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 *�; _�3wX5?P�m- 375W Hilbert �W�&& Hilbert �W��+WFze"?��w P2(R
d) �W�WFze"?�Dq�>1&�Wo9��W McKean-Vlasove)`Hk�+Wi|9FzeWG>Q�zd?�yq�M�b�WFze�"�+S�z�<�Z�MbFze��+q_e�℄�"Jw�o�%�/R\7FWFze	XDo9��J�R8u��mx�7�>.OhD+ Hilbert �W�8u��mxWFze"?��VxV�b�[ 2bi
8u��WÆsT�+ Wasserstein�WaWz(�=���[ 3 b&���74>O�l,�>[ 4 ba�YFRJX(,WPCz�e9�57">[ 5 ba�>�y1�b&�H� Bellman-Isaacs i|9WFzeWG>z�

§2 g � � h�bi
i
8u��2sbW Wasserstein h/+ Wasserstein �WaWz(�=���
§2.1 3(S-�'L
 Wasserstein �26 T ��Æ�bW4,��VW�{Æs�_C�W Ω := C([0, T ];Rd), 8�+�℄y, ‖ω‖ = sup

t∈[0,T ]

|ωt|. 6 X ��_C$9�G Xt(ω) = ωt. F := {Ft}06t6T = F
X �)

X �7Wuyt^7� P2 �� (Ω,FT ) �Aw E
µ[‖X‖2] < +∞ W6+	;/h µ �7WD.� P2 n�bHW 2-Wasserstain �!�l. µ, ν ∈ P2,

W2(µ, ν) := inf
{(∫

Ω×Ω

‖ω − ω∗‖2dPµ,ν(ω, ω
∗)
) 1

2

, Pµ,ν ∈ Pµ,ν

}
, (2.1)M% Pµ,ν ���+�O�# µ+ ν W8��W (Ω×Ω,F×F)�6+	;/h�(Ω, ‖·‖)+ (P2,W2) � Polish �W�l. (t, µ) ∈ [0, T ]× P2, 6 µ[0,t] ∈ P2 ��> µ bak$9

Xt∧· W�#�i
 [0, T ]× P2 � 2-Wasserstein Th/�l. (t, µ), (t∗, µ∗) ∈ [0, T ]× P2,

W2((t, µ), (t
∗, µ∗)) := (|t− t∗|+W 2

2 (µ[0,t], µ
∗
[0,t∗]))

1
2 .�Æ(, ϕ : [0, T ]×P2 → R �6R F- �#W��#l.}�W (t, µ) ∈ [0, T ]×P2, 8Aw ϕ(t, µ) = ϕ(t, µ[0,t]). �#�Æ(, ϕ : [0, T ]× P2 → R �.) W2 Q>WL`� Borel
/�C8� F- �#W�<�Z��# ϕ �,�W�8�b� F- �#� 1. Dupire [27], R0�wz(�=���\_C�W	LR Càdlàg �W Ω̃ :=

D([0, T ];Rd). M��Wn�bHW Skorohod �!�
d0(ω̃, ω̃

∗) = inf
l

sup
06t6T

[|t− l(t)|+ |ω̃t − ω̃∗
l(t)|],M% l : [0, T ] → [0, T ] �,�W��
℄EW�Aw l(0) = 0, l(T ) = T . X̃, F̃, P̃2 �+ 1Wb��A� (2.1) aWh/ ‖ω−ω∗‖2 \;�h/ d0(ω̃, ω̃

∗) 6AL�&&G�W|�
��> [0, T ]× P̃2 � 2-Wasserstein Th/�
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§2.2 Wasserstein ,$a
��UA�;
§2.2.1 Wasserstein ,$a
3(S-	=>i
z(�=��Uh�%d:�Wasserstein�WaW8uQ,�R
 ϕ : [0, T ]×

P̃2 → R ��Æ,�(,� ϕ �.�WWQ,b�R
∂tϕ(t, µ̃) = lim

θ↓0

ϕ(t+ θ, µ̃[0,t])− ϕ(t, µ̃)

θ
._b�i
 ϕ W�WQ,�6 (Ω,F ,P) ��ÆD+7tW Polish 	;�W� L2(Ω;Rd)�� P- ^|
�W F - 
/W4>�/ η : Ω → R

d �7WD.�L2(Ω; Ω̃) �� P - ^|
�W�F - 
/W%� η : Ω → Ω̃�7WD.�	:>�(, Φ: [0, T ]×L2(Ω; Ω̃) → R :

Φ(t,X) := ϕ(t,PX) = ϕ(t,PXt∧·

). (2.2)�#G>�Æ4>�/ DΦ(t,X) ∈ L2(Ω;Rd), �Ul. η ∈ L2(Ω;Rd),

Φ(t,X + η1[t,T ])− Φ(t,X) = E
P[DΦ(t,X) · η] + o(‖η‖2),M% ‖η‖22 := E

P[|η|2], Φ �6{> (t,X) � Fréchet 
Q� Φ W Fréchet 
Qz/J
DΦ(t,X) � Gâteux Q,�Gl. η ∈ L2(Ω;Rd),

E
P[DΦ(t,X) · η] = lim

ǫ↓0

Φ(t,X + ǫη1[t,T ])− Φ(t,X)

ǫ
.�R ϕ �,�W (�q� F̃- �#), 6� DΦ(t,X) nn��. X > t ��W{e�W0 2.1 R
 ϕ : [0, T ]× P̃2 → R �,�W� (2.2)a�>W>�(, Φ � Fréchet
QW� DΦ �+bHW,�z

lim
n→∞

E
P[|DΦ(t,X

k
)−DΦ(t,X)|2] = 0, O lim

n→∞
E

P[d20(X
k
, X)] = 0 �.CG>�Æ F̃t 
/W(, g : Ω̃ → R

d, �U
DΦ(t,X) = g(Xt∧·), P -a.s. (2.3)(, g � PX -a.s. Q�W� g �6R ϕ �./h PX WQ,�M{ ∂µϕ(t,PX , ω̃) =

g(ω̃), ω̃ ∈ Ω̃.G5 2.1 Rb!" 2.1 a6+WR
7(��Rb (2.3) aW DΦ ��℄,�W�CG>�Æ Borel 
/(, ∂µϕ : [0, T ]× P̃2 × Ω̃ → R
d, �U

DΦ(t,X) = ∂µϕ(t,PXt∧·

, Xt∧·), P -a.s.o�%��#l. t ∈ [0, T ], ∂µϕ(t, ·, ·) > P̃2 × Ω̃ ��+.,�W�C ∂µϕ �Q�W�f>Rb ∂µϕ : [0, T ]× P̃2 × Ω̃ → R
d �,�W�hk Dupire [27] W|v�
�b�bHQ(, ∂ω∂µϕ : [0, T ]× P̃2 × Ω̃ → R
d×d : l. y ∈ R

d,

∂ω∂µϕ(t, µ̃, ω̃)y := lim
ε→0

∂µϕ(t, µ̃, ω̃ + ǫy1[t,T ])− ∂µϕ(t, µ̃, ω̃)

ǫ
.bHW�Wq4��&�
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• C1,2([0, T ]× P̃2) �)bHW(,�7W�W�
(i) ϕ : [0, T ]× P̃2 → R �,�W	
(ii) ∂tϕ : [0, T ]×P̃2 → R, ∂µϕ : [0, T ]×P̃2× Ω̃ → R

d + ∂ω∂µϕ : [0, T ]×P̃2× Ω̃ → R
d×d�,�W�

• C1,2
b ([0, T ]×P̃2) �) C1,2([0, T ]×P̃2) a6+AwbHz`W(, ϕ x7W�W�

(i) ∂tϕ �+gW	
(ii) ∂µϕ, ∂ω∂µϕ �. ω̃ �jzE5W�Gl. (t, µ̃, ω̃) ∈ [0, T ]× P̃2 × Ω̃,

|∂µϕ(t, µ̃, ω̃)|+ |∂ω∂µϕ(t, µ̃, ω̃)| 6 C0(1 + ‖ω̃‖).

§2.2.2 ��UA�;
V 2.1 l.}��bW K > 0, µ �6R�Æ℄�+��<N�4, K 6gW�~/h��# µ = P ◦X
−1

, M% (Ω,F ,P) ��Æ��0t^7W	;�W��k
dXt = btdt+ σtdW t, X0 = η ∈ L2(F0,P;R

d), b : [0, T ]× Ω → R
d + σ : [0, T ]× Ω → R

d×d� F- ��
/W�Aw |b|,
∣∣ 1
2σ

∣∣2 6 K. W ��Æ d- SW (F,P)- #�<e�l. (t, µ) ∈ [0, T ]× P̃2 +4, K > 0. 6 P̃K(t, µ) ��AwbHz`W P ∈ P̃2 �7WD.� (i) P[0,t] = µ[0,t]; (ii) X[t,T ] ��Æ℄�+��<N�4, K 6gW P- �~�bHW�=��7(�
0 2.1 R
 ϕ ∈ C1,2
b ([0, T ]×P̃K(t, µ)). l.�bW K > 0, 6 P ∈ P̃K(t, µ), C+

ϕ(t,P) = ϕ(0,P) +

∫ t

0

∂tϕ(s,P)ds+ E
P

[ ∫ t

0

∂µϕ(s,P, X̃) · dX̃s

+
1

2

∫ t

0

tr{∂ω∂µϕ(s,P, X̃) · d〈X̃s〉}
]
, (2.4)M% · ��S��_b��YFe�,�!T�WWi^�6 C1,2([0, T ]× P2) ��6+AwbHz`W φ : [0, T ]× P2 → R �7W�W�

(i) G>�Æ(, φ̃ ∈ C1,2([0, T ]× P̃2), > [0, T ]× P2 �Aw φ̃ = φ;

(ii) b�
∂tφ(t, µ) := ∂tφ̃(t, µ), ∂µφ(t, µ, ø) := ∂µφ̃(t, µ, ø),

∂ω∂µφ(t, µ, ø) := ∂ω∂µφ̃(t, µ, ø), ∂sω∂µφ(t, µ, ø) := ∂sωφ̃(t, µ, ø),M%
∂sω∂µφ(t, µ, ø) =

1

2
[∂ωφ̃(t, µ, ø) + ∂ωφ̃(t, µ, ø)

T].�}b" 2.1 
UbHWb"�
0 2.2 R
 ϕ ∈ C1,2([0, T ]× P2), C+
(i) Q, ∂tϕ, ∂µϕ, ∂ω∂µϕ g(. ϕ̃;



