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AR, pla—1) £ 0, p(b+1) # 05 % € T, s(t) > 0 A WSS KT HEHR,
SEHRESIT LO)0) = ~VEWAY(D) +aty(t)t € T 4 () = {y = O},
C: 3 SO < oo} BRI () FEABH () = 3 sOT(O (0, 1 (D)
Hilbert Z2[H]. 24 a = 0,b = +oo B, By (1.1) *AEFKIET Hua AHER/NET Hy 5357
%

D(Hpay ) = {y € 120, +00) : s~ L(y) € 120, +00)},
D(Hy,) = {y € D(Hmax ) : FE7ELo > 1, {5y (—1) = y(0) = y(t) = 0,t > to + 1},

Huax (y) = s~ L(y), Hy(y) = s~ L(y).
B (L.1) PR/ NET Hun = Hy, B9 H, 4 H, BAA. 2011 4, 3 [6] IEH T &K
HF Huax 7E Hilbert Z5[] 12(0, 4-00) FEZSEAMA T, F/NAEF Huin £ 120, +00) H
AT E B Hermite B ZEXFEN T, UM A FIERAEE . AR EEEFH
H—PRBEATER, BTEELSEKMET TG AR, WABREMERER LT
PEREAEHEEE L

RAMMERLIOCR A TCR A, B0 R RS RR /D T R R R
M. i THEE IS S il e T R M B T 2, X — (W g 2 5 (TS [/ g 7 e 14 7
WFoE, A EE T 2 — iS4, Irid i BUe HE i 9806 THIi e R REH B RIoT
23 P T 20 1 T ST A Y ] R

LA, (BRI b= AT BRI AN A — R R R AR SR R T 2
1994 4, 3 [7] #id T L =AHFHRHE Mp = (§ ) Wiksh s, E=ARFHEE Mp
HI & PG B2 BEE. B4, 3C (8, 10] tHe T Mp Wy P{EIGER 3, 3C 19, 12] 45
T Mp W/ () Weyl iE8#30; 3C [13] 81 T nxn E=ARFHEENL (F) ABE
A TG T BSRAF, FERR T A2 () ABUEMABUE D, 3C [14] Bk T HEY
SR, 25 BREY AR SC TR R IR M R, 158 T ikt S A R 3 AN T A
3C[15] BFR T BBy B = AR, ZE T A () Weyl #E09HE3 HAGH T Weyl .

VAR, 3 x 3 L= AT MR A MBS 2 L R EHNFBR 16720 fiin, 3¢ [16]
W T 3 x 3 L=ARFHME Mp rr WABIENHII KL Weyl B2 3C [17] HET
Mp.gr BIHE. B, BRI, ELEEHHE, SC 1819 ZE T Mp pr W0, EE0E.
Rl IEAIHD; 3C[20] R T AMMEREN D € B(Hy, Hy), E € B(Hs, Hy), F € B(H3, Ha),
0«(Mp,g,r) = 0.(A) Uo.(B)Uo.(C) B BSLH T B, Ht o, R8s, FIRIE.
g

KRR AL LS R T — 2 gy et EEEN E=/AC R4 Mp =
@ 2) ByBrsE. #Filn, 2013 4, 3¢ [21] 7£ Hilbert ZR[AIHFHFFR T Mp £ —E&{F T Brow-
der FEHPLNMIZR. i, 3C [22-23] X R R HEST TR 3C (23] B3] T XHMEEH
D € B(Hy, H,) fl D € BR(H», Hy), #E XA Mp PHEBFMEER A 7 LB 5
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T R AEBGE R 45, BI% A € LR(H)), B € BCR(Hs), M

(1 oer(Mp) ={\ € 0(A) : n(B — AI) < dim(ran(A — AI)/ ran(A — AT))}
DEB(Hz,Hy)

U{X €0 (B) :d(A— M) < oo}
# A€ BCR(Hy),B € BCR(H>), |
(1 oer(Mp) = {X € 0er(A) : n(B = AI) < 00} U{\ € 0er(B) : d(A — M) < oo}
DeB(Hy,Hy)

M H NI R R RIS ST, AR B, — BRI A IR P2 oL
By, (HAER R A TA R, 80E REHMBIMIRE. Flan, S aERR o(Mp) C
0(A)Uo(B) TEH-FH B AL, (BRI R REF H AR, B, TR EHFE D0
55 5 R R T . A ST R R ABL I A PR Bt 3 I B A 25 [ A A IR A BF 9T
T 3x3 LEfRFRANE Mp pr = (08 F ) PEBGRNRD). MAERR A € LR(H)),
B € LR(H>), C € LR(H3), 3EEW D € B(Hy, Hy), E € B(Hz, H,), F € B(Hs, Hy) #
A Mp g r HEAAN TS BB, SR T Mp e r BAESGE ).

