8.0U`�2 c1, c2 > 0, %;

c1E1(t) 6 E(t) 6 c2E1(t).N� (3.6), J (3.18) 0 Ω ��V, ;8
W (t) + C

∫ t

0

(χ[u](s) + E[v](s))ds 6 W (0).N�6`f�s�L 2.3, ?�;nGL.

4 nd, (2.1) i|!^�xi�yqw06�VJ, ��;S"W (2.1) 0�B�, 
 Ω = R3
+ =4�f�. W+, _i��[ [16] J=ÆtG�. G� v̂(ξ′, x3)(ξ

′ = (ξ1, ξ2)) W v(x′, x3) 0 x′ = (x1, x2) ∈ R2 �=ZM��, G� Fcv̂(ξ
′, ξ3)(= v̂c(ξ

′, ξ3)) s Fsv̂(ξ
′, ξ3)(= v̂s(ξ

′, ξ3)) Wp20 x3 �=ZM%is:i��, 2
v̂(ξ′, x3) =

∫

R3

v(x′, x3)e
−iξ′·x′

dx,

Fcv̂(ξ
′, ξ3) = v̂c(ξ

′, ξ3) =

∫ ∞

0

∫

R2

v(x′, x3)e
−iξ′·x′

cos(ξ3x3)dx
′dx3,

Fsv̂(ξ
′, ξ3) = v̂s(ξ

′, ξ3) =

∫ ∞

0

∫

R2

v(x′, x3)e
−iξ′·x′

sin(ξ3x3)dx
′dx3.



436 3 � x ; A � 40 9G� FU �f, �J U = U(x′, x3) = (u(x′, x3), v1(x
′, x3), v2(x

′, x3), v3(x
′, x3)),

FU(ξ′, ξ3) =




Fcû(ξ
′, ξ3)

Fcv̂1(ξ
′, ξ3)

Fcv̂2(ξ
′, ξ3)

Fsv̂3(ξ
′, ξ3)




.N�ZM��=zI, "
‖v‖22 = (2π3)−1‖v̂c‖22 = (2π3)−1‖v̂s‖22, v ∈ L2(R3

+), (4.1)

‖∂x′v‖22 = (2π3)−1‖(̂∂x′v)k‖22 = (2π3)−1‖ξ′v̂k‖22, k = c, s, (4.2)

‖∂x3
v‖22 = (2π3)−1‖(̂∂x3

v)s‖22 = (2π3)−1‖ξ3v̂c‖22, v ∈ H1(R3
+), (4.3)

‖∂x3
v‖22 = (2π3)−1‖(̂∂x3

v)c‖22 = (2π3)−1‖ξ3v̂s‖22, v ∈ H1
0 (R

3
+). (4.4)N!, �"

|v̂c|∞ 6 ‖v‖L1, |v̂s| 6 ‖v‖L1 , (4.5)�	
Fc(∂x3

w(x3)) = ξ3ws(ξ3)− w(0), Fs(∂x3
w(x3)) = −ξ3wc(ξ3), w ∈ H1(R+). (4.6)�fI, WW;84�f�, 0h<_�fl=lzP





∂tu+∇ · v = 0,

∂tv +∇u+ av = 0,

v · n|∂Ω = 0.

(4.7)�� F 8 (4.7), %� (4.6) �	�$K�, "
∂tFU(ξ′, ξ3, t) = A(ξ′, ξ3)FU(ξ′, ξ3, t),6M
A(ξ′, ξ3) =




0 −iξ1 −iξ2 ξ3

−iξ1 −a 0 0

−iξ2 0 −a 0

−ξ3 0 0 −a




.

A(ξ′, ξ3) =G8A+: −a,−a,−λ1(ξ
′, ξ3),−λ2(ξ

′, ξ3), 6M
−λ1(ξ

′, ξ3) =
1

2
(a+∆), −λ2(ξ

′, ξ3) =
1

2
(a−∆), ∆ =

√
a2 − 4|ξ′|2 − 4ξ23 .\

Ã(ξ) =




0 −iξ1 −iξ2 −iξ3

−iξ1 −a 0 0

−iξ2 0 −a 0

−iξ3 0 0 −a




,
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B(ξ) =




−a 0 0 0

0 −a 0 0

0 0 −λ1 z

0 0 0 −λ2




,6M
z =




−a, a2 − 4|ξ|2 < 0,

−2λ1, a2 − 4|ξ|2 > 0.-[ [7] J=B 807 �?=, .0Æ`!7 R̃(ξ), %; Ã(ξ)R̃(ξ) = R̃(ξ)B(ξ). j0
R(ξ′, ξ3) =




