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230 u s � 6 A o 45 /r(��U~ED, eAv�L^F (ZC, 10 nm 
!'wfWp=��!,R}8Wp=�wFy��~ {�eb�� U"�ebr(U~y�f=�-P, X����<5>�f=�ÆM%Z#*h.x~ , �P�QkgAU	.�RGj�5~ �I�[.==�wq��5b��5>�f>Q�4LZrA
h\ . �AUwq
==�
AL U
Awq�Af�4�C, 
~H(s�Of8>. �*!�=�
��V,_� UZ#�V, =�y��5>�"fqh�q[rq1
A. S�>�!uf=�7�, =XMy~ f%3Z#&q1. �wq�n{X|��&�a"A [16−17], 8q�LT�7��u, �KZ#�5*�fq�T�hE8 [18]; 8
�LW��0�u, �K�5
�>�9�AyF,�5Y>gW�fZrA
L
[\t [19−20]; 8�rb),==�wq=�#�rKx. ��1�OtT_
�$�tT_
hO> ℄>
Ef$XU U, %i#*��Wf=�ÆM�1�W$QOQr�6, 
���#Sthj>fKx, &nsnt$�6, M�TOdB�!M, �Q�5h [21−23].==�wq.�8
~�G�L�Wv�FHA&;�Og�f#V, �\a(A%
[kq. P�kqEEe, ���W&�9�W**��+
, a_jf��f%y)i. ==�wq�58kqEEeXUj
�IO;�WL��Wf=�7�, R}�T"jf1e�5. ==�t,
A,t$KxLkq\a�1℄k�kw,
Q;b)x)f!{7� [24]. ,x) [25], >
jf&Kqf7&Ki%V 40%. 1%jf&;IM8&K �f�1, }&;�O8kqEE**<�y�%{Z#. �Q, qe1%jff�6
(0&Kf;	. 3 [26]8Np>Ojf{dfkqX}e,S�==�wqA0�5Ie8kqeXZ, 0.5 − 1.0 mm f1%jf. �;==� U�%-t�gD[t,e℄UM, �tD[
A/.K9r��,�4L;F�.�{3Q�L	:>
�
L�h. �Q, �Ex)%[f��D[(0��KXM==� U�GL/:7�.���fx)��L�Z.�3ÆJy==� Ut,�4ÆM, �I�hafO>ZibD[K�t�Z{d, 4UÆ�wZ,���WC~�f)�D�, �E�?�0o[L|FÆZi�3jK�%��fiX�v, %+I��iXhQl. �U, �E�℄tZT~ww��If��f�[h.,��, y�℄;��JL2℄"f3q: R, R+ r Z++ 
#!^Xt, ��tLONt. �W��} T = (ti1i2···in) ∈ R
I1×I2×···×IN !^D[, �e N !^D[f�t, \ I1, I2, · · · , IN ∈ Z++, -~ ti1i2···in f\ , in ∈ {1, 2, · · · , In}, 1 6 n 6 N. Æ#j,

T = (tijk) !^C�D[, �e i = 1, 2, · · · , I1, j = 1, 2, · · · , I2, k = 1, 2, · · · , I3. ^��}
Y ∈ R

m×n !^ m× n f+L. Q�Z_�} a ∈ R
m !^ m -W[, Z_�} a ∈ R !^ [. �J rank(A) !^+L A fb. ‖A‖∗, ‖A‖F r ‖A‖1 
#!^+L A ∈ R

m×n fK�t, Frobenius �t�r 1- �t. �e, K�tq�, ‖A‖∗ =
r∑

i=1

σi(A) (r ,+L Af��Z(t), 1- �tq�, ‖A‖1 =
m∑
i=1

n∑
i=1

|aij |.�3R%,
fs��<=H�k~�, 4;℄�(ZO>TfD[K�t�Z{d�kC�, �O ADMM LÆZi���, �E�?�0t|F3j, 4;℄�()�O>ZD[K�t�Z{dfaf��D[(0���kz�, 
A℄��fiXh�C�k=�, �E*���K��t� UNQf[C, Æ#
Jy==� U�G7�ft



2 � `w4 �)bgP?[E\)1��s�9!VOR'>>�u-ÆBfg�� 231Z5h[C, }R�3��I��f%[h��U
�l,
.

§2 |E0&Wv2Ij��+ID[Q;fi� 	Lq� (� [27]), 4U-,7�m)4;Iy�fD[�Z{d.�q 2.1 Z(��D[ A ∈ R
I1×I2×···×IN & B ∈ R

I1×I2×···×IN f�lq�,:

d = 〈A,B〉 =

I1∑

i1=1

I2∑

i2=1

· · ·

IN∑

iN=1

ai1,i2,··· ,iN bi1,i2,··· ,iN ∈ R. (2.1)D[ T f Frobenius �tq�,:

‖T ‖F =
√
〈T , T 〉 =

√√√√
I1∑

i1=1

I2∑

i2=1

· · ·

IN∑

iN=1

t2i1,i2,··· ,iN . (2.2)�q 2.2 D[K-
D[f�-A
.K℄|�-\ 8�F��8�.Z,}����\ 3:q, =Q{=fe�(D[f�-
�, uD[fW[e℄. T=, A(3, :, 6)
�(C�D[K-, �ek~-\ 
8�f, k��C-\ 3�:qHK.�q 2.3 D[&�
D[f~-A
. K℄|~-\ 8�F��8�.Z, }����\ 3:q,=Q{=fe�(D[f~-
�,uD[f+Le℄. T=, A(:, 4, :)
�(C�D[&�, �ek��CZ(-vf\ 
8�f, k~-\ 
:qf.�q 2.4 D[ T ∈ R
I1×I2×···×IN f{ -n A5z, T(n), �ÆD[{ -n K-�,_}A5A,�(+L. .�}y, 	D[-~ tii,i2,··· ,iN �I,+L-~ min,j, �e

j = 1 +
∑
p6=n

(ip − 1)Jp '
Jp =





1, B p = 1 gB p = 2 ' n = 1,
p−1∏
m 6=n

Im, �>.,�?D[(0�Z{d, J�℄
9�2iz��Z7� (� [28])

min
x∈Rn

‖x‖1 s.t. Ax = b, (2.3)�e+L A ∈ R
m×n,b ∈ R

m. {d (2.3) 
0#u�$T7�f|F�a, u=Hf NP��Z7�
min
x∈Rn

‖x‖0 s.t. Ax = b, (2.4)�e+L A ∈ R
m×n,b ∈ R

m, ‖ · ‖0 !^W[f 0- �t, u�`-~f(t.�(+L(07�f�Z{d=g,u�$T{df"?, uib���Z7�
min

X∈Rm×n

rank(X) s.t. XΩ = TΩ, (2.5)�e+L X ∈ R
m×n, Ω ⊂ [1,m]× [1, n] ,+e+)f~p, XΩ !^+) Ω �-~
T,��-~\q.



232 u s � 6 A o 45 /O{j, {d (2.5) =�E)�=H+LK�t��Z7�eb${�
min

X∈Rm×n

‖X‖∗ s.t. XΩ = TΩ. (2.6)Hukl
l==� U�G7�. �(==� U=8��(C�D[,� U�G7��4=A�,=HD[(0�Z{d
min
X

rank(X ) s.t. XΩ = T Ω, (2.7)�eD[ X ∈ R
I1×I2×I3 , D[fb rank(X ) ,

3∑
i=1

rank(X (i)), D[ X f{ -i A5 X (i)=

tenmat(X , i), i = 1, 2, 3 (�q�2.4), T Ω ,|U�+) Ω ⊂ [1, I1]× [1, I2]× [1, I3] f
TD[. `XF, ;#D[bfq��*�
�, T= CP bLD[f n- br Tucker bh
[29−30], 3Ne	D[(07�wZ,=Hf CP b3s�Z7�:

min
X

‖XΩ − T Ω‖F s.t. rankCP (X ) = r, (2.8)�e
rankCP (X ) , min

{
r ∈ Z+ : ∃ {a

(n)
t } s.t. X =

r∑

r=1

a
(1)
t ◦ a

(2)
t ◦ · · · ◦ a

(N)
t

}
, (2.9)^~!/�|.�D[b8�Z7�)�e[C�}f3Nww.L4, O{#+L(0�Z{d (2.5), D[(0�Z{d (2.7) f~ Ht�2��h, 8�#)�. 3 [8] 	{d (2.7) |F,=H�Z{d

min
X

‖X‖∗ s.t. XΩ = T Ω, (2.10)�e, D[fK�tq�,
‖X‖∗ :=

3∑

i=1

αi‖X (i)‖∗, (2.11)D[ X ∈ R
I1×I2×I3 , X (i) ,D[ X f{ -i A5, K�tFto� 3∑

i=1

αi = 1.�Q{d (2.10) =k_,
min
X

3∑

i=1

αi‖X (i)‖∗ s.t. XΩ = T Ω, (2.12)�eD[ X ∈ R
I1×I2×I3 . "�+, :g.��fe℄

min
X

3∑

i=1

αi‖X (i)‖∗ s.t. A(X ) = B, (2.13)�e A ,Ph�~, 8X|7�e�*�f�I;F, B ,
TD[. 7� (2.13) =wZ,=HJ'M9Ht<3s�Z7�
min

X∈RI1×I2×I3

L(X ) =
3∑

i=1

αi‖X (i)‖∗ +
γ

2
‖A(X )− B‖2F, (2.14)�e γ ,�0t.



