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B BOF R LA FEE S . 7E3C [15] VBB BFR T e e R 3R e e B sk B JLAS) ™ L
W, E@L T AR AT N, Moore-Penrose 3 HITANAL Moore-Penrose iYL, I 4T
RRIRAE R BRI B R FE3C [16] A, BT T- ReBUFTE T XHBIE4R08 1 Bt
Bk E, A RENZE S T MBREERSNE, BH T XHE Moore-Penrose MR H
HIMES. TESC [17] 7, @ T- JfRAFSE T =Brsk & T- #% EP 3, FI T-Schur 7-#4%
HT —Fes sk B (T- % EP 4M#). ok, 3C 17 B4 T T- # EP @i —A 1
MTEAM — BRI, FESL T T- &% EP W3R, Sahoo 55 ALESC (18] HrE T sk A%
MM EP 3, 45 T M BEP 3 — SR e, YU, TE3C [19] F A H sk &
FHREEELT SRER)SGH, BFR T kBTN BN 3. 7E3C [20] Hxtik ) i
TR, S TikET R JUMRRE, 8153 T —FiiTHE 5Kk E Moore-Penrose
W FT . 7E3C [21) F¥E 7 FERY Drazin 340 BEBEW 75k &, A - BES
#1532 T Drazin #RIK. Behera S8 AFE 3C [22] HriE—H R T 5k Drazin ¥
W B Drazin 3 AHSCHRE, $2HH T —83H 35Kk E Drazin #1098 J715. Benitez S ATE
3C (23] HRFSR T AR RER B (b, o)- 3 A RWTHERE (R —E R rny) B, 3+ Hix
W TR HERER (b, o)- S TEIY. Kolda 25 ATESC [24] Tt T mBr ik 4
L ER FWRERR, 4T IR R sk 53 i CP 23 Tucker 53

Kernfeld % ATESC [25] A2 LT — ISk - KRB — RZBHIEH, Hifx C-
FetH, RIFEHAET M A DCT " AA RN LI C- Fefl. Mok, fEZHs v LA A C- ef
T Ry 7 (50 B U5 T R R R A R AR T [ R SR Xu 55 AFESC [26] Hr g i i DCT
BT A, JEEUERFRE A C- SRR T- AR mfE, /] DCT i
WA 2 0615 B & 58 U R Z /N T ] DFT Bi#22. Bentbib 8 ATESC [27] KRR T C-
PR, BT C- /TS TV ENAL BRI 5K AR = i AT T ke =
B it 4 [0 B A B 73, @A e e T BT O VE R A R, 2R T X BE R, 43¢
Bt C- FREFFT IR SGH PR

AL FEENFWT. 725 2 W, B T AP REM N ARIEMTS, RENET
PR C- R —S . 7E58 3 W, HoEE T C- e T 5K &M Moore-
Penrose ¥, 47 i T 3k B —L640f, A5G C-SVD 43f#, C-QR 43##, C-Schur 434, C- THEk
53#%, C-QDR 2l C-HS 3%, AR5 @ g X BB 45 i T 5K Moore-Penrose
Wy —HRIK, FFESL T — M REE R k. 725 4 P, A SCHFRE T C- e T ok
) Drazin 3. B 5647 H T 3K & Drazin 9 i 8 SORT—2845 5, FF4R4L T 3K & Drazin ##JL
ARBA S W, BT C- TR EY, 4l T —SREX. BFE
AL T — MR EERE. ERE AT, AR T IR BB S Y D R AT R
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§2 FIEANA

EASCH, HATH a, A Fl A 2 5IR/R I, HER = sk a. 55, ai, Ay
T Aiigi, RIFRRIIE a, HFE A Ak A TR AG,:0) B ARE  NMEEY]
F, fidh AW, 250 & =Bk BRI AR, NSRS, -3 F4ENRohE, idfER

A(i, 7,:). BATE X a B5kE A B8, HTUFRIH a = vec(@) B—MERKEIL.

§2.1 C- FH

ZF.X 2.1 25] A € Cnixn2xng ﬂeﬂ Be (anXlXTL'; D“H; AAB %Xj@

(AAB)D = AOBE =12 ... ns.

ESL 2.2 (25] & Ae Cnlxnzxn3a A(l)vA(2)7 o 7“4("3) %‘_‘éi‘_\. A E@IEE@]H‘v )I—IIJ‘FEZ(IJ

] mat(A) 252 LBt Toeplitz+Hankel % 4

[ AL 4@ L g1 g(ns) ] [ AR AB) ... A(m3) O ]
A2 A A(me=2) g(na—1) AB) A@G ... 0 Alms)
mat(A) = | 5 5 S S RN A
Ams=1) fg(na=2) ... A1) A(2) A3 0 .. 4@ gB)
Ama) Alms=1) .. 42 Q) O Ama) ... AB) A®)

Hrr O & ni x ny FIFHE.
EM 2.3 % ten()) & mat(-) WEE, B
ten(mat(A4)) = A.
EX 2.4 A e Crxmaxns F{I B e Cr2xxns | IBHA TR B AR Z BRI (K
C- Fet) e X h
A x. B = ten[mat(A) - mat(B)].
LY A1 x 1 xng BEKE, N mat(y) & (2.1) Br@ XERDNR 1-ng x 1-ns #)

e Toeplitz+Hankel %54, HAd—MEE 1 x 1. & C,, &3 2] FEFEXH] ng x ng )
1E3E DCT #ifE, FIRAXTF C,, = det(eye(ns)) 7E Matlab i3, sk

C,,mat(y)C, = D = diag(d),
HeF d=W1(C,,mat(y)e;), W = diag(C,,(:, 1)), e; = [1,0,---,0]T.
HEE mat(y)e; = (I+ Z)vec(y), HH vec(y) %%/T Yy WREAN, Z 72 ny x n3 HEFR
PEFF TR, B AE Matlab Fri@iE R F Z = diag(ones(ns — 1,1),1) #4735, Hik

d=W™'C,, (I + Z)vec(y) = Mvec(y). (2.2)
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FEX 2.5 4 [ ClxIxns o clxixns G ANEH R AR & X

vee(L(y)) = My,

He y =vec(y), M= W~IC,,(I1+ Z).