THEASCRAWILS. & Hi, Hy, H3 HIIFAER W4 Hilbert 2X[0]. B(H;, H;)
AN Hy 8] H; ETAERR (&) ST Es, B(H;, H;) fiiidkh B(H;), HEi
i.j € {1,2,3}. C(H;,H;) FAFEN H; 3 H; WIALKES THRNES, C(H;, H)
Al A C(H;). LR(H;, H;) RaRFrAEMN H;, 8] H; HE 827 E H FERMELXR,
LR(H;, Hy) fRiid A LR(H;). CR(H;, Hy) RnFrA N H; 3| Hy ALK RMWBAES,
CR(H;, H;) &2~ CR(H;). BCR(H;, H;) RARITEMN H; 3| H; 898 F LM R
WG, BCR(H;, H;) ffiidh BCR(H;). ¥ T € LR(Hy, Ha), 7+ HILL T, T* fl dom T &
AT W R, LB E I, A8 ker T ={z € H, :0 € Tz}, ranT = T(dom T')
M mulT ={y € Hy:y € T(0)} FmR T WERZE . EBMEEIRSY; U (D), dT) T3
ker T', ker T* WJZEEL, B n(T) = dimker T, d(T) = dim ker T*.

§2 FIEANA

EX 210 TeRrR(H,H) WE G(T) EXH
G(T) = {(u,v) € Hy @ Hy :uw € domT,v € T(u)}.
WM 2 dom T W20, WE X Ty, A G(T|y) = {(w,v) € Hy® Hy :u € M,v €T(u)}
B AR R

X 2.2 BT € LR(H., Ho). ZEWE G(T) & Hi @ Ha WIPFIFZE0], MFR T 2
Eil:5
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EX 230 B T e LR(Hy, Hy). WEEGE 0 (T) EXH 00 (T) = {X € C:
ran(T — \)AH}.

5|8 2.1 # T € LR(Hy, Hy), N

(i) # T %%, I+ H dom T 1 T(0) HZHIH, W T ZHIHY;

(i) T P24 HAXY T 5

(iil) 2 T 2P, W T(0) 2.

538 2.2 & T € B(Hy, Ho). # F € B(Hy, Ho) FARBEEF, W ran(T + F) F24
HAYY ran T 4.

538 2.3 2% & T € BR(Hy, Ha). % T(0) J=MH, N ker T & HIH).

538 2.4 % X B&EMEN, MN B X WTER. & M AHE dmN <
dim M /M, W M + N FH.

5138 2.5 &% T e LR(H). # U € B(H) M V e B(H) w#, N
(i) ran UT W14 HAXYS ran T [
(i) ran TV 24 HALS ran T ).

5|38 2.6 > F Ac LR(H,),B € BCR(Hy), ML D € B(Hy, Hy), B ran Mp
AP ALY TN &0 A — A AL

(i) ran A AR H. n(B) < dim(ran A/ ran A);

(i) ran B ARH H. d(A) < oo.

5|38 2.7 23 3 A € BCR(H,), B € BCR(H,), MIXERE Y D € B(Ha, Hy) &, ran Mp
AP ALY TN &0 A — A AL

(i) ran A AP H. n(B) < oo;

(i) ran B AH H. d(A) < oo.

5|38 2.824 ZE T € LR(Hy, Hy), MSHERW « € domT A, || Proy- Tl = || T| H
|1 Pr)+ Tl = |T']|-

§3 ERERKIH

T2 3.1 X Ae LR(H,), B € BCR(Hs), C € BCR(H3). # ran B fil ran C #RFE& ]
Hy, MXHMERER D € B(H2, Hy), E € B(Hs, H1), F € B(Hs, Hy), #4H ran Mp g,r A4
HAY ran A AP H n(B) + n(C) < dim(ran A/ ran A).