2 � `w4 �)bgP?[E\)1��s�9!VOR'>>�u-ÆBfg�� 233==� Ufk��~-,�� Ut,, kC-��f
>
8*�'wf=�
E. �#==� UIhÆo�4,�38�F
AfiLFy==� U�G7��?O>Z, eb=HafD[(0K�t�Z{d:

min
X

3∑

i=1

αi‖X (i)‖∗ +
γ

2
‖A(X )− B‖2F +

I3∑

i=1

τ‖(X (:, :, i))x1
+ (X (:, :, i))x2

‖2F, (2.15)�e X ∈ R
I1×I2×I3 , (X (:, :, i))x1

& (X (:, :, i))x2

#!^ X (:, :, i) {|k��~-Z(
 x1 L x2 �Wf�atfPD'℄, γ, τ 
#,+qf�0t, K�tFt αi fL

3∑
i=1

αi = 1.� 2.1 m�wwf
, F℄ (X (:, :, i))x1
& (X (:, :, i))x2

f�atx�/�=HPD'℄XM�
(X (:, :, i))x1

= Dx1
X (:, :, i), (X (:, :, i))x2

= X (:, :, i)Dx2
.

Dx1
=




−1 1 0 · · · 0

0 −1 1 · · · 0

0 0 −1 · · · 0
...

...
. . .

. . . 1

0 0 0 · · · −1




∈ R
I1×I1 ,

Dx2
=




−1 0 · · · · · · 0

1 −1 0 · · · 0

0 1 −1 · · · 0
...

...
. . .

. . .
...

0 0 · · · 1 −1




∈ R
I2×I2 , (2.16)

′∗′ , Hadamart l, i = 1, 2, · · · , I3.

§3 |E�P\"��Æ4;�(afD[(0��K)�D[�Z{d (2.15). :gb&nf���WC~� (�_, ADMM) 8)�Æq�Z{dUf�b, HuÆkl
l=NwZD[�Z{d (2.15), R}=8 ADMM ��iLF"�+����fiXh�.L4, {d (3.1) =X��t���WC~�K${)� (� [31]):

L(x,y, z) := f(x) + s(y)− 〈z, Gx − y〉+
β

2
‖Gx− y‖22, (3.1)�e, x, y, z 
e`-tfW[. ADMM f.�)�'℄=H:





xk+1 := arg min
x∈Cx

L(x,yk, zk),

yk+1 := arg min
y∈Cy

L(xk+1,y, zk),

zk+1 := zk − β(xk+1 − yk+1),

(3.2)



234 u s � 6 A o 45 /�e, Cx ⊂ R
n, Cy ⊂ R

m !^��f{u�pO.,℄ÆD[�Z{dwZ,.� (3.1) fe℄, 9t"f=Hf
A. lJ, �D[ZpO Y1,Y2,Y3 K!^ 3 (*�f{ -i A5 (i=1,2,3) X (1),X (2),X (3), u Y
i,(i) = X (i).R}, {d (2.15) =�_,;#{�[f�?J'M9e℄

L(X ,Y,Z) = f(X ) + s(Y)− 〈Z, GX − Y〉K +
β

2
‖GX − Y‖2K

=
γ

2
‖A(X )− B‖2F +

I3∑

i=1

τ‖(X (:, :, i))x1
+ (X (:, :, i))x2

‖2F

+

3∑

i=1

(
αi‖Yi,(i)‖∗ − 〈Zi,X − Y

i
〉+

β

2
‖X − Y

i
‖2F

)
, (3.3)�e

f(X ) : =
γ

2
‖A(X )− B‖2F +

I3∑

i=1

τ‖(X (:, :, i))x1
+ (X (:, :, i))x2

‖2F, (3.4)

s(Y) : =

N∑

i=1

αi‖Yi,(i)‖∗, Y := [I, I, I]TX := GX , (3.5)

〈X ,Y〉K : =

3∑

i=1

〈X i,Yi
〉F, (3.6)

I !^Sh�~, �l 〈·, ·〉F !^D[��y�-~ClVL.{d (3.3) =g, {�?J'M97�f"?, R}=:gS� (3.2) y�"f)�. �#D[ X uU#D[ Yi r+L Y
i,(i) (i = 1, 2, 3), {d (3.3) f)�wZ,=H�Z7�:

min
X

L(X ) =
γ

2
‖A(X )− B‖2F +

I3∑

i=1

τ

2
‖(X (:, :, i))x1

+ (X (:, :, i))x2
‖2F

−
3∑

i=1

(
〈Zi,X − Y

i
〉+

β

2
‖X − Y

i
‖2F

)

=
γ

2
‖A(X )− B‖2F +

I3∑

i=1

τ

2
‖(X (:, :, i))x1

+ (X (:, :, i))x2
‖2F

−
β

2

3∑

i=1

∥∥∥X −
(
Y

i
−

1

β
Zi

)∥∥∥
2

F
+

1

2β

3∑

i=1

‖Zi‖
2
F

: = f(X ) + h(X ), (3.7)�e f(X ) := γ
2 ‖A(X ) − B‖2F +

I3∑
i=1

τ
2 ‖(X (:, :, i))x1

+ (X (:, :, i))x2
‖2F �r h(X ) 
 R

I1,I2,I3

→ R f=X�Ht. L4, (3.7) fnZl=�E)�=H7�}e:

∇XL(X ) = γA∗(AX − B)−

3∑

i=1

Zi + βNX − β

3∑

i=1

Y
i
+ τX̂ = 0. (3.8)