R̃11(ξ) R̃12(ξ) R̃13(ξ) R̃14(ξ)

R̃21(ξ) R̃22(ξ) R̃23(ξ) R̃24(ξ)

R̃31(ξ) R̃32(ξ) R̃33(ξ) R̃34(ξ)

−iR̃41(ξ) −iR̃42(ξ) −iR̃43(ξ) −iR̃44(ξ)




,2��;8 A(ξ′, ξ3)R(ξ′, ξ3) = R(ξ′, ξ3)B(ξ′, ξ3). �L
T̂ (t) =




e−at 0 0 0

0 e−at 0 0

0 0 e−at e−λ1t−e−λ2t

λ2−λ1
z

0 0 0 e−λ2t


fT T̂ ′(ξ′, ξ3, t) = B(ξ)T̂ (t) �	 T̂ (ξ′, ξ3, 0) = I, �� T̂ (t) = etB(ξ). �+

Ŝ(t) = etA(ξ′,ξ3) = R(ξ′, ξ3)e
tB(ξ′,ξ3)R∗(ξ′, ξ3) = R(ξ′, ξ3)T̂ (ξ

′, ξ3, t)R
∗(ξ′, ξ3).�� 4.1 aG U0 ∈ L1(R2

+) ∩ L2(R2
+), _i"f�

‖S(t)U0‖ 6 C((1 + t)−
3

4 ‖U0‖L1 + e−βt‖U0‖). (4.8)�m(Æ��� U0 ∈ W k,1(R2
+) ∩Hk(R2

+), 2
‖∇kS(t)U0‖ 6 C((1 + t)−

3

4 ‖U0‖Wk,1 + e−βt‖U0‖Hk), k = 1, 2, (4.9)6M�2 C �	 β > 0 ''�J$ a.$ ��;8.0'�J$ a =�2 C > 0 �	 β > 0, %;
T̂ (t) 6 C





e−t|ξ|2 , |ξ| <
√
3a

4
,

e−βt, |ξ| >
√
3a

4
.

(4.10)N� (4.10) �	 (4.1) s (4.5), "
‖U‖2 6 ‖S(t)U0‖2 = (2π3)−1‖Ŝ(t)FU0‖2

6 C

∫

|ξ|<
√

3a
4

e−2t|ξ|2 |FU0|2dξ + C

∫

|ξ|>
√

3a
4

e−2βt|FU0|2dξ

6 C|FU0|2∞
∫

|ξ|<
√

3a
4

|e−2t|ξ|2 |dξ + Ce−2βt

∫

|ξ|>
√

3a
4

|FU0|2dξ
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6 C(1 + t)−

3

2 ‖U0‖2L1 + Ce−2βt‖U0‖2, (4.11)6a(W (4.8) =;n. �fI;n (4.9). W+, 0hf� ∂tU = L2-Q2.  U1(x) =

(∂tu, ∂tv)
T|t=0 = (−∇ · v0,−∇u0 − av0), ��<_P ∂t(4.7), %� (4.11) mN=d;,?�;8

‖∂tU‖ = ‖S(t)U1‖ 6 C((1 + t)−
3

4 ‖U1‖2L1 + e−βt‖U1‖)

6 C((1 + t)−
3

4 ‖U0‖W 1,1 + e−βt‖U0‖H1).�fI, �W ∇ · v = −∂tu �	 ∇u = −∂tv − av, "
‖∇ · v‖ 6 ‖∂tu‖ 6 C((1 + t)−

3

4 ‖U0‖W 1,1 + e−βt‖U0‖H1),�	
‖∇u‖ 6 ‖∂tv‖ + ‖av‖ 6 C((1 + t)−

3

4 ‖U0‖W 1,1 + e−βt‖U0‖H1).[ÆSl, <_S" (4.7)2 =�HS"
∂tω + aω = 0,6�n ‖ω‖ 6 e−at‖ω0‖ �	 ‖ω‖1 6 e−at‖ω0‖1. �"=6tf��	�L 3.1 �n

‖∇S(t)U0‖ 6 ‖∇ · v‖ + ‖∇× v‖+ ‖v‖ + ‖∇u‖ 6 C((1 + t)−
3

4 ‖U0‖W 1,1 + e−βt‖U0‖H1).j0, _i<_P ∂t(4.7) 7"&A U1, K9$�l=d;�n
‖∇∂t(S(t)U0)‖ 6 C((1 + t)−