HEREF—A n1 x ng x ng WIKEFTABIER—A n x ny WHERE HAE (i,5) M
K a; = (A);; J& CIns s R A 4.
EIX 2.6 2 A€ Crxmxns I L(A) = A € Crxmexne HAEIREFYE
a; =(A)y; =L@y, i=1,2--,m, j=12 - ng,
He a;; 2 A WEIRA4E
EX 2.7 &k A e Cronxns JIRERE U e C7e, U A R U BYFRFLFR AR -3
T, OME A x5 U. HEUERRH, 18

ns
(Ax3U)4 0,5 = ZAi1i2i3Ujiga =1, ,ny, i2=1,--+ ng, j=1,---,J.

iz=1
B A€ Crxmexns gE ] Frof
Ain Ao - Ao Atin, Atony - Atngns
qw | A A Aoy | A Ao Ao
Api11 Anj21 -0 Angnat Anitns Anions - Aningns
N A B8 -3 BRI Ags) 22
A)

A1 Aoin - Angn Aior Aoor oo Anjor -0 Aipgt Aongt 0 Aninat
A Aoig -+ Apjia Aige Ao oo+ Apioo 0 Ainge Aange - Anina2

_ (2.3)
»Alln_g A21n3 . An11n3 A12n3 A22n3. .. An12n3 . A1n2n3 A2n2n3. .. An1n2n3
THEEF] A x5 U AU T A RERE - SEREIRARE T3, TR DL [24].
Y=Ax;Ue Vs =UAgs). (2.4)
BRE
L(A) = AxsM (2.5)
il

L YA = AxsML. (2.6)
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g|FE 2.1 2 % A € Crxnexns

(Cns ® 1, )mat(.A)(C;Sl ®1I,,) =

HA Cyy J2& na x ng WIESCHY B HUR 74 2R A A

5|3F 2.2 (25] 3 A € Crixn2xns Ml B € Craxtxns |
(1) mat(A x. B) = mat(A)mat(5).
(2) Ax.B= L YL(A)AL(B)).

FR&H T—H5E3KE A e Crxns fi B e Craxbens fy C- RSk 2.

Ak 1 HHREEADIKER C-
BN — ny xng x ng WIKE A F—4 no x I x ng BY5KE B
Bl —An x I xng BKEC

1: A= L(A), B= L(B)

2: fori=1,--- ,n3

el — A6 F6)
end
3:C=L7YC)

51E 2.3 %) i A B,C B Y K/MY =Bk i, N TSR AL
(1) Ax. (B+C)=Ax.B+ Ax*.C;

(1) (A+B)#.C=Ax*.C+ Bx.C;

(1) (AxeB) %, C = A, (B*.C).

TN 2.8 ¥ L(T) =7 e Cvmms Ht 10 =1, i = 1,2, ,ng, WFRK T =
L™Y(T) R pskt.

538 2.4 21 % A e Crxmxns fIBAfikE T € Croxmxns U

ITx. A=Ax.TI=A
JE AR,
L(T %, A) = L(T)AL(A) = L(A) = L(A)AL(T) = L(A . T).

HAWZx. A= A*.T=A.

FX 2.9 B Ae Cuxmxns fl B e Cmxmxn

Ax.B=7 H Bx. A=1I,
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MIFR A JEFTER, BR B & A B3, 10/E AL

AR, — DI ERNEAETE, WL JEME—/. T4 5K A LR B e S
FEX 2.10 29§ A € Croxmxms 5@t LAH)O = (L)) (i = 1,2,--- ,ng) AT
RHN = ny x ny x ng WEKE, ¥ EHMCOY A WILHEEEE, 10/E AY.
|38 2.5 25 & A € Cmixnexns f B e Craxlxna |
(Asx. B =B «, AH.
EX 2.11 & Ae Cmxmxna 2 AH = A JIFR A JRBIRKFFKHE.
EX 2.1229 9 e Craxmixns 32 QH Q= Qx, O =T, UFF Q EH K&

EM 2.13 & Ac Crxmexns ZAPNEEYIE AD, i=1,2,-- ns #HEXA / b
=/ T=A®ME K ARF- XA /F- L=/ /F- T=AKE.

5138 2.6 & AeCrxmexns NI L(A) B—A F- XA /F- L=/ /F- T=fAkE4
B A R—A4 F- 3t /F- L= /F- T=A5KE

WE EATHGER F- T=AsKEmMHER, B F- X AKERE F- T AKEN—MF
i, F- b=kt ] DURRIRTIERA.
B B =L(A), MFF (2.4) f1 (26), H A=L'(B) =B x3 M~" fll Ay =M "B,
He M 2 (2.2) prE XW. B B &2—4 F- T=/A%HE, RIE (2.3), WFE
Biii Boir -+ Bpii1 0 Baar - Bpior 00 Bsgp oo+ Bpzi o
Biiz Boiz -+ Bpiiz 0 Bae -+ Bpioa 00 Bz -+ Bpizo ---
Bay=| . . . . . S .
Biins Boing -+ Bniing 0 Boong -+ Bpiong 0 0 Basn, -+ Buign, -
T R AR TR AR,
Aiin Ao 0 Anin 0 Agar oo Apior 00 Aszg -0 Apgs oo
Aiig Aotz o+ Apjiz 0 Agae oo Apioe 00 Asze -0 Apza oo
Ay = | . . S S .
Ai1n, A2ing - Aniing 0 Agong 0 Apjong, 00 Aszn, -+ Apisng -
I, |ATATLAGE] A WETE M IETE VI #0& N =AM, 8Tl A 2—1 F- 7=
ATk .
FHECHE, B A R— F- T=/5KE, W Ag) B LB Hh, BRI (2.4) F1 (2.5),
H