2 � `w4 �)bgP?[E\)1��s�9!VOR'>>�u-ÆBfg�� 235�E (3.8) 
�fD[ X̂ �=H.�e℄+I, �kC-fk i (&�+L
X̂ (:, :, i) = (X (:, :, i))x1,x1

∗
(
(X (:, :, i))x1

+ (X (:, :, i))x2

)

+
(
(X (:, :, i))x1

+ (X (:, :, i))x2

)
∗ (X (:, :, i))x2,x2

, (3.9)�e (X (:, :, i))xd,xd
, X (:, :, i) 
#{|k��~-Z(
 x1 L x2 �Wf~��atfPD'℄ (UuÆ+I.�fx��℄), ∗′ [! Hadamart l, i = 1, 2,· · · , I3, d = 1, 2.�E (3.8) f� X ∗ �U�Jrb A∗A+ βNI f�6� (A∗ !^ A fÆ��~ [8]),�#�x�[LUM[t�X,8X|6�ed+bRX�B. �QIM�℄;#�%3��fx), �eHu�+If)���;O℄ Barzilai-Borwein ���ÆZi���r�ZKxw% [32−35]. .�e℄,:

X k+1 = X̂
k
+

tk − 1

tk+1
(X̂

k
− X̂

k−1
), (3.10)

X̂
k
= argmin

X
L(X ) := g(X k), (3.11)

tk+1 =
1 +

√
1 + 4t2k
2

, (3.12)�e
g(X k) = X k − θ∇XLk(X k), (3.13)0t θ f.�!V℄� (3.19) +I.m�FxS��, �3:g�E�?�(af�0to[ÆZi���w%Kfe

X f${� X ∗ . .�Kx�℄=H:

tk+1 = δ +
√
δ2 + t2k, (3.14)

X k+1 = X̂
k
+

tk − 2δ

tk+1
(X̂

k
− X̂

k−1
), (3.15)�e X̂

k � (3.11) +I, 0t 0 < δ < 1, t1 = 2δ. `XF, ` δ = 1
2 , Qo['℄#Z,3

[33] f(e. L4, �#0t.Z�+.��, �Q��If��Æ.S#7�)�, &Q�U, �E.�aef0tq.=}�eb�(.ZfF�, R}�Ro[o_ {X k+1}�fe.IfiXh�C. H��Æy�Fvr(e"fRG
lL
A.
��u, ;# Y f��ZJrbm�t�Z7� [28,36]. v�b=�EnZZr�( Y
i
(i = 1, 2, 3) eb (3.3) e Y f�ZZ. ,Q, :g=Hh�e℄:

argmin
Y

i

L(Y
i
) = argmin

Y
i

(
αi‖Yi,(i)‖∗ − 〈Zi,(i),X (i) − Y

i,(i)〉+
β

2
‖X (i) − Y

i,(i)‖
2
F

)

= argmin
Y

i

(αi

β
‖Y

i,(i)‖∗ +
1

2
‖Y

i,(i) −
(
X i −

1

β
Zi,(i)

)
‖2F

)

= shrink
(
X (i) −

1

β
Zi,(i),

αi

β

)
, (3.16)R}�

(
Y

i

)
min

= refold
(
shrink

(
X (i) −

1

β
Zi,(i),

αi

β

))
, (3.17)�e shrink !^�i�~, uX#ÆZ αi

β
�e.Z, Z#ÆZ αi

β
>K`, 0, refold !^D[A5 (Unfolding) f�6�, u	+LGp
D[e℄ (� [37–38] rQ;0:3
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(A. Hu+I(Nf�0tO>Z���uC~�� (�_, ADMVP) fx�D�.Z 3.1 �0tO>Z���uC~�� (ADMVP)�� 1 +q==� Ut, T ∈ R
I1×I2×I3 rH\D[ X 0, Y0

i
, Z0

i , Kqe`0t
αi > 0, β1 > 0, γ1 > 0, τ > 0, t1 = 2δ, 0 < δ < 1, ρβ > 1, ργ > 1, ε > 0, i = 1, 2, 3. `
k := 1.�� 2 Bo� ‖T − X k‖ 6 ε ��; �>w+q 3.�� 3 .ao[o_

X k+1 = X̂
k
+

tk − 2δ

tk+1
(X̂

k
− X̂

k−1
), βk = ρββk−1, γk = ργγk−1, (3.18)�e

X̂
k
= X k − θ∇Lk(X k), θ =

〈X k −X k−1,∆g〉

〈∆g,∆g〉
, (3.19)

∆g = ∇Lk(X k)−∇Lk−1(X k−1), tk+1 = δ +
√
δ2 + t2k, (3.20)

∇Lk(X k) = γkA
∗(AX k − B)−

N∑

i=1

Zk
i + βkNX k − βk

N∑

i=1

Yk
i
+ τX̂ . (3.21)�� 4 .ao[o_

Yk+1
i

= refold
(
shrink

(
X k+1

(i) −
1

βk

Zk
i,(i),

αi

βk

))
, (3.22)