3

4 ‖U1‖W 1,1 + e−βt‖U1‖H1).�W ∇(∇ · v) = −∇(∂tu), �	 ∇(∇u) = −∇(∂tv + av), %��L 3.1, ;8
‖∇2S(t)U0‖ 6 C((1 + t)−

3

4 ‖U1‖W 1,1 + e−βt‖U1‖H1)

6 C((1 + t)−
3

4 ‖U0‖W 2,1 + e−βt‖U0‖H2).6	3T W�L=;n.* 4.1 P�8, �mJ&&A �Ætm�zK�, qg?�;8q=4�b. *#�, �m�� v0 · n|∂Ω = 0, qg-�L=;nJ?�Nj, ‖∇S(t)U0‖ � (1 + t)−
5

4 =:b4�. �L, 6`f���u�O_if�UlzP=", �W_i�=:Ulzp G(U,∇U) +W�fTm�zK�, �57�u� Duhamel )L;8Ulz"=4�.* 4.2  $_ih"��f� ‖∇S(t)U0‖ =4�, �+ ‖∇S(t)U0‖ =4�9|�+X=. 0hf� ‖∂tS(t)U0‖, �{MnP=!ds ‖∂tS(t)U0‖ =f�, ;8W
‖∇S(t)U0‖=f�.N!,_iNj ∂tvs v+N�=,�+;(W ‖S(t)U0‖s ‖∂tS(t)U0‖=4�b+mN=.\

L0(t) = sup
06s6t

(1 + s)
3

4 ‖U(·, s)‖,

L1(t) = sup
06s6t

(1 + s)
3

4 ‖∇U(·, s)‖,

e(t) = sup
06s6t

‖U(·, s)‖H3 ,2"�fI=�L.
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L0(t) 6 C(δ + e

1

3 (t)L
5

3

0 (t) + L0(t)e(t)). (4.12)�m(Æ�, �� ‖U0‖W 1,1 + ‖U0‖H3 < δ, 2
L1(t) 6 C(δ + e

1

3 (t)L
5

3

0 (t) + L0(t)L
1

2

1 (t)e
1

2 (t) + L2
1(t)

+L0(t)e(t) + L
1

2

0 (t)L
1

2

1 (t)e(t) + e
3

4 (t)L
5

4

1 (t)). (4.13)$ %� Duhamel )L,

U(x, t) = S(t)U0(x) +

∫ t

0

S(t− s)G(U,∇U)(x, s)ds,6M G(U,∇U) = (−v · ∇u − u∇ · v,−v · ∇v − u∇u)T �) (2.1) =Ulzp. Mn%�
Gagliado-Nirenberg�?(, "

‖G(U,∇U)(·, s)‖L1 6 ‖U(·, s)‖‖∇U(·, s)‖

6 ‖U(·, s)‖‖U(·, s)‖ 2

3 ‖U(·, s)‖
1

3

H3 6 e
1

3 (t)L
5

3

0 (t)(1 + s)−
5

4 , (4.14)

‖G(U,∇U)(·, s)‖ 6 ‖U(·, s)‖|∇U(·, s)| 6 L0(t)e(t)(1 + s)−
3

4 , (4.15)

‖∇G(U,∇U)(·, s)‖L1 6 ‖U(·, s)‖‖∇2U(·, s)‖ + ‖∇U(·, s)‖2

6 ‖U(·, s)‖‖∇U(·, s)‖ 1

2 ‖U(·, s)‖
1

2

H3 + ‖∇U(·, s)‖2

6 L0(t)L
1

2

1 (t)e
1

2 (t)(1 + s)−
9

8 + L2
1(t)(1 + s)−

3

2 , (4.16)

‖∇G(U,∇U)(·, s)‖ 6 ‖∇2U(·, s)‖|U(·, s)| + ‖∇U(·, s)‖L4

6 ‖∇U(·, s)‖ 1

2 ‖U(·, s)‖
1

2

H3‖U(·, s)‖ 1

2 ‖U(·, s)‖
1

2

H3 + ‖∇U‖ 5

4 ‖U‖
3

4

H3

6 L
1

2

0 (t)L
1

2

1 (t)e(t)(1 + s)−
3

4 + e
3

4 (t)L
5

4

1 (t)(1 + s)−
15

16 . (4.17)%� (4.8), (4.14) �	 (4.15), "
‖U(·, t)‖ 6 C(1 + t)−

3

4 δ + C

∫ t

0

(1 + t− s)−
3

4 ‖G(U,∇U)(·, s)‖L1ds

+ C

∫ t

0

e−(t−s)‖G(U,∇U)(·, s)‖ds

6 C(1 + t)−
3

4 δ + Ce
1

3 (t)L
5

3 (t)