W FEE. % ran Bl ran C 2R, ran AZRH H n(B)+n(C) < dim(ran A/ ran A).
A% B € BCR(H>) 1 C € BCR(Hs), RH#EF|FE 2.1 5|3 2.3 7] H1, B(0), C(0) 5 ker B,
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ker C #RJEMAW). B, XMEEW D € B(Hs, H1), E € B(Hs, Hy), F € B(Hs, Hy), X%
Mp pr BN TFHEBEER:

A1 Dn Dia B Eia ran A
0 Do,y Dos Es Ess " ran AL
1
0 Bl 0 Fiy Fip ror BL ran BN B(0)+
0 B-B B-B F: F: B(0
- 2 ] keeB | = © . (3.1)
0 0 0 F3 F3o ran Bt
ker C'+
0 0 0 Ct 0 ranC'N C(0)*+
(1] ker C
0 0 0 Cc-Cc c-C C(0)
0 0 0 0 0 ran C+

He Bl = Puanpnpo): Blerpe- HZIHE 2.8 WA, Bf, BAEFEEHT. FHEFH,
Blierr = (Bl B-B0)" : ker BX — (ran BN B(0):) @ B(0) @ ran B- Z 84}, AN, Xt
f£E y cran BN B(0):, FAE v € Hy, 1 € ker BY, x5 € ker B, & = = 21 + 20, {§if5
y € Bx, Wl y € B(xy + x2) = Bxy + B(0) = Bxy, #1 y = B ]arl, R B1 %{ﬁij‘ﬂ"} X B
WRE B[J_ ker B+ — ran B N B(0)* J&A& Fu gy, [A]FH, C[J_ kerC+ — ranC’ﬂC( )
WA AR, HI, S E T U € BranA @ ran AL @ (ran BN B(0)1) @ B(0) @
ran B+ & (ranC N C(0)+) & C(0) ®ran Ct), 15

Al 0 D12 0 E12
0 0 D22 0 E22
0 B[lj_] 0 0 Fis
0 B-B B-B 0 Fyo
UMp g r =
0 0 0 0 F3o
1
0 0 0 C[L] 0
0 0 0 c-C C-C
0 0 0 0 0
TR
A1 Dip En
ranUMp gpr=rtan| 0 Dy Fo | ®ranB ®ranC.
0 0 Fso

EEF] n(B) +n(C) < dim(ran A/ ran A), T n(B) +n(C) > dimran <g5§ E22> [

Dyy  Fi2
dimran | Dy Fa | < dim(ran A/ran A).
0 F3

D12 E12

BT ran A AP, WIEFIHE 2.4 7]15 ran (0 D22 §22> AW, NIl ranUMp g r AP 3
—AHEIH 25 A H, MEEW D € B(He,H,), E € B(Hs,Hy), F € B(Hs, Hy), #H
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ran Mp g,r AH.

MBS B ran B il ran C FRZMW, MMLER D € B(Hy, Hy), E € B(Hs, Hy),
F € B(Hs,H2) #A ranMp g r ANH. RYGE Dy = 0, Ey = 0, Fy = 0, N ran B #
ranC' A ] ran Mp, gy, m, AEES ran A ARA. T GERIESR. &% n(B) +n(C) >
dim(ran A/ ran A), N REUEHELE Do € B(Hy, Hy), Ey € B(Hs, Hy), Fy € B(Hz, Hs)
518 ran Mp, gy, r, WRIT]. FHE > =FEETE.

1% 1 dim(ran A/ran A) = n(B) = co. [HK ran A AP, PrPh dimran A = co. &

Ey=0,Fy=0,
0 J; ker B+ ran A
D() = : — N
0 0 ker B ran AL

He Jy : kerB — ran A BHEHET. HY, ran Mp, g, r, = ran(4 /1) @ ran B @ ranC =
ran A @ ran B ® ran C 2 17.

1R 2 dim(ran A/ran A) = n(C) = oco. [HHK ran A AP, PrPh dimran A = co. &

Dy =0,Fy, =0,
0 Js ker C+ ran A
Ey = : — s
0 0 ker C' ran A+

H Jy s kerC — ran A BHHET. B, ran Mp, g, r, = ran(a J2) @ ran B @ ranC =
ran A @ ran B @ ran C Z 1.

157 3 dim(ran A/ran A) < co. ZG K, FFEAMRYETFZM N 5 N CranA H
ranA =ran A+ N. Bt N fJ 1450 N1, No {15 Ny @ Na = N, n(B) > dim N1,n(C) >
dim No. JES, n(B) + n(C) > dim(ran A/ ran A) = dim N = dim N; + dim Ny. & Fy = 0,

0 S ker B+ A
Do = . G (3.2)
0 0 ker B ran A+
0 S k € A
o 2 er C R ran ’ (3.3)
0 O ker C ran A+
HH Sy i ker B— Ny 1 Sy : ker C — Ny #25ET. A, ran Mp, g, 5 =ran(A s1 52) &
ran B@ranC =ran A @ ran B @ ran C E 1.

it 3.1 % A€ BCR(H,), B € BCR(Hz), C € BCR(H3). # ran B fil ran C #{ /&
Pﬂéga m\”;(j‘/f]?%a‘ég D e B(H27H1)7 Ec B(H37H1)7 Fc B(H37H2) %Bﬁ I'3'11]\4D,E,F Z:Hﬂﬂ:[l
HAXY ran A RAH H n(B) +n(C) < .

