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���1 ���2 ��	3

�� � X ,Y � Banach ��. ����� A ∈ BR(X ) � B ∈ BR(Y), ��������	

MX :=

[
A X
0 B

] ∈ BR(X ⊕Y), 
� X ∈ BR(Y ,X ). ���Æ��	�
��
��� X ∈ BR(Y ,

X ), �� MX �� (�) Fredholm ��
Fredholm ����	
�.

��� ��	
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MR (2020) 
��� 47A06, 47A10, 47A55

����� O177.1, O177.7
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�
 ! 1000-8314(2025)02-0129-20

§1 ��"

�����#�
������$%�, ��&'���������������
(�)���������*��%�. 20 �������&��+� ,��!��
� -.�/"�0, #!1��$%�"2���&'�����#(��$���%
&3��-., �'��(&)������"*4)#+�����)&.

1�*��&��
�),  +�,�&�,5�, -�!6�7-��&����
�
�, �*��&��#8".. "5#$�&',5#$�&�.%#$/&.70
���)�#$&��/&, 1#$/&+/9#$�&1"50'(�)2, *� von

Neumann 1+ [1] )
�345���&�6:,-7;��. 18*9, + [2] 1<2
.�&�3�
� .$4�/$%3/�5012,  )2.�&�3�"5�. + [3]


�6��-.)�3�345 Fredholm /�&�6:, ��746����)#$/
&�:1$. =�, �7-1+ [4] ) 3, >��.;�<=56>� .�&+8&3
"5$.345$, �9�7�*��&��1?:��';��&�
�)�#+.
�. %6
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���
�:;12.

<=, Banach ��)#$/&�
�1���' <-.��*4��"12)@
3-., &3@��AB. >=, + [5] 
�6#$/&� .>A?BC-.C?D@
D4�/$%12. + [6–9] 
�6#$/&�#AE��C-.!��FG12, /&

HA 2025 � 3 E 17 BCI, 2025 � 6 E 24 BCIDJK.
1@ALEMN���B��F, O�PF 010022. E-mail: zhaona221123@163.com
2GH��. @ALEMN���B��F, O�PF 010022. E-mail: wuxiufeng68@163.com
3@ALN���B��F, O�PF 010021. E-mail: huangjunjie@imu.edu.com
∗HAIIQCGJB�DE (No. 12461027), @ALGHFRS�KG�B
ITLH (No. NJYT22029),

@ALGHFGJB�DELH (No. 2022LHMS01003, No. 2024ZD21) �@ALGHFJI�BBMK
LLH (No. YLXKZX-NSD-011, No. YLXKZX-NSD-017, No. YLXKZX-NSD-001) �LM.



130 ��������A � 46 J

�#AE��U+NV-.CWO�����K��#LN��$%'�P>O�*4
(M+ [10]). 8P, #$/&13#$���#$�&�QR�����$%�?D�&X
S, N�=QD'"2��12)3@�-., #$/&���
�'TN-.ROSU
PT.

/VUV, Hilbert ��)W( YÆ&��@�+Z�, QX H1 � Hilbert �� H

�Æ&��, ' 5:1 H �R Æ&�� H2, Y[ H = H1 ⊕H2. -�, Banach ��

)�Æ&��Z\@�+Z� (M+ [11–12]). [T:,  +� Banach ���+Z&��
W]^X. Y1 Banach-Mazur,�9 36�* Banach��):1#+Z&��. 1937

S, Murray 1+ [13] )ZT6 lp (p �= 2, p > 1) ��&3#+ZÆ&��, �' Gowers-

Maurey &U>B<T:1VY3W_&��@#+Z� Banach �� (M+ [14–15]). U

�, 1\5]X(, Banach ��)�Æ&���+Z�: X X1 � Banach �� X �+Z
Æ&��, ':1 X �Æ&�� X2, Y[ X = X1 ⊕X2.

#$/&Y[�\N#$/&%]^�Y[,Z./&Y[. _ T � Banach�� X
:�3[#$/&, =B:1 X �\YÆ&�� X1 ' X2, Y[ X = X1 ⊕X2, ' X :�
WA3[#$/& T +`%=('5�`]/&Y[

T =

[
T11 T12

T21 T22

]
,

 ) Tij �� Xj ! X i �3[#$/&, i, j = 1, 2. X X1 � T �3W_#a&��,

'3 T21 = 0, 8, T +�^%:a_'5. 1/&Y[), X .]^+V, � <]
^ZV, '. %�b/&Y[. 18�b:, �b/&Y[�Z12'�cc/&Y[
)+V/&�$^�
�d/&Y[)�&32 $^�Z, >= Fredholm Z�Weyl

Z�+3Z'`Z�. >Ce5���"2�)2.12�
�d�, ? 12V�7
-�#e�$f;g
�,  )@�$f* ��b/&Y[� Fredholm Z12, Vh

FredholmZ12�\
�/C�b/&Y[)=(.+V]^�$^�af _Y/&
Y[� Fredholm(Z) $^�12.

� 30 S�, :a_�b�&Y[� Fredholm Z12>%6gbPT�
�c2,  

)#���`]:a_�b�&Y[ [
A ?

0 B

]
�
�. >=, + [16] h�6 Hilbert ��:�b�&Y[

[
A ?
0 B

]
:1` (a) Fredholm

Z' Fredholm Z�i�]X; + [17] �C���^$j'\k5�)26+ [18] +3

Z�?�, h�6 Banach ��ld(�b�&Y[
[
A ?
0 B

]
Fredholm Z�i�]X, C

'�m[!6:1` (a) Fredholm Z�i�]X; + [19] 1 Banach ��)�h5�
& A ∈ B(X ) ' B ∈ B(Y), �Cb'�&��e�^]X'���^fg, af6:1
X ∈ B(Y,X ), Y[�&Y[ MX = [A X

0 B ] �` (a) Fredholm �&' Fredholm �&�i
�]X.

� 10S�,�7-hi
�:a_�b/&Y[�`Z12. 1 Hilbert��ld(,

+ [20]
�6:a_/&Y[�` (a) FredholmZ12. + [21]�h5/& A ∈ BR(H)
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' B ∈ BR(K),af6:1 X ∈ B(K,H),Y[:a_/&Y[ MX 54Æ.54#Æ�
i�]XN�Æ54`�mA?�. + [22] �h5/& A ∈ BR(H) ' B ∈ BR(K), af
6:1 X ∈ BR(K,H), Y[:a_/&Y[ MX �` (a) Fredholm /&�Fredholm /
&�i�]X. RP, + [23] n�6`]:a_/&Y[��^`�$^. + [24] �h5
/& A ∈ BR(H) ' B ∈ BR(K), af6:1 X ∈ BR(K,H), Y[:a_/&Y[ MX

�` (a) +3/&�+3/&�i�]X, 18�b:af6` (a) `�`�mAN�
`�FG/&. :;
� 3, 1�&��)3 σle(MX) ⊆ σle(A) ∪ σle(B) >�, U�1
A,B,X m%#$/&�0n(,:;FG/&# 5>�. d8, o-3\�
�/&Y
[�Z12. 1+3�
�?�)UZM Banach��:��b/&Y[

[
A ?
0 B

]
�` (a)

Fredholm Z�Fredholm Z�
�)9.