378 -���W���A C 45 �
(ii) l. K > 0, 6 P ∈ PK(t, µ), C

ϕ(t,P) = ϕ(0,P) +

∫ t

0

∂tϕ(s,P)ds+ E
P

[ ∫ t

0

∂µϕ(s,P, X̃) · dX̃s

+
1

2

∫ t

0

tr{∂ω∂µϕ(s,P, X̃) · d〈X̃s〉}
]
,M% PK(t, µ) + P̃K(t, µ) �+kGW'��N�}& P2 A9 P̃2.y1�E[VIR
 γ : R+ → R

+ ��Æ,�℄EW(,�AwO ǫ ↓ 0��γ(ǫ) → 0.8�~;hy�7�
§3 K D � < !6 (Ω,F ,P0,F = {Ft}t>0) ��ÆN�Wn�t^7W	;�W� W �b�>d�W�Æ d- S#�<e�R
 U ∈ R

n1 , V ∈ R
n2 �.Æ}�
/WD.�6%�

b : [0, T ]× Ω× P2 × U × V → R, σ : [0, T ]× Ω× P2 × U × V → R
d,

f : [0, T ]× Ω× P2 × U × V → R, h : Ω× P2 → R�.d�u�/���
/W��kAwbHWR
�#: 3.1 (i) b, σ �. (t, u, v) �,�W��k�4, L0 > 0 6g�
(ii) b, σ �. (ω, µ) �$a_rW�GG>�Æ C0 > 0, �Ul. t ∈ [0, T ], ω, ω ∈ Ω,

µ, µ ∈ P2, u ∈ U, v ∈ V + ϕ = b, σ,

|ϕ(t, ω, µ, u, v)− ϕ(t, ω, µ, u, v)| 6 C0(‖ωt∧· − ωt∧·‖+W2(µ[0,t], µ[0,t])).

(iii) f �. (u, v) �,�W��k f(t, 0, δ0, u, v) �4, L0 > 0 6g�M% δ{a} ��
a �W Dirac h/�

(iv) l. t ∈ [0, T ], ω, ω ∈ Ω, µ, µ ∈ P2, u ∈ U, v ∈ V ,

|f(t, ω, µ, u, v)− f(t, ω, µ, u, v)| 6 γ(‖ωt∧· − ωt∧·‖+W2(µ[0,t], µ[0,t])),

|h(ω, µ)− h(ω, µ)| 6 γ(‖ω − ω‖+W2(µ[0,T ], µ[0,T ])).

(v) b, σ, f �. t �+bHWz&�℄,�z�l. t1 < t2 + φ = b, σ, f,

|φ(t2, ωt1∧·, µ[0,t1], u, v)− φ(t1, ω, µ, u, v)| 6 C0

(
1 + ‖ωt1∧·‖+W2(µ[0,t1], δ{0})

)
γ(t2 − t1).

(vi) σσT �PbW��b t ∈ [0, T ]+�Æ [0, t] �W$9 η, 	:bH8u��W McKean-Vlasov|9�
P0 -a.s.,

Xt,η;u,v
s = η +

∫ s

t

b(r,Xt,η;u,v
r∧· ,LX

t,η;u,v
r∧·

, ur, vr)dr

+

∫ s

t

σ(r,Xt,η;u,v
r∧· ,LX

t,η;u,v
r∧·

, ur, vr)dWr , s ∈ [t, T ]. (3.1)
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r∧· W�#�q"� Xt,η;u,v

r∧· W!T�Æ�6��V)&_C�WaW�e�U�k�.�b	;�# P0, 	:&�W4>$9 Xt,η;u,v, YF�Qlo.�b_C$9 X , 	:&�W�# P
u,v. RA�l.�bW t ∈ [0, T ], µ ∈ P2 +�^$9 u, v, 6 P

t,µ;u,v ∈ P2, �U P
t,µ;u,v
[0,t] = µ[0,t] +l. s ∈ [t, T ], Pt,µ;u,v -a.s.,

Xs =Xt +

∫ s

t

b(r,Xr∧·,P
t,µ;u,v
[0,r] , ur, vr)dr +

∫ s

t

σ(r,Xt,η;u,v
r∧· ,Pt,µ;u,v

[0,r] , ur, vr)dW
u,v
r , (3.2)M% Wu,v = {Wu,v

s }s∈[0,T ] ��Æ P
t,µ;u,v- #�<e�SXz(�b�R

J(t, µ, u, v) = E
P
t,µ;u,v

[
h(X,Pt,µ;u,v) +

∫ T

t

f(s,X,Pt,µ;u,v, us, vs)ds
]
. (3.3)).!}.|�+G�SXz(�6 (3.2)–(3.3) R8u��W^�2v3+4>O�l,�R0�>�bX(,�%di

�~�^+~4b,=Wb��e6fT��8�^�Uq�^ u ��.�Æ#�<e W , G ut = ut(W ). yq>/p�OX?a�$9 X 
���/R�N�&�I* X �#W#�<e W "U��/R��A�>Oh�{aYF�&w��^�5M��R�^ ur + vr 
���.$tWt^�6�R


u, v � F
Xt,η,u,v

- 
/W�G ur = ur(X
t,η,u,v

[0,r] ) + vr = vr(X
t,η,u,v

[0,r] ) �."W�B� Wu,

Zhang[24] >8u��W McKean-Vlasove)`HWy(�^X?aZ>�b�>�W P2�WX(,WPCzRJ�kO�=W����+H)z��A��V	:�j4,�^����/�6
Ut,s =

{
u :G>n ∈ N+ t = t0 < · · · < tn = s, �Uur =

n−1∑

j=0

gj1[tj ,tj+1)(r),M% gj : Ω → U�Ftj - 
/W, j = 0, 1, · · · , n− 1
}
;

Vt,s =
{
v :G>n ∈ N+ t = t0 < · · · < tn = s, �Uvr =

n−1∑

j=0

lj1[tj ,tj+1)(r),M%lj : Ω → V�Ftj - 
/W, j = 0, 1, · · · , n− 1
}
.
V 3.1 (
�~�^) �Æ F- ��
/W$9 u : [t, s] × Ω → U (k#Z�

v : [t, s] × Ω → V ) �6{!}K I (k#Z� II) > [t, s] �W�Æ
�~�^��#
u ∈ Ut,s (k#Z� v ∈ Vt,s).f 3.1 �}�*
�~�^Wb�
T�l.}-W u ∈ Ut,s + v ∈ Vt,s, (3.1) �+Q��e��A� (3.2) �+Q�ie P

t,µ;u,v.
V 3.2 (~4b,=) �Æ,�%� α : Vt,s → Ut,s �6R!}K I > [t, s] �W�Æ~4b,=��#l.}-W Fr-D� τ : Ω → [t, s]+l.}-> [[t, τ ]] (= {(r, ω) ∈

[0, T ]× Ω | t 6 r 6 τ(ω)}) �Aw v1 = v2 W�^ v1, v2 ∈ Vt,s, +
α(v1) = α(v2), > [[t, τ ]]�.
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�b�!}K II > [t, s] �W~4b,=�6 At,s (k#W�Bt,s) ��!}K I (k#Z� II) > [t, s] �W6+~4b,=Wu����bX(,R




W (t, µ) := inf
β∈Bt,T

sup
u∈Ut,T

J(t, µ;u, β(u)), t ∈ [0, T ], µ ∈ P2,

V (t, µ) := sup
α∈At,T

inf
v∈Vt,T

J(t, µ;α(v), v), t ∈ [0, T ], µ ∈ P2.
(3.4)bH�> W + V W�ÆW�e��	:�Æ).Æbx6�7W3+4>O�l,�M.Æbx��)G`Wk2$nWpnl(O�W N Æ�x7�R
OÆ�W,O N ~4I��
�&.Æ�+L�zW “!}K” LA�HW.Æbx�7�WbxWWl,X?\
77)�+L�zW “!}K ” �7W^�24>O�l,X?�A� (3.4) ab�W W + V y��40M.ÆL�z “!}K” �}l|W�,z>.",=1WX�

§4 _ � > � ℄ Z P�b�wbX(, W WPCz��X(, V WPCz
� 1�\�8C 4.1 RbR
 3.1 7(�G>�Æ,�(, γ, �Ul.}- t ∈ [0, T ], µ, ν ∈

P2, u ∈ Ut,T , v ∈ Vt,T ,

(i) |J(t, µ, u, v)− J(t, ν, u, v)| 6 γ(W2(µ[0,t], ν[0,t]));

(ii) |W (t, µ)−W (t, ν)| 6 γ(W2(µ[0,t], ν[0,t])).R0RJL? 4.1, YF)&.ÆsWhj4X�^$9�W U0
t,T ,V

0
t,T rL7�W�W Ut,T ,Vt,T . ���/�6 (Ω,F ,P) ��Æ	;�W� η, ζ �M��W�W.Æ$9�l.�Æ�� ∆ : 0 6 s1 < · · · < sk 6 t, b�

η∆ : = (ηs1 , · · · , ηsk),

‖η − ζ‖
P,∆ : = ‖η∆ − ζ∆‖P =

(
E

P

[
max
16j6k

|ηsj − ζsj |
]) 1

2

.6
U0
t,T =

{
ur =

n−1∑

j=0

gj1[tj,tj+1)(r) ∈ Ut,T :G> 0 6 s1 < · · · < sk 6 t, �U
gi = gi(X∆, X[t,ti]) : Ω → U l. j = 0, 1, · · · , n− 1

}
;

V0
t,T =

{
vr =

n−1∑

j=0

lj1[tj ,tj+1)(r) ∈ Vt,T : G> 0 6 s1 < · · · < sk 6 t, �U
li = li(X∆, X[t,ti]) : Ω → V l. j = 0, 1, · · · , n− 1

}
.

