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§1 �����1, � τ(n) �P86[ n .�MP[, � Dn �PL( 1
τ(n) <>m log d

logn .�,D�ah	�, 4D d 
� n . τ(n) P�MW�.kb. �% Dn .D�_[
Fn(t) = Prob(Dn 6 t) =

1

τ(n)

∑

d|n, d6nt

1 (0 6 t 6 1).{�. [0, 1] H {Fn}n>1 �G3S�. �: Deshouillers, Dress ` Tenenbaum [1] g [2,

Theorem II.6.7] :-�d. Cesàro1���.:s [0, 1] H�AS�">8y&. S�?1, 
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1

x

∑

n6x

Fn(t) =
2

π
arcsin

√
t+O

( 1√
log x
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(1.1)9b!. x > 2 ` 0 6 t 6 1 �A��, 4Du�~QP�.. P�, #4`t�. [3,

Theorem 2] yH�\iZ+7:s.7�, :-�9B�. ε > 0, x�VO
1
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x<n6x+y

Fn(t) =
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π
arcsin

√
t+Oε

( 1√
log x
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(1.2)9b!. 0 6 t 6 1, x > 2 ` x
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y > 1, q

S(x, y) := {n 6 x : P (n) 6 y},

Ψ(x, y) := |S(x, y)|,�
u :=

log x

log y�P%��[. 9"8M[ κ > 0, J ρκ(u) QkD�DA�
{

ρκ(u) =
uκ−1

Γ(κ) (0 < u 6 1),

uρ′κ(u) + (1− κ)ρκ(u) + κρκ(u− 1) = 0 (u > 1).l��	�. e�1, ρ(u) := ρ1(u) 	Q Dickman _[. R
o [5], 9"BQ. ε > 0,x�VO
Ψ(x, y) = xρ(u)

{

1 +O
( log(2u)

log y

)}9b!.
(Hε) x > x0(ε) ` exp{(log2 x)

5
3+ε} 6 y 6 x (3� log2 = log log)�A��. Basquin.HÆ�\ [4, Theorem 1.1]���ZEw:9 (x, y) ∈ Hε ` 0 6 t 6 1,x�VO:

1

Ψ(x, y)

∑

n∈S(x,y)

Fn(t) = Ju(t) +Oε

( 1√
log y

+
log(2u)

log y

)

, (1.3)�A��, 4D
Ju(t) :=

1

ρ(u)

∫ tu

0

ρ 1
2
(v)ρ 1

2
(u− v)dv,�5b�^. O- �[���" ε. e�1, E\ x = y (m u = 1), 1!

J1(t) =
2

π
arcsin

√
t.C�!=.Q, 
d:-�

Ju(t) =
1√
π

∫ (t− 1
2 )u(2ξ

′(u))
1
2

−∞
e−v2

dv +O
( 1

u

)

,4D, 9" u 6= 1, ξ(u) QA� eξ = 1 + tξ .l�C MR, �*4 ξ(1) = 0. 3�-, )%��[ u → ∞ L, 86[�M.1�D�	">8y&G��	m%[�M. GaussD�. P�, E
`#4 [6, Theorem 1.2] :-�M.>8y&9 n Qr1A�M���.H�\Ew: 9b!. 0 6 t 6 1, x > 2 ` x
62
77+ε 6 y 6 x, x�VO

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\Fn(t) =
2

π
arcsin

√
t+Oε

( 1√
log x

)

(1.4)�A��, 4Db�^.�[���" ε.�o�A,y:-6[�M. Deshouillers-Dress-Tenenbaum.>8y&.|Br1A6[H��. !�A,q*yJ�E - #.OD (1.4) �\D.?[ 62
77 .
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1

(6/π2)x

∑

n6x

n s2B�N7\Fn(t) =
2

π
arcsin

√
t+O

( 1√
log x

)

(1.5)�A��, 4D�^. O- �[QÆ9..