�+#�
� Banach ��:`]:a_/&Y[�` (a) Fredholm Z�Fredholm
Z12, �h5/& A ∈ BR(X ) ' B ∈ BR(Y), o./&Y[�pfgh�6:1
X ∈ B(Y,X ), Y[/&Y[

MX =

[
A X

0 B

]
: X ⊕ Y → X ⊕ Y

�` (a) Fredholm/&�FredholmZ�i�]X. 9%)�,�+)p6+3� 3Y?�.

(1))p6+ [19]1 Banach��:�h5�& A ∈ B(X )' B ∈ B(Y),:1 X ∈ B(Y,X ),

Y[`]:a_�&Y[ MX �` (a) Fredholm �&�Fredholm �&�i�]X�?
�; (2) )p6+ [22] 1 Hilbert ��:�h5/& A ∈ BR(H) ' B ∈ BR(K), h�6
:1 X ∈ B(K,H), Y[`]:a_/&Y[ MX �` (a) Fredholm /&�Fredholm
/&�i�]X�?�; (3) )p6+ [17] 1 Banach ��:`]:a_�&Y[` (a)

Fredholm Z�Fredholm Zi�]X>��?�.

(qh��+q.�Ær. �+) X , Y <4 Banach ��. Æ LR(X ,Y) %V3�
X ! Y '5B4 D(T ) %p�� X �#$/&, LR(X ,X ) +ZÆ% LR(X ). RP, Æ

BR(X ,Y), CR(X ,Y) ' BCR(X ,Y) �m%V3� X ! Y �3[#$/&�Æ#$/
&'3[Æ#$/&s>�rt, q-u, BR(X ) = BR(X ,X ), CR(X ) = CR(X ,X ) '
BCR(X ) = BCR(X ,X ). _ T ∈ LR(X ,Y), . kerT, ranT �m<4/& T �s��'
54, Æ α(T ) = dim kerT, β(T ) = dim(Y/ranT ). X kerT 1 X )+Z, '. OkerT

<4 kerT 1 X )�Z&��. X ranT, T (0) 1 Y )+Z, . OranT ,OT (0) �m<4
ranT, T (0) 1 Y )�Z&��. 5[ r��, �+) H , K <4 Hilbert ��.

§2 �e�f

(qh��+s��5B';�.

gh 2.1[25] _/& T : X → Y � Y%�, *t3�&r D(T ) ⊆ X )�]^%
% Y �2Y3�&r. X/& T ui�WA� x1, x2 ∈ D(T ) �#p%s�k( λ1, λ2,

@3 T (λ1x1 + λ2x2) = λ1 T (x1) + λ2 T (x2), '. T %#$/&. tU, #$/& T �5
B4 D(T ) � X �#$&��.
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� 2.1 X#$/& T t 5B4)�V E@%>,Er, '. T �,5#$/
&.�&. d8, T %,5#$/&v'!v T (0) = {0}.

gh 2.2[25] _ T ∈ LR(X ,Y) �u% G(T ) = {(u, v) ∈ X ⊕Y : u ∈ D(T ), v ∈ T (u)}.
X M � D(T ) �&��, ' T |M % G(T |M ) = {(u, v) ∈ X ⊕ Y : u ∈ M, v ∈ T (u)} v5�
#$/&.

gh 2.3[26] X T ∈ LR(X ,Y) ' ‖T ‖ < +∞, '. T �3[#$/&.

gh 2.4[12,27] _M � Banach �� X �Æ&��, X:1R Æ&�� N ⊆ X ,

Y[M+N = X 'M∩N = {0},'.M1 X )Rv+Z.Z.+Z,Æ% X = M⊕N .

gh 2.5[26] _ T ∈ BCR(X ,Y) ' ranT �Æ�.

(i) X α(T ) < ∞, ranT 1 Y )+Z, '. T %` Fredholm /&;

(ii) X β(T ) < ∞, kerT 1 X )+Z, '. T %a Fredholm /&;

(iii) X α(T ) < ∞, β(T ) < ∞, '. T % Fredholm /&.

gh 2.6[28] _ T ∈ B(X ,Y) ' ranT �Æ�.

(i) X α(T ) = 0, ranT 1 Y )+Z, '. T %`+3�&;

(ii) X β(T ) = 0, kerT 1 X )+Z, '. T %a+3�&;

(iii) X α(T ) = 0, β(T ) = 0, '. T %+3�&.

gh 2.7[28−30] _M,N � Banach�� X �&��, X:13wx&�� F ⊂ X ,

Y[ M ⊂ N + F , ' M �^FGC N , Æ% M ⊂e N . :yu, X:13wx&��
F ⊂ X , Y[ N ⊂ M+ F , ' N �^FGC M, Æ% N ⊂e M.

gh 2.8[25] _ T ∈ LR(X ,Y), QT %� Y ! Y/T (0) �z%�, ' QT T �,5�,

C'�WA� x ∈ X , 5B ‖Tx‖ = ‖QT Tx‖, '5B T �w�% ‖T ‖ = ‖QT T ‖.
gh 2.9[17] _ T ∈ LR(X ,Y). X:1`+3�& J : X → Y, '. X +Nw� Y,

Æ% X � Y.
gh 2.10[17] o-. Banach �� X ' Y �;3wxes, =B(U{;* >

�:

(i) :1`+3�& J : X → Y, Y[ dim Y/J(X ) < ∞;

(ii) :1`+3�& S : Y → X , Y[ dim X/S(Y) < ∞.

�j 2.1[12] _M � Banach �� X �#$&��, '
(i) X dimM < ∞, '.M 1 X )Rv+Z;

(ii) X dimX/M < ∞, '.M 1 X )Rv+Z.

�j 2.2[25] _ T ∈ LR(X ,Y).
(i) X T �Æ�, ' T (0) �Æ�;

(ii) T �Æ�v'!v QT T ' T (0) @�Æ�;

(iii) X T LN, C' D(T ) ' T (0) @�Æ�, ' T �Æ�.
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�j 2.3[30] _ T ∈ LR(X ,Y), S ∈ LR(X ,Y) @�Æ�.

(i) X S, T �` Fredholm /&' ST (0) 1 Y )+Z, ' ST �` Fredholm /&;

(ii) X ST �` Fredholm /&' T (0) 1 Y )+Z, ' T �` Fredholm /&.

�j 2.4 _ A ∈ LR(X ), B ∈ LR(Y), X ∈ LR(Y,X ) %h5/&' X(0) ⊆ A(0), '

QMXMX =

[
Q(AX)A Q(AX)X

0 QBB

]
.