A0
t,s,B

0
t,s + At,s,Bt,s �+ 1W'��["$>b� 3.2 a& U0

t,s,V
0
t,s LA Ut,s,Vt,s.
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W0(t, µ) = inf

β∈B0
t,T

sup
u∈U0

t,T

J(t, µ, u, β(u)).YF\;RJ>bH!" 4.2 a W0 AwL? 4.1 aWz` (ii) 	>bH!" 4.3 aRJ W0 =W . DqURbX(, W �AwL? 4.1 aWz` (ii). RA�di
�Æd
W!"�W0 4.1[24] R
 0 < t < T , µ, ν ∈ P2 + P̃ ∈ P(µ, ν), Cl.}� ε > 0, κ > 0 +}-W�� ∆ : 0 6 s1 < · · · < sk 6 t, G>�Æ	;�W (Ω,F ,P), �Æ#�<e W �EM��W�W.Æ4>$9 η, ζ, �U
(i) Pη = µ,Pζ = ν, �k$9 ζ g(.#�<e W ;

(ii) η∆ �. σ- L, σ(ζ∆,W [0,κ]) 
/	
(iii) ‖η − ζ‖

P,∆ 6 ‖X −X ′‖
P̃,∆ + ǫ, M% (X,X ′) �8��W (Ω× Ω,F × F) �W_C$9�bH!"�> W0 WPCz�W0 4.2 >R
 3.1 b�l. t ∈ [0, T ], µ, ν ∈ P2,

|W0(t, µ)−W0(t, ν)| 6 γ(W2(µ[0,t], ν[0,t])).^ �} W0(t, µ) Wb��G>�Æ β0,ǫ ∈ B0
t,T , �Ul.6+ u ∈ U0

t,T ,

W0(t, µ) > J(t, µ, u, β0,ǫ(u))− ǫ.RJ�R.%�%g 1 l.�*�bW β0,ǫ, �A u ∈ U0
t,T + X

u,β0,ǫ(u)
, �U P

t,ν,u,β0,ǫ(u) = P ◦

(X
u,β0,ǫ(u)

).%d��} 2-Wasserstein �!Wb��G> P̃ ∈ P(µ, ν), �Ul. t ∈ [0, T ],

E
P̃
[
‖Xt∧· −X ′

t∧·‖
2
]
6W2(µ[0,t], ν[0,t]) + ǫ2.dC�	:�� ∆0 : 0 6 s1 < · · · < sk0 = t + t = t0 < t1 < · · · < tn = T . �R

u ∈ U0
t,T , 6�R


us =

n−1∑

i=0

g#i (X∆0 , X[t,ti])1[ti,ti+1](s). (4.1)f>�b n ∈ N,6 κ = min
16i6n

|ti− ti−1|. 	:�ÆsW�� ∆ : 0 6 s1 < · · · < sk = t,�U ∆0 ⊂ ∆. > [ti, ti+1] ��b�%� gi, �U gi(X∆, X[t,ti]) = g#i (X∆0 , X[t,ti]). l.M��� ∆, (4.1) 
�drR
us =

n−1∑

i=0

gi(X∆, X[t,ti])1[ti,ti+1](s).Dq β0,ǫ
s (u) =

n−1∑
i=0

β0,ǫ(gi(X∆, X[t,ti]))1[ti,ti+1](s), M% β0,,ǫ
s (·) g(. µ.



382 -���W���A C 45 �l.�H�bW (t, µ, ν,∆, ǫ, κ, P̃), �}!" 4.1, G> (Ω,F ,P,W , η, ζ) +8l#�6
W t

s =W s−t, W
t,κ
s =Wκ,(s−t)+κ, �6 Xu,β0,ǫ(u) Aw�

(i) X
u,β0,ǫ(u)
[0,t] = η[0,t];

(ii) l. s ∈ (ti, ti+1], i = 0, 1, · · · , n− 1,

Xu,β0,ǫ(u)
s

= X
u,β0,ǫ(u)
ti

+

∫ s

ti

b(r,Xu,β0,ǫ(u),L
Xu,β0,ǫ(u) , gi(η∆, X

u,β0,ǫ(u)
[t,ti]

), β0,ǫ(gi(η∆, X
u,β0,ǫ(u)
[t,ti]

)))ds

+

∫ s

ti

σ(r,Xu,β0,ǫ(u),L
Xu,β0,ǫ(u) , gi(η∆, X

u,β0,ǫ(u)
[t,ti]

), β0,ǫ(gi(η∆, X
u,β0,ǫ(u)
[t,ti]

)))dW t,κ
s .ey P

t,µ,u,β0,ǫ(u) = P ◦ (Xu,β0,ǫ(u))−1. _b��YF�A u ∈ U0
t,T + X

u,β0,ǫ(u)
:=

X
t,ζ,u,β0,ǫ(u)

, Aw
X

u,β0,ǫ(u)

[0,t] = ζ[0,t]+l. t 6 s 6 T, P -a.s.,

X
u,β0,ǫ(u)

s = ζt +

∫ s

t

b(r,X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u) , us, β
0,ǫ(us))ds

+

∫ s

t

σ(r,X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u) , us, β
0,ǫ(us))dW

t
s . (4.2)m�M% u (�A β0,ǫ(u)) W��� ∆, �k

t = t0 < t+ κ < t1 + κ < · · · < tn−1 + κ < tn = T.�A%g�b�
(i) l. s ∈ [t0, t0 + κ), �B}�W u0 ∈ U , 6 us = u0, C β0,ǫ(us) = β0,ǫ(u0)+ (4.2) > [t0, t0 + κ] �G>Q�e X

u,β0,ǫ(u)
. o�%��R σ �~K7W�Dq+ σ(ζ∆, X

u,β0,ǫ(u)

[t0,t0+κ] ) = σ(ζ∆,W
t
[t0,t0+κ]) = σ(ζ∆,W [0,κ]). )A+!" 4.1 
U η∆ =

σ(ζ∆, X
u,β0,ǫ(u)

[t0,t0+κ] ). �A�l.NÆ(, g0, g0(ζ∆, X
u,β0,ǫ(u)

[t0,t0+κ] ) := g0(ψ(ζ∆, X
u,β0,ǫ(u)

[t0,t0+κ] )) =

g0(η∆).

(ii) l. s ∈ [t0 + κ, t1 + κ), 6 us = g0(ζ∆, X
u,β0,ǫ(u)

[t0,t0+κ] ), C+ β0,ǫ(us) =

β0,ǫ(g0(ζ∆, X
u,β0,ǫ(u)

[t0,t0+κ] )). �} (4.2) 
U X
u,β0,ǫ(u)

[t0+κ,t1+κ].)!" 4.1 
T σ(η∆,W
t,κ

[t0,t1]
) = σ(η∆,W [κ,t1−t0+κ]) = σ(ζ∆,W [0,t1−t0+κ]) =

σ(ζ∆,W
t
[t0,t1+κ]) = σ(ζ∆, X

u,β0,ǫ(u)

[t0,t1+κ] ).�A� X
u,β0,ǫ(u)
[t0,t1]

� σ(ζ∆, X
u,β0,ǫ(u)

[t0,t1+κ] ) 
/W��q�l.NÆ(, g1, b�
g1(ζ∆, X

u,β0,ǫ(u)

[t0,t1+κ] ) := g1(η∆, X
u,β0,ǫ(u)
[t0,t1]

).

(iii) l. s ∈ [t1 + κ, t2 + κ), 6 us = g1(ζ∆, X
u,β0,ǫ(u)

[t0,t1+κ] )(= g1(η∆, X
u,β0,ǫ(u)
[t0,t1]

)), C
β0,ǫ(us) = β0,ǫ(g1(ζ∆, X

u,β0,ǫ(u)

[t0,t1+κ] ))(= β0,ǫ(g1(ζ∆, X
u,β0,ǫ(u)
[t0,t1]

))).d��*$9�
��A u ∈ U0
t,T kdx�R us = gi(ζ∆, X

u,β0,ǫ(u)

[t0,ti+κ] ) =

gi(η∆, X
u,β0,ǫ(u)
[t0,ti]

), s ∈ [ti + κ, ti+1 + κ). oq
�UR β0,ǫ(us) = β0,ǫ(gi(ζ∆, X
u,β0,ǫ(u)

[t0,ti+κ] )) =
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β0,ǫ(gi(η∆, X
u,β0,ǫ(u)
[t0,ti]

)), s ∈ [ti + κ, ti+1 + κ). k#W$9 X
u,β0,ǫ(u) ) (4.2) �>�%g 2 K3 W0(t, µ)−W0(t, ν). �}R
 3.1(iv)–(v), 
T

J(t, µ, u, β0,ǫ(u))−W0(t, ν)

6 J(t, µ, u, β0,ǫ(u))− J(t, ν, u, β0,ǫ(u)) + ǫ

6 ǫ+ E
P[h(Xu,β0,ǫ(u),L

Xu,β0,ǫ(u))− h(X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u))]

+ E
P

[ n−1∑

i=1

∫ ti+1

ti

f(s,Xu,β0,ǫ(u),L
Xu,β0,ǫ(u) , gi(η∆, X

u,β0,ǫ(u)
[t,ti]

), β0,ǫ(gi(η∆, X
u,β0,ǫ(u)
[t,ti]

)))

−
n−1∑

i=1

∫ ti+1

ti

f(s+ κ,X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u) , gi(η∆, X
u,β0,ǫ(u)
[t,ti]

), β0,ǫ(gi(η∆, X
u,β0,ǫ(u)
[t,ti]

)))ds

−

∫ t+κ

t

f(s,X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u) , u0, β
0,ǫ(u0))ds

−

∫ T

T−κ

f(s,X
u,β0,ǫ(u)

,L
X

u,β0,ǫ(u) , us, β
0,ǫ(us))ds

]

6 ǫ+ CE P[γ(‖X
u,β0,ǫ(u)

−Xu,β0,ǫ(u)‖+W2(LXu,β0,ǫ(u) ,L
X

u,β0,ǫ(u)))] + Cγ(κ). (4.3) 1.V [24, !" 5.13], 
U
J(t, µ, u, β0,ǫ(u))−W0(t, ν) 6 Cγ(W2(µ[0,t], ν[0,t])).&& u }�z
J>� W0(t, µ) − W0(t, ν) 6 Cγ(W2(µ[0,t], ν[0,t])).  1Z�
�UR

W0(t, ν)−W0(t, µ) 6 Cγ(W2(µ[0,t], ν[0,t])). !"UR�W0 4.3 >R
 3.1 b� W =W0.^ RJ�R.%�%g 1 W0 6W .�} W Wb��G>NÆ βǫ ∈ Bt,T , �Ul.6+W u ∈ Ut,T , J(t, µ, u, β
ǫ(u)) 6

W (t, µ) + ǫ. )A
U�l.}�W u0 ∈ U0
t,T ⊂ Ut,T ,

J(t, µ, u0, β
ǫ(u0)) 6W (t, µ) + ǫ. (4.4)YFWmv��A βk,ǫ ∈ B0

t,T , �Ul. u0 ∈ U0
t,T , V0

t,T ∋ βk,ǫ(u0) → βǫ(u0) ∈

Vt,T , k → ∞. "���z�6 u0 =
n−1∑
i=0

g0i (X∆, X[t,ti])1[ti,ti+1) ∈ U0
t,T . ) βǫ(u0) ∈ Vt,T , 
U

βǫ(u0) =

n−1∑

i=0

βǫ(g0i )(X[0,ti])1[ti,ti+1).m� 1 g0i : C[0, ti] → U �,�W��R βǫ �,�W�6� βǫ(g0i ) �,�W�l. m > 1, 	:�� ∆̃m : 0 = sm0 <