(ii) 9 ε > 0, 0 6 t 6 1, x > 2 ` x
19
24+ε 6 y 6 x,

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\Fn(t) =
2

π
arcsin

√
t+Oε

( 1√
log x

)

(1.6)�A��, 4D�^. O- �[��� ε. �5G Riemann ζ-function . 3+6�}��, ?[ 19
24 �um 3

4 .Qm�}, q*! 62
77 ≈ 0.805, 19

24 ≈ 0.791 ` 3
4 = 0.75.

§2 \k 1.1 Z�o
§2.1 ℄qevs
tg�q*HÆT�Q#, $`t [7] .P�Y"7:s Selberg-Delange A<.�\. q**4 f(n) m`X_[l4 Dirichlet n[4�Ew�

F(s) :=

∞
∑

n=1

f(n)n−s. (2.1)J z ∈ C, w ∈ C, α > 0, δ > 0, A > 0, B > 0, C > 0, M > 0, q*� Dirichlet n[
F(s) �!�C P(z, w, α, δ, A,B,C,M), E\�wfw)O:

(a) 9B� ε > 0, !
|f(n)| ≪ε Mnε (n > 1), (2.2)4D�^.�[���" ε;

(b)
∞
∑

n=1

|f(n)|n−σ
6 M(σ − 1)−α (σ > 1);

(c) Dirichlet n[
G(s; z, w) := F(s)ζ(s)−zζ(2s)−w (2.3)�. σ >

1
2 H�v�jm�P>�_[5.4H9 |z| 6 B ` |w| 6 C )O�AH�Xp

|G(s; z, w)| 6 M(|τ | + 1)max{δ(1−σ),0} logA(|τ |+ 1). (2.4)3��l
oDq*[4 s = σ + iτ , 4D σ ` τ ~mM[, q**4
0G9[.H>.w,.�\Q [7, Corollary 1.2].



404 \���0���A j 45 
�j 2.1 G Dirichlet n[ F(s) �!�C P(z, w, α, δ, A,B,C,M), 19B� ε > 0,

x > 2, x
7+5δ
12+5δ+ε

6 y 6 x, |z| 6 B ` |w| 6 C,

∑

x<n6x+y

f(n) = y(log x)z−1
{

λ(z, w) +O
( M

log x

)}

(2.5)�A��, 3�
λ(z, w) :=

G(1; z, w)ζ(2)w
Γ(z)�^.�[ O ���" A,B, α, δ ` ε. �5, G Riemann ζ- _[. 3+6�}��,?[ 7+5δ

12+5δ �um 1+δ
2+δ .

§2.2 �S�j �� 2.1, q*Q��w���"4� 1.1 .:-.�j 2.2 J µ(n) m Möbius _[. 9B� ε > 0, d > 1, x > 2 ` x
7
12+ε 6 y 6 x,

∑

x<n6x+y
(d,n)=1

µ(n)2

τ(n)
=

hy√
π log x

{

g(d) +Oε

( τ(d)

log x

)}

(2.6)�A��, 4D
g(d) :=

∏

p|d

(

1 +
1

2p

)−1

, h :=
∏

p

(

1 +
1

2p

)(

1− 1

p

)
1
2

. (2.7)�5, G Riemann ζ- _[. 3+6�}��, ?[ 7
12 �um 1

2 .
 q*y��� 2.1 :-b��\. m q*x
:�Æ)O.b!fw.�_[ n 7→ µ(n)2τ(n)−1 Q��., ) Re s > 1 L, !
Fd(s) :=

∑

n>1, (d,n)=1

µ(n)2τ(n)−1

ns
=

∏

p ∤ d

(

1 +
1

2ps

)

= ζ(s)
1
2 ζ(2s)−

3
8Gd

(

s;
1

2
,−3

8

)

,4D ζ(s) m Riemann ζ- _[�l
Gd

(

s;
1

2
,−3

8

)