� _ ([ xy ] , [
u
v ]) ∈ G(MX), ':1 u1 ∈ Ax, u2 ∈ Xy, Y[ u = u1 + u2 ' v ∈ By.

d8

QMXMX

[
x

y

]
= QMX

[
u

v

]
.

kA!
[
u′
v′
] ∈ QMXMX [ uv ], v'!v

[
u′
v′
] − [ uv ] ∈ MX(0), Q u′ − u ∈ A(0) +X(0) '

v′ − v ∈ B(0), ?�eC u′ ∈ Q(AX)u = Q(AX)(u1 + u2) = Q(AX)u1 +QAu2 ' v′ ∈ QBv,

1

QMX

[
u

v

]
=

[
Q(AX)u1 +Q(AX)u2

QBv

]
.

d% u1 ∈ Ax, u2 ∈ Xy, ' v ∈ By, VN Q(AX)u1 = Q(AX)Ax, Q(AX)u2 = Q(AX)Xy '

QBv = QBBy. ;�

QMXMX

[
x

y

]
=

[
Q(AX)Ax +Q(AX)Xy

QBBy

]
=

[
Q(AX)A Q(AX)X

0 QBB

] [
x

y

]
,

Q

QMXMX =

[
Q(AX)A Q(AX)X

0 QBB

]
.

�j 2.5 _ A ∈ BR(X ), B ∈ BR(Y), X ∈ BR(Y,X ) %h5/&, ' MX �Æ�v
'!v A(0) +X(0) ' B(0) @�Æ�.

� i�$ _ A(0) +X(0) ' B(0) @�Æ�, ' MX(0) �Æ�, >;� 2.2(ii), l
dZT QMXMX �Æ�. tU, QMXMX � Y,5/&, >;� 2.4 +V

QMXMX =

[
Q(AX)A Q(AX)X

0 QBB

]
.

d% A �5B1p��:�3[/&, VN ‖Q(AX)Ax‖ < ‖QAAx‖ < ‖A‖‖x‖ < ∞, x ∈
X , ;� ‖Q(AX)A‖ < ∞, Q Q(AX)A �3[�. :yu, ‖QBB‖ < ∞, +V QBB �3[
�. d8 QMXMX �5B1p��:�3[�&, tU QMXMX �Æ�.

\�$ > MX �Æ$�;� 2.2(i) +V MX(0) �Æ�, d8 A(0) +X(0), B(0) @
�Æ�.

�j 2.6[30] _ M,N � Banach �� X �Æ&��'ui N ⊂ M . X M/N ' N

�m1 X/N ' X )+Z, ' M 1 X )+Z.
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�j 2.7[26] _ T ∈ LCR(X ,Y), ' ranT �Æ�v'!v ranQT T �Æ�. 180
n(, kerT = kerQT T ' β(T ) = β(QT T ).

�j 2.8[28] _ T ∈ LR(X ,Y) ' U ∈ B(Y), V ∈ B(X ) m+3, '
(i) ran(UT ) �Æ�v'!v ranT �Æ�;

(ii) ran(TV ) �Æ�v'!v ranT �Æ�.

�j 2.9[19] _ A ∈ B(X ), B ∈ B(Y), X ∈ B(Y,X ) %h5�&.

(i) X MX �` Fredholm �&, ' A �` Fredholm �&;

(ii) X MX �a Fredholm �&, ' B �a Fredholm �&.

�j 2.10[30] _ T ∈ BCR(X ,Y).
(i) X T �` Fredholm /&, ' QTT �` Fredholm /&;

(ii) X QTT �` Fredholm /&' T (0) 1 Y )+Z, ' T �` Fredholm /&;

(iii) X T �a Fredholm /&v'!v QTT �` Fredholm /&.

�j 2.11[25] _ M � Banach �� X � YÆ&��. X:1 X �R Y&��
N ⊆ M , ' N �Æ�v'!v N/M �Æ�.

§3 �mnop�q

gj 3.1 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X A(0) 1 X )+Z, ':1
X ∈ B(Y,X ), Y[ MX �` Fredholm /&v'!v(U]X>�:

(i) A �` Fredholm /&;

(ii) B(0) �Æ�;

(iii) :1 J ∈ B(Y,OranA), Y[ ran([ JB ]) 1 OranA ⊕ Y )+Z, ker([ JB ]) 1 Y )+
Z' Y ⊂e Oker([ JB ]).

� i�$ _]X (i)–(iii) >�. d% A �` Fredholm /&, VN A �Æ�,

α(A) < ∞, ranA �Æ�'1 X )+Z. > A �Æ$�;� 2.2(i) +[ A(0) �Æ�, ?

t B(0) �Æ$�;� 2.5 +V, �WA� X ∈ B(Y,X ) 3 MX �Æ�.

xx Y �x�+�%N(\r0'.

0' 1: dimY < ∞. ?r0'(, MX +`>=('5

MX =

[
I 0

0 B

][
I X

0 I

][
A 0

0 I

]
. (3.1)

kA! B(0) �Æ�' B 3[, >;� 2.2(iii) V B �Æ�. d% ranB ⊆ Y, VN
dim ranB � dimY < ∞, xx;� 2.1 +[, ranB �Æ�'1 Y )+Z. sd%
kerB ⊆ Y, VN dim kerB � dimY < ∞, Q α(B) < ∞, d8 B �` Fredholm /&.

tU [ I 0
0 B ] �Æ�, ran [ I 0

0 B ] = X ⊕ ranB �Æ�'1 X ⊕ Y )+Z, α([ I 0
0 B ]) < ∞, 1

[ I 0
0 B ] �` Fredholm /&. >C [ I X

0 I ] �+3�, �� [ I X
0 B ] = [ I 0

0 B ] [ I X
0 I ] �` Fredholm

/&.
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yz! A(0) �Æ�, ranA �Æ�'1 X )+Z, α(A) < ∞. tU [A 0
0 I ] �Æ�,

ran [A 0
0 I ] = ranA⊕Y �Æ�'1 X ⊕Y )+Z, α([ A 0

0 I ]) < ∞, d8 [A 0
0 I ] �` Fredholm

/&. ?t A(0) 1 X )+Z, xx;� 2.3(i), +)��WA� X ∈ B(Y,X ), @3 MX

�` Fredholm /&.

0' 2: dimY = ∞. kA! ranA �Æ�'1 X )+Z, ' X 3=(�^5

X = ranA⊕OranA, (3.2)

d8

A =

[
A1

0

]
: X → ranA⊕OranA. (3.3)

5B

X =

[
0

J

]
: Y → ranA⊕OranA, (3.4)

 ) J ∈ B(Y,OranA) �]X (iii) )� J . MX 9%� X ⊕ Y ! ranA⊕OranA ⊕ Y �/
&&3N(�pY['5

MX =

⎡⎢⎢⎣
A1 0

0 J

0 B

⎤⎥⎥⎦ . (3.5)

> ranA �Æ$+V A1 �u�, ?t ran([ JB ]) 1 OranA ⊕ Y )+Z, [! ranMX =

ranA⊕ ran([ JB ]) �Æ�'1 X ⊕Y )+Z. s> ker([ JB ]) 1 Y )+Z' Y ⊂e Oker([ JB ]),

xx5B 2.7 +V, :13wx&�� F ⊂ Y, Y[ Y ⊂ O
ker([ JB ]) + F , tU O

ker([ JB ]) +

F ⊂ Y, 1 Y = O
ker([ JB ]) + F . tZ:1&�� F̃ ⊂ F , Y[ Y = O

ker([ JB ]) ⊕ F̃ . k
A! ker([ JB ]) ⊂ Y = O

ker([ JB ]) ⊕ F̃ , d8 ker([ JB ]) �3wx��, Q α([ JB ]) < ∞, 1

α(MX) = α(A) + α([ JB ]) < ∞. u:, MX �` Fredholm /&.