iE R A€ BCR(Hy), Brehmi5IEE 2.1 W43 A(0) MR HEEE ranA =ran A}, &
A(0), ran A = ran A7, & A(0), T

ran A[lj_] =ranANA0)*, dim ((ran AN A(0)F)/ ran A[lL]) = 0.
Bt n(B) + n(C) < dim(ran A/ ran A) = dim ((ran AN A(O)L)/ranA[lj_]) = 00.
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T2 3.2 X A€ LR(Hy), B e BCR(H,), C € BCR(H3). # ran A fil ran C &R
Hy, WIXHEER D € B(Ha, H1), E € B(Hs, H1), F € B(Hs, Hy) #H ran Mp g,r AW H
024 ran B AN H. d(A) +n(C) < .
W FEArE. X ran A 1 ran C #HFEWAHY, ran B AP H. d(A) + n(C) < co. HFEEF
B € BCR(H,) fl C € BCR(Hs), #R4ES|3E 2.1 ME[FE 2.3 A% B(0), C(0) 5 ker B, ker C

HMEWR. G RIN, MEEW D € B(Hy, Hi), E € B(Hs,Hy), F € B(Hs, Hs), RHR
Mp g r B THEMER:
Ay Dy Dqo En Eqp ran A
0 Doy Dos By Ess I ran AL
1 1 N N
8 BBMB B O B ?1 11::12 ker 3 ranBBﬁf v
R n >t = : ker B — (0)
0 0 0 F31 F32 ranBJ-
ker C'+
0 0 0 C[lL] 0 rer O ranC' N C(0)*+
er
0 0 0 Cc-C Cc-cC C(0)
0 0 0 0 0 ran O+

E5 ) C[lL]: ker C+ — ranC N C(0)* BHEFATHH, FrUAFER T U € BranA @
ran At @ (ran BN B(0)4) @ B(0) ® ran B+ @ (ran C N C(0)4) @ C(0) @ ran C), 575

A1 D11 D12 0 E12
0 D21 D22 0 E22
0 Bl 0 0 Fiy
0 B-B B-B 0 F:

U Mp.g.r= 22
0 0 0 0 Fio

1

0 0 0 Ch 0
0 0 0 c-C C-C
0 0 0 0 0

A I

Doy D2z Eaa
ranU; Mp g p = ran A @ ran B[1 0 Fio, | ® B(0)®ranC.
0 0 F3o

H d(A) +n(C) < co W 4% Doy, Doz, Eoz, Fia, Faz, Fio #EARERE. th B, € B(H2) H
D21 Das

ran B ANH], #5513 2.2 A ran (BE“ 0 gu> ARHL, T ran Uy Mp g, 5 TI?H P

M5B 2.5 5[ 4% ran Mp p,r M.

B % ran A fl ran C #IEAW, XEREW D € B(Hy, Hy), E € B(Hs, Hy), F €
B(Hs, Hy) #7 ran Mp pp . B Do = 0, Eg = 0, Fy = 0, M| ran A 1 ran C #SH H.
ran Mp g r AW ran B AW, T HE M RAEEIEN. RIZ d(A) +n(C) = oo, THH
TIEWIAFAE Do € B(Ha, H), Eo € B(Hs, Hy), Fo € B(Hz, H) {#4% ran Mp,, 5, r, FIE]
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Al EER B e BCR(H2), AT 2.1 5|3 2.3 Hl B(0) M, ker B [A. § ran B A%
dimran B = dimker B+ = co. T4 FFETETE.
B 1 dA) =cc. & Ey=0, Fy =0,
0 O ker B+ ran A
Dy = : — s (34)
Ji 0 ker B ran AL
HA J; i ker BY - ran A+ BEETF. F2,
ran Mp, g, 7, = ranA @ ran (BJf] ) @ B(0) ® ranC.

[L

B Bl A RAMSITIL ) T, BT T
Us € B(ran AT @ (ran B N B(0)1))

15
ran Us (B‘ﬁ] ) =ran (J01 ) .

H 5[ 2.5 A4 ran (B‘ﬁ] ) W1, #—2 P #ERS ran Mp, g5 P

B 2 n(C)=oc0. & Dy=0, Ey =0,

F0:<0 J><k0>_><—B )
0 0 ker C' ran B+
HAt Jy i kerC — ran B BHEHAT. T2,
ran Mp, g, 5, =Tan A@ran (B J2) @ranC = ran A @ ran B @ ran C

e T

EI2 3.3 X A€ LR(Hy), B e BCR(H,), C € BCR(H3). % ran A fil ran B &R & ]

Hy, WIXHEER D € B(Hs, H1), E € B(Hs, H1), F € B(Hs, Hy) #H ran Mp g,r A% H
24 ran C AP H. d(A) + d(B) < oc.