Zk+1
i = Zk

i − βk(X
k+1 − Yk+1

i
). (3.23)�� 5 ` k := k + 1. �
+q 2.� 3.1 m�wwf
, �� 3.1 f+q 3 ;# (3.21) e X̂ fx�, /�=HfPD'℄KXM�

X̂ (:, :, i) = (X (:, :, i))x1,x1
∗
(
(X (:, :, i))x1

+ (X (:, :, i))x2

)

+
(
(X (:, :, i))x1

+ (X (:, :, i))x2

)
∗ (X (:, :, i))x2,x2

≈ (D2
x1
X (:, :, i) ∗ [Dx1

X (:, :, i) + X (:, :, i)Dx2
]

+ [Dx1
X (:, :, i) + X (:, :, i)Dx2

] ∗ (X (:, :, i)D2
x2
), (3.24)

Dx1
=




−1 1 0 · · · 0

0 −1 1 · · · 0

0 0 −1 · · · 0
...

...
. . .

. . . 1

0 0 0 · · · −1




∈ R
I1×I1 ,

Dx2
=




−1 0 · · · · · · 0

1 −1 0 · · · 0

0 1 −1 · · · 0
...

...
. . .

. . .
...

0 0 · · · 1 −1




∈ R
I2×I2 , (3.25)
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∗′ , Hadamart l, i = 1, 2, · · · , I3.

§4 \"�TBklJ, +I�℄��f�QKS?iXhqQfRw, �e,

3 [33] f"?. S�3 [33] ef�Q 2.1− 2.3, 7�O℄ (3.7), =eHu�l.r> 4.1 d X ∈ R
I1×I2×···×IN , β > 0. y8�f X ∈ R

I1×I2×···×IN �*h℄
L(X )− L(g(X )) >

β

2
‖g(X )−X‖2F + β〈g(X )−X ,X − X〉 (4.1)AU, �e g(X ) & L(·) = f(·) + h(·) 0#℄ (3.11) L (3.7).r> 4.2 o[o_ X̂

k & X k ∈ R
I1×I2×···×IN �℄ (3.11), (3.14)− (3.15) 8O, >y8�f k > 1, *h℄

2

βk

t2k∆k −
2

βk+1
t2k+1∆k+1 > ‖Uk+1‖2F − ‖Uk‖2F (4.2)AU, �e βk > 0, 0 < δ < 1, ∆k := L(X̂

k
)−L(X ∗), Uk := tkX̂

k
− (tk − 2δ)X̂

k−1
−X ∗, tk0#℄ (3.14), X ∗ ,7� (3.7) fnZZl.~ lJ, d X := X̂

k
, X := X k+1, X := X ∗, X := X k+1. S��Q 4.1 =e*h℄

2β−1
k+1(∆k −∆k+1) > ‖X̂

k+1
−X k+1‖2F + 2〈X̂

k+1
− X k+1,X k+1 − X̂

k
〉, (4.3)

2β−1
k+1∆k+1 > ‖X̂

k+1
−X k+1‖2F + 2〈X̂

k+1
− X k+1,X k+1 −X ∗〉. (4.4)*h℄ (4.3) C# tk+1 − 2δ, *h℄ (4.4) C# 2δ, 4U)LNQe

2β−1
k+1

(
(tk+1 − 2δ)∆k − tk+1∆k+1

)

> tk+1‖X̂
k+1

−X k+1‖2F + 2
〈
X̂

k+1
−X k+1, tk+1X

k+1 − (tk+1 − 2δ)X̂
k
− 2δX ∗

〉
.Fu*h℄Z��C# tk+1, %�O (3.14) ef;F t2k = t2k+1 − 2δtk+1 =e

2β−1
k+1

(
t2k∆k − t2k+1∆k+1

)

> ‖tk+1

(
X̂

k+1
−X k+1

)
‖2F + 2tk+1

〈
X̂

k+1
−X k+1,

tk+1X
k+1 − (tk+1 − 2δ)X̂

k
− 2δX ∗

〉
. (4.5)S�37qQ�

‖B − A‖2F + 2〈B − A,A− C〉 = ‖B − C‖2F − ‖A − C‖2F.� (4.5) =e
2β−1

k+1

(
t2k∆k − t2k+1∆k+1

)
> ‖tk+1X̂

k+1
− (tk+1 − 2δ)X̂

k
− 2δX ∗‖2F

− ‖tk+1X
k+1 − (tk+1 − 2δ)X̂

k
− 2δX ∗‖2F,�ed

A := tk+1X
k+1, B := tk+1X̂

k+1
, C := (tk+1 − 2δ)X̂

k
+ 2δX ∗. (4.6)"�+, � (3.15) r Uk fq�=e

2β−1
k+1

(
t2k∆k − t2k+1∆k+1

)
> ‖Uk+1‖2F − ‖Uk‖2F. (4.7)



