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§1 5] =

AR H S RIS R AR e, He s [1-2].

TR, FRARELEERWPFRINR—, BAMRAEZYE. Robinson
LT TRBEY W EA S EE B 1k 10 &, HHE 9 & “Residually Finite Groups” &
[T 4hBEF A PR AL Lennox il Robinson 754 JofR Al A REDT I8 2 KB 2R g £ 3 B
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186 ¥ o® F flA®R 45 &
%, E5AW p- R ARAER XA,

TELIR TR L, DRI . BUR B 5 R4 24 0 2 G BEMAFE (W, [4]).
R T 2 BRI 45 KA 2 — R TR, B —RTT2 AR E AR B . ZHIGH
HERRGRNY, XEZHIEHAFEMN — D EARE. B —fkh, Malcev UEB] ZEHIEFFFEH
FAFHEAE Profinite #¥h T #UE I8, Bkl R WATA IR 2 AR, BLTCIR ol ##
BT R A FRYET S, Robinson 7E3C [5] HAEM T — P10 80— RESE R So- #E G
R AARA Y B G Fitting TR0/ OZIEZH. 3 61- #£41 S2- H, Robinson
WARE] T AR AR AR B, BA1HEC (6] IR ¥ 61- #f G #Y Fitting THEH F.0
RBEZ, M2 Hol(G) RRIR AR n- B, X H » BARNRENES. fF8) Profinite
A, AT [7] BRI T So- FEEMBIR AN Y HAY G Witz IFEX [T
i B, SC [8-9]) FIT T EHE—E ST, (1F: 3¢ [8-9] AAARIE “extended residually finite”
BTN B “sRFERFRMAE” B3EF “strongly residually finite”, B ZH1# L5
FEMERE LFLTE.) 78 Hall 3T FRR vl BEag QAT sE 10 B, fth FBESA 5 T HAE B4
R H abelian-by-nilpotent Ff— & 2 FRAFRET, 3¢ [11-12] X MEE LA FHR
H: i) abelian-by-polycyclic #f, iX /& FoFR Al it R R A MBI AR G R E B SC 1] 256
A73 TUTERE K 3¢ [11-12] B BUAS ) B, &IY: “The proof is significantly harder”.

Tl s A FRFEA BT FR N2 7T A FRE ST IR, R X X 28k, At s mT
U E A IR e 2. 140, Baer 7E3C [13] AR HZEIEAEE G WEINGR
TR AT, W G R . X R —FABEe e Ez b, Xk
EIEAR EE— %02 @ . Robinson 7E3C [14] HLAEH: 74 FR A B v e G WY &1
FIRF A ST E0, W G 2 mE Y. 73— 7T, Seksenbaev 73 [15] ELIEH: # X TR
ZNRE p, LEIFIEE G BWRZRARAW p- 85, W G BHRARA TTHFZFHE. Robinson
TE3C [16] BEAUIX A5 R MBI A MR Beny ATt 7E5C [17-18] B, AT — KA A 2 1)
Xk, IEAT: MMEEARNRBNES m, FIELBIEHEE G(n), F1% G(r) SFRIK AR
p- BEY HANY p e m. FESC[19] B, AT 3¢ [17-18] 45 R, B8 T FHX A EH
NEHRZ i e 2.

A ZHA n BHE Abel #f, B HEME AutA = GL(n,Z). & f(A) = A" +
a1 A" L a A+ ap BERBORITAZIR, HA a = £1. 30

0 —ag
1 0 —ay
a= : € Aut A.
.0 —O0n—2
1 —Op—1

HIER G = Ax (o), 1| G BFRIRAR p- B4 HAY p EE £(1).
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Lo, HIT— 4 R E IR S EEROR LT, AR — R, 3C [20] 45 i
T —ZRFVHBNEN. B RIATTAZ TR &, 3C [21] #E3C [17] 1 FEL R 2GR B
I PTfRE, A5 SO SR —A H &S [19] W4 54 204G PR B T T, R 1 T iy 8