· · · < smm = t, da smi = i
m
t. 6 ξm[0,t] � ξ∆m

Wjz1X+ ξm[t,ti] := ξ[t,ti]. b�
βm,ǫ(g0i )(ξ∆m

, ξ[t,ti]) := βǫ(g0i )(ξ
m
[0,ti]

),
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βm,ǫ(u0) :=

n−1∑

i=0

βm,ǫ(g0i )(ξ∆m
, ξ[t,ti])1[ti,ti+1) ∈ V0

t,T .ey βm,ǫ : U0
t,T → V0

t,T . 5M�) βǫ W~4bz`
�UR βm,ǫ. �A βm,ǫ ∈ B0
t,T . M

Xβm,ǫ

:= Xt,η,u0,β
m,ǫ(u0), Xβǫ

:= Xt,η,u0,β
ǫ(u0) + δXm = Xβm,ǫ

−Xβǫ

, C+
(i) l. s ∈ [0, t], δXm = 0;

(ii) l. s ∈ [t, t1], P0 -a.s.,

Xβǫ

s = ηt +

∫ s

t

b(r,Xβǫ

,LXβǫ , g00(η∆), β
ǫ(g00)(η[0,t]))dr

+

∫ s

t

σ(r,Xβǫ

,LXβǫ , g00(η∆), β
ǫ(g00)(η[0,t]))dWr ,

Xβm,ǫ

s = ηt +

∫ s

t

b(r,Xm,βǫ

,LXm,βǫ , g00(η∆), β
m,ǫ(g00)(η∆̃m

, ηt))dr

+

∫ s

t

σ(r,Xβǫ

,LXβǫ , g00(η∆), β
m,ǫ(g00)(η∆̃m

, ηt))dWr .) βǫ(g00) �,�W�
T
lim

m→∞
E
P0 [|βm,ǫ(g00)(η∆̃m

, ηt)− βǫ(g00)(η[0,t])|
2 ∧ 1] = 0.)A+R
 3.1(ii)–(iii) 
J>

lim
m→∞

E
P0 [‖δXm

t1∧·‖
2] = 0.

(iii) l. s ∈ [t1, t2],

Xβǫ

s = Xβǫ

t1
+

∫ s

t1

b(r,Xβǫ

,LXβǫ , g01(η∆, X
βǫ

[t,t1]
), βǫ(g01)(η[0,t], X

βǫ

[t,t1]
))dr

+

∫ s

t1

σ(r,Xβǫ

,LXβǫ , g01(η∆, X
βǫ

[t,t1]
), βǫ(g01)(η[0,t], X

βǫ

[t,t1]
))dWr ,

Xβm,ǫ

s = Xβm,ǫ

t1
+

∫ s

t1

b(r,Xβm,ǫ

,LXβm,ǫ , g01(η∆, X
βm,ǫ

[t,t1]
), βǫ(g01)(η∆̃m

, Xβm,ǫ

[t,t1]
))dr

+

∫ s

t1

σ(r,Xm,βǫ

,LXm,βǫ , g01(η∆, X
βm,ǫ

[t,t1]
), βǫ(g01)(η∆̃m

, Xβm,ǫ

[t,t1]
))dWr ,M% ∆ >!" 4.2 a�>��} g01 + βǫ ,�z�
U





lim
m→∞

E
P0 [|g01(η∆, X

βm,ǫ

[t,t1]
)− g01(η∆, X

βǫ

[t,t1]
)|2 ∧ 1] = 0;

lim
m→∞

E
P0 [|βǫ(g01)(η∆̃m

, Xβm,ǫ

[t,t1]
)− βǫ(g01)(η[0,t], X

βǫ

[t,t1]
)|2 ∧ 1] = 0.�A lim

m→∞
E
P0 [‖δXm

t2∧·‖
2] = 0. d��*%g�
U





lim
m→∞

E
P0 [|g0i (η∆, X

βm,ǫ

[t,ti]
)− g0i (η∆, X

βǫ

[t,ti]
)|2 ∧ 1] = 0, i < n;

lim
m→∞

E
P0 [|βǫ(g0i )(η∆̃m

, Xβm,ǫ

[t,ti]
)− βǫ(g0i )(η[0,t], X

βǫ

[t,ti]
)|2 ∧ 1] = 0, i < n;

lim
m→∞

E
P0 [‖δXm‖2] = 0.)R
 3.1(iii)–(iv) + (4.4), 
Tl.}-W u0 ∈ U0

t,T ,

lim
m→∞

J(t, µ, u0, β
m,ǫ(u0)) = J(t, µ, u0, β

ǫ(u0)) 6W (t, µ) + ǫ. (4.5)
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 *�; _�3wX5?P�m- 385o�%Z��} W0(t, µ) Wb��l. ǫ1 > 0, G>NÆ uǫ1 ∈ U0
t,T , �U

W0(t, µ) 6 J(t, µ, uǫ1 , βm,ǫ(uǫ1)) + ǫ1. (4.6)E$.� (4.5) + (4.6), 
U
W0(t, µ) 6 lim

m→∞
J(t, µ, uǫ1 , βm,ǫ(uǫ1)) + ǫ1

= J(t, µ, uǫ1 , βǫ(uǫ1)) + ǫ1 6W (t, µ) + ǫ+ ǫ1. (4.7)6 ǫ ↓ 0, ǫ1 ↓ 0, C+ W0(t, µ) 6W (t, µ), (t, µ) ∈ [0, T ]× P2.m� 2 g0i ���W Borel 
/(,�YFm
�A
um0 =

n−1∑

i=0

g0,mi (X∆, X[t,ti])1[ti,ti+1) ∈ U0
t,T ,

βǫ(um0 ) =

n−1∑

i=0

βǫ(g0,mi (X∆, X[t,ti]))1[ti,ti+1) ∈ Vt,T ,�U g0,mi , βǫ(g0,mi ) �,�W�E




lim
m→∞

E
P0 [|g0,mi (X

um
0

∆ , X
um
0

[t,ti]
)− g0i (X

u0

∆ , Xu0

[t,ti]
)|2 ∧ 1] = 0, i < n;

lim
m→∞

E
P0 [|βǫ(g0,mi (X

um
0

∆ , X
um
0

[t,ti]
))− βǫ(g0i (X

u0

∆ , Xu0

[t,ti]
))|2 ∧ 1] = 0, i < n;

lim
m→∞

E
P0 [‖δXm‖2] = 0,

(4.8)da Xu0 = Xt,η,u0,β
ǫ(u0), Xum

0 = Xt,η,um
0 ,βǫ(um

0 ), δXm = Xum
0 −Xu0 . �} (4.5)–(4.7) 
T�l.6+W um0 ∈ U0

t,T ,

J(t, µ, um0 , β
ǫ(um0 )) 6W (t, µ) + ǫ.Dq W0(t, µ) 6W (t, µ).f>E$l i oy℄ W|��A g0,mi , βǫ(g0,mi ) + Xum

0 . RA�6 X
um
0

[0,t] = η[0,t], C
‖∆Xm

t0∧·‖ = 0. R
YF�q�A g0,mi , βǫ(g0,mi ), X
um
0

[0,ti]
�U (4.8) ah.ÆY�7(��k

lim
m→∞

E
P0 [‖δXm

ti∧·‖
2] = 0 (4.9)7(�M C∆

t0,s
= {(X∆, X[t0,s]),da ∆ : 0 6 s1 < · · · < sm = t0}. l.
/(, g0i :

C∆
t0,ti

→ U , �}%0!"�G>,�(, ĝm,0
i : C∆

t0,ti
→ U +�D Om

i ∈ C∆
t0,ti

, �U>Om
i � ĝm,0

i = g0i + lim
m→∞

P0((η∆, X
u0

[t0,ti]
) /∈ Om

i ) = 0.)A�E ĝ0,mi W,�z�
TG>�Æ ℓm ∈ N, �Ul.EÆ i +l.}�W m ∈ N,

E
P0 [|ĝ0,mi (η∆, X

u
ℓm
0

[t0,ti]
)− ĝ0,mi (η∆, X

u0

[t0,ti]
)|2 ∧ 1] 6

1

m
.�A�O m→ ∞ ��

E
P0 [|ĝ0,mi (η∆, X

u
ℓm
0

[t0,ti]
)− gi(η∆, X

u0

[t0,ti]
)|2 ∧ 1]
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6 E

P0 [|ĝ0,mi (η∆, X
u
ℓm
0

[t0,ti]
)− ĝ0,mi (η∆, X

u0

[t0,ti]
)|2 ∧ 1]

+ E
P0 [|ĝ0,mi (η∆, X

u0

[t0,ti]
))− gi(η∆, X

u0

[t0,ti]
)|2 ∧ 1]

6
C

m
+ CP0((η∆, X

u0

[t0,ti]
) /∈ Om

i ) → 0.f>�r {ℓm} W�Æt1�b� g0,ℓmi := ĝ0,mi , C+
lim

m→∞
E
P0 [|g0,ℓmi (η∆, X

u
ℓm
0

[t0,ti]
)− g0i (η∆, X

u0

[t0,ti]
)|2 ∧ 1] = 0. (4.10)o�%��} βǫ 
U

lim
m→∞

E
P0 [|βǫ(g0,ℓmi (η∆, X

u
ℓm
0

[t0,ti]
))− βǫ(g0i (η∆, X

u0

[t0,ti]
))|2 ∧ 1] = 0. (4.11)6 ℓm = m (�#�
�
��B ℓm W�Æt1). ey� g0,mi Aw (4.9) R6nW(,�_b��RJ lim

m→∞
E
P0 [‖δXm

ti+1∧·‖
2] = 0. l. s ∈ [ti, ti+1], m�R





Xu0
s =Xu0

ti
+

∫ s

ti

b(r,Xu0 ,LXu0 , g0i (η∆, X
u0

[t0,ti]
), βǫ(g0i (η∆, X

u0

[t0,ti]
)))dr

+

∫ s

ti

σ(r,Xu0 ,LXu0 , g0i (η∆, X
u0

[t0,ti]
), βǫ(g0i (η∆, X

u0

[t0,ti]
)))dWr ;

X
um
0

s =X
um
0

ti
+

∫ s

ti

b(r,Xum
0 ,L

X
um
0
, g0,mi (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
)))dr

+

∫ s

ti

σ(r,Xum
0 ,L

X
um
0
, g0,mi (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
)))dWr .) (b, σ) �. (ω, µ) W+gz+�℄,�z�
�UR

E
P0 [|φ(r,Xum

0 ,L
Xum

0
, g0,mi (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
)))

− φ(r,Xu0 ,LXu0 , g0i (η∆, X
u0

[t0,ti]
), βǫ(g0i (η∆, X

u0

[t0,ti]
)))|2]

6 E
P0 [|φ(r,Xum

0 ,L
Xum

0
, g0,mi (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
)))