WE FAE. & ran A il ran B #JEFIRY. 24 ran C A H d(A) + d(B) < oo B, XHE
EW D € B(Ho, Hy), E € B(Hs, Hy), F € B(Hs, Ha), X% Mp g r B THEBEEA:

A1 Dn Dia B Eia ran A
0 Doy Das Es1 Es) " ran AL
1
0 B[ll] 0 Fuy Fio ror BL ran B N B(0)*
0 B-B B-B F: F: B(0
. 2 | kerB | = © . (3.5)
0 0 0 F31 F32 ran BJ‘
ker C'+ -
0 0 0 Ct 0 ranC' N C(0)*+
(1] ker C
0 0 0 Cc-C Cc-C c(0)
0 0 0 0 0 ran Ct+
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TR, B[lL]: ker Bt — ran BNB(0)* JZ[i ). ik, FEAE R W7 Uy € B(ran A®ran A+ @
(ran BN B(0)1) @ B(0) @ ran B+ @ (ran C N C(0)*) @ C(0) @ ran C), f#i 15

Ay 0 D12 Eqy TP

0 0 Doy FEoy Eyo

0 B 0 Fiy Fip

0 B-B B-B F: F:
UMprr= . .

0 0 0 F3 F39

1

0 0 0 Cy, 0

0 0 0 c-C C-cC

0 0 0 0 0

Doy FEz  Eo
ranU1Mp g p =ranA@ranB®ran| 0 F3; Fz | ©C(0).
1
0 Oy 0
H d(z)‘l) ;d(g) < oo A[Hl Daa, Fai, Eg, F31, Fso AR MIETIH 2.2 7[5
ran ( 0 Fa F32> A, T ran Uy Mp g r AW BT 45G 513 2.5 F1 ran Mp g r .

0o Cct, o
zg[@] %7 ran A fll ran B W, MEZEY D € B(Hy, Hy), E € B(Hs, Hy), F € B(Hs,
Hy) #4 ran Mp g r AH, M ran C ARHA. i ran C RFH! dimran C = dimker O+ = oo.
KA C € BCR(Hs), MAFIFE 2.1 5|3 2.3 7% C(0) M, kerC M. FIXIEZ. 4
d(A) + d(B) = co. Wi, RFEUEMIFETE Do € B(Hy, Hy), Ey € B(Hs, Hy), Fy € B(Hs, Hy)
818 ran Mp, g,,r, HBEIA]. DIF 2 B FHE TR 1.

B 1 d(A)=occ0. & Dy=0, Fy =0,

0 0 ker C'+ ran A
Ey = : — s (36)
Jo 0 ker C ran A+

HA Jy i ker O — ran AL BHEHEF. HI, ran Mp, g, r, = ran A @ ran B @ ran (chQ ) D

1]

CO). # Cl) BEFAHEITH Jy T, FEETUHT Us € BranA* © (ranC N
C(0)4) 5588 ranUs (7 ) = van (). BLAMTSIRE 2.5 750 ran (57 ) I, 625 AT HERS
ran Mp,, gy, r, 2.
1%H 2 d(B)=o00. & Dy=0,E;=0,
0 0 ker C+ ran B

F():<J3 O>.<kerc’ >_><ranBl>’ (3.7)
H J3 i ker C+ — ran B+ ZHET. [{ L, C[lj_] RANLIERF B J; 3%, G518 2.5
775 ran Mp,, g, F, 52 AR

I 3.4 ¥ A€ LR(H,), B€BCR(Hs),C € BCR(Hs). # ran A ], ran B fl ranC
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HEASH, WIMAERE R D € B(Hy, Hy), E € B(Hs, Hy), F € B(Hs, Hy) #4 ran Mp g r A
M HALY d(A) + d(B) < oo 8 d(A) +n(C) < oo.

WE FE5ME. 5 ran A P, ran B fil ran C #RARH. 24 d(A)+d(B) < oo i, FA d (G 3) <
d(A)+d(B) < co H ran C M, FrUARHES|HE 2.6 A[15 ran Mp pr AH. 24 d(A)+n(C) <
oo Bf, EEH| B € BCR(H,), C € BCR(Hs), ran B AN H. n(C) < oo, HILHFIHE 2.7 7]
1%, MEEW F € B(Hs, Hy) A ran (§ &) R, X d(A) < oo, TH2H5[H 2.6 7]1F, X1
B D € B(Hy,Hy), E € B(Hs,Hy), F € B(Hs, Hy) #% ran Mp g r ANH.