L(.A) =A X3 M < L(.A)(g) = M.A(g),
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L1111 Lo Ln1 0 Lo Ln21 00 L33 Ly, 31

Li12 Lo Lpi2 0 Lo Lpo2 00 L3z Lni32
LA)s =1 . . . S :

Litng Lotng -+ Lniing 0 Loong -+ Lpjong 0 0 Lazn, -+ Lngn, =

FHE L(A) B—4 F- T =Mk

83 C- FFTF5K=EHAY Moore-Penrose %

T:Eii_'%ﬁé}tp, &ﬁ]’l%‘iﬁjﬁﬁ C'SVDa C'QR 6}%7 C-SChUI’ %ﬁajﬂ C' ?%ﬁeé}%a C_QDR
MR C-HS 4325 H Moore-Penrose i [l] —23RA K. AR)5, ETFikE A B C-SVD &
RS — i Moore-Penrose 13 5211,

§3.1 IKE[Y Moore-Penrose YR IE
EX 3.1 P Ae Cmxmexms M —MIKE & e Cr2xmxms i R4
Axc Xxc A=A, Xx A X =X, (Ax. ) = A5, X, (Xx. AT =Xx. A (3.1)
Nl X #rHA A B Moore-Penrose i, iC/E AT.
XTHEREKE A e Crmms @ADL g,--- kY RARIAHR (3.1) T4 (1), (4),

ey () DOTRERIIREL & € Cranns ARG S5 X € Crs iR (4), (), -+, (K), T

EEE 3.1 [25] .& A € Crixnz2 ><n3’ muﬁ@@g&i U € Crmxnixng ;ﬁ] Ve (Cn2><n2><n3’ 1%

NN
4lm

A=Ux.S VI,
HAr S Z—4 n1 x ng x ng By F- X AKE. XFo @R E A 8y C-SVD 2.
FEIE 3.2 [FEHE Ac Cx"2x"s B Moore-Penrose ¥ 7775 H.ME—.
W RAETIE 2.1, 6

L(A)W
L(A)®
(Cns ® Im)mat(-A)(C;gl ®1I,,) =
L(A)")
A LAY =US VI B LAY, i =1, ng BT RENME. FIL
L(A)(1>
L(A)®

(Cny @1n, )mat(‘A)(C’r_Lgl ®I,,) =

L(A)"s)
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Uz, VH
U,3, VH

U,, 3, VE
T4

oh, j=1,2,- ,r, r; = rank(L(A)D) J& L(A)Y M RME EXEE R, i=1,--- ,ns,
mr

L -
41
:
R, = Iri
0
L O .
HBER =% i=1,-- ,n3. X, =V,RU i=1,--- n3. NA
X1 \%! R; Uy
X, Vo, R, U
ESJid
X, -
ten ((C;; ®1,,) (Cpy @1, ))
L Xng
v, -
= 1;en<(c,;31 @ 1,) (Chy ® In1)>
L VnS_
R
X ten ((C;; @ 1,,) (Cny ® In1)>
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uf
X ten <(C;31 ®1,,) (Cny, ® In1)>7
U
Bl X =V*. R UL ZHH X TR (3.1), # A ) Moore-Penrose Wi fETE. T IFME—.
Rt Ay F1 Ay #Z (3.1) dfg, MIAE
X = Xy ke Ao X = Xy 5o (Axe Xy xe A) 50 X = Xy ke (A ke o) 5o (A X)) H
= X #e (A ke X 5o Axe Xo) = X7 5, (A ¥, X))
= X1 %, A x. Xo
= Xy xe (A ke Xo e A) 5o Xy = (X1 %0 AT 5e (X %0 A 0 Xo
= (Xy ke Axe Xy xe A 5, Xy = (Xy 50 A 5. X
= Xy ke Axe Xy = Xo.
I, 3k A #) Moore-Penrose ¥ Mk —#.
FIE 3.3 & AcCmxmxms A C-SVD M A = U S VE N AT = Vs Stx U
W RBIRV . ST U TER (3.1) iy 4 PMER
EHE 3.4 B Ac Cr s EEFE—ADEKE Q ¢ Chms Jl—A4 F- L=
fki R € Crxnexns ffifG
A=Q9x*. R,
MBI KR A B C-QR 5H#.
iE 4 A= L(A), Q= LQ MR =LR). BE AD = QR = QURY, i =
1,2, ,n3, /& AD #5 QR 4. HI, A= Qx.R. BT L(Qx. Q) = L(Q)AL(QY), ¥
L(Q)(i)L(QH)(i) — Q(i)(é(i))H =1, = L(I)(i), i=1,2,--- ,ns.
WAl Qx. QF =7, HIk Q B—AN kit B—FH, R HEL=MA%E%, FHik RO
& L=, MR R 22— F- L=A%E.
FH 3.5 % A Cmxnexns HEME A=Qx. R, N AT =R+, Q.
W ZR%, RN« QF W2 (3.1) iy 4 HER.
EH 3.6 WAcC BEE—NHEKE Qe CV ™ fl—4 F- L=,MkH
T € Crnxns ffif5
A=Q" 4 T+ Q,
BRI ik B A 19 C-Schur 434
E A A=L(A), Q=L(Q) fl T = L(T). B AV = QIT;Q,; = (Q)HTHQW,
i=1,2,- ,ng, & AD {y Schur M. B, A= O x. T +. Q. IRIEEHT 3.4 HIIEW], Q
R AW B—I7W, T, A1 7O #2 E= AR TS 7 &—4 F- L=kt
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EH 3.7 W AeCm s HEME A= Q" «. T+ Q NEF
At =0 . Tt x. Q.