\�$ y_:1 X ∈ B(Y,X ), Y[MX �` Fredholm/&. kA! X ∈ B(Y,X ),

xx;� 2.4 �;� 2.10, [

QMXMX =

[
Q(AX)A Q(AX)X

0 QBB

]
=

[
QAA QAX

0 QBB

]
: X ⊕Y → (X ⊕Y)/MX(0) (3.6)

�` Fredholm /&. d% A(0) 1 X )+Z, ?vG6 A(0) �Æ�, ?t A �3[$,>
;� 2.2(iii) +V A �Æ�. sd% QMXMX �` Fredholm $, xx;� 2.9 +[ QAA

�` Fredholm �&, ?A|6 α(QAA) < ∞, VN α(A) < ∞. %ZT (i), ldZ ranA

�Æ�'1 X )+Z. [T:, >C QAA �` Fredholm �&, ' ranQAA �Æ�'+
Z. kA! ranQAA = ranA/A(0), > ranQAA �Æ$, ?t A(0) �Æ�, xx;� 2.11

+[ ranA �Æ�. s> ranQAA �+Z$, ?t ranA �Æ�, A(0) 1 X )+Z, xx
;� 2.6 +[ ranA 1 X )+Z, u: (i) >�. d% MX �` Fredholm /&, VN MX

�Æ�, >;� 2.5 +[ B(0) �Æ�, Q (ii) >�.



136 ��������A � 46 J

kA!, ranA 1 X )+Z, 1 X 3�^'5 X = ranA ⊕ OranA, ' MX 9%�
X ⊕ Y ! ranA⊕OranA ⊕ Y �/&&3N(�pY['5

MX =

⎡⎢⎢⎣
A1 X1

0 X2

0 B

⎤⎥⎥⎦ . (3.7)

> ranA �Æ$+V A1 �u�, z J = X2, tU ranMX = ranA⊕ ran([ JB ]), 1 ran([ JB ])

1 OranA ⊕ Y )+Z. y_ α([ JB ]) = ∞, 8,, �WA x ∈ kerJ @3 X1x ⊆ ranA, '
:1 x0 ∈ X , Y[ A1x0 ∩ Jx �= ∅, Q 0 ∈ A1x0 − Jx, ;� (x0 − x)T ∈ kerMX . d%
α([ JB ]) = ∞, VN α(MX) = ∞, ?$ MX � Fredholm $3{{, d8 α([ JB ]) < ∞ >�,

Q ker([ JB ]) �3wx&��' ker([ JB ]) 1 Y )+Z, 1 Y ⊂ O
ker([ JB ])+ker([ JB ]) >�, �

� Y ⊂e Oker([ JB ]). u:]X (iii) >�.

wx 3.1 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X A(0) 1 X )+Z, ':1
X ∈ B(Y,X ), Y[ MX �` Fredholm /&v'!v A �` Fredholm /&, B(0) Æ'(
U]X* >�:

(i) v β(A) < ∞ ,, ranB 1 Y )+Z, kerB 1 Y )+Z' Y ⊂e OkerB;

(ii) v β(A) = ∞ ,, :1 J ∈ B(Y,OranA), Y[ ran([ JB ]) 1 OranA ⊕ Y )+Z,

ker([ JB ]) 1 Y )+Z' Y ⊂e Oker([ JB ]).

� i�$ _ A �` Fredholm /&, B(0) �Æ�. X (ii) >�, >5� 3.1 +Z
?�>�. X (i) >�, 5B X '= (3.4),  )z J = 0. d% ranB 1 Y )+Z, VN
ran([ 0

B ]) 1 OranA ⊕ Y )+Z. s> kerB 1 Y )+Z' Y ⊂e OkerB, +V ker([ 0
B ]) 1

Y )+Z' Y ⊂e Oker([ 0B ]), u:>5� 3.1 +Z?�>�.

\�$ y_:1 X ∈ B(Y,X ),Y[MX �` Fredholm/&. >5� 3.1+V A�

` Fredholm /&, B(0) �Æ�, :1 J ∈ B(Y,OranA), Y[ ran([ JB ]) 1 OranA ⊕ Y )+
Z, ker([ JB ]) 1 Y )+Z' Y ⊂e Oker([ JB ]), 1 (ii) >�. (Z]X (i) >�. v β(A) < ∞
,, d% ranJ ⊆ OranA, VN dim ranJ � dim OranA = β(A) < ∞, ;�>;� 2.1 +V
ranJ 1 OranA )+Z. kA!, ran([ JB ]) 1 OranA ⊕ Y )+Z, d8 ranB 1 Y )+Z.

sd% MX �` Fredholm $, VN α(B) < ∞, 1 kerB 1 Y )+Z' Y ⊂e OkerB , u:
(i) >�.

wx 3.2[19] _ A ∈ B(X ), B ∈ B(Y) %h5�&, ':1 X ∈ B(Y,X ), Y[ MX �

` Fredholm �&v'!v A �` Fredholm �&'(U]X* >�:

(i) ranB 1 Y )+Z, kerB 1 Y )+Z' Y ⊂e OkerB;

(ii) β(A) = ∞, :1 J ∈ B(Y,OranA), Y[ ran([ JB ]) 1 OranA ⊕ Y )+Z, ker([ JB ])

1 Y )+Z' Y ⊂e Oker([ JB ]).

� d% A ∈ B(X ), B ∈ B(Y), VN A(0) = {0} 1 X )+Z, B(0) = {0} �Æ�, x
x)� 3.1 +Z?�>�.
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wx 3.3[17] _ A ∈ B(X ), B ∈ B(Y) %h5�&. X A �` Fredholm �&, ranB

1 Y )+Z, kerB 1 Y )+Z' kerB � X/ranA, ':1 X ∈ B(Y,X ), Y[ MX �`
Fredholm �&.

� _ A �` Fredholm �&, VN ranA �Æ�'1 X )+Z, 5B X '= (3.4).

kA! kerB � X/ranA, >5B 2.9 +V, :1`+3�& J1 : kerB → OranA. z

J = [ 0 J1 ] : OkerB ⊕ kerB → OranA, ?t ranB ' kerB @�Æ�'1 Y )+Z, >5�
3.1 +Z?�>�.

>C Hilbert ���\}� Banach��, |(�o-t Banach��:�?B)p!
Hilbert ��:.

wx 3.4[22] _ A ∈ BR(H), B ∈ BR(K) %h5/&, ':1 X ∈ B(K,H), Y[
MX �` Fredholm /&v'!v A �` Fredholm /&, B(0) Æ'(U]X* >�:

(i) v ranB �Æ�,, α(B) < ∞ . α(B) = β(A) = ∞;

(ii) v ranB #�Æ�,, β(A) = ∞.