− φ(r,Xu0 ,LXu0 , g
0,m
i (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
))) + δφm(s)|2]

6 E
P0 [‖∆Xm

s∧·‖
2 + |δφm(s)|2],M%

δφm(s) = φ(r,Xu0 ,LXu0 , g
0,m
i (η∆, X

um
0

[t0,ti]
), βǫ(g0,mi (η∆, X

um
0

[t0,ti]
)))

− φ(r,Xu0 ,LXu0 , g0i (η∆, X
u0

[t0,ti]
), βǫ(g0i (η∆, X

u0

[t0,ti]
))).�A

E
P0 [‖δXm

ti+1∧·‖
2] 6 CEP0

[
‖δXm

ti∧·‖
2 +

∫ ti+1

ti

(|δbm(s)|2 + |δσm(s)|2)ds
]
. (4.12)�} (4.10), (4.11) (O ℓm = m �) +�^#-b"�
Tl. i = 0, · · · , n− 1,

lim
m→∞

E
P0

[ ∫ ti+1

ti

(|δbm(s)|2 + |δσm(s)|2)ds
]
= 0.)��+ (4.9), (4.12) 
U lim

m→∞
E
P0 [‖δXm

ti+1∧·‖
2] = 0. d��HW$9 (�#+�
��B�Æt�1), 
�URl. i = 0, 1, · · · , n− 1, g0,mi , βǫ(g0,mi ) Aw (4.9).
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 *�; _�3wX5?P�m- 387%g 2 W0 >W .�} W0 Wb��G>NÆ β0,ǫ ∈ B0
t,T , �Ul.6+W u0 ∈ U0

t,T ,

J(t, µ, u0, β
0,ǫ(u0)) 6W0(t, µ) + ǫ.f>R
 u =

n−1∑
i=0

gi(X[0,ti])1[ti,ti+1) ∈ Ut,T , 	:.bm��m� 1 gi : C([0, ti]) → R �,�W�b�
gmi (ξ∆̃m

, ξ[t,ti]) := gi(ξ
m
[0,ti]

),M% ∆̃m + ξm[0,ti] >%g 1 a�>�M um =
n−1∑
i=0

gmi (X∆̃m
, X[t,ti])1[t,ti+1) ∈ U0

t,T . ey
β0,ǫ(um) =

n−1∑

i=0

β0,ǫ(gmi (X∆̃m
, X[t,ti]))1[t,ti+1) ∈ V0

t,T ⊂ Vt,T ._b��YFRJ {β0,ǫ(gmi )} ��Æ
℄^1�����l.}�W m, k > 1, ) β0,ǫW,�z�
U
|β0,ǫ(gmi (X∆̃m

, X[t,ti])) − β0,ǫ(gki (X∆̃k
, X[t,ti]))|

= |β0,ǫ(gi(X
m
[0,ti]

))− β0,ǫ(gi(X
k
[0,ti]

))|

6 |β0,ǫ(gi(X
m
[0,ti]

))− β0,ǫ(gi(X[0,ti])) + β0,ǫ(gi(X[0,ti]))− β0,ǫ(gi(X
k
[0,ti]

))|

→ 0, Om→ ∞, k → ∞ �.}A�
�b� βi(gi(X[0,ti])) := lim
m→∞

β0,ǫ(gmi (X∆̃m
, X[t,ti])), i = 0, 1, · · · , n− 1 +

β(u) :=

n−1∑

i=0

βi(gi(X[0,ti]))1[ti,ti+1) ∈ Vt,T .o�%Z�). β0,ǫ �~4bW��A β ��Æ~4b,=�M Xu = Xt,η,u,β(u), Xum

=

Xt,η,um, β0,ǫ(um), δXm = Xum

−Xu. m�Rl. s ∈ [t0, t1),



Xu
s = ηt0 +

∫ s

t0

b(r,Xu,LXu , g0(η[0,t]), β0(g0(η[0,t]))dr

+

∫ s

t0

σ(r,Xu,LXu , g0(η[0,t]), β0(g0(η[0,t]))dWr ;

Xum

s = ηt0 +

∫ s

t0

b(r,Xum

,LXum , gm0 (η∆̃m
, ηt), β

0,ǫ(gm0 (η∆̃m
, ηt))dr

+

∫ s

t0

σ(r,Xum

,LXum , gm0 (η∆̃m
, ηt), β

0,ǫ(gm0 (η∆̃m
, ηt))dWr .�R g0 �,�W�6�

lim
m→∞

E
P0 [|gm0 (η∆̃m

, ηt)− g0(η[0,t])|
2 ∧ 1] = 0.Dq�} β0(g0) Wb�+R
 3.1(ii), (v), 
U

lim
m→∞

E
P0 [‖δXm

t1∧·‖
2] = 0. (4.13)
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


Xu
s = Xu

t1
+

∫ s

t1

b(r,Xu,LXu , g1(X
u
[0,t1]

), β1(g1(X
u
[0,t1]

))dr

+

∫ s

t1

σ(r,Xu,LXu , g1(X
u
[0,t1]

), β1(g1(X
u
[0,t1]

))dWr;

Xum

s = Xum

t1
+

∫ s

t1

b(r,Xum

,LXum , gm1 (η∆̃m
, Xum

[t0,t1]
), β0,ǫ(gm1 (η∆̃m

, Xum

[t0,t1]
))dr

+

∫ s

t1

σ(r,Xum

,LXum , gm1 (η∆̃m
, Xum

[t0,t1]
), β0,ǫ(gm1 (η∆̃m

, Xum

[t0,t1]
))dWr .m�R g1 �,�W��} β1(g1) Wb�+ (4.13), 
U lim

m→∞
E
P0 [‖δXm

t2∧·‖
2] = 0. d��*$9
T

lim
m→∞

E
P0 [‖δXm‖2] = 0.Dq
Ul. u ∈ Ut,T ,

J(t, µ, u, β(u)) = lim
m→∞

J(t, µ, um, β0,ǫ(um)) 6W0(t, µ) + ǫ+
W (t, µ) 6W0(t, µ) + ǫ.y1�6 ǫ→ 0, 
T W (t, µ) 6W0(t, µ), (t, µ) ∈ [0, T ]× P2.m� 2 gi : C([0, T ]) → U ���W Borel 
/(,�l. gi : C([0, t0]) → U , �}%0!"�G>,�(, ĝki : C([0, ti]) → U +�D. Qk

i ⊂ C([0, ti]), �U>Qk
i�, ĝki = gi+ lim

k→∞
P0(X

u
[0,ti]

/∈ Qk
i ) = 0. 1.%g 1 W$9�
��A uk =

n−1∑
i=0

gki (X[0,ti])1[ti,ti+1) ∈ Ut,T + β(uk) =

n−1∑
i=0

βi(g
k
i (X[0,ti]))1[ti,ti+1) ∈ Vt,T , �Ul.E�Æ gki �,�W��k





lim
k→∞

E
P0 [|gki (X

uk

[0,ti]
)− gi(X

u
[0,ti]

)|2 ∧ 1] = 0,

lim
k→∞

E
P0 [|βi(g

k
i (X

uk

[0,ti]
))− βi(gi(X

u
[0,ti]

))|2 ∧ 1] = 0,

lim
k→∞

E
P0 [‖δXk

ti
‖2] = 0,

(4.14)M% βi >%g 1 a�>	 Xuk

:= Xt,η,uk,β(uk), Xu := Xt,η,u,β(u) + δXk := Xuk

−Xu.y1�) (4.14), 
U W (t, µ) 6W0(t, µ), (t, µ) ∈ [0, T ]× P2.!"UR�y1YF�>L? 4.1 WRJ�d+�b�8C 4.1 
^7 �}!" 4.2–4.3, 
�URL? 4.1(ii). \.L? 4.1(i), 8WRJ�QYM�����>!" 4.2 WRJa�& β0,ǫ(u), βǫ(u) A9 v.
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§5 Æ � �  Y 1�b&��w (3.4) a�>WbX(, W We9�57"�8WRJ��.bX(, W WPCz�%d�l. w : [0, T ]× P2 → R + t 6 s 6 t+ θ 6 T, b�
G

t,µ;u,v
s,t+θ [w] :=

∫ t+θ

s

E
P
t,µ;u,v

[f(r,X,Pt,µ;u,v, ur, vr)]dr + w. (5.1)
0 5.1 >R
 3.1 b�bX(, W We9�57"7(�
W (t, µ) = inf

β∈Bt,t+θ

sup
u∈Ut,t+θ

G
t,µ;u,β(u)
t,t+θ [W (t+ θ,Pt,µ;u,β(u))]. (5.2)^ R0|��\ (5.2) ,.MR W (t, µ). �.%RJ (5.2).%g 1 W (t, µ) 6W (t, µ), (t, µ) ∈ [0, T ]× P2.6 β ∈ Bt,T �}��rN��bW��b u2 ∈ Ut+θ,T , l.}- u1 ∈ Ut,t+θ, &&b�

u1 ⊕ u2 := u11[t,t+θ] + u21(t+θ,T ]. (5.3)\ u1(·) 	L7 Ut,T aW�Æ62�_b��	: β > Bt+θ,T �Wi^ β1 �b�
β1(u1) := β(u1 ⊕ u2)

∣∣
[t,t+θ]

.�R β �~4bW�6� β1 g(. u2 W�r��} W (t, µ) 
T�l.}-
β1 ∈ Bt,t+θ, G>NÆ u1,ε ∈ Ut,t+θ, �U

W (t, µ) 6 G
t,µ;u1,ε,β1(u1,ε)
t,t+θ [W (t+ θ, µ̃)] + ε, (5.4)M% µ̃ = P

t,µ,u1,ε,β1(u1,ε). 5M�β1 �"��1 u2 W�rM����;~b� β2(u2) :=

β(u1,ε ⊕ u2)|(t+θ,T ], u2 ∈ Ut+θ,T . ey β2 : Ut+θ,T → Vt+θ,T .�} W (t+ θ, µ̃) Wb��
Tl.}- β2 ∈ Bt+θ,T , G>NÆ u2,ε ∈ Ut+θ,T , �U
W (t+ θ, µ̃) 6 J(t+ θ, µ̃, u2,ε, β2(u2,ε)) + ε. (5.5)b� uε = u1,ε ⊕ u2,ε. ey�> [t, t+ θ] �� uεs = u1,εs +> (t+ θ, T ] �� uεs = u2,εs .5M��} β1 + β2 Wb��
U> [t, t + θ] � βs(u