WEAE. FSGIEYSIER]. T HE 2 WA .

BH 1 d(A) = co. B ran B 1 ran C AHA[15 dim ker B+ = dimker C+ = 23
Do BNz (3.4), Ey Bz (3.6), Fo = 0. HM, ran Mp, g, 5, = ran A & ran( B, )
B(0) @ran (¢ ) & C(0) .

'I'%% 2 d(B) :TL(C) = 0. é\DQZO, Ey=0,

0 Js ker C'+ ran B
Fo = : - ,
Jg 0 ker C ran B+
HAF J3 0 kerC — tanB, Jy @ kerCt — ran B ¥REWHEA T FM, ran Mp, g, r, =
ran A @ ran (B Js ) @ ran (01 ) ® C(0) =ran A®ran B @ ran ([ ) & C(0) ZHH.

I 3.5 % Ae LR(H1), B€ BCR(Hs), C € BCR(H3). % ran A 1 ran B # AWM,
ran C [, WXHMEER D € B(H,, H1), E € B(Hs, H1), F € B(Hs, Hy) #8 ranMp g r A
24 HAY Y n(B) + n(C) < dim(ran A/ ran A) B d(A) + n(C) < co.

E FE4rE. % ran A Ml ran B #ARM, ran C M. 24 n(B) + n(C) < dim(ran A/ ran A)
B, WA nEGE) <nB)+n(C) < dim@ranA/ran A) H ran A RNHF, AL S 513 2.6
AL, MMEER D € B(Ho, Hy), E € B(Hs, Hy), F € B(Hs, Hy) #84E ran Mp pr A 24
d(A) +n(0) < oo I, IEHIE R L EHE 3.4 280, AFFAEIE

WY FIBGEYRIES]. T HE 2 W AE R,

B 1 d(A) = oo H n(B) +n(C) > dim(ran A/ran A). E X J; : kerC — ran B &
BEHF, Do B (3.2) H# Do. & Eo B (3.3), Fyr =0,

0o s ker B+ A
Do = L S ). (3.8)
Ji 0 ker B ran A+

H I, ran Mp, gy Fr, = ran(A s S2 ) @ran (B[ﬂ )@B( )@ranC =ran A@ran ()} ) @ B(0) &
ran C' J2& MIHJ.

&7 2 n(C) =oco. BIH B € BCR(H2), FrUAHF[3 2.1 5]40 B(0) M. EEF] ran A
il ran B FAH, M\ dimran A = dimran B = oco. B ker C WPHF =50 My, My {#75
ker C = My @ My, H:A dim M; = dim(ran A/ ran A), dim M, = dim(ran B N B(0)*) = co.
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EX Jy: My —ranA/ran A, J3: My — ran BN B(0): ¥ HBEET. 4 Dy =0,

0 J 0 ker O ran A

2 ran

Ey = : M — , 3.9

’ <0 0 o) ' <ranAL> (39)

M>

0 0 Js ker C+ ran B N B(0)*+

Fo=[00 o0 M, | = B(0) : (3.10)
0O 0 O Mo ran B+

M ran Mp, g, r, = ran (4 J2) @ ran (Bl Js ) @ B(0) @ tan C = ran A @ (ran BN B(0)+) @
B(0) ® ran C' J&HIHY.

EI 3.6 % Ac LR(H:), Be BCR(Hs), C € BCR(H3). # ran A fil ran C &AM,
ran B A, WIXHEER) D € B(Hs, H1), E € B(Hs, H1), F € B(Hs, Hy) #8 ranMp g r A
P24 HAL Y n(B) + n(C) < dim(ran A/ran A) 5% d(A) + d(B) < cc.

UE 7o UERA AR S e 3.4, R 3.5 Wy, AR

B I RERZSHER. T 5 AE R ITE.

R 1 d(A) = 0o H n(B) + n(C) > dim(tan A/ ran A). 255 %3, {6 L4 T2
] N f#78 N Cran A Hran A =ran A+ N. L N 7250 N1, Ny S Mo N, =N H
EX S :ker B — Ni, Sy : kerC — Ny YRS, Jo : ker C+ — ran A+ Z2HEEF. 2 Dy
Bz (3.2), Fo =0,

0 S ker C- A
By = 2 G (3.11)
Jy 0 ker C ran A+

H W, ran Mp, g, r, = ran (A 5 Sg)@ranBEBran( )EBC( ) =ran A®ran B ®ran (JO2) &)
C(0) ZHH.
1% 2 d(B) =00 H n(B)+n(C) > dim(ran A/ ran A). % Do JEII=; (3.2), Eo B4
R (3.3), Fo B (3.7). B, ran Mp, g, 5, = ran(A 1 52 ) Gran B@ran (cl )@C( )=
ran A ® ran B @ ran (‘63) C(0) ZHTHY.