238 u s � 6 A o 45 /v�b�� 3.1 f+q 3 e βk+1 > βk, �g�
2

βk

t2k∆k −
2

βk+1
t2k+1∆k+1 > ‖Uk+1‖2F − ‖Uk‖2F. (4.8)r> 4.3 �K {ak, bk} 
o�=H*h℄fOto_

ak − ak+1 > bk+1 − bk, (4.9)�e a1 + b1 6 c, c > 0. >y8�f k > 1 � ak 6 c.��l=X�x�}e. �U, �E℄ (3.14) e tk f.�!V℄Æe=H�Q.r> 4.4 o[o_ {tk} � (3.14) 8O' t1 = 2δ, >y8� k > 1 � tk > δ(k + 1),�e 0 < δ < 1.�> 4.1 �KD[ X k, X̂
k
∈ R

I1×I2×···×IN � (3.11), (3.14)− (3.15) 8O. >y8�f k > 1 �
L(X k)− L(X ∗) 6

2κ‖X 0 −X ∗‖2F
(k + 1)2

, (4.10)�e X ∗ ,7� (3.7) fnZZl, κ ,o_ βk ( �� 3.1 e ) fF�.~ lJd
ak :=

2

βk

t2k∆k, bk := ‖Uk‖2F, c := 4δ2‖X 1 −X ∗‖2F = 4δ2‖X̂
0
− X ∗‖2F, (4.11)�e ∆k, Uk 0#�Q 4.2 efq�. � t1 = 2δ , L4F℄;# c efk~(h℄AU.��Q 4.2 =e

ak − ak+1 > bk − bk+1, (4.12)B7�
a1 + b1 6 c (4.13)AU, >�Q 4.3 f�
�Æo� (HuÆRwI�l).�O�Q 4.3− 4.4 =e

∆k 6
2κ‖X 0 −X ∗‖2F

(k + 1)2
, (4.14)�e κ , βk fF�, u βk 6 κ. 7� ∆k fq�=e�l (4.10).�HKmRw (4.13) f;FAU. � t1 = 2δ >�

a1 =
2

β1
4δ2∆1, b1 = ‖U1‖2F = 4δ2‖X̂ 1 −X ∗‖2F. (4.15)�K X := X ∗, X := X 1, β = β1, =e

L(X ∗)− L(g(X 1)) >
β

2
‖g(X 1)−X 1‖2F + β1〈g(X

1)−X 1,X 1 −X ∗〉. (4.16)R}�
L(X ∗)− L(g(X̂

1
)) = L(X ∗)− L(g(X 1))

>
β1

2
‖g(X 1)−X 1‖2F + β1〈g(X

1)−X 1,X 1 −X ∗〉

=
β1

2
‖X̂

1
−X 1‖2F + β1〈X̂

1
− X 1,X 1 −X ∗〉
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=
β1

2

{
‖X̂

1
−X ∗‖2F − ‖X 1 −X ∗‖2F

}
,I�0|

2

β1
∆1 6 ‖X 1 −X ∗‖2F − ‖X̂

1
−X ∗‖2F. (4.17)7&E�℄x�=e a1 + b1 < c. R�.

§5 W�Rn��Æ�EB"tZ5hK}R��If�� ADMVP f=fh. %&3 [9] ef
SiLRTC, HaLRTC ��L3 [8] ef ADMTRIE ���℄��. ,��, tZX}efo[+�CPU U���7
#�z,�IT’��CPU’��RES’. tZT~s�Jy{d (2.15)"f5hL
A, 8==� U�GLk�7�e, �I A #Z,℄1�I, u�Z7�
(2.12) f3s�
. tZ5hf
:� (�_, SNR) , �Z
:� (�_, PSNR) r�4Q{v (�_, SSIM) �F=Hq�x� [39]�

SNR = 10 log10
‖T1‖

2
F

‖T − T1‖2F
, MSE =

‖T − T1‖
2
F

SZ
, PSNR = 10 log10

2552

MSE
,

SSIM(T , T1) =
(2µT µT1

+ C1)(2σT ,T1
+ C2)

(µ2
T µ

2
T1

+ C1)(σ2
T σ

2
T1

+ C2)
,

µT =
1

mns

m∑

i=1

n∑

j=1

s∑

k=1

tijk, σT =
1

mns− 1

m∑

i=1

n∑

j=1

s∑

k=1

(tijk − µT )
2,

µT1
=

1

mns

m∑

i=1

n∑

j=1

s∑

k=1

(t1)ijk , σT1
=

1

mns− 1

m∑

i=1

n∑

j=1

s∑

k=1

(
(t1)ijk − µT1

)2
,

σT ,T1
=

1

mns− 1

m∑

i=1

n∑

j=1

s∑

k=1

(tijk − µT )
(
(t1)ijk − µT1

)
,�e T [!.\t,, T1 [!k�t,, SZ [! T1 ��Ff-~(t. tZX}f^(, Intel(R) Core(TM) i7-2670QM, RAM 8.0GB, CPU 2.20GHZ, Eo�EA
, Matlab

R2019a.� 5.1 �T5hf�kD[�{, R
60×60×60 r R

100×60×40, �e 70% L 90% f-~mb�\, u!�e 30%, 10% t,,.\t,, S��3�If ADMVP ��&
SiLRTC, ADMTRIE, HaLRTC ChM�f��"f��%:6tZ[C.I℄tZ�C�! 1–2 A^. RZ(!e=�, �� HaLRTC j�# SiLRTC, I(�C&3 [9] �+If�l
Q�_. �� HaLRTC & ADMTRIE Q�, iXh�Q`.^<lR CPU U��17 ERR g