� i�$ _ A �` Fredholm /&, VN ranA �Æ�, 5B X '= (3.4). X (i)

>�, N(�\r0';gn�:

0' 1: ranB �Æ�' α(B) < ∞. z J = 0, >5� 3.1 +Z?�>�.

0' 2: ranB �Æ�' α(B) = β(A) = ∞. z J = [ J1 0 ] : kerB ⊕ kerB⊥ → ranA⊥,

 ) J1 �+3�&, >5� 3.1 +Z?�>�.

X (ii) >�, z J : K → ranA⊥ �+3�&, >5� 3.1 +[?�>�.

\�$ y_:1 X ∈ B(K,H), Y[ MX �` Fredholm /&, >5� 3.1 +V, A

�` Fredholm/&, B(0)�Æ�':1 J ∈ B(K, ranA⊥),Y[ ran([ JB ])�Æ�, ker([ JB ])

�Æ�, α([ JB ]) < ∞. N(�\r0';gn�:

0' 1: ranB�Æ�.kA! B(0)�Æ�vG6 kerB�Æ�,' [ JB ]9%� kerB⊥⊕
kerB ! ranA⊥ ⊕ (ranB ∩B(0)⊥)⊕B(0) �/&+`>=(�pY['5[

J

B

]
=

⎡⎢⎢⎣
J1 J2

B1 0

B −B B −B

⎤⎥⎥⎦ , (3.8)

 ) B1 �+3�&. d8, :1+3�& U ∈ B(ranA⊥ ⊕ ranB ∩B(0)⊥ ⊕B(0)), Y[

U

⎡⎢⎢⎣
J1 J2

B1 0

B −B B −B

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0 J2

B1 0

B −B B −B

⎤⎥⎥⎦ . (3.9)

d% [ JB ] �` Fredholm /&, VN J2 = PranA⊥J |kerB �` Fredholm �&, 1 α(B) < ∞
. α(B) = β(A) = ∞, Q (i) >�.

0' 2: ranB #�Æ�. .|Zj, y_ β(A) < ∞, VN ranJ �Æ�, ?t ran [ JB ]

�Æ�+[ ranB �Æ�. ?$]X{{, 1 (ii) >�.



138 ��������A � 46 J

wx 3.5[22] _ A ∈ B(H), B ∈ B(K) %h5�&, ':1 X ∈ B(K,H), Y[ MX

�` Fredholm �&v'!v A �` Fredholm �&, B(0) Æ'(U]X* >�:

(i) v ranB �Æ�,, α(B) < ∞ . α(B) = β(A) = ∞;

(ii) v ranB #�Æ�,, β(A) = ∞.

� :yC5� 3.1 �ZT+[?�>�.

gj 3.2 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X B(0) 1 X )+Z, ':1
X ∈ B(Y,X ), Y[ MX �a Fredholm /&v'!v(U]X>�:

(i) B �a Fredholm /&;

(ii) A(0) �Æ�;

(iii):1 S ∈ B(kerB,X ), Y[ ran([A S ])1 X )+Z' X ⊂e ran([A S ]), ker([A S ])

1 X ⊕ kerB )+Z.

� i�$ _]X (i)–(iii) >�. d% B �a Fredholm /&, VN B �Æ�, ranB

�Æ�, β(B) < ∞ ' kerB 1 Y )+Z. > B �Æ$�;� 2.2(i) +[ B(0) �Æ�, ?

t A(0) �Æ��;� 2.5 +V, �WA� X ∈ B(Y,X ), Y[ MX �Æ�.

kA! β(B) < ∞, xx;� 2.1(ii), +[ ranB 1 Y )+Z, ?t kerB 1 Y )+
Z, 1 Y 3=(�^'5

Y = OkerB ⊕ kerB, Y = ranB ⊕OranB. (3.10)

5B

X = [0 S] : OkerB ⊕ kerB → ⊕X , (3.11)

 ) S ∈ B(kerB,X )�]X (iii))� S. MX 9%� X⊕OkerB⊕kerB! X⊕ranB⊕OranB

�/&&3N(�pY['5

MX =

⎡⎢⎢⎣
A 0 S

0 B1 B −B

0 0 0

⎤⎥⎥⎦ . (3.12)

d% ran([A S ]) 1 X )+Z, ?vG6 ran([ A S ]) �Æ�, VN ranMX = ran([ A S ]) ⊕
ranB �Æ�. sd% ker([A S ]) 1 X ⊕ kerB )+Z, VN kerMX = ker([A S ]) ⊕ kerB

1 X ⊕ Y )+Z.  $q, >C ran([A S ]) 1 X )+Z' X ⊂e ran([A S ]), '>5
B 2.7 +V, :1 X �3wx&�� F , Y[ X ⊂ ran([A S ]) + F . R $q, >C
ran([A S ]) + F ⊂ X , VN X = ran([A S ]) + F , ��:13wx&�� F̃ ⊂ F , Y[
Oran([A S ]) ⊂ X = ran([A S ])⊕ F̃ . d8 Oran([A S ]) �3wx��, Q β([A S ]) < ∞. ��
β(MX) = β([A S ])+ β(B1)+dim OranB = β([ A S ]) +β(B) < ∞, u: MX �a Fredholm

/&.

\�$ y_:1 X ∈ B(Y,X ), Y[MX �a Fredholm/&. kA! X ∈ B(Y,X ),

xx;� 2.4 �;� 2.10, [

QMXMX =

[
QAA QAX

0 QBB

]
: X ⊕ Y → (X ⊕ Y)/MX(0) (3.13)



2 i c�j jkn okl �������	
� Fredholm l 139

�a Fredholm /&. d% B(0) �Æ�, ?t B �3[$, xx;� 2.2(iii) +V B �Æ
�. sd% QMXMX �a Fredholm $, >;� 2.9 +[ QBB �a Fredholm �&, ?A
|6 ranQBB �Æ�, β(QBB) < ∞ ' kerQBB 1 Y )+Z. > ranQBB �Æ$?t;
� 2.7, +[ ranB �Æ�. 18]X(, β(B) = β(QBB) ' kerB = kerQBB >�. d8,

β(B) < ∞ ' kerB 1 Y )+Z. u: B �a Fredholm /&, 1 (i) >�. kA! MX �

a Fredholm /&, VN MX �Æ�, >;� 2.5 +V A(0) �Æ�, 1 (ii) >�.

kA! ranB 1 Y )+Z, kerB 1 Y )+Z' B(0) 1 Y )+Z. [T:, tV
ranB = (ranB ∩ OB(0))⊕B(0).  $q, d% B(0) ⊂ ranB, ranB ∩ OB(0) ⊂ ranB, tU

(ranB ∩OB(0))⊕B(0) ⊂ ranB. R $q, �WA x ∈ ranB, :1 x1 ∈ OB(0), x2 ∈ B(0),

Y[ x = x1 + x2, ;� x1 = (x − x2) ∈ ranB, 1 x1 ∈ ranB ∩ OB(0), d8 ranB ⊂
(ranB ∩ OB(0))⊕B(0). �� ranB = (ranB ∩ OB(0))⊕B(0) >�, ' Y 3=(�^'5