W TFEGEH QF «. TT+. QR (3.1) Ay 4 MNFER. 2 X = QP « T x. Q, MH
Axe Xxe A= QP s T e Qe Qe T Qe QF 5. T % Q

= QM w T Tl Tre Q= QM 5. T %, Q= A,
Koo Axe X = QM TTae Qe QP e T Qe QF 5. T %, Q

=M Tl T T e Q= Q" 4. TT 4. Q= X,

(Asxe X)T = (@M s T e Qe QT e TTxe Q) = (@M e T TT . Q)1
=0k T T 5. Q=0 5, T#. Qe Q5. TT 5. Q= A% X

(X e A = (Q7 5 Tl e Qe QM 4 T e Q)F = (QM s TH 00 T 5. Q)7
= O T T Q= QM e TT e Qe QP 4. T . Q = X 5. A
R, AR E 3.1, 7[5 AT = QF «, TT x, Q.
MILTEF L6, & X

L(A)W

L(A)®
DCT(mat(A))=(C,, ® L, )mat(A)(C,} ® L,,)=

L(A)™s)

L(A)®W

er(| ))
ten| IDCT . = A.

L(A)ms)
TR K R T R, TR IR R 1K A B A T R
TN 3.2 P AeCmxrexns B A E LM
A= Mx N,
H
M,
Mzten(lDCT( ))6@"“”"3, MiE(C;”XT, t=1,2,--- ,ng
M,
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il

N;
N:ten<IDCT< )) cCrxmeXne N, € C7"2, j=1,2,--- ,n,
NnS
XA AR R A B C- R
31 A A=LA), M=LM) M N =LWN). B AD = M;N; = MONO,
M; € ClnX", Ny € CX™2 i = 1,2, ma, & AD BRI, Bl TATHEH Y rank(AD) =
roi=1,2,---  ng B, ESCHrE Tk A BB SRR SL.
EIE 3.8 Bt AcCrrmXms HESME A= M. N, NEH
AT = N . (M 5, Ak NE) 7L s M
W A X =N s,  MT 5. Ax NH)Y™L . MU
Axe X ke A= Mx N s, NH s, M 5. A, NE)Y Vs, ME 5, M, N
=M N N s o (MP 5, M  Nos e NEY T e e M . Mox o N
= Msxc N ke N seo (N e N7 seg (MP e M)TH e MP e Mk N
=M. N = A,
Xse Axe X = NH s,  MP s Ax  NH)Y T s, M 5, A
ke N s, (M 5, Axe NH)Y =L s, MHE
:NH*C(MH*CA*CNH)_lMH:X,
(Ax, X)H = M. N s N s, (M 5, As, NEYTL 5o MIH
= M. N s NH s g (N e N7 (M o M) 5, MP)H
= Mxe (M5, M)TL s MH
= M N s N s o (N 5 NEY L (M s M) x o MH
=M N N s (M s, Ax e NI TE s o MP = Ax X

(X s A = NH 5, M 5o A, NEY s, M 5, Mo, NTH
— IV s (N e N (M sep M) 50 M 5 Moo NTH
=N . (W N5 N
=N s (N ke NIY s g (M s M) g M 5 Moxo N
=N s, MI 5, Ax e NI M s M N = X 5. A
WIEE X 3.1, °a[iF AT = N 5, (M s Ax  NT)=1 s M.
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EMX 3.3 & Aec Cmxnexns gt A A LLAME
-/4: Q*CD*C Ra

Hr
Q
Q= ten(lDCT( )) eCmxrxns Qe CM*r i=1,2,--- ,ns,
Qn;
D e Crrxms Jg—Aal i F- X A5k B
R,
R:ten<IDCT< )) €T R, €T, i =1,2,--- ,my

Ry,
E—4 F- E=fikeE, X A B C-QDR 70 f#.

F32 & A=1LA), Q=LQ),D=LMD), R =LR). K& A) = QDR, =
QWDIRM, Q; € C*7, D; € CJ%7, Ry € CJ%™2, i =1,2,-- ,ng, J& AD f§ QDR 4%
fig 1280 ST Y rank(AD) =, i =1,2,--- ,ng B, FSCHFE X A B C-QDR 40
FSL. T Dy A A, BT DO R O A AN, R FI RO AR 1=
SRR, WORTHE D R — T F- X AR R 22— F- E=MKkE

EH 3.9 & AcCmxmxns HHESR AT = Q«. D R, NHF

Al = Qs (Rxe A%, Q)7 5. R.

E 2 X =Qx (Rxc Ax. Q)" % R, AT LITFE

Ao Xxe A=RT 5. DM xe QM xp Qe (Rxe Ak Q)71 e Roxe R 5 D 5 QF
=R 5. DM 5 QM e Qe (Rxe RY o D 5, QM 50 Q)71 e Rose RM s, D 5, QF
=R"T 5. D x. QM = A,
Xse Ao X = Qe (Rte Ase Q) e Roke Axe Qe (R Axe Q) L R
= Qe (Rxc A% Q) . R =X,
(As, X)H = [RE «. DT «, O %, Q% (R¥c Ax. Q)" 5, RIH
= [R¥ s, D 5, Q" 5, Q. (QH 5. Q) L, (D)L 5. (R ¥ RE) L5, R|H
=R 5%, R+ R 5. R
=R . D 5. Q" 5, Q. (QF . Q)1 5. (D) 4. (R, RH) 15, R
=RI 4. D 5. QP 5. Q% (R¥. A%, Q) ' 5. R =A% X
Al
(X o A = [Q e (R¥e Ase Q)71 %o R R 5. D 5, QM1
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= [Q % (O %, Q) e (DH) L e (R4 RT) ™1 s, R #e R 5, DH %, QH|H
= Qx. (Q" %, Q)71 x. Q"

= Q. (@ % Q)7 xe (D) (R4 RM) ™! e Rt RY 4. DM 5, Q1

= Q4. (R¥c A% Q) s, Ry RE 5. D 5. QF = X %, A.