EI2 3.7 & Ae LR(Hy), B € BCR(H3), C € BCR(H3). # ran A, ran B fil ran C
HAH, WAL W D € B(Hy, Hy), E € B(Hs, Hy), F € B(Hs, Hy) #7% ran Mp_ g AH
24 HACY T3 56 = — A AL

(i) n(B) + n(C) < dim(ran A/ ran A);

(ii) d(A) + n(C) < o0;

(ili) d(A) + d(B) < oc.

WE 74t B ran A, ran B fl ran C AR H 20 (1) BOL. IEMA RS EHE 3.5 /Y
TR, AEHR
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BeAEAF (i) B (i) ML, IEMIE R S @B 3.4 i FEMEZR, A EEER
WEAE FRGERIER. HFFEH d(A) + d(B) = oo, d(A) + n(C) = oo H n(B) +
TL(C) > dlm(ranA/ ranA) Hﬂ‘, ﬁ?’_ Dy € B(HQ,Hl), Ey € B(H3,H1), Fy € B(H3,H2) {E’T\L—E}:
ran Mp, 5,5, Al. T HZ SR TE.

5 1 d(A) = 0o H n(B)+n(C) > dim(ran A/ ran A). 4 Dy FEANR, (3.8), Eo FBINR,
(3.11), Fo = 0. &, ran Mp, g, 5, = ran (4 S1 Sz )@ran (Bl )@B(O)@ran( )@C’( )=
ranAEBran( )@B( )EBran( ) C(0) ZHTHY.

5 2 d(B) = n(C) = co. HEEF| ranC AH, i dimranC = dimker C+ = oc.
B ker C' {2810 My, Mo {§i15 ker C = My @ Mo, HH dim M; = dim(ran A/ ran A),
dim My = dim(ran BN B(0)1) = co. X J3 : My — ran BN B(0)*, J; : ker C*+ — ran B+
PIRBEAF. 2 Do =0, Ey B (3.9),

0 0 Js ker O+ ran B N B(0)*+
Fy = 0O 0 O : My — B(O)
Js 0 0 M> ran B+

H I, ran Mp, g, r, = ran (A J» ) @ran (B, 3)EBB(O)EBran( )@C’( ) =ran A® (ran BN
B(0)4) @ B(0) ®ran (1) @ C(0) .

i 3.2 ¥ A e BCR(H,), B € BCR(Hs), C € BCR(Hs). # ran A, ran B fl ranC
FARE, MXAEEM D € B(Hy, Hy), E € B(Hs, H,), F € B(Hs, Hy) #6 ran Mp g p A
2 HAY %4 min{n(B) + n(C), d(A) +n(C),d(A) + d(B)} < .

HIRTHE - E BT R EE H Mp g r B EEGE S

Heig 3.3 #F A€ LR(H1),B € BCR(H>),C € BCR(Hs), I

() 0er(Mp p.r) ={\ € ger(A) : n(B = AI) +n(C — Al
ne < dim(ran(A — X/ ran(A — AI))}
U{X € 0er(B) : d(A — AI) +n(C — AI) < 00}
U{AX € 0 (C) s d(A = N) + d(B — \I) < oo}
Hig 3.4 # A€ BCR(H,),B € BCR(H,),C € BCR(H3), N
() 0er(Mp g.r) ={\ € 0er(A) : n(B = AI) + n(C — Al) < o0}
D UM € 0un(B) : d(A — AT) +n(C — \I) < o0}
U{X € 00 (C) : d(A — NI) +d(B — \I) < co}.

i 3.1 IR 3.4 WEIRMAFRANAT Ac B(H),B € B(Hs),C € B(H;) HR

JL.
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84 Bl ¥

T HEZE B LA IR

Bl 4.1 % Hy = Hy = Hz = 0, LR 2 = (v1,20,23,--+) € 2, EURFR A €
BR(£?), B € BR((?) fl C € BR({?) 435K

Aw = (2,0,0,25,0,0,% ) + A(0),

T4 Is i
Br = (££,0,0,0,0,2%,0,0,0,0, %%, ) + B(0),
Vi V5 G v
Com (B1,03,78 71 Y
- 17 37 57 77 b

%

A(O) = {(O,ZEl,0,0,372,0,0,373,0,0, o ) : (x17x27$37 o ) € éQ}v
B(O) = {(vala07070705£2705070707$37 o ) : (171,372,373, o ) € €2}
RATBTE, 777E Do € B(£?), Eg € B((?), Fy € B(£?) {4% ran Mp, 5,7, M.