Y = OkerB ⊕ kerB, Y = (ranB ∩ OB(0))⊕B(0)⊕OranB, (3.14)

MX 9%� X ⊕OkerB ⊕ kerB ! X ⊕ (ranB ∩OB(0))⊕B(0)⊕OranB �/&&3N(�
pY['5

MX =

⎡⎢⎢⎢⎢⎣
A1 X1 X2

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎦ . (3.15)

>C

B |OkerB
= [B1 B −B 0]T : OkerB → (ranB ∩ OB(0))⊕B(0)⊕OranB, (3.16)

tU�& B1 �,�. RP, �WA� y ∈ ranB ∩ OB(0), :1 x ∈ Y, Y[ y ∈ Bx. }

x1 ∈ OkerB, x2 ∈ kerB ui x = x1 + x2, ' y ∈ B(x1 + x2) = Bx1 + B(0) = Bx1,

;� y = B1x1, Q B1 �u�, ?A|6�& B1 �+3�. d8, :1+3�& U ∈
B(X ⊕ (ranB ∩OB(0))⊕B(0)⊕OranB), Y[

UMX =

⎡⎢⎢⎢⎢⎣
A1 0 X2

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎦ . (3.17)

z S = X2. tU ran(UMX) = ran([A S ]) ⊕ ranB. d8, > MX �a Fredholm $

+[ β([ A S ]) < ∞, Q ran([A S ]) 1 X )+Z' Oran([A S ]) �3wx&��. ��
X ⊂ ran([A S ]) +Oran([A S ]), Q X ⊂e ran([ A S ]). sd% ker(UMX) = ker([A S ])⊕ kerB,

?t MX �a Fredholm $, VN ker([A S ]) 1 X ⊕ kerB )+Z, u:]X (iii) >�.

wx 3.6 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X B(0) 1 Y )+Z, ':1
X ∈ B(Y,X ), Y[ MX �a Fredholm /&v'!v B �a Fredholm /&, A(0) Æ'(
U]X* >�:

(i) v α(B) < ∞ ,, ranA 1 X )+Z' X ⊂e ranA, kerA 1 X )+Z;
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(ii) v α(B) = ∞ ,, :1 S ∈ B(kerB,X ), Y[ ran([A S ]) 1 X )+Z' X ⊂e

ran([A S ]), ker([A S ]) 1 X ⊕ kerB )+Z.

� i�$ _ B �a Fredholm /&, A(0) �Æ�. X (ii) >�, >5� 3.2 +Z?
�>�. X (i) >�, 5B�& X '= (3.11),  )z S = 0. d% ranA 1 X )+Z'
X ⊂e ranA, +[ ran([A 0 ]) 1 X )+Z' X ⊂e ran([A 0 ]). sd% kerA 1 X )+Z,

VN ker([ A 0 ]) 1 X ⊕ kerB )+Z, u:>5� 3.2 +Z?�>�.

\�$ y_:1 X ∈ B(Y,X ), Y[ MX �a Fredholm /&. >5� 3.2 +V B

�a Fredholm /&, A(0) �Æ�, :1 S ∈ B(kerB,X ), Y[ ran([A S ]) 1 X )+Z
' X ⊂e ran([A S ]), ker([A S ]) 1 X ⊕ kerB )+Z, 1 (ii) >�. (Z]X (i) >�. v
α(B) < ∞ ,, d% kerS ⊆ kerB, VN dim kerS � dim kerB = α(B) < ∞, ;�>;�
2.1 +V kerS 1 kerB )+Z. kA!, ker([A S ]) 1 X ⊕ kerB )+Z, d8, kerA 1 X
)+Z. sd% ran([A S ]) 1 X )+Z' X ⊂e ran([A S ]), ?vG6 β([ A S ]) < ∞, kA
! dim ranS � α(B) < ∞. d8, ranA 1 X )+Z' X ⊂e ranA, u:]X (i) >�.

wx 3.7[19] _ A ∈ B(X ), B ∈ B(Y) %h5�&, ':1 X ∈ B(Y,X ), Y[ MX �

a Fredholm �&v'!v B �a Fredholm �&'(U]X* >�:

(i) ranA 1 X )+Z, X ⊂e ranA, kerA 1 X )+Z;

(ii) v α(B) = ∞ ,, :1 S ∈ B(kerB,X ), Y[ X ⊂e ran([A S ]), ker([A S ]) 1
X ⊕ kerB )+Z.

� d% A ∈ B(X ), B ∈ B(Y), VN B(0) = {0} 1 Y )+Z, A(0) = {0} �Æ�, x
x)� 3.5 +Z?�>�.

wx 3.8[17] _ A ∈ B(X ), B ∈ B(Y)%h5�&. X B �a Fredholm�&, ranA�

Æ�'1 X )+ZC' X/ranA � kerB, ':1 X ∈ B(Y,X ), Y[ MX �a Fredholm

�&.

� _ B �a Fredholm �&, ' kerB �Æ�'1 Y )+Z. d% ranA �Æ�'
1 X )+Z, VN X 3�^5 (3.2), 5B X '= (3.11). kA! X/ranA � kerB, >5
B 2.9 +V, :1a+3�&

S1 : kerB → OranA.

z

S =
[

0
S1

]
: kerB → ranA⊕OranA,

>5� 3.2 +Z?�>�.

:yu, o-t Banach ��:�?B)p! Hilbert ��:.

wx 3.9[22] _ A ∈ BR(H), B ∈ BR(K) %h5/&, ':1 X ∈ B(K,H), Y[
MX �a Fredholm /&v'!v B �a Fredholm /&, A(0) Æ'(U]X* >�:

(i) v ranA �Æ�,, β(A) < ∞ . β(A) = α(B) = ∞;

(ii) v ranA #�Æ�,, α(B) = ∞.
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� i�$ _ B �a Fredholm /&, ' B(0) �Æ�, ?A|6 kerB ��Æ�, 5
B X '= (3.11). X (i) >�, N(�\r0';gn�:

0' 1: ranA �Æ�' β(A) < ∞. z S = 0, >5� 3.2 +Z?�>�.

0' 2: ranA �Æ�' β(A) = α(B) = ∞. z

S =
[

0
S1

]
: kerB → ranA⊕ ranA⊥,

 ) S1 �+3�&, >5� 3.2 +[?�>�.

X (ii) >�, z S : kerB → H �+3�&, >5� 3.2 +Z?�>�.

\�$ y_:1 X ∈ B(K,H), Y[ MX �a Fredholm /&. >5� 3.2 +V
B �a Fredholm /&, A(0) �Æ�':1 S ∈ B(kerB,H), Y[ ran([ A S ]) �Æ�,

β([A S ]) < ∞, ker([A S ]) �Æ�. N(�\r0';gn�.