ε) = β1
s (u

1,ε) +> (t + θ, T ] �
βs(u

ε) = β2
s (u

2,ε). ) (5.4)–(5.5), 
T
W (t, µ) 6 G

t,µ;u1,ε,β1(u1,ε)
t,t+θ [J(t+ θ, µ̃, u2,ε, β2(u2,ε)) + ε] + ε

= E
µ̃
[ ∫ t+θ

t

f(s,X, µ̃, u1,εs , β1
s (u

1,ε))ds
]

+ E
P
t+θ,µ̃,u2,ε,β2(u2,ε)

[
h(X,Pt+θ,µ̃,u2,ε,β2(u2,ε))

+

∫ T

t+θ

f(s,X,Pt+θ,µ̃,u2,ε,β2(u2,ε), u2,εs , β2
s (u

2,ε))ds
]
+ 2ε. (5.6)
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T
µ̃ = P

t,µ,u1,ε,β1(u1,ε) = P
t,µ,uε,β(uε) = P

t+θ,µ̃,u2,ε,β2(u2,ε), (5.7))M�d#+ (5.6) 
�J>
W (t, µ) 6 J(t, µ, uε, β(uε)) + 2ε 6 sup

u∈Ut,T

J(t, µ, u, β(u)) + 2ε.y1��} β W}�z�
U W (t, µ) 6W (t, µ), (t, µ) ∈ [0, T ]× P2.%g 2 W (t, µ) >W (t, µ), (t, µ) ∈ [0, T ]× P2.) W (t, µ) Wb�
T�G>�Æ β1,ε ∈ Bt,t+θ, �Ul.6+W u1 ∈ Ut,t+θ,

W (t, µ) > G
t,µ;u1,β1,ε(u1)
t,t+θ [W (t+ θ,Pt,µ,u1,β1,ε(u1))]− ε. (5.8)o�%Z�) W (t + θ, ν) Wb��
TG>NÆ β2,ε

ν ∈ Bt+θ,T , �Ul.6+W u2 ∈

U[t+θ,T ],

W (t+ θ, ν) > J(t+ θ, ν, u2, β2,ε
ν (u2))− ε. (5.9)Rb {Rℓ}ℓ>1 ∈ B(P2) � P2 W�Æ�e�dAw ∑

l>1

Rℓ = P2 +
dim(Rℓ) = max

ν,ν∈Rℓ

W2((t+ θ, ν), (t+ θ, ν)) = max
ν,ν∈Rℓ

W2(ν[0,t+θ], ν[0,t+θ]) < ε, ℓ > 1.6 νℓ ∈ Rℓ, M [Pt,µ,u1,β
1,ε(u1)] =

∑
ℓ>1

νj1{Pt,µ,u1,β1,ε(u1)∈Rℓ}
. �T [Pt,µ,u1,β

1,ε(u1)] ∈ P2 +
W2((t+ θ, [Pt,µ,u1,β

1,ε(u1)]), (t+ θ,Pt,µ,u1,β
1,ε(u1)))

=W2([P
t,µ,u1,β

1,ε(u1)][0,t+θ],P
t,µ,u1,β

1,ε(u1)
[0,t+θ] ) < ε.�} (5.9), l.EÆ νℓ ∈ P2, G> β2,ε

νℓ
∈ Bt+θ,T , �U

W (t+ θ, νℓ) > J(t+ θ, νℓ, u
2, β2,ε

νℓ
(u2))− ε. (5.10)f>b� β2,ε,u1

:=
∑
ℓ>1

β2,ε
νℓ

1{Pt,µ,u1,β1,ε(u1)∈Rℓ}
. ey β2,ε,u1

∈ Bt+θ,T . l. u ∈ Ut,T ,M u1 = u|[t,t+θ], u
2 = u|(t+θ,T ], G u = u1 ⊕ u2. )A�
�b��ÆsW,= βε(u) =

β1,ε(u1)⊕β
2,ε,u1

(u2) : Ut,T → Vt,T . β
ε ��Æ~4b,=�����R
 τ : Ω → [t, T ]��Æ Fs-D���R
 u, u ∈ Ut,T > [[t, τ ]] �Aw u ≡ u. f>\ u, u�e7 u1, u1 ∈ Ut,t+θ+ u2, u2 ∈ Ut+θ,T , �U u = u1 ⊕ u2 + u = u1 ⊕ u2. )> [[t, τ ] � u ≡ u 
�J>>

[[t, (t + θ) ∧ τ ]] � u1 ≡ u1. �R β1,ε �~4bW�6� β1,ε(u1) = β1,ε(u1). )A
U
P
t,µ,u1,β1,ε(u1) = P

t,µ,u1,β1,ε(u1). y1�} β2,ε,u1 Wb��
U
β2,ε,u1

=
∑

ℓ>1

β2,ε
νℓ

1{Pt,µ,u1,β1,ε(u1)∈Rℓ}
=

∑

ℓ>1

β2,ε
νℓ

1{Pt,µ,u1,β1,ε(u1)∈Rℓ}
= β2,ε,u1

. (5.11)o�%Z�)> [[t, τ ]] � u = u 
J>> ]]t+ θ, (t+ θ) ∨ τ ]] � u2 = u2. �} (5.11), +
β2,ε,u1

(u2) = β2,ε,u1

(u2). y1�) βε Wb��
T
βε(u) = β1,ε(u1)⊕ β2,ε,u1

(u2) = β1,ε(u1)⊕ β2,ε,u1

(u2) = βε(u).



4 
 *�; _�3wX5?P�m- 391�A� βε �~4bW�) (5.8), L? 4.1, [Pt,µ,u1,β
1,ε(u1)] Wb�+ (5.9)–(5.10), 
�UR

W (t, µ) > G
t,µ;u1,β1,ε(u1)
t,t+θ [W (t+ θ,Pt,µ,u1,β1,ε(u1))]− ε

> G
t,µ;u1,β1,ε(u1)
t,t+θ [W (t+ θ, [Pt,µ,u1,β1,ε(u1)])]− γ(ε)

> G
t,µ;u1,β1,ε(u1)
t,t+θ

[∑

ℓ>1

W (t+ θ, νℓ)1{Pt,µ,u1,β1,ε(u1)∈Rℓ}

]
− γ(ε)

> G
t,µ;u1,β1,ε(u1)
t,t+θ

[∑

ℓ>1

1
{Pt,µ,u1,β1,ε(u1)∈Rℓ}

J(t+ θ, νℓ, u
2, β2,ε,u1

(u2))
]
− γ(ε)

= G
t,µ;u1,β1,ε(u1)
t,t+θ [J(t+ θ, [Pt,µ,u1,β1,ε(u1)], u2, β2,ε,u1

(u2))]− γ(ε)

> G
t,µ;u1,β1,ε(u1)
t,t+θ [J(t+ θ,Pt,µ,u1,β1,ε(u1), u2, β2,ε,u1

(u2))]− γ(ε). 1. (5.6)–(5.7), 
Ul.6+W u ∈ Ut,T ,

W (t, µ) > J(t1, µ, u, β
ε(u))− γ(ε).y1�) u W}�z�
T W (t, µ) >W (t, µ), (t, µ) ∈ [0, T ]× P2.b"UR�&&bX(,We9�57"�
U W �. t �,�W�8C 5.1 >R
 3.1 b�6 θ > 0, CG>�Æ4, C > 0, �Ul. t, t+

θ ∈ [0, T ], µ, ν ∈ P2,

|W (t, µ)−W (t+ θ, ν)| 6 γ(W2((t, µ), (t + θ, ν))) + C(1 +W2(µ[0,t], δ{0}))θ. (5.12)^ �}bX(, W We9�5 (5.2) +R
 3.1(v), 
U
W (t, µ)−W (t+ θ, ν)

= inf
β∈Bt,t+θ

sup
u∈Ut,t+θ

[
W (t+ θ,Pt,µ,u,β(u))−W (t+ θ, ν)

+

∫ t+θ

t

E
P
t,µ,u,β(u)

[f(r,X,Pt,µ,u,β(u), ur, β(ur))]dr
]

6 sup
β∈Bt,t+θ

sup
u∈Ut,t+θ

[
|W (t+ θ,Pt,µ,u,β(u))−W (t+ θ, ν)|

+

∫ t+θ

t

E
P
t,µ,u,β(u)

[|f(r,X,Pt,µ,u,β(u), ur, β(ur))|]dr
]
.�A�)�HW�K�L? 4.1(ii) +R
 3.1(iii), (iv), 
U

|W (t, µ)−W (t+ θ, ν)|

6 γ(W2(P
t,µ,u,β(u)
[0,t+θ] , ν[0,t+θ])) + C0

∫ t+θ

t

[1 + E
P
t,µ,u,β(u)

[‖Xr∧·‖] +W2(P
t,µ,u,β(u)
[0,r] , δ{0})]dr.�} b, σ W+gz�
Ul. s ∈ [t, t+ θ],

W2(P
t,µ,u,β(u)
[0,t+θ] , ν[0,t+θ]) 6W2(µ[0,t], ν[0,t+θ]) +W2(P

t,µ,u,β(u)
[0,t+θ] , µ[0,t])
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6W2(µ[0,t], ν[0,t+θ]) +

(
E
P
t,µ,u,β(u)

[
sup

t6r6t+θ

|Xr −Xt|
2
]) 1

2

6W2(µ[0,t], ν[0,t+θ]) + Cθ
1
2 6 CW2((t, µ), (t + θ, ν))+

(EP
t,µ,u,β(u)

[‖Xr∧·‖] +W2(P
t,µ,u,β(u)
[0,r] , δ{0}))

2

6 CEP
t,µ,u,β(u)

[
‖Xt∧·‖

2 + sup
t6r6s

|Xr −Xt|
2
]

= CEµ[‖Xt∧·‖
2] + CEP

t,µ,u,β(u)
[

sup
t6r6s

|Xr −Xt|
2
]

6 CEµ[‖Xt∧·‖
2] + Cθ 6 CEµ[‖Xt∧·‖

2] + C.�A
|W (t, µ)−W (t+ θ, ν)| 6 γ(CW2((t, µ), (t+ θ, ν))) + C(1 + E

µ[‖Xt∧·‖
2])

1
2 θ.DqUR (5.12).L?UR�

§6 Bellman-Isaacs d � � � [ P &>�baYF\;RJ (3.4) ab�W(, W �bHb Bellman- Isaacsi|9WFze� 


∂tW (t, µ) +H−(t, µ, ∂µW (t, µ,X), ∂ω∂µW (t, µ,X)) = 0,

W (T, µ) = E
µ[h(X,µ)],

(6.1)M%l. (t, µ) ∈ [0, T ]× P2, p : [0, T ]× P2 × Ω → R
d, P : [0, T ]× P2 × Ω → R

d×d, ω ∈ Ω,

H−(t, µ, p, P ) = E
µ
[
sup
u∈U

inf
v∈V

G(t, µ,X, p, P, u, v)
]
,

G(t, µ, ω, p, P, u, v) =
(
b(·)p+

1

2
tr(σσT(·)P ) + f(·)