Hit x = Al
T —A 5k A € Crixnexne ] HJE R &
A A
A _ 1 2 ’
As Ay
/E\:EF' -Al c (Cs><t><n3’ AQ c (Csx(ng—t)xn37 A3 c (C(nl—s)xtxn_g’ A4 c C(nl—s)x(ng—t)xn_g. /%\
— Bl 82 6 an)(’n,4><n37
Bs By

y;q:l Bl c (CthXn37B2 c (Ct)((n4—k)><n3’83 c (C(ng—t)Xan37B4 c C(nz—t)X(n4—k)><n3. ﬁ]‘u
G

Ax.B=

A A . Bi B Aj ke By + Ag xc By Ay *e Ba + A % By
As Ay | | Bs By As %o By + Ay %o By Az xe Bo+ Ay By |

Bk A e Ccnxnxns HEMEA=Ux.S* V7. 24 rank(SW) = rank(S®) = ... =
rank(S(ms)) = r B, A 5T LB K

A=U c ST © *e Ha
0O 0
/E\:EF' Sr c CT’XT‘XH:;’ u c (Cn1><n1><n3’ V c (Cnl ><n1><n3. /%\
VH *Cu: K c , ,E\:qjlcecrxrxn_g.
M N
GSiia
A=U*, Sr O w. VI =U %, 5 O *c koE xc U
O 0 O 0 M N
ST*CIC Sr*c£ H
=U %, *e U
o o

BT VT o U R, FTATRE] K x KT + Lx LT =T, Kt T, € C7 s FfTHRIE Fi
SRR A Ky C-HS 4.

EHE 3.10 &K AcCrmms Rk AHF C-HS 7, N
KH+,8-1 O

Al =U *,
L5, 871 0

s UM, (3.2)




0 Wy & T A® 5%
Sy . K Sy x. L KH s S-1 ©
iE A A=Ux.| T sk UP R X =U *, o s UH T
H -1
Axe X xc A=U %, Srxc K Srxc L ko UT 5. U *,. KZxes O x, UH
*cu*c ST;;:IC ST(*QC£ *CZ/{H
:u*c STZ;CIC STZ;CE *CZ/[H:A’
H -1
Xk Asxc X =U %, KExe s O o U 5. U *. Spxc K Spxe L w UM
;CH*CST‘_l O O O
ICH*CSr—l O .
*cu*c LH*CS—l O *cu
K x.81 O .
Zu*c %, —X,
_ﬁH*CST—l O
- ., »
Axe X =U *, Sex K Srxc L s U %, U %, KoxeS O Ut
L O O EH*CST—l O
(7, O
=Use | ) o [ U = (AT,
- _1
X ke A=U %, KExe &0 o UM % U . Srxc I Spxe L w UM
_EH*CST_]" O O O
[ KH «, K KH %, L o B
=Ux _EH*CIC LH % L ¥ UT = (X xe A)7.
KE . ST O
H I AT =U *. e wo UH
. LH*csr_l O

§3.2 1tEFKEAY Moore-Penrose A E %

Hy: 2 HHE—15KkE A Moore-Penrose ¥

Z’Lfﬁ'ﬁ)\l #/l\ n1p X Na2 X N3 E’Jgﬁi A

it — no xng x ng BYIKRE X
1: A= L(A) = A xs M; HF M & DCT 4
2: fori=1,---,ng

X = pinv(A®D), H pinv(AD) & AD B Moore-Penrose 1

end
3 X=L1X)=X xsM!
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Bl 3.1 # AeC¥>3 HAE

100 230 310 31 4
AV = 1o 10|, A= 200], A®=|023]|, AP =02 2
00 3 105 400 102
A A 2, RS
1.6666 1.3333 9.7778 ~1.2722 —1.0482 —8.2780
(AND = 113333 1 75556 |, (ADN® =|-1.2295 —0.7384 —6.2015] ,
0 0 —0.3333 0.1057 —0.0651 0.2724
0.7451 0.7255 5.0065 —0.2723 —0.3815 —1.6113
(ANHG) = | 11372 0.3529 3.4837 |, (AH® = |_-0.5629 —0.0718 —1.0905] .
—0.2353 0.1568 —0.0196 0.1057 —0.0651 —0.0610

§4 C- FIFIKER Drazin ¥

X —T7H, AT L 15K i Drazin ¥ — 2R IX R, RIFESL—MHAE5KE Drazin
SLLORR7S
§4.1 SKEMY Drazin HHIRLE

— A A BRI R rank(A¥) = rank(A*T) B9 R/MRAR TS K, DR
Ind(A). BUFE, #A1%H — KR A BIHEIRRT E X

EX 4.1 # Aec Cmxmxns g Yk A B#EHR 4 Ind(A) = Ind(mat(A)).

BIIR 4.1 & Ae Cmxmxns B AT UERN

L(A)M
L(A)®
DCT(mat(A)) = ,
L(A)("3)
N Ind(A) = | ax {Ind(L(A)@)}.
iE T
L(A)D
L(A)®
mat(A) = (C,! @ I,,) . (Cpy @1,,,).
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ESpiia

(mat(4))" = (G} ® L) . (Crns @ 1n,)

= (ngl Y In1) . (Cns ® I"l)a

(L(A)r))E

txN3

A DA N W fRJ2  max {Ind(L(A)D)}.  HEit

L(A)"s)
Ind(mat(A)) = Ind(A) = max {Ind(L(A)@)}.

1<i<ns

T B APR 5K Drazin 92 . EBZHT, 32 AF = Ax. - xc Al
~—_————

k
EX 4.2 B AcCrxmxms H Ind(A) = k. HFERE X € Croxmxns gt
Ak+1*CX:Ak’ X*CA*CX:X, A*CX:X*CAa (41)

MFF X 25kt A B Drazin i, iC4E AP, FA0H, 24 &k = 1 BF AR & 2 A BREY, 101F
AP

S|3E 4.2 & Aec Cmxmxns H

DCT(mat(A)) =

L(A)("3)
IF Ind(A) =k, M A # Drazin #7715 HHE—.