0' 1: ranA �Æ�. MX 9%� H ⊕ kerB⊥ ⊕ kerB !

ranA⊕ ranA⊥ ⊕ (ranB ∩B(0)⊥)⊕B(0)⊕ ranB

�/&&3N(�pY['5

MX =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 X1 X2

0 X3 X4

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.18)

 ) B1 �+3�&. d8, :1+3�&

U ∈ B(ranA⊕ ranA⊥ ⊕ (ranB ∩B(0)⊥)⊕B(0)⊕ ranB),

Y[

UMX =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 0 X2

0 0 X4

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.19)

z

S =
[
X2

X4

]
: kerB → ranA⊕ ranA⊥.

kA! [A S ] �a Fredholm /&, VN

X4 = PranA⊥J |kerB
�a Fredholm �&, 1+Z β(A) < ∞ . α(B) = β(A) = ∞, Q (i) >�.
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0' 2: ranA #�Æ�. .|Zj, y_ α(B) < ∞, MX 9%� H ⊕ kerB⊥ ⊕ kerB

! H ⊕ (ranB ∩B(0)⊥)⊕B(0)⊕ ranB �/&&3N(�pY['5

MX =

⎡⎢⎢⎢⎢⎣
A1 X1 X2

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎦ , (3.20)

 ) B1 �+3�&. d8, :1+3�& U ∈ (H ⊕ (ranB ∩B(0)⊥)⊕B(0)⊕ ranB), Y[

UMX =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A1 0 X2

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (3.21)

z S2 = X2. X α(B) < ∞, ' S2 : kerB → H �3wy�&, tU ran([A S ]) �Æ�, V

N ranA �Æ�. ?$]X{{, 1 (ii) >�.

wx 3.10[22] _ A ∈ B(H), B ∈ B(K) %h5�&, ':1 X ∈ B(K,H), Y[ MX

�a Fredholm �&v'!v B �a Fredholm �&, A(0) �Æ�'(U]X* >�:

(i) v ranA �Æ�,, β(A) < ∞ . β(A) = α(B) = ∞;

(ii) v ranA #�Æ�,, α(B) = ∞.

� :yC5� 3.2 +[?�>�.

gj 3.3 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X A(0) 1 X )+Z, B(0) 1 Y
)+Z, ':1 X ∈ B(Y,X ), Y[ MX � Fredholm /&v'!v A �` Fredholm /

&, B �a Fredholm /&':1 J ∈ B(Y,OranA), S ∈ B(kerB,X ), Y[(U]X>�:

(i) POran AJ |kerB = POran AS|kerB � Fredholm �&;

(ii) ran([ JB ]) 1 OranA⊕Y )+Z, ker([ JB ]) 1 Y )+Z' Y ⊂e Oker([ JB ]), ran([ A S ])

1 X )+Z, X ⊂e ran([A S ]) ' ker([A S ]) 1 X ⊕ kerB )+Z.

� i�$ d% A(0) 1 X )+Z, B(0) 1 Y )+Z, vG6 A(0) �Æ�' B(0)

�Æ�, >;� 2.5 +[ MX �Æ�. _ A �` Fredholm /&, B �a Fredholm /&,

' X 3�^'5 (3.2), Y 3�^'5 (3.10). RP, J ∈ B(Y,OranA) ' S ∈ B(kerB,X )

�m3=(�^'5

J = [J1 J2] : OkerB ⊕ kerB → OranA, (3.22)

S =

[
S1

S2

]
: kerB → ranA⊕OranA. (3.23)
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>]X (i) +V J2 = S2. 5B

X =

[
0 0

0 J2

]
: OkerB ⊕ kerB → ranA⊕OranA, (3.24)

8,, MX 9%> X ⊕OkerB ⊕ kerB ! ranA⊕OranA ⊕ (ranB ∩ OB(0))⊕B(0)⊕OranB

�/&&3N(�pY['5

MX =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 0 0

0 0 J2

0 B1 0

0 B −B B −B

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.25)

d% ran([ JB ])1OranA⊕Y )+ZvG6 ran([ JB ])�Æ�,VN ranMX = ranA⊕ran([ JB ])

�Æ�. sd% ker([ JB ]) 1 Y )+Z' Y ⊂e O
ker([ JB ]), >5� 3.1 +V α([ JB ]) < ∞. R

P, ran([A S ]) 1 X )+Z' X ⊂e ran([A S ]), >5� 3.2 +V β([ A S ]) < ∞, d8
α(MX) = α(A) + α([ JB ]) < ∞, β(MX) = β([ A S ]) + β(B) < ∞, u: MX � Fredholm /
&.

\�$ y_:1 X ∈ B(Y,X ),Y[MX � Fredholm/&,>5� 3.1'5� 3.2+

V A�` Fredholm/&, B�a Fredholm/&,:1 J ∈ B(Y,OranA)' S ∈ B(kerB,X ),

Y[ ran([ JB ]) 1 OranA ⊕ Y )+Z, ker([ JB ]) 1 Y )+Z' Y ⊂e O
ker([ JB ]). RP,

ker([ A S ]) 1 X ⊕ kerB )+Z, ran([ A S ]) 1 X )+Z' X ⊂e ran([A S ]), Q (ii) >�.

> Y ⊂e O
ker([ JB ]), VN α(POran AJ |kerB) = α([ JB ]) < ∞. sd% X ⊂e ran([A S ]), VN

β(POran AS|kerB) < ∞. d8, POran AJ |kerB = POran AS|kerB � Fredholm �&, Q (i) >�.

wx 3.11 _ A ∈ BR(X ), B ∈ BR(Y) %h5/&. X A(0) 1 X )+Z, B(0) 1
Y )+Z, ':1 X ∈ B(Y,X ), Y[ MX � Fredholm /&v'!v A �` Fredholm /
&, B �a Fredholm /&'(U]X* >�:

(i) X ⊂e ranA, Y ⊂e OkerB ;

(ii) :1 J ∈ B(Y,OranA), S ∈ B(kerB,X ), Y[ ran([ JB ]) 1 OranA ⊕ Y )+Z,

ker([ JB ]) 1 Y )+Z' Y ⊂e O
ker([ JB ]), ran([A S ]) 1 X )+Z, X ⊂e ran([A S ]) '

ker([ A S ]) 1 X ⊕ kerB )+Z, e, POran AS|kerB = POran AJ |kerB � Fredholm �&.