:=
∏

p

(

1 +
1

2ps

)(

1− 1

ps

)
1
2
(

1− 1

p2s

)− 3
8
∏

p|d

(

1 +
1

2ps

)−1Q. Re s > 1
3 LÆ9S�. Dirichlet n[. ) Re s > 1

2 , �-
∣

∣

∣
Gd

(

s;
1

2
,−3

8

)∣

∣

∣
6 C

∏

p|d

(

1− 1

2
√
p

)−1

6 Cτ(d), (2.8)4D C > 0 Q�PÆ9�[. � Fd(s) Q�P�! P
(

1
2 ,− 3

8 ,
1
2 , 0, 0,

1
2 , Cτ(d)

) �C.
Dirichlet n[.  [7, Corollary 1.2] ` λ0

(

1
2 ,− 3

8

)

= hg(d)

Γ
(

1
2

) = hg(d)√
π
, �-9 d > 1, x > 2 `

x
7
12+ε 6 y 6 x x�VO (2.6) �A��.
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§2.3 (1.6) X
n4� F ∗
n(t) := µ(n)2Fn(t) `
S∗(x, y; t) :=

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\Fn(t) =
1

(6/π2)y

∑

x<n6x+y

F ∗
n(t).&: (1.6), ��:-9 0 6 t 6 1, x > 2 ` x

19
24+ε 6 y 6 x,

S∗(x, y; t) =
2

π
arcsin

√
t+Oε

( 1√
log x

)

(2.9)�A��. n .�MY" √
n .9��<

µ(n)2Fn(t) = µ(n)2Prob(Dn > 1− t)

= µ(n)2(1− Prob(Dn < 1− t))

= µ(n)2 − µ(n)2Fn(1− t) +O(µ(n)2τ(n)−1).. (x, x+y]H9 n9`,� d = 1L.�� 2.2Xp#~� �<�\�(�v [2, Theorem

I.3.9]) 9 x > 1 ` x
1
2 6 y 6 x,

∑

x<n6x+y

µ(n)2 =
( 6

π2

)

y +O(x
1
2 )�A��. "Q�-, 9 0 6 t 6 1, x > 1 ` x

7
12+ε 6 y 6 x,

S∗(x, y; t) + S∗(x, y; 1− t) = 1 +O
( 1√

log x

)�A��.!�A,, !
2

π
arcsin

√
t+

2

π
arcsin

√
1− t = 1 (0 6 t 6 1).��9 0 6 t 6 1

2 , x > 2 ` x
19
24+ε 6 y 6 x :- (2.9) ��.wJ 0 6 t 6 1

2 . Ux
S∗(x, y; t) =

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\ 1

τ(n)

∑

d|n, d6nt

1 = S∗
1 (x, y; t)− S∗

2 (x, y; t), (2.10)4D
S∗
1(x, y; t) :=

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\ 1

τ(n)

∑

d|n, d6(x+y)t

1,

S∗
2(x, y; t) :=

1

(6/π2)y

∑

x<n6x+y

n s2B�N7\ 1

τ(n)

∑

d|n, nt<d6(x+y)t

1.ze9`^��K�+ (d,m) = 1 �- τ(dm) = τ(d)τ(m), "Q9 d 6 (x+ y)t 6
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(2x)

1
2 ` y > x

19
24+ε, !
S∗
1 (x, y; t) =

1

(6/π2)y

∑

d6(x+y)t

µ(d)2

τ(d)

∑

x/d<m6(x+y)/d
(d,m)=1

µ(m)2

τ(m)
.D�
: (

y
d

)

>
(

x
d

)
7
12+ε

. -� (

x
d ,

y
d

) <(�� 2.2 D. (x, y), �-9 0 6 t 6 1
2 , x > 2` x > y > x

19
24+ε,

S∗
1 (x, y; t) =

h√
π

∑

d6(x+y)t

µ(d)2

τ(d)d
√

log(x/d)