JE FH Ind(A) = k, FrRA%ERE L(A)D, i = 1,2,--- ,n3, #H Drazin #. 4 X, =
(LANP i =1,2,--- ng, W
X4
then(IDCT( ))

X
WE (4.1) FH 3 AMER, BR X & AW Drazin ¥ FiEME—%.
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gk X 1Y #E (4.1) WiE 2
L(;\{)(l)

DCT(mat (X)) = L™

L(Xx)ms)

DCT(mat(A)) =

L(y)(WS)
EATERE LX) = (L(A)D)P F1 L(Y)C '
‘ VO = (LA)NP,i=1,2,--- ) i
AL J—Befd, AT X = . AT B TR
T4 K E ) Drazin 386 — 862 .
= .
T 4.1 % Aec Cr*mxns f Ind(A) =k, N
AP = AP s (AP D s, AR,
R,
AD :Ak %o (A2k+1)1‘ %o Ak
W AR 4.2,
Ak = pF+1 D _
ARt AP = ARF2 5 (AP)2 == AR s (AP = AP (AP)RHL
A X = AF s, (AW « AR TIH
Ak—H — pk+1
. X =A o AF e (A2k+1)(1) e Ak = A2k+1 o (A2k+1)(1) . A2kHL (AD)k—H
_ A2k+l *e (AD)IC-FI _ Ak ’
Koo Awe X = AP s (AW g AR s A kg AR s (AP 5, AR
= A" %, (AQk’Ll)(l) wo AF = X,
Axe X = Asxe AF s (AW s AF = A, AP 5, (AP)E 5, (AT
e A2k+1 *e (AD)k+1
_ (AD)k %o A2k+1 %o (A2k+l)(l) %o A2k+l % (AD)k+l
= (AD)k *e A2k+1 %o (AD)kH
Al
_ gk
X k. A= AF %, (A2k+1)(1) %o Ak-l—l :A2k+1 *e (AD)k+1 *e (A2k+l)(1) o A * A2k * (AD)k
_ ( AD\k+1 ) ’
(A ) e A2k+1 o (A2k+1)(1) e A2k+1 e (AD)k — (AD)k+1 * A2k+1 % .AD k
_ (AD)k *e A2k+1 *e (AD)k—H c c( )
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MRS Axe X = X s A B AP = A s (A1) s, AR, FELL (APH)T 13
(A2k+1)(1)7 (E 5] AP = Ak, (A2k+1)T *. AR

EIH 4.2 FAc Cmxmxns fInd(A) = k. Ri% A* FH C-QDR 43 A* = Q% .Dx.R,

ny
AP = Q. (R, Ax. Q) t % R.

L(A)W
DCT(mat(A)) = ,
L(A)(n2)
KA A* 5 C-QDR 4 A* = Qx. D xR, N A[HEH (L(A)D)*F = QDiR;, Q; €
Cmxr D; € CI*", Ry € CIXm2 (i = 1,2, ,n3) & (L(A)D)* # QDR 4+t HEEF
(LA = (Q:D;)R; = Q;(D;R;) & (L(A) D) Byl . MRIESC [29, EF2.1), 7]
M1 R;L(A)DQD; fl DR;L(A)IQ;, i = 1,2, ,ng TR, BT R xc A% Qx. D Al
Dxe R #c Ax. Q REA[HH. FIL, R *. Ax. Q T M.
H—J7H, ARPESC [30] FIHEH
(QDR,L(A)YQ,D;R;)" = (D;R:) (RiL(A)VQ;) "1 (Q:Dy)T, i=1,2,-,ng,
T RiL(A)DQ; EF ¥y, DR, 478k H Q:D; RS, FIk
(Q#:DxeRxe Axe QD R)T = (D #cR) ¢ (R xe Axe Q)71 %0 (Q . D).
WIEEH 4.1, &#11E
.AD :Ak *e (A2k+l)T *e Ak :Ak *e (Ak *o A %, Ak)]‘ %o Ak
== Q*CD*CR*C(Q*CD*CR*CA*CQ*CD*CR)T *CQ*CD*CR
=Q#.Dx.R¥c(D#R) 5. (Rxc Axe Q) 5 (Q#.D) 5. Q5. D%. R
= Q% (R¥c Ax. Q)7 tx,. R.
B
BTk, HATKR Ak BRI O - BRI EEL Drazin #if) Hib—PFREA.
EM 4.3 #F AeCrxmxns MFR Ca = A% x. AP Bk A .

5138 4.3 # AecCrmx ™ H Ind(A) = k. Cq € Cxmxms Zeikdhh A MBS &
M NA=A—-Cq, N ./\/:]ZZOE_Ind(NA)Zk.

ME Y Ind(A) = 0 I}, 5K5 A & ARy, 7453 Ng = Ol Ind(N4) = 0. 24 Ind(A) > 1
B, NE = (A— A2k, APYE = AR 5 (T — Ax AP) = AF 5, (T — Ax. AP) = AF — AF = O.
T, N = AL — AL, AD £ 0, 1 < k. B BT Ind(Na) = k.
BAVH: LR T H A U Na PR E A BRI
EX 44 P AcCmxmxns Cyu ok AMBIRSHA Na=A—Ca, N
A=Cy +NA
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BRI A DRI

T 4.30B % A e C ™ Ind(A) = k, BEBUEEIMAE A = Ca + Na, NELE
— A P e Cxm | fififs

co|_,
A=P P,
Cc o OO0
HfrCa=P oo P!, Nyo=P P!, CeC™*, N e Clm—mxtm=") ik
AP =P c'o -1

O O

EHE 4.4 % AecCrxmms H Ind(A) =k, N
A=Px . Dx. P!, (4.2)

o P e Croxms AR KA,
C,, O >>

[lCc, O
@:ten(lDCT(
i O N,,

O N,
Ca, fl Na, 00 LAY, i = 1,2,-- ,ng, WS MBEERS. #H—LH, mi
rank(C;) =r,i=1,2,--- ,ng, N