I L1 W X A EEE Q AT L TR, « 2 X ik, B m = {p | pX = X},
A=X®X0- - 0X, AWHRME AwA = GL(n,Q,), 1 Qr = {& | n € Z,mfr

n

3. B p(A) = A"+ an A"+ Fard + a0 € Qq[N] 7E Q LARHY, ao REFF Qr BYFAL,
B p(1) = um, Hrt u B3 Qr BIHNL, m 2 o'- L, i

0 —ap
1 0 —a]
a= : € GL(n,Q,) = Aut A.
.0 —Qn-—2
1 —0p—1

HIERE G = Ax {(a), Nl G ZRRAMR p- #F249 BALH p BEr m.

XASE R SC [17-19,21] B9AR S TAR B AR SRR T

FE—RAER R, TRSIEATRAE R IX A, XHEEE Abel FERERFIE %
HIXMEBR. WEM EF, FARG RS BRI LI MBS, Robinson 7E3C [22] B
ALY 3L [21] By AT AR ] A

TEBH O T, JCR FT R B R 2 S h 7 A IR Bk FTARRE. 7E3C (23] B, BATMT
BRAGFFRE L RN, BFFS T X 36 L 0 R R R A PR, A AR B T —
FiTCPR R W] AR A SRS A T H B R AR SC (23] By R K, LA T 8 B

T 1.2 % C = (¢) EIMIEIEE, R=27ZC & C Lt i

1 ule) wle)
G= ¢ v(c) i € Z, u(c),v(c),w(c) €R p,
1

N G J2& 3- &= centre-by-metabelian #. X&KL p, G Al G/CG B ZF KA p-
B, X (G R G Wl s, e r RIEEZ N RBNES, #1E G W G(n),
1% G(m) ZRARAR p- LAY pe .

EH 1L 5B 1.2 2 AfFERRERR. RS 1.1, MMEFEARNZE {p1,p2, -+,
pn}, BATER O] AKY A PR BB T BE G, 15 G BRIAGM p- #4010 p € {p,
D2,y Pu}. MR AL e 1.2 BE. Sd ok, B 1.2 R m EOIREN
B, X EEH 1.1 TREN H. R 1.2 MM R G, G/(G, YLK G(r) # /2 TCRR By F]
fifR%. 1% Robinson 161 fy&it, HATATELIR B TREEE, A R = ZICHRAEM
)3, A5 5 B 1.2 SRR 45 L.
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WV, TIRIEF R BRI R = ZC LA MRS — R 3 (5 SGIE AT BT 7S IR

§2 FIE 1.1 #9iFEH

T I 5 [ B AR HA PR A A R A A T A PR B T Y, JLOC (24, 22 2.1].

5138 2.1 & G RAMERRFEERE, CEHHICHE p- 5T, W G BRAFR p- £
A, 40 < X < (Q+) B, X 8RS EndX = Qr, XM « 2 X #yil, Hf
m={p|pX =X} XX Abel ft A=X O X -0 X T, HHRASH

n

Hom(X,X) Hom(X,X) ... Hom(X,X)
Hom(X,X) Hom(X,X) --- Hom(X,X)

EndA = ] i . ] = Mat(n, Qx),
Hom(X,X) Hom(X,X) --- Hom(X,X)

nXxn

EHE 1.1 MR Bk p(1) =1+ an-1+an2+---+a1+ao=um, uJiT Qr HH
MFE,mEr-BHHp|m BRao-T B AW—PTHFE, XBE T & AMNESEARZ.
Xof R

-1 —ag
1 -1 —a

1 —-1-—ap_q
BT Qr T8y 2 S (07 5 [25)):
(i) HHMEREET (31);
(i) M Qn HyFLLFR AR R AT (B1);
(i) SEAERIIREAT () TeLh Qn RISEATTINEI S —1F (31),
o — T TTRUL W Smith GG, L ARKESE] Autd = GL(n, Qr) BFAIE B Fil 7,