FEBE ran A, ran B fl ran C #AM H. d(B) = n(C) = co. HEH 3.7 X, FTE Dy €
B((%), Eq € B({?), Fy € B(¢?) {#45 ran Mp, g, r, . BN SHERE 2 = (21, 22,23, -) € (%,
é‘\DO =0. %X EQQ? = (331,0,0,374,0,0,377, o ')a F()Q? = FQZE@FSZE - (ZE1+ZE2,$3,$5,$7,$9,$5+
xlla"')a y\:l:{: ngl' = (x2707070707x5707070707x87'")7 F3£L' = ($1,$3,$5,$7,"'). JH-/M
ran Mp, gy, = tan(A Eo) ®@ran(B F) Gran () = ranA @ ranB @ ran (53). HH
ran (3 ) BPAYES ran (7)) BN H ran F 28, BFLA ran Mp, g, m, 52 A1

Bl 4.2 % H, = Hy = H3 = 0%, SHEE ¢ = (v1,22,73,-++) € 02, EXRER A €
BR(2), B € BR(2) fil C € BR(2) W 2

Az = (x27 07 O,ZEg, 07 O,ZE4, e ) =+ A(0)7
Bz = (O,$1,O,ZE3,O,{E5,O,"')+B(O),

Czx = (372,0,ZE4,0,ZE6,0,ZE8,0,ZE10, e )7

%

A(O) (O,ZEl,0,0,J?Q,0,0,ZEg' ) : (171,372,373," ) € éQ}v
B

(0)
BABIS, FA7E Do € B((?), Ey € B({?), Fy € B((?) f§i15% ran Mp, g,,r, AH.

S5 ran A,ran B 1 ran C #SEMHH H. d(A) = n(B) = n(C) = co. I HEE
= (x1,20,23,---) € 2, X Doz = (0,0,%,0,0,%2,0,0,%2,0,0,---). & Ey = 0,
Fy = 0. —JM, ran Mp, g, r, = ran A @ ran B @ ranC @ ran Dy. H—J7Tl, ran Dy AH].
I, ran Mp,, gy, 7, ASH.

~{
~{

(Jfl,O,ZEQ,O,Zﬁg,O," ) : (371,372,333," ) € €2}
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Bl 4.3 W Hy = Hy = Hs = 0. MEE = = (v1,22,23,---) € 2, BARR A €
BR(?), B € BR({?) fl C € BR({?) 25K

T3 Tq I5
Az =(—,0,0,0,—,0,0,0,—,0,--- A0
x (3777747777577 )+()’
T2 T3 Ty
Bz = (=2,0,0,=,0,0,=,---) + B(0
xz (2777377747 )+()7

Cx = (x1707x3707x57' )+C(O)7

%

A(O) = {(vala070707x27050707$37070707 o ) : (ZEl,ZEQ,ZEg, o ) € 62}7
B(O) = {(0,(E1,0,0,$2,0,0,$3, o ) : ($13$27$37 o ) € éQ}v
C(O) = {(07$2707$4705$6 o ) : ($23$4a$67 o ) € €2}

A=, F1E Do € B((?), Eo € B((?), Fy € B(¢?) f§i4F ran Mp,, po,r, F.

AMEEH ran A fl ran B A, ranC M H d(A) = n(C) = co. RIFEH 3.5, F
1E Dy € B({?), Ey € B({?), Fy € B({?) #%5 ranMp, g, r, W. FEZL, MEE 2 =
($1,$2,$3,"') S 627 %X DO = Oa EOZE = (ZEQvOa0707$67070707x103070307"')7 FOZE =
(24,0,0,28,0,0, 212, ). FI, ran Mp, gy r, =ran(4 Eo)@ran(B Fo )®ranC = ran A®
ran B ® ran C 1.
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Perturbation of Closed Range Spectra for 3 X 3 Upper
Triangular Relation Matrices
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Abstract Let Hy, Hy and H3 be complex separable infinite-dimensional Hilbert spaces.
Given the relations A € LR(H1), B € LR(Hz) and C € LR(Hs), the authors define
Mp g, r = @ %) g) In this paper, a necessary and sufficient condition is given for the range
of Mp g r is not closed for any D € B(Hq, Hy), E € B(Hs, H1) and F € B(Hs, Hs), in terms
of the spectral properties of diagonal relations of A, B and C' in Mp g p. Furthermore, the

authors characterize the perturbation of closed range spectrum of Mp g, r.
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Perturbation
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