∫ t

0

(1 + t− s)−
3

4 (1 + s)−
5

4ds

+ CL(t)e(t)

∫ t

0

e−(t−s)(1 + s)−
3

4ds

6 C(1 + t)−
3

4 δ + Ce
1

3 (t)L
5

3 (t)(1 + t)−
3

4 + CL(t)e(t)(1 + t)−
3

4 .6a(W (4.2) =;n. �fI, %� (4.9), (4.14)− (4.17), ?�;8
‖∇U(·, t)‖ 6 C(1 + t)−

3

4 δ + C

∫ t

0

(1 + t− s)−
3

4 ‖G(U,∇U)(·, s)‖W 1,1ds

+ C

∫ t

0

e−(t−s)‖G(U,∇U)(·, s)‖H1ds

6 C(1 + t)−
3

4 δ + Ce
1

3 (t)L
5

3 (t)

∫ t

0

(1 + t− s)−
3

4 (1 + s)−
5

4ds
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+ CL0(t)L

1

2

1 (t)e
1

2 (t)

∫ t

0

(1 + t− s)−
3

4 (1 + s)−
9

8ds

+ CL2
1(t)

∫ t

0

(1 + t− s)−
3

4 (1 + s)−
3

2 ds

+ CL0(t)e(t)

∫ t

0

e−(t−s)(1 + s)−
3

4 ds+ CL
1

2

0 (t)L
1

2

1 (t)e(t)

∫ t

0

e−(t−s)(1 + s)−
3

4ds

+ Ce
3

4 (t)L
5

4

1 (t)

∫ t

0

e−(t−s)(1 + s)−
15

16ds

6 C(1 + t)−
3

4 δ + C
(
e

1

3 (t)L
5

3 (t) + L0(t)L
1

2

1 (t)e
1

2 (t) + L2
1(t)L0(t)e(t)

+ L
1

2

0 (t)L
1

2

1 (t)e(t) + e
3

4 (t)L
5

4

1 (t)
)
(1 + t)−

3

4 .6a(W (4.13) =;n.j� 4.1 �� ‖U0‖L1 + ‖U0‖H3 < δ, � δ +%Vr=, 2 L0(t) 	$"$, �+�fI=4�f�	$
‖U(t)‖ 6 C(1 + t)−

3

4 .(Æ�, �m ‖U0‖W 1,1 + ‖U0‖H3 < δ, 2 L1(t) 	$"$, �
‖∇U(t)‖ 6 C(1 + t)−

3

4 .$ N��L 4.2 �	 e(t) =rz?; L(t) 6 Cδ+CL(t)
5

3 . �m δ < 2
5c(

3
5C )

5

3 , 2p2 f(x) = Cδ − x− Cx
5

3 ":b 0 < r1 < r2. �L L(0) < Cδ < r1, �W f(L(t)) > 0 �	
L(t) +S�=, _i"J$�"= t > 0, Q(t) 6 r1. Q(t) = L0(t)+L1(t). N��L 4.2," Q(t) 6 Cδ+C(Q

5

4 (t)+Q
5

3 (t)+Q
3

2 (t)+Q2(t)).:��l=;n, ?�;8.0 r3, %; Q(t) 6 r3.* 4.3 N� Gagliado-Nirenberg�?(, _i" ‖U‖ 6 C(1 + t)−
3

4 .oR ‖∇U‖ 6

C(1 + t)−
1

2 . *#�,

‖∇U‖ 6 ‖U‖ 2

3 ‖U‖
1

2

H3 6 C(1 + t)−
1

2 .�+, _i= ∇U =f�+"��=, +jB9|�+X�=.b � � � � � �
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Abstract In this paper, the authors consider the 3D damped compressible Euler equations

in the general unbounded domain with slip boundary condition. The authors obtain the

global existence and uniqueness when the initial data is near its equilibrium. Meanwhile,

they also investigate the decay rates of the system in the half space. The authors show that

the classical solution decays in the L2-norm to the constant background state at the rate of

(1 + t)−
3

4 .
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