1 -1 ag

. . . n—2

. . -1 z a;
i=0

111 -+ 1 i)

Wi Blo— I}y = diag(1,1,--+,1,p(1)). | |B] =1, |[y] = (1), # | = I| = (=1)"p(D).
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“LB g = dla‘g(17 1a v 71’p(1))7 m\'J €€ EndA E‘ﬁﬁﬂ?%fﬁ

e XPpXP - X XXX,

(mlaz27"' ,(L'n) — (1"171"2"" ap(l)wn)a
X
Alla—DA=A4/'ex A= PAle(vA)

XoX® 00X
XoX® - op(l)X

=X/p(1)X = X/m(uX) = X/mX

=AfeA =

= Zupn,

H, |4/ (o — DA| = m.
HEEE G = Ax (o), WEDMEBEE k, B (o - DFAZ AW—P TR, I

(a—D*A=[A,0, - ,0] =[A, ],

k
XFE (a—D*A & G WIEM T3
la—I=(-1)"p(1) #0, a — I & A W—PHFZ, i a— I BARHMFES HERS
(@—DA/(a—IPA= A/(a— D)4,
j&_‘ﬂ}ﬂﬁa
(a—I)FA/(a - D) A (o — )*1A/(a — )4,
TR IEHL E, (o — T)F~1A/(a — I)* 4] = m.

im = el p L B By < 4, 178 Bi/(a— Da = Op(A/(a — I)A) JEHTR Abel #
Af(a— DAt Hall /- FBE, WA |A: By| = pt. Rl XHE EREC 0, T B; < A, {75
Bif(a—I)'A = Oy (Af(a — I} A) & Af(a— I)'A i Hall p'- FBE BLHT |A: Bi| = po%,
B 1775 B — A T RE e

Bi>By>--->B;>---,
M B;/(a—I)iA char Af(a—IYA %I B; <G, () Br<G. %44, [ [A: (] Bo| > |A:
r=1 r=1
Bi| = p%, i A/ a B, I Abel B
#1/ (| B, %2 A/ O B 5374k 4/ O B, < [[ 4/B, 51T/ [ B, J& Abel p-

BB A=X0X0® --0X 2N n iy Abel . T/ N Br Z2TAEL n (] Abel
@ r=1

p- #f, Bl 2 TR N RF X T/ a B, WU A IRPEE p- 5 HRAE
W op- B EM. EEE 7 & AW, m & o B DR op | m, ATH p & m, AT A S H04E
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S p- B, T/ () B WoRHBIES p- T, T/ ( B RARA A p- REGTAL, CRAT
R, 5B A/T = (4] ) B.)/(T/ () Br) JRIERITEHE Abel .

TR AT @A RH s M6, 6> 1. % () By £ 1K}, s > 1. T2 AutT < GL(s,Q),
r=1
Aut(A/T) < GL(t, Q), Hrft s+t = rank(A) = n. % T/ () By char A/ () B, T #l A
r=1 r=1

HIEGHIEM TR Y alEAEL1<T < A L, o HARMAIERE 1 < TRzQ < A®zQ I,
ARzQ 2 Q Ly n i E=N, TQzQ & A®zQ I s A T2, Hlt a HARMNT S
F—tn B (vY), ﬁ‘i‘ UZs Bl B2 p(\) = M —a| = |M;-U|-|\L-V]|
T, XS ANTTHEHY, (Rt 01 B.=1.

AEREE IR G ZRIAA R p- B, PR OLT .

XTAERH 1 £ 9 €G, % g ¢ AN, B G/A = (o) REREFH, RATE A <
N, <G, §i1§ g ¢ Ny H G/Ny ZFER p- Bt. 24 g € A #, OIBT =1, FAEIEREE 6, fi
g ¢ B;. &7

(a—D'A=[A0,a, - ,a] <G,
\ﬁ.,—/

G/la—I)yA ZHER, T/& G/B; AR W A/B; ZHW Abel p- B, T2 G/B; 1%
THE, BURIES I 2.1 MFETE Bi < My <G, #7158 g ¢ My, H G/My, 26 p- #. FHit G
EFR AR p- B

SR, Rk G Z2FRIRFR p- B, IS p| m.