C;, O

[c o
A="Px, cPh
* _O N *
HHh
[ -1
AP =P %, €0 %, P71,
L0 0
I fRiK
[ L(A)(1>
DCT(mat(A)) = ,
i L(A)("s)
RIEEHE 4.3, F
p, [C © pt
L(A)WM o N,

n3

O N, | ™

C,, o] »
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[1Cc; O
P, O N, P!
P, C., O P!
I O N,,||
RPN MR YEAT ten(IDCT) () 325, AT LATSE]
A:P*cq)*cp_la
H
[c, o
o N,
<I>:ten<IDCT< ))
C,, O
O N,, ||
FAHEHE 43, 4
(L(A)M)P
(L(A)(na))P
I C, O D
(Pl ' Pl_l)
o N
Co, O] __\P
(P"3 O N,, P"3) |
D
Cc, O
P1 0] Nl Pl_1
P,, C., 01" P
O N,
[lcyt o
P, O O P!
P, C.. O PL
0 Ol

XA B K B AT ten(IDCT)(1)

B 5, a5
AD :P*c@D *CP_

1
)
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o

[l crt o 7
O O
dP = ten <IDCT< ))
c,l o
L O O
2 rank(Cy) = rank(Cy) = - - = rank(C,,,) =7, H
fc, O 7
o N
c O
=ten| IDCT ’
O N
C., O
L O N,,
Hr ¢ e Crxrxns, N e Clra—r)x(mi—r)xns g
c O
A:P*c *C’P_l.
O N
T
[l ¢t o 7
O 0
ADZP*ten<IDCT< >>*P_17
C,l O
L O 0
AR EA B 7] AR F|
—1
AD:P*C ¢ o *C'P—l
O 0

T 4.5 W Ac Cmxmexns HAF C-HS 43M#, N
(Sr % K)P ((Sp % K)P)2 %, S, % L

s UM
@) @)

AP =U %,

S, % K S %, L
@

Het1 S, K e Crmxms, £ e Crx(m=rixns (B A §) Drazin ¥ &
X X
1 2‘| *CZ/{H,

A=Ux*, s UM

X =U %,
Xs Xy
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ﬁ:—‘:F‘ X, € (Cr><r><n37X2 c (Crx(nl—r)xng,’XB c (C(n1—r)><r><n3’)(4 c (C(nl—r)x(nl—r)xng' ﬂ:t’
X R (41) ey 3R M\HE X+ Ax X =X, F
X1xeSp ke ke X1+ X1 % Sp ke Lxc Xg = X1, X1 %Sy ke Xo + X % Sy %o Lk Xy = X,

Xy ke Spso Ko Xy + Xz 5o Spwe Lo Xy = X3, N ke Spwo Ko Xo+ Xy ko Sp e Love Xy = Xy
RYE Ax. X =X« A H
Xy ke Sy K= 8pxe Ko Xy + Sp ke L Xy, Xz Spxc K =0,
Xise Spse L=8p % Ko Xo+Sp 5o Lo Xy, Xy#.Spxe L=0.
RiE ARt s« X = AF K
(S 50 K)FF s, Xy 4 (S %6 K)F %0 Sy e L %0 X3 = (Sy % K)F,
(Sp 4 K)FFL s, Xy 4 (S 5o KO)F 50 Spe Loxe Xy = (S % K)F 7L 5. S, e L.
MR X3 = O fl Xy = O. 54,
X4 Spre Ko Xy = X1, X% Sp 5o K =8r % Kxe Xy, (Sr 4 )P s, X0 = (S . K)F
AL X = (Sp % K)P.
Xy we Sposo K se Xy = Xy, Xy %o Sposte L= 8, %0 K xe Xo
AR X = (S % K)P)2 %0 S, % L. FHIH
(Sr# K)P (S % K)P)? % Sy L
O O
§4.2 1EIKEM Drazin FHEE
TE T3¢, HATRARYE € B 4.1 @2 — DA KER Drazin 3 f50E.
k3 iHE—4KE A M Drazin 3%
BN —A ny xny x ng KR A
B —A ng xng xong BIKE X

1: A= L(A) = A xs M; HH M & DCT 4
2: k= max {Ind(A®)}

AP =U x, wo UH

1<isns
3: B= L(AF) = AF x3 M, C= L(AZ+1) = A2k+1 s M
4: fori=1,---,n3
HO = pinv(CW); Hr pinv(C) & CY # Moore-Penrose ¥
end
5: fori=1,---,n3
X0 = BOHO B
end

6: X =L 1(X)=X x3M!
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Bl 4.1 ¥ AcC>33 HE

200 133 320
AV =11 30|, AP=l045], A®=|013
000 300 201
MRABFIL 3, AT
0.0007 0.0123 —0.1008 0.2056 —0.0473 0.6283
(APYD = | _0.1030 0.0358 0.0223 |, (AP)P = ]0.0145 0.0637 —0.1531],
—0.0036 —0.0617 0.0042 0.1721 0.0365 0.0585

—0.1937 0.0317 —0.5392
(APY® = | 0.1115 —0.1005 0.0693
—0.2316 0.0415 —0.0040

§5 C- FRTFRENTRED

TEARFTH, HEET C- TS HITRES I E XL, s —8Rik ok, i
BESL T — MR IR I SR
§5.1 FIREY

EXL 5.1 .& A c (Cn1><n2><n3 ﬂ;n g c Cn2><n1><n3’ %ﬁ@g&ﬁ X c (Cn2><n1><n3’
u c Cn1><711><n3 ;ﬁ] V c (an)(nz)(n:;’ 1%?%

Xx. Ax.G=G, Gx. Ax. X =G, X=Gx.U, XT=¢"%V, (5.1)

X #Hh AW G s, 8k Al9,

EH 5.1 & AecCmxmxms {1 Ge Crxmxms I AUy G Ay, A4 ARG
B35 SR P — 1.