:� SNR��Z
:� PSNR��4Q{v SSIMh�O�u8, �� ADMVP fiXh�t
�}f.� 5.2 �T5h 3 -f RGB  U,  �XZ
#, R

256×256×3, R
320×320×3,

R
299×400×3, R

279×318×3. 4U�E SiLRTC, ADMTRIE, HaLRTC r ADMVP z(��Kk�Lk4. ,vr��, 
#Æz( �zy, Picture 1–Picture 4.T 5.2 e�Jrf,
0tK0#3 [9], T=, �� SiLRTC �r HaLRTC ef
αi =

1
3 , βi = 1, (i = 1, 2, 3). �� ADMVP f0t αi = 1, ρβ = 10, ργ = 10, δ = 10−9,
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sample Size SiLRTC ADMTRIE HaLRTC ADMVP

m=60 IT 16 16 16 16

30% n=60 CPU 2.4968e + 01 2.4848e + 01 2.4788e + 01 2.3162e + 01

s=60 RES 9.3542e − 01 4.9896e − 01 4.7005e − 01 2.5251e − 01

m=100 IT 16 16 16 16

30% n=60 CPU 3.58812e + 01 3.9553e + 01 3.6338e + 01 3.3878e + 01

s=40 RES 8.8632e − 01 5.2072e − 01 4.8589e − 01 2.1709e − 01

m=60 IT 16 16 16 16

10% n=60 CPU 2.3184e + 01 2.4698e + 01 2.3783e + 01 2.2001e + 01

s=60 RES 9.4638e − 01 7.3835e − 01 7.2194e − 01 2.5281e − 01

m=100 IT 16 16 16 16

10% n=60 CPU 3.5115e + 01 3.7865e + 01 3.5676e + 01 3.3115e + 01

s=40 RES 7.8664e + 00 5.7265e − 01 5.3793e − 01 2.4629e − 01� 2 A 5.1 ��S8.
sample Size SiLRTC ADMTRIE HaLRTC ADMVP

m=60 PSNR 58.1 58.4 58.9 63.9

30% n=60 SNR 6.0 6.2 6.9 12.2

s=60 SSIM 65.4% 65.6% 66.7% 83.4%

m=100 PSNR 58.4 59.6 59.3 64.5

30% n=60 SNR 6.1 7.2 7.4 12.3

s=40 SSIM 65.1% 68.3% 69.4% 85.9%

m=60 PSNR 54.3 54.8 56.2 60.9

10% n=60 SNR 4.9 5.2 5.9 8.3

s=60 SSIM 60.6% 62.9% 65.6% 75.3%

m=100 PSNR 54.5 55.0 55.2 60.9

10% n=60 SNR 4.3 4.9 5.9 8.7

s=40 SSIM 62.2% 64.1% 65.7% 78.6%

γ0 = 3, β0 = 0.01, βi = 1, (i = 1, 2, 3). �TK`�Xo[t kmax = 50, �kq.
T+) Ω fH\Z, %+q 70%, 80% ft,, m�k4 30%, 20% ft,.! 3 r 1 − 2 e.�BM℄T 5.2 ftZX}�C. ��}y, Q�# HaL-

RTC�SiLRTC, �� ADMTRIE & ADMVP fx��7.Z, "�+j, �� ADMVPf6qh"j�# ADMTRIE. I�l=R PSNR, SNR ( 1), �7 ( 2), �4Q{v
(�! 3) ht,h�eb}R, I℄tww℄�� ADMVP f�4h.
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(a) Picture 1 (b) Picture 2

(c) Picture 3 (d) Picture 4a 1 A 5.2 Y�℄#UClJ�6
(a) Picture 1 (b) Picture 2

(c) Picture 3 (d) Picture 4a 2 A 5.2 Y�℄#UClJ�6
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Picture1 It CPU RES SSIM

SiLRTC 50 4.6632e + 00 5.3275e − 02 98.02%

ADMTRIE 20 7.1440e + 00 2.1930e − 02 98.43%

HaLRTC 50 2.7880e + 00 5.1302e − 02 98.93%

ADMVP 5 1.5031e + 00 2.1609e − 02 99.89%

Picture2 It CPU RES SSIM

SiLRTC 50 7.772077e + 00 5.0615e − 02 93.71%

ADMTRIE 26 2.248726e + 01 2.1069e − 02 97.72%

HaLRTC 50 5.179320e + 00 4.1984e − 02 97.52%

ADMVP 5 3.566974e + 00 2.1007e − 02 99.88%

Picture3 It CPU RES SSIM

SiLRTC 50 4.3821e + 00 3.2320e − 01 93.68%

ADMTRIE 50 1.0944e + 01 1.5563e − 01 97.71%

HaLRTC 50 6.3721e + 00 1.8671e − 01 97.55%

ADMVP 6 3.4253e + 00 3.9124e − 02 99.84%

Picture4 It CPU RES SSIM

SiLRTC 50 5.1545e + 00 8.035e − 01 98.22%

ADMTRIE 50 6.8423e + 00 1.207e − 01 97.61%

HaLRTC 50 5.6054e + 00 1.071e − 01 96.71%

ADMVP 5 2.8258e + 00 3.015e − 02 99.83%� 5.3 �T�5℄Zh*�f==� Ut,. k�(
 ROSIS P$�8�XS�,�-vf�e�Hf, Q==� UXZ R
610×610×103. !Z(
 !^��-v, uf_-vfU~ 610 × 610, kC(-v!^'<, �+R 0.4–1.42 µm. k~�==� UfXZ, R