B GL(n, Q) HITER

a1 a9 Lo an—1 1_
a2 “ae An—1 1
P= : € GL(n, Q,).
an-1 .
1

ML HBERIE P~laP = o, it of J& o WFERE.

Xj‘A:X@X@@X E@{f%ﬁ% ((L'l,.’L'z,"' axn)a ia (ylay27"' 7y’n.) = ($1,$2,"' ’
zn) P, NI

(Y1, 92, ¥n) = U1, 92, ¥n) - P raP = (y1,%2, + , Yn),
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Il

0 1
0
a(y1, Y2, ,Yn) = (W1,Y2," " , Yn)
1
—ag —a e —Qp—1

G ZRRAR p- BEOTH, MTHEE 1#n € G, FFEn € NG, 1§ G/N 2FH
R p- #. iC G = G/N, it

O __ =
Y1 =Yn 07

yg = yly'r_l,al )

Uo1=TUn_2¥n"""2,
yg = yn—lyv_zan_la
BHE [01T2 - Tno @) = U107 3 05 - T 0 = Ba” ), VERE] p(1) = um, u & Qr H
FAL Bl w e {£1} x [ {g), 718 ™ € 712G < FratG.

qge™

mE ptm, \ 7, & p TR 77 € FratG &1, §,,, € FratG, ¥ 74,70, »Tn_1
@R T FratG. B4 y1,v2, - ,yn WEEME, LHTHER p B G = (@) 2EAM,
TR eG=1 UMY, =1 MM Gp_1,Tn 2, V2 V1 BHET 1, X5 5 ¢ N FJE. Bt
p|m.

(ii) 24 o & GL(n, Q) HIHFRE JCHT.

o) =1, MG o =1. B p(\) 72 Q LEATLAM, a HE/NEHALET p(N), #
PN — 1. p(\) EFFAHELT ,(N). RIEC (26, A1 1.56] 4,

p(1) = 2,(1) ={ Il’ ;;p’ °> 1

HI, %4 p | m B, %A p(l) = p. X p(A) = Bpe(N), @ &—4 p- 7¢, IHIRIEE () Wi
H, MTUABIE G BRIAF p- B

R, 4 G BRAHR p- B, o —FE—4 p- 6. # |a] = p°, p(V)|(V° - 1),
p(N) FTEANFRZIA @t (N), 1 <t < s, TR p=p), XHAREKRE p|m.

§3 I 1.2 #YiFEH

RN WA R 1.2 HEH,
% C = (o) RAMYEFEE R=ZC J& C LHPERER, R (B (R, +) B {c | ie
Z} HEMHH Abel BE. X I & R [WBEE, I = (c— DR MEAEEE m,
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I™ = (c— 1)™R. 3 [23] B8 T T 5] 3.

gIIE 3.1 -& c %ﬂ R ﬁntﬁ, m\” To,T1,7T2,°* ;T25—1,T24," " mﬁi (R7 +) E/J_.gﬂga ﬁ:‘
H

To =1,
1

ry= E(c— 1),
1

T = E(c — 1)

1 i
ra-1= (e - 1P,

1 ‘
raj = (e 1)%,

HHMFEANEER m, WA (R+) = (Zro®Zr ®Zra ® - - ® Zrm) & I™HL,

WUB,R) ZM R IXMAZTREE 11 3 W LA MM RSN TG, R) &2
M1 R Lafaiiy 3 B = A et et rT A, BUES B AT U3, R) 5 T(3, R) Z AIHI#E

1 ule) wle)
G= ¢ ve) || i€ Z,ulc),vic),w(c) eRyp,
1

AT JGE R F I A B
T 3.1 ¥ O WLk, A
Oc=(["e,].["H, ][]}
(i) G #yl: G = { [ 193] | r € R} = (R, +), BIRBEH THEMAY 11 H7 Abel B
(iil) ¢(G/¢G) =1;

(iv) AR ERE m, 7

1.’L‘1 rs

s
0
1

Ym+1G = 1 z||z1,20 €™, 25€I™1

1

?