{

g(d) +Oε

( τ(d)

log x

)}�A��. {� S∗
1 (x, y; t) Du�~ ≪ 1√

log x
. � , 9 0 6 t 6 1

2 , x > 2` x
19
24+ε 6 y 6 x,

S∗
1 (x, y; t) =

h√
π

∑

d6(x+y)t

g(d)µ(d)2

τ(d)d
√

log(x/d)
+Oε

( 1√
log x

)

(2.11)�A��.!�A,, R
 [6, Lemma 3.3], !
G(x) :=

∑

d6x

g(d)µ(d)2

τ(d)
=

h∗x
√

π log(2x)

{

1 +O
( 1

log(2x)

)}

(x > 1), (2.12)4D h∗ :=
∏

p

(

1 + 1
2p+1

)(

1− 1
p

)
1
2 .  D�iD�-

∑

d6xt

g(d)µ(d)2

τ(d)d
√

log(x/d)
=

∫ xt

1−

dG(u)

u
√

log(x/u)
= I(x; t) +O

( 1√
log x

)

,4D
I(x; t) :=

∫ xt

1

G(u)

u2
√

log(x/u)

(

1− 1

2 log(x/u)

)

du.���,  (2.12) ` 0 6 t 6 1
2 , �-

I(x; t) =
{

1 +O
( 1

log x

)} h∗
√
π

∫ xt

1

1

u
√

log(x/u) log(2u)

{

1 +O
( 1

log(2u)

)}

du

=
{

1 +O
( 1

log x

)} h∗
√
π

∫ t+ (1−t) log 2
log(2x)

log 2
log(2x)

1
√

v(1− v)

{

1 +O
( 1

v log(2x)

)}

dv

=
{

1 +O
( 1√

log x

)} h∗
√
π

∫ t+ (1−t) log 2
log(2x)

log 2
log(2x)

1
√

v(1− v)
dv

=
{

1 +O
( 1√

log x

)} h∗
√
π

∫ t

0

1
√

v(1− v)
dv

=
{

1 +O
( 1√

log x

)}2h∗
√
π
arcsin

√
t.HXp�b

hh∗ =
∏

p

(

1 +
1

2p

)(

1− 1

p

)(

1 +
1

2p+ 1

)

=
∏

p

(

1− 1

p2

)

=
6

π2
,
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h√
π

∑

d6xt

g(d)µ(d)2

τ(d)d
√

log(x/d)
=

6

π2
· 2
π
arcsin

√
t+O

( 1√
log x

)

.(F (2.11) �K�+ log(x+ y) ≍ log x, 9 0 6 t 6 1
2 , x > 2 ` x > y > x

19
24+ε,

S∗
1 (x, y; t) =

2

π
arcsin

√
t+O

( 1√
log x

)

. (2.13)�A��.h��-
S∗
2 (x, y; t) 6

1

(6/π2)y

∑

xt<d6(x+y)t

1

τ(d)

∑

x/d<m6(x+y)/d

1

τ(m)

≪ 1√
log x

∑

xt<d6(x+y)t

1

dτ(d)

≪ 1√
log x

· (2.14)y (2.13)–(2.14) (F (2.10), �-, ) 0 6 t 6 1
2 , x > 2 ` x > y > x

19
24+ε L, (2.9) ��.

§2.4 (1.5) X
nP
q*:-, " y = x, (1.5) � (1.6) i�-�.  0 6 F ∗
n(t) 6 1, 2[

log x

2 log 2 ]+1 ≍ √
x`

[ log x

2 log 2 ]
∑

k=0

1

2k+1
= 1 +O

( 1√
x

)

,�-
∑

n6x

F ∗
n (t) =

∑

√
x<n6x

F ∗
n(t) +O(

√
x)

=

[ log x

2 log 2 ]
∑

k=0

∑

x/2k+1<n6x/2k

F ∗
n(t) +O(

√
x)

=

[ log x

2 log 2 ]
∑

k=0

{ 6

π2

x

2k+1

2

π
arcsin

√
t+O

( x/2k+1

√

log(x/2k+1)

)}

+O(
√
x)

=
6

π2
x
2

π
arcsin

√
t+O

( x√
log x

)
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