W RE XL, e Crexnmos & AYREKRE G A, NIEFES Y K/ 5K &
U, Uz, Vi, Vo, (815

Xike AxcG=G, GrcAx Xy =G, X;=Gx U, X'=¢"+V, i=12,
CIEES

Xl :g*cul :XQ >'<c-/4>'<cg*cZ/{1 :XZ *C'A*CX]. :Vér{*cg*cA*ch :Véq *cg: X2~
EH 5.2 & AeCmxmxms Ge Crxmxms 38 AW G R, M
Al = G 5. (G xc Ax.G)F %, G.
i R
L(A)(1> L(g)(l)
DCT(mat(A)) = Ml DCT(mat(G)) = :
L(A)"s) L(G)("s)
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/7\ K = LAY fi1 G = LIOD. #Ex 23, & A&'C = G(GAG) G, i =
1,2,

- ng, N
K1||G1
DCT(mat(A9)) =
A Héng
L A
[G1(G1A GGy
L Cns (Cn3Kn3 aﬂa )T§n3
Gy (G1A1Gy)T G,
L Cns (Gngxngansﬁ ém

X7 P SR I 4T ten(IDCT)(-) 251, FTLMRE] AlY = G« (G +c A G)T % G.

EE 5.3 B A Cuxmnxns Ge Crexmxns Hikth G C- R G = M* . N.
# AU G Zray, W

Al = Mso (N 5 Ase M) 7L .

W
L(A)®M L(Gg)™
DCT(mat(A)) = Al DCT(mat(G)) = . ,
L(A)) LG
JUES)
LMD LN)D

DCT(mat(M x, N)) = .
LM L))

A A= LAY, G, = L(G)D, M; = LM)D, N; = LIN)D, i = 1,2, ,ng. FIL, FTLA
Ex: JC Ry Bk e G = MUN,,i = 1,2, na. HRIEC [23],

A - M(NAM) NG, i=1,2,- s
]

DCT (mat(Al9)
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M, (lelml)_lﬁl

I M, (N g Aps My, ) 7! Ny,

Xt R4 AT ten(IDCT)(-) 125, A8 AI9 = M x. (N %o A xe M)~1 . .
EH 5.4 B AcCmxmxns geCrexmxns Hikfk G4 C-SVD 4

G=Ux.Sx* V. (5.2)
1B rank(L(S)D) =1y, i =1,2,+ ,ng. QI A FRH
R
*x K
A=YV %, ten<IDCT< )) wo UM, (5.3)
Xng K
| M

ﬁ\:t{:}‘ Xi S (C”X”a 1= 1727 s, N3, )I'llj AHQ ﬁ@%ﬁ’fﬁ% Xz(l = 1727 e ,TL3) %E!F%j%%
##%uiﬁa %‘ rank(L(S)(l)) =T, 1= 17 27 s, N3, m\”

AlS = x, Ao s VH.
0 0
I A
L(A)W | L(G)™
DCT(mat(A)) = M DCT(mat(G)) = :
LA™ | L(@G)"
EX A = LA)D f1G; = LG)D, N
x,I
DCT (mat(Al9) =
&, G
B, ANS FEE ALY A A, i = 1,2, g BT G = U e S v VH, BATH
DCT(mat(G))
L)W G,
L(G)s) G,

= DCT(mat(4))DCT(mat(S))DCT (mat(V¥))



45 %

462
H
L(u)<1) L(S)(l) L(V)(l)
L(L{)(”3> L(S)(ns) L(y)(ns)
AU, =LU)D,S; = L(S)D) MV, = L(V)D. Hit
_i _ _i Sz 0- Vfl
O O]
%CZE@SVDa ;H\:I:szec:;xrlv Z—1,2,"',TL3. 1&&
_ _[x ] —
A =V, * U,
* *_

He X, e Crixmi, i =1,2,--+ ns.

HRgESC (23], A AR M BN Xo(i = 1,2, n) RRAEAF SR, TEX RS T,

KZ”(L -1,

|

X' o
O o

—H

]v

70

i=1,2,--

, 3.

Rt A9 #7024 BACY Xi(i = 1,2, -+, ng) SRR SREY. JuAh, R ATH

_K1||G1
DCT(mat(Al9)) =

L Kns
[ [X;' O
U,

O O
U,

U,,

Gg
1
T, [
Xt o
O O

n3

#rank(SW) =7 i =1,2,--- ,n3, WA rank(X;) = rank(Xy) = ---

LR %X H#FT ten(IDCT)(-) 25, 7[5

A9 =14 %,

§5.2 ITHIATREHMEE

Xt o
0o o

xo VE.

THENREEEE 5.4 2T — MR KRS L.

= rank(X,,,) = r. X}
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k4 THEEKE A ARk
BN —A ny x ng x ng BEREE A FI—4 ng x n1 x ng BIGKE G
B —A no xng x ong WBEEE X
1: A= L(A) = A xs M; HF M & DCT 4

2: fori=1,---,ng
svd(GW) = U, B, VH;

rank(3;) = ry;
. X; %
VIAOU; =| 7" , Horp X € Crixg
* ok

X!
O O

)

£ X, BArd R, WO =

Z260) = U WOVH;

1 =14 1;
A AU G AT,
end

33X =L"YZ2)=Z xsM"!

B 5.1 ¥ AGeC>33 HAE

1 00 003 020
AD =10 -1 0|, A® =520/, A® =100 2],

3 00 001 043

300 105 034

g —|1to00|, ¢g®=1|200], ¢g®=1{103

00 2 2 01 100

RS 4, FTLUEE] AIS € C¥08 pyiEm oA 2
—0.1043 —0.0495 0.1030 0.1220  0.1565 —0.0864
(A9 = | 0.4039 —0.1304 —0.2377|, (AI9)® = |-0.4423 0.1439 0.1765
~0.4616 0.0521  0.1951 0.5999 —0.0208 —0.2729

—0.0972 —0.0769 0.0281
(,4“9)(3) = | 0.0075 —0.1129 0.1342
—0.1260 0.0084 0.0486
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§6 EMrSI/RTIKeEAYA A

&P e R B
L(P)®
DCT (mat(P)) = _
L(P)™)

— M EB SR REEE— DN E R /R REER ), HAER (1,2, n} WEENLLE
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