T 0 mG =1
(v) d(G) = 3, Bl G Bri iy b E MTH A S T 3,
(vi) M TEHN R p, G RERAR p- 7 -
(vii) it G = G/¢G, BN EEH m, HH Ym11G = ymn1G, AT n YmG =1;
(viil) XA EH p, G = G/CCG RRAHR p- B
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(ix) U3, R) J& G 1y Fitting T-E%;
(x) G B3 K% T 3 i centre-by-metabelian .

2

i a=["c | EEFIUG R <G, 4 G TUERH G = () x UG, R).
(1) U3, R) EWELA 2 WAL, HIEEILR
1 u(e) w(e) 10 0 1 10f [0 o0 1 wu(e) O
1 o= 1 v(c) 1 0f, 1 w(c) 1 0
1 1 1 1 1

Boit UG, R) wegn [P0 0], [T el | s k.

0 u(c) = asc® +asp1c®t + -+ as ettt H a; €2, s <

i<s+t, s,t€Z,t 20

U(C)=bftcm+b-'12+1cm+1+"'+bw+ycw+yazx¢tb EZ rSj<T+y, ayEZay 0. ’/ﬁ"%
Ik
1w o] [1 e o] [t et o] [1 et o]
1 0] = 1 0 1 0 1 0 )
1 1 1
q be+1 1 boty
1 0 0 1 0 O 1 0 0 1 0 0
1 v(e)| = 1 ¢ 1 c&t! 1 &ty ,
1 1 1 1
1¢t9] [100
iU, R) = <[ (1)],_ 151] zj€Z>.
BRI A 56 R A
1 110 1 N PR
c 10 c = 1 0|, Viez,
1 1 1 1
i - :
1 1 0 0f (1 1 0 0
c 11 c = 1 ¢, Vjez,
1 1 1 1
. /T 1107 [100
e e=([', [.['14].['1]).

1 u(e) w(e)

(u)/ffﬂ"x.qEGaﬁ%g:[ c*

9 € (G HHM T HISFR AL

v(c)
1

], H ke Z, u(c), vic), w(c) e R. #H (1) 7] %1

1 1 ule) w(e) 1 u(e) w(e)| (1
c & )| = c v(c) c )
1 1 1 1
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1 1 0| [1 u(c) w(c)- 1 u(c) w(c)-
10 & wve)| = & (e
1
[1 0 o] [1 u(c) w(c)- 1 u(c) w(c)-
11 & we)| = & v(c)
i 1_ | 1 | | 1 11 l_
AREIY HALY k=0 H u(c) = v(c) =0, AT
1 0 w(e)
(G = 1 0 w(c) € R} 2 (R,+).
1

1 z(c) z(c)

(i) £E5 ACG € C(G/CG), Bkt b € G, Tl [h, G] € ¢G. B h = [ o y(;:)] ez,
2(0), y(@), #() € R. AT

1 1 z(e) 2(c) ] 1 z(c) —cx(c) c'z(c)y(c) — cttx(c)y(c)
c , d ylof|]| =
1

1 cty(e) — e y(e)
4 z(c) =y(c) =0. X

1
11 1 0 2 1 ¢d-1 0
) d o0 = 1 0
1 1

1
it —1=0,801=0 XZEWE

1 0 2(c
h= 1 0

€ (G,
1

0
0 € (G,
1

€ (G.
1

HI ((G/(G) =1.
(IV) /EEEX ZaJ € Za u,0,W,T,Y,2 € R7 *E%%Z’:%%ﬁ%{j%//}ﬁ

[

[1 z(1-c)+u(@—-1) wy@d—c+c ) +cdzy(l — c)]

te tuv(l — ¢79) — ¢z

1 cIy(l—c ) +ctw(c? - 1)
1
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1 (e—1)m r3