145×145×200, � AVIRIS P$�8�k��oC�,f�k�
: (Indian

Pines) 5hCl/p, � 145× 145 U~L 200 (�Ii'w�A, '<�+ 0.4–2.5 µm,Q=� U!
�DX Uf~p.T 5.3 fX}e:q℄==� Ufk 12 ('wt,, u T (:, :, 12), 4US� SiL-

RTC, ADMTRIE, HaLRTC r ADMVP z(��"fk4L��. .� Uk��C=� 3, Re=�zh��t�RIb�==� U, t
=f�[f. 4}, R! 4 L 
4 fiXh�Lk�\ t,K8, y#�-v:'f==� U, �3�If ADMVP�����Ch��.�[. 
&, R 4 e==� Uf�Iit,Æ
[C�$Z℄9tf�l. HuÆ.�ww.m�nT, �E�$�=�5*�>�f�I��IgDI(F. *�!uÆMf>��*��℄�IgDi	��I. >�f�Ii (�) Æh.2#Æq.^f>QLZry
 (=v
)�!uS2vLvN^( (=�=?I�) h. �k�f!uÆM
�4�zEL!u5Q. I℄7�[e�E
A�tf=��I{℄g=�ÆMKZ#*�!uÆMg.^A,=�. �,=�'<K?YfHt, I℄ÆM=8�2=��Ii-PeL^IK.  4+I SiLRTC, ADMTRIE, HaLRTC�r ADMVPz(��y==��Iit,f�OÆ
v. ,A^��, Jq=8��(U~l,  eK`f1`, 75,_1`, 141 fU~l, 4UA^�Ii-P_.(F, �e=��+, 0.4–0.49 µ g 0.4–0.8
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µ. �T_.�+I Ufu�� (�_, CR). CR 4Z, �m�U��*4Z, u8 CRZ�i(FH����
�[f.

(a) Pavia

(b) Indian Pinea 3 A 5.2 Y�℄#UClJ�6� 4 A 5.3 ��S8.
Pavia It CPU RES SSIM PSNR SNR

SiLRTC 20 16.1712 0.0868 98.76 21.2 9.31

ADMTRIE 20 41.4113 0.0067 99.89 43.5 31.6

HaLRTC 20 17.8071 0.1813 94.19 14.8 6.9

ADMVP 6 12.2513 0.0041 99.99 47.8 35.9

Indian Pines It CPU RES SSIM PSNR SNR

SiLRTC 20 6.3713 0.0053 99.97 45.5 21.1

ADMTRIE 20 25.2127 0.0046 99.92 46.7 22.2

HaLRTC 20 7.0776 0.0140 99.81 37.0 12.5

ADMVP 5 5.3515 0.0007 99.99 62.4 38.0
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(a) SiLRTC (b) ADMTRIE

(c) HaLRTC (d) ADMVP

(e) SiLRTC (f) ADMTRIE

(g) HaLRTC (h) ADMVPa 4 A 5.3 Y�℄#��-LX:%QF3)N<
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§6 7G$℄�, 8�r Ux)b)e==� UNQ&t,
A,t$KxLkq\a�1℄k�kw, 
Q;rqb)x)f!{7�. �#==� Ut,**�%-t�
(gD[) e℄UM, m�tD[
A/.K9r��,�4L;F, R}�.�{3Q�L	:t$|��h. �Q, �Ex)B���D[(0��K�)==� Ut,�G.�R$fMX��L?�f��!'. �3s�:g℄==� UfÆo�4,4��(ZO>ZTfD[K�t�Z{d. Jyaf{d+I�(�0df���WC~�K��a{df)�EE, QlF
A℄��fiXh. G
ftZX}T~�AM℄��f�O\ h��#`!�℄�[f��, �RI��#==� U�G7�, R}!w℄���f=fh&%[h. � � ; � 
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Abstract The problem of non-negative tensor completion is to restore or complete some

disturbed and damaged data, and to achieve the purpose of revealing the essence of things

under the premise of known tensor data set in a given region. In this paper, the author

introduces a modified alternating direction method of multipliers and regularization strategy

to solve the non-negative tensor completion problem, and give the convergence theorem and

conclusion of the approach. Finally, the proposed algorithm is applied to hyperspectral

image processing and data analysis, and sufficient numerical results show the efficiency of

the proposed algorithm.
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