� i�$ _ A �` Fredholm /&, B �a Fredholm /&. X (i) >�, >5�
3.3 +Z?�>�. X (ii) >�, 5B J '= (3.17), S '= (3.18),  )z J = S = 0, ?

t ranB 1 Y )+Z, +V ran([ 0
B ]) 1 OranA ⊕ Y )+Z. d% kerB 1 Y )+Z'

Y ⊂e OkerB, VN ker([ 0
B ]) 1 Y )+Z' Y ⊂e O

ker([ 0B ]). sd% ranA 1 X )+Z'
X ⊂e ranA, VN ran([A 0 ]) 1 X )+Z' X ⊂e ran([A 0 ]). RP, > kerA 1 X )+Z,

d8 ker([ A 0 ]) 1 X ⊕ kerB )+Z, u:>5� 3.3 +Z?�>�.
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\�$ y_:1 X ∈ B(Y,X ), Y[ MX � Fredholm /&. >5� 3.3 +Z A �

` Fredholm /&, B �a Fredholm /&, :1 J ∈ B(Y,OranA), S ∈ B(kerB,X ), Y[

ran([ JB ])1OranA⊕Y)+Z, ker([ JB ])1 Y )+Z' Y ⊂e Oker([ JB ]), ran([A S ])1 X )+
Z' X ⊂e ran([A S ]), ker([A S ]) 1 X ⊕ kerB )+Z, e, POran AS|kerB = POran AJ |kerB
� Fredholm �&, Q (ii) >�. ��>)� 3.1 ')� 3.5 +V X ⊂e ranA, Y ⊂e OkerB ,

Q (i) >�.

wx 3.12[19] _ A ∈ B(X ), B ∈ B(Y) %h5�&, ':1 X ∈ B(Y,X ), Y[ MX

� Fredholm �&v'!v A �` Fredholm �&, B �a Fredholm �&'(U]X*
 >�:

(i) X ⊂e ranA, Y ⊂e OkerB ;

(ii) α(B) = β(A) = ∞, :1 J ∈ B(Y,OranA), S ∈ B(kerB,X ), Y[ ran([ JB ]) 1
OranA ⊕ Y )+Z, ker([ JB ]) 1 Y )+Z' Y ⊂e O

ker([ JB ]), ran([A S ]) 1 X )+Z,

X ⊂e ran([ A S ]) ' ker([A S ]) 1 X ⊕ kerB )+Z, e, POran AS|kerB = POran AJ |kerB �
Fredholm �&.

� d% A ∈ B(X ), B ∈ B(Y), VN A(0) = {0} 1 X )+Z, B(0) = {0} 1 Y )+
Z, d8>)� 3.9 +[�?�.

wx 3.13[17] _ A ∈ B(X ), B ∈ B(Y)%h5�&,':1 X ∈ B(Y,X ),Y[MX �

Fredholm�&v'!v A�` Fredholm�&, B �a Fredholm�&' kerB ' X/ranA

;3wx��es.

� i�$ _ A�` Fredholm�&, B �a Fredholm�&,' X 3�^'5 (3.2),

Y 3�^'5 (3.10). d% kerB ' X/ranA ;3wx��es, Q kerB ' OranA �;
3wx��es, >5B 2.10 V(U0'* >�.

0' 1: :1`+3�& J1 : kerB → OranA, Y[

dim OranA/J1(kerB) < ∞. (3.26)

z

J = [0 J1 J2]
T : kerB → ranA⊕ J1(kerB)⊕OJ1 , (3.27)

 ) J2 ∈ B(kerB,OJ1) %WA�&, >5� 3.3 +Z?�>�.

0' 2: :1`+3�& S1 : OranA → kerB, Y[

dim kerB/S1(OranA) < ∞. (3.28)

z

S = [0 S12 S2] : OkerB ⊕ S1(OranA)⊕OS1 → OranA, (3.29)

 ) S12 ∈ B(S1(OranA), OranA), S2 ∈ B(OS1 ,OranA) %WA�&, >5� 3.3 +Z?�>
�.
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\�$ y_:1 X ∈ B(Y,X ), Y[ MX � Fredholm �&. >5� 3.1 '5� 3.3

+Z A �` Fredholm �&, B �a Fredholm �&, ' MX 9%> X ⊕OkerB ⊕ kerB !

ranA⊕OranA ⊕ ranB ⊕OranB �/&&3N(�pY['5

MX =

⎡⎢⎢⎢⎢⎣
A1 X1 X2

0 X3 X4

0 B1 0

0 0 0

⎤⎥⎥⎥⎥⎦ , (3.30)

 ) A1, B1 �+3�&. d8, :1+3�& U ∈ B(ranA⊕OranA⊕ ranB⊕OranB), V ∈
B(X ⊕OkerB ⊕ kerB), Y[

UMXV =

⎡⎢⎢⎢⎢⎣
A1 0 0

0 0 X4

0 B1 0

0 0 0

⎤⎥⎥⎥⎥⎦ . (3.31)

>5� 3.3+V POran AJ |kerB = X4 = POran AS|kerB � Fredholm �&, ;�:1+3�&
J1 : OkerX4 → ranX4. N(�\r0';gn�.

0' 1: α(X4) � β(X4) < ∞. :1`+3�& J2 : kerX4 → OranX4 , ui dim OJ2 =

β(X4)− α(X4) < ∞, d85B`+3�&

J =

[
J1 0

0 J2

]
: OkerX4 ⊕ kerX4 → ranX4 ⊕OranX4 , (3.32)

Y[ dim OranA/J1(kerB) = β(X4)− α(X4) < ∞.

0' 2: β(X4) < α(X4) < ∞. :1`+3�& J2 : OranX4 → kerX4,ui dim OJ2 =

α(X4)− β(X4) < ∞. ;�, +N5B`+3�&

J =

[
J−1
1 0

0 J2

]
: ranX4 ⊕OranX4 → OkerX4 ⊕ kerX4, (3.33)

Y[ dim kerB/J2(OranA) = α(X4)− β(X4) < ∞. u:, +[ kerB ' X/ranA ;3wx
��es.

:yu, o-t Banach ��:�?B)p! Hilbert ��:.

wx 3.14[22] _ A ∈ BR(H), B ∈ BR(K) %h5/&, ':1 X ∈ B(K,H), Y

[ MX � Fredholm /&v'!v A �` Fredholm /&, B �a Fredholm /&'
max{α(B), β(A)} < ∞ . α(B) = β(A) = ∞.

� i�$ _ A �` Fredholm /&, B �a Fredholm /&. 5B J '= (3.17), S

'= (3.18). N(�\r0';gn�.

0' 1: max{α(B), β(A)} < ∞. z J = S = 0, >5� 3.3 +[?�>�.

0' 2: β(A) = α(B) = ∞. z J1 = S1 = 0, J2 = S2 � kerB → ranA⊥ :�+3�

&, >5� 3.3 +[?�>�.
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\�$ y_:1 X ∈ B(K,H), Y[ MX � Fredholm /&. >5� 3.3 +V A

�` Fredholm /&, B �a Fredholm /&':1 J ∈ B(K, ranA⊥), S ∈ B(kerB,H),

Y[ POran AS|kerB = POran AJ |kerB � Fredholm �&, ;� max{α(B), β(A)} < ∞ .

α(B) = β(A) = ∞ >�.

wx 3.15[22] _ A ∈ B(H), B ∈ B(K) %h5�&, ':1 X ∈ B(K,H), Y

[ MX � Fredholm /&v'!v A �` Fredholm �&, B �a Fredholm �&'
max{α(B), β(A)} < ∞ . α(B) = β(A) = ∞.

� :yC5� 3.1 '5� 3.2 +[?�>�.
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Abstract Let X and Y be Banach spaces. Given the relations A ∈ BR(X ) and B ∈ BR(Y),
the authors define the two-order upper triangular relation matrix with X ∈ B(Y,X ) as

MX := [A X
0 B ] ∈ BR(X⊕Y). In this paper, some necessary and sufficient conditions are given

for MX to be left (right) Fredholm relation and Fredholm relation for some X ∈ BR(Y,X ),

based on the block relation technique.
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