Y2 G < 1 (c=Drg||r1,r2,m3 € R
1
SR, R E
1 - rm | [t 0 o 1 (c=1)r 0| [1 0
1 (c—1)rg| = 1 (e—1rg 1 0 1 of,
1 1 1 1
[[1 rs ol [t 0 0]] [1 0 s
1 0}, 1 = 0f,
1 1
1 1Tt = o] [1 =1 0
C » 1 0 = 1 0 )
1 1 1
1[io o] 1o o ]
¢! , —rq| | = 1 (c—Dryf,
1 1 1
T
1 (e—1)m T3
1 (e—1rg||r1,72, 713 €ER < 12G.
1
XL T
1 (C—l)?"l T3
Y9G = 1 (c=Drg||r1,r2,m3 € R
1

N 1 (e=1)"r; (e=1)™"1r
Uﬂ%'@%& 7m+1G = { [ 1 ’ (c—1)m'r23:|

1

T1,72,T3 € R} EEH:

(1 (=)™ (c—1)™rs] [1 1 0 (1 0 —(c-1)™r,
1 (c=1)™ry |, 1 0)|= 1 0 )
1
[[1 (=)™ (c—1)™1rs| [1 0 0]] [1 0 (c=-1)™n
1 c—Dmr |,| 1 1|]=] 1 0 ,
1 1 1




196 ¥ ¥ £ TAE

45 &

1 (c=1D™ry (c—=1)™r3| |1 0 0
1 (c=1)™ry |, ¢ 0
1 1
1 (c= 1™y (c—1)2mH (—cirirg)
= 1 (c= )™ (=c1rp) |,
1
1 (e=1)"T1lz; (e—1)™=z
T Ym+2G < { [ : (c—1)’"+1;2] Z1, %2, %3 € R}-
1
FH—J7H, A
1 (e=Dmz 0] [1 0 0 1 0 (c—1)mas
1 ol, 11 = 1 0 )
1 1 1
1 1t —c=vma 0o]] [1 =1z 0
C ) 1 0 = 1 0 ’
1 1 1
1 11 o o |] [1o 0 |
¢! , 1 —(c—Dmzs| | = 1 (c— 1™z,
1 1 1

. 1 (e—1)"lzy (c—1)™=
GIEE { [ 1 ' (c—l)m+1;2:|
1

L (c—1)™z;  (c—1)"x3
Ym+2G = 1 (c—1)mHg,
1

XEPIX ERER m, ¥4

1 (c—1)™z1 (c—1)"1z3
’)’m+1G = 1 (C - 1)m.’L‘2
1

m=1

T1,T2,T3 € R} < Ym+2G. B

T1,T2,23 € R

z1,%2,23 € R

(v) BRIE (iv) B GG 2 Lo Z o Z, FHRYE (i) vH dG) =3.
(vi) fEIR 1 # g € G, FFEIEBE m, (15 g € Ymn1G. KIIWTT G = G/ymnG HF

(G = 1 7eR/I™ 1

= o Sl

JEBRSET m— 1 ¥ H i Abel Bt

MR/ L) =Zrg®Zr, & -+ @ Lrpy_s,
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Abstract The residually finite group is also known as finitely approximable group, and its
properties are often determined by the properties of its finite quotient groups. The Seksen-
baev theorem states that if a polycyclic group G is a residually finite p-group for infinitely
many primes p, then G is a finitely generated torsion-free nilpotent group. Robinson general-

izes this theorem to solvable groups: If a solvable group G of finite rank is a residually finite
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p-group for infinitely many primes p, then it is a torsion-free nilpotent group. These are two
classical results in infinite solvable groups. This paper proves two residual finiteness theo-
rems for infinite solvable groups. The results of this paper improve the Seksenbaev-Robinson
theorem.
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