)
(t, µ, ω, u, v). (6.2) 1Z�
��R (3.4) a�>W V �bH� Bellman-Isaacs i|9WFze�




∂tV (t, µ) +H+(t, µ, ∂µV (t, µ,X), ∂ω∂µV (t, µ,X)) = 0,

V (T, µ) = E
µ[h(X,µ)],

(6.3)M%l. (t, µ) ∈ [0, T ]×P2, p : [0, T ]×P2 ×Ω → R
d, P : [0, T ]×P2 ×Ω → R

d×d, ω ∈ Ω,

H+(t, µ, p, P ) = E
µ
[
inf
v∈V

sup
u∈U

G(t, µ,X, p, P, u, v)
]
.W0 6.1 [24, "# 4.1] l}�W (t, µ) ∈ [0, T ]× P2 + K > 0, D.> P2 b�lW�>Fze"?a��Æd
W
2�z(�=���R0U#&z(�=���YF�7/!(,WPCz
n�
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V 6.1 l. 0 6 t < t + θ 6 T + Q ⊂ P2, 6 X �> P ∈ P boW [t, t + θ]�W�Æ�~�YF6 ϕ ∈ C1,2([t, t + θ] ×Q), �# ϕ ∈ C0([t, t + θ] ×Q) +G> ∂tϕ ∈

C0([t, t+ θ]×Q), ∂µϕ, ∂ω∂µϕ ∈ C0([t, t+ θ]×Q), �U>E�Æ P ∈ Q b�Y� (2.4) >oW [t, t+ θ] �7(�o�%Z�M C1,2
b ([t, t+ θ]×Q) �� C1,2([t, t+ θ]×Q) a6+AwbHz`W(,�7WD.� (i) ∂tϕ �+gW	 (ii) l.NÆ C0 > 0 +l.6+W P ∈ Q,

|∂µϕ(t, µ, ω)|+ |∂ω∂µϕ(t, µ, ω)| 6 C0(1 + ‖ω‖).l. W : [0, T ]× P2 → R, M
O

K
θ W (t, µ) = {φ ∈ C1,2

b ([t, t+ θ]× PK(t, µ)) : (φ−W )(t, µ) = 0};

O
K
θ W (t, µ) =

⋃

0<θ6T−t

{
φ ∈ O

K
θ W (t, µ) : inf

(s,µ)∈[t,t+θ]×PK(t,µ)
(φ−W )(s, µ) = 0

}
;

O
K

θ W (t, µ) =
⋃

0<θ6T−t

{
φ ∈ O

K
θ W (t, µ) : sup

(s,µ)∈[t,t+θ]×PK(t,µ)

(φ−W )(s, µ) = 0
}
.f>i
 (6.1) WFzeW	X�
V 6.2 �Æ(, W ∈ C([0, T ]× P2) �6R

(i) |9 (6.1) W�Æ K- Fzbe��# W (T, µ) 6 E
µ[h(X,µ)], µ ∈ P2 �El.}�W φ ∈ O

K
θ W (t, µ),

∂tφ(t, µ) +H−(t, µ, ∂µφ, ∂ω∂µφ) > 0;

(ii) |9 (6.1) W�Æ K- Fz�e��# W (T, µ) > E
µ[h(X,µ)], µ ∈ P2 �El.}�W φ ∈ O

K

θ W (t, µ),

∂tφ(t, µ) +H−(t, µ, ∂µφ, ∂ω∂µφ) 6 0;

(iii) |9 (6.1) W�Æ K- Fze��#8N��Æ K- Fz�e�-��Æ K- Fzbe� W �6R|9 (6.1) W�ÆFze��#l. K > 0, 8��Æ K- Fze�M
Γφ(s, µ, u, v) = ∂tφ(s, µ) + E

µ[G(s, µ,X, ∂µφ, ∂ω∂µφ, u, v)],M% G > (6.2) a�>�W0 6.2 >R
 3.1 b�G>�Æ,�(,WM��Ul. 0 6 t < t + θ 6 T ,

φ ∈ C1,2([t, t+ θ]× O
K
θ W (t, µ)), u ∈ Ut,t+θ, v ∈ Vt,t+θ,

∫ t+θ

t

|Γφ(s,Pt,µ,u,v, us, vs)− Γφ(t, µ, us, vs)|ds 6 θρ(θ). (6.4)^ m�R
Γφ(s,Pt,µ,u,v)− Γφ(t, µ, us, vs) = I1 + I2 + I3 + I4, (6.5)
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I1 : = ∂tφ(s,P

t,µ,u,v)− ∂tφ(t, µ);

I2 : = E
P
t,µ,u,v

[|∂µφ(s,P
t,µ,u,v, X)b(s,X,Pt,µ,u,v, us, vs)− ∂µφ(t, µ,X)b(t,X, µ, us, vs)];

I3 : =
1

2
E
P
t,µ,u,v

[tr{∂ω∂µφ(s,P
t,µ,u,v, X)σσT(s,X,Pt,µ,u,v, us, vs)}

− tr{∂ω∂µφ(t, µ,X)σσT(t,X, µ, us, vs)}];

I4 : = E
P
t,µ,u,v

[f(s,X,Pt,µ,u,v, us, vs)− f(t,X, µ, us, vs)].�R ∂tφ �. (t, µ) �,�W�6�
I1 6 |∂tφ(s,P

t,µ,u,v)− ∂tφ(t, µ)| 6 γ(|s− t|+W2(P
t,µ,u,v

[0,s] , µ[0,t])). (6.6)\. I2,

I2 6 I21 + I22,da
I21 = E

P
t,µ,u,v

[|∂µφ(s,P
t,µ,u,v, X)− ∂µφ(t, µ,X)‖b(s,X,Pt,µ,u,v, us, vs)|],

I22 = E
P
t,µ,u,v

[|b(s,X,Pt,µ,u,v, us, vs)− b(t,X, µ, us, vs)‖∂µφ(t, µ,X)|].) ∂µφ �. (t, µ, ω) W,�z+ b W+gz�
U
I21 6 L0E

P
t,µ,u,v

[γ(|s− t|+W2(P
t,µ,u,v

[0,s] , µ[0,t]) + ‖Xs∧· −Xt∧·‖)].�R b �. (ø, µ) �$a_r,�W+ ∂µφ �. ω �jzE5W�6�) Hölder "Y�+R
 3.1(v), 
U
I22 6 E

P
t,µ,u,v

[(|b(s,X,Pt,µ,u,v, us, vs)− b(s,Xt∧·, µ[0,t], us, vs)|

+ |b(s,Xt∧·, µ[0,t], us, vs)− b(t,X, µ, us, vs)|)C(1 + ‖Xt∧·‖)]

6 E
P
t,µ,u,v

[(γ(‖Xs∧· −Xt∧·‖+W2(P
t,µ,u,v

[0,s] , µ[0,t])) + C0(1 + ‖Xt∧·‖

+W2(µ[0,t], δ{0}))γ(s− t))C(1 + ‖Xt∧·‖)]

6 C(1 + E
µ[‖Xt∧·‖

2])
1
2 {EP

t,µ,u,v

[γ(‖Xs∧· −Xt∧·‖+W2(P
t,µ,u,v

[0,s] , µ[0,t]))

+ C0(1 + ‖Xt∧·‖+W2(µ[0,t], δ{0}))
2γ(s− t)]}

1
2

6 C(1 + E
µ[‖Xt∧·‖

2])
1
2 {EP

t,µ,u,v

[γ(‖Xs∧· −Xt∧·‖+W2(P
t,µ,u,v

[0,s] , µ[0,t]))]

+ C0γ(s− t)(1 + E
µ[‖Xt∧·‖

2])}
1
2 . 1Z��} ∂ω∂µφ �. ω jzE5z� σ W+gz+R
 3.1(iv)–(v), 
U

I3 + I4 6 C(1 + E
µ[‖Xt∧·‖

2])
1
2 γ(s− t)

+ CEP
t,µ,u,v

[γ(‖Xs∧· −Xt∧·‖+W2(P
t,µ,u,v

[0,s] , µ[0,t]))]

+ L0E
P
t,µ,u,v

[γ(|s− t|+W2(P
t,µ,u,v

[0,s] , µ[0,t]) + ‖Xs∧· −Xt∧·‖)]

+ C(1 + E
µ[‖Xt∧·‖

2])
1
2 {EP

t,µ,u,v

[γ(‖Xs∧· −Xt∧·‖+W2(P
t,µ,u,v

[0,s] , µ[0,t]))]
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+ C0γ(s− t)(1 + E
µ[‖Xt∧·‖

2])}
1
2 . (6.7)_b��K E

P
t,µ,u,v

[γ(W2(P
t,µ,u,v

[0,s] , µ[0,t]) + ‖Xs∧·−Xt∧·‖)]. ) b, σ W+gz��Tl. ℓ > 1,

sup
P∈PK(t,µ)

E
P[ sup

t6s6t+θ

|Xs −Xt|
ℓ] 6 Cℓθ

ℓ
2 .)A
U�l.6+W s ∈ [t, t+ θ],

lim
θ↓0

sup
u∈U,v∈V

E
P
t,µ,u,v

[γ(W2(P
t,µ,u,v

[0,s] , µ[0,t]) + ‖Xs∧· −Xt∧·‖)] = 0.M
ρ(θ) := sup

t6s6t+θ

sup
u∈U,v∈V

E
P
t,µ,u,v

[γ(|s− t|+W2(P
t,µ,u,v

[0,s] , µ[0,t]) + ‖Xs∧· −Xt∧·‖)].ey lim
θ↓0

ρ(θ) = 0. .� (6.5)–(6.7), �m�R γ �℄EW�
U
|Γφ(s,Pt,µ,u,v, us, vs)− Γφ(t, µ, us, vs)| 6 ρ(θ).DqUR (6.4).!"UR�
0 6.1 (G>z) >R
 3.1 b� (3.4) a�>WX(, W �b Bellman-Isaacs i|9 (6.1) W�ÆFze�^ M K0 = L0 ∨
[
1
2 (L0)

2
]
. ey |b|, 12 |σ|

2 6 K0. RJ�R.%�%g 1 W �|9 (6.1) W�Æ K0- Fz�e�%d� W (T, µ) = E
µ[h(X,µ)], µ ∈ P2. dC�)e9�57" (5.2) 
T�G>NÆ

βǫ ∈ Bt,t+θ, �Ul.6+W u ∈ Ut,t+θ,

W (t, µ) > G
t,µ;u,βǫ(u)
t,t+θ [W (t+ θ,Pt,µ,u,βǫ

(u))]− ǫθ.)A
Tl.}-W φ ∈ O
K0

θ W (t, µ),

0 =W (t, µ)− φ(t, µ) > G
t,µ;u,βǫ(u)
t,t+θ [W (t+ θ,Pt,µ,u,βǫ(u))− φ(t, µ)] − ǫθ

> G
t,µ;u,βǫ(u)
t,t+θ [φ(t+ θ,Pt,µ,u,βǫ(u))− φ(t, µ)] − ǫθ.l φ(s,Pt,µ,u,βǫ(u)) #&z(�=����} G t,µ;u,βǫ(u) Wb� (Z (5.1)), 
U

∫ t+θ

t

∂tφ(s,P
t,µ,u,βǫ(u)) + E

P
t,µ,u,βǫ(u)

[[
∂µφ(s,P

t,µ,u,βǫ(u), X)b(·)

+
1

2
tr{∂ω∂µφ(s,P

t,µ,u,βǫ(u), X)σσT(·)} + f(·)
]
(s,X,Pt,µ,u,βǫ(u), us, β

ǫ
s(u))

]
ds 6 ǫθ.)�*"Y�+!" 6.2, 
Ul.}�W u ∈ Ut,t+θ,

∫ t+θ

t

∂tφ(t, µ) + E
µ
[[
∂µφ(t, µ,X)b(·) +

1

2
tr{∂ω∂µφ(t, µ,X)σσT(·)}

+ f(·)
]
(t,X, µ, us, β

ǫ
s(u))

]
ds 6 ǫθ + θρ(θ).
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∫ t+θ

t

∂tφ(t, µ) + E
µ
[
inf
v∈V

G(t, µ,X, ∂µφ, ∂ω∂µφ, us, v)
]
ds 6 ǫθ + θρ(θ), (6.8)da G > (6.2) a�>��R G(t, µ,X, p, P, u, v) � Ft × B(U)× B(V )- 
/W�#&�rb" (Z [28]) +V [29, L? 1.2.2], 
TG>�Æ Ft- 
/W uǫt, �U µ-a.s.,

sup
u∈U

inf
v∈V

G(t, µ,X, p, P, u, v) 6 inf
v∈V

G(t, µ,X, p, P, uǫt , v) + ǫ. (6.9)ey uǫt ∈ Ut,t+θ. > (6.8) & uǫt A9 us, 
U
∫ t+θ

t

∂tφ(t, µ) + E
µ[ inf

v∈V
G(t, µ,X, ∂µφ, ∂ω∂µφ, u

ǫ
t , v)]ds 6 ǫθ + θρ(θ),daO θ ↓ 0 �� ρ(θ) → 0. }A+ (6.9), 
U

∂tφ(t, µ) + E
µ
[
sup
u∈U

inf
v∈V

G(t, µ,X, ∂µφ, ∂ω∂µφ, u, v)
]
ds 6 2ǫ+ ρ(θ).6 ǫ ↓ 0 + θ ↓ 0, 
U W �|9 (6.1) W�Æ K0- Fz�e�%g 2 W �|9 (6.1) W�Æ K0- Fzbe�n}RJl. φ ∈ O

K
θ W (t, µ),

∂tφ(t, µ) + E
µ
[
sup
u∈U

inf
v∈V

G(t, µ,X, ∂µφ, ∂ω∂µφ, u, v)
]
> 0. (6.10)R
 (6.10) "7(�CG>NÆ L > 0, �U

∂tφ(t, µ) + E
µ
[
sup
u∈U

inf
v∈V

G(t, µ,X, ∂µφ, ∂ω∂µφ, u, v)
]
6 −4L < 0.�} inf Wb��G>�Æ
/(, β0, �Ul.6+W u ∈ U ,

∂tφ(t, µ) + E
µ[G(t, µ,X, ∂µφ, ∂ω∂µφ, u, β

0(u))] 6 −3L. (6.11)5M��}e9�57" (5.2) 
T�l.}� 0 < θ < r + φ ∈ O
K
θ W (t, µ),

0 =W (t, µ)− φ(t, µ) = inf
β∈Bt,t+θ

sup
u∈Ut,t+θ

G
t,µ;u,β(u)
t,t+θ [W (t+ θ,Pt,µ,u,β(u))− φ(t, µ)]

6 inf
β∈Bt,t+θ

sup
u∈Ut,t+θ

G
t,µ;u,β(u)
t,t+θ [φ(t+ θ,Pt,µ,u,β(u))− φ(t, µ)]. (6.12)M β0

s (u)(ω) = β0(us(ω)), (s, ω) ∈ [t, T ]× Ω. C) (6.12), 
U
sup

u∈Ut,t+θ

G
t,µ;u,β0(u)
t,t+θ [φ(t+ θ,Pt,µ,u,β0(u))− φ(t, µ)] > 0.�AG>�Æ uǫ ∈ Ut,t+θ, �U

G
t,µ;uǫ,β0(uǫ)
t,t+θ [φ(t+ θ,Pt,µ,uǫ,β0(uǫ))− φ(t, µ)] > −ǫθ._b���}z(�=�� (2.4) + G t,µ;u,v Wb��
�UR

∫ t+θ

t

∂tφ(s,P
t,µ,uǫ,β0(uǫ)) + E

P
t,µ,uǫ,β0(uǫ)

[[
∂µφ(s,P

t,µ,uǫ,β0(uǫ), X)b(·)

+
1

2
tr
{
∂ω∂µφ(s,P

t,µ,uǫ,β0(uǫ), X)σσT(·)
}
+ f(·)

]
(s,X,Pt,µ,uǫ,β0(uǫ), uǫs, β

0
s (u

ǫ))
]
ds

> −ǫθ.
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T
−ǫθ + θρ(θ) 6

∫ t+θ

t

∂tφ(t, µ) + E
µ
[[
∂µφ(t, µ,X)b(·) +

1

2
tr{∂ω∂µφ(t, µ,X)σσT(·)}

+ f(·)
]
(t,X, µ, uǫs, β

0
s (u

ǫ))
]
ds

=

∫ t+θ

t

∂tφ(t, µ) + E
µ[G(t, µ,X, ∂µφ, ∂ω∂µφ, u

ǫ
s, β

0
s (u

ǫ))]ds.yq�) (6.11) 
U
∫ t+θ

t

∂tφ(t, µ) + E
µ[G(t, µ,X, ∂µφ, ∂ω∂µφ, u

ǫ
s, β

0
s (u

ǫ))]ds 6 −3Lθ.�A −ǫθ+ θρ(θ) 6 −3Lθ. 6 θ ↓ 0 + ǫ ↓ 0, 
U L 6 0, M1R
 L > 0 Co�DqRJ
W ��Æ K0 - Fzbe�b"UR�

Wu + Zhang [24, \ 5 
] Z> Bellman-Isaacs i|9 (6.1) W�^7C��Æ��X?�Oh�YFnUl�b<(m�RJ�^7C�\.��m�\>1��{a�w�
0 6.2 >R
 3.1 b�6 U, V ��� R
m1 + R

m2 W.Æ�tD� b, σ g(.
u, v, µ + f n��. u, v ��.8F,��C (3.4) ab�WbX(, W �|9 (6.1)Q�WFze�^ l.Mbmx�

H−(t, µ, p, P )

= sup
ũ∈L(Rn;U)

inf
ṽ∈L(Rn;V )

{∫

Rn

(b(s, x)p(µ;x) +
1

2
σσT(s, x)P (µ, x))µ(dx) + f(ũ, ṽ)

}

=

∫

Rn

(b(s, x)p(µ;x) +
1

2
σσT(s, x)P (µ, x))µ(dx) + sup

ũ∈L(Rn;U)

inf
ṽ∈L(Rn;V )

f(ũ, ṽ).ey H−(t, µ, p, P ) AwV [24, R
 3.1]. �}V [24, b" 4.13], (3.4) ab�W W�|9 (6.1) Q�WFze�b"UR�f 6.1 (i) >�Va�YFRJbX(, W We9�57"�PCz+Fze���RJ (3.4) ab�W�X(, V ��+ 1d?�
(ii) o9��i|9W�^b"�q>V [13, 22] a��w��#Oh�{K7Ro9��m��#&7FW|v
�URk#W�^b"�f 6.2 �#l. (t, µ) ∈ [0, T ]×P2, p : [0, T ]×P2×Ω → R

d, P : [0, T ]×P2×Ω → R
d×d,

ω ∈ Ω,

H−(t, µ, p, P ) = H+(t, µ, p, P ),
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type [J]. Journal de Mathématiques Pures et Appliquées, 2019, 129:180–212.

[19] Averboukh Y. Krasovskii-Subbotin approach to mean field type differential games [J].

Dyn Games Appl, 2019, 9:573–593.

[20] Viens F, Zhang J. A martingale approach for fractional Brownian motions and related

path dependent PDEs [J]. Ann Appl Probab, 2019, 29(6):3489–3540.

[21] Saporito Y, Zhang J. Stochastic control with delayed information and related nonlinear

master equation [J]. SIAM J Control Optim, 2019, 57:693–717.

[22] Burzoni M, Ignazio V, Max Reppen A, et al. Viscosity solutions for controlled McKean-

Vlasov jump-diffusions [J]. SIAM J Control Optim, 2020, 58(3):1676–1699.

[23] Talbi M, Touzi N, Zhang J. Viscosity solutions for obstacle problems on Wasserstein

space [J]. SIAM J Control Optim, 2023, 61(3):1712–1736.

[24] Wu C, Zhang J. Viscosity solutions to parabolic master equations and McKean-Vlasov

SDEs with closed-loop controls [J]. Ann Appl Probab, 2020, 30(2):936–986.

[25] Crandall M G, Ishii H, Lions P L. User’s guide to viscosity solutions of second order

partial differential equations [J]. Bull Amer Math Soc, 1992, 27(1):1–67.

[26] Pham H, Wei X. Bellman equations and viscosity solutions for mean-field stochastic

control problem [J]. Esaim Contr Optim Ca, 2018, 24:437–461.
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Abstract The purpose of this paper is to analyse zero-sum stochastic differential games

(SDGs for short), which is governed by path-dependent mean-field stochastic differential

equations (SDEs for short). All the coefficients of dynamics and cost functional depend on

the path of state and the distribution of path. Since the author uses a weak formulation with

nonanticipative strategies vs feedback controls, value functions are defined on the space of all

the square integrable probability measures. By modifying the set of test functions to guaran-

tee the necessary compactness, the author proposes an intrinsic notion of viscosity solutions

to path-dependent Bellman-Isaacs master equations. The regularity of value functions and

dynamic programming principle are proved, and thereby the probabilistic interpretation for

related Bellman-Isaacs master equations is obtained.
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