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§1 ���R1�kxNENMC n > 1, p H = Rn−1 ×R+ g%�V*, �Z R+ �7P.N2CE��. ox0J z ∈ H �7g z = (z′, zn), �Z z′ ∈ Rn−1 � zn > 0. , V �7 H%EgqX�"Q.R1 1 < p <∞, L� Bergman V* bp N# u
bp =

{
f : f gdTL��C�tl ‖f‖p =

(∫

H

|f |p dV
)1/p

<∞
}
,�Z ‖f‖p 9 f =�4 H %E Lp ZC, V* bp 9 Lp = Lp(V ) E�fV*. U�H, b2 9�k Hilbert V*. Ramey � Yi =l [1] ZRL� Bergman V*E��7tA	l�F.℄�L��CE
MT
Y, Q!Pz b2 V*ZwkJ z ∈ H EJ
T\�9�k.:{
\�. &2, R1wk z ∈ H , R(�kf�E�C Rz ∈ b2, RJ.;+
Y, �R1�"E f ∈ b2, .

f(z) =

∫

H

fRzdV, z ∈ H. (1.1)p R(z, w) = Rz(w), R(z, w) 
'gL� BergmanV*E;+�, Q!�PR92T�C,��
R(z, w) =

4

nσn

n(zn + wn)
2 − |z − w|2

|z − w|n+2
, z, w ∈ H, (1.2)�m 2024 � 11 9 19 �;B, 2025 � 5 9 8 �;B�fj.
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150 D�����N�A � 46 L�Z σn 9 Rn =k�EX�, w = (w′,−wn). |y82}-l [2].p R g4 L2 A b2 E Hilbert V*N1`). ;+
Y (1.1) 5oxDAl`) R E�_R1�C ψ ∈ L2, .
Rψ(z) =

∫

H

ψ(w)R(z, w)dV (w), z ∈ H.4 (1.2) Ew6s6Z, Q!OAR1~k%C C = C(n),

|R(z, w)| 6
C

|z − w|n
, z, w ∈ H. (1.3)P! Rz ∈ L2. &2, R 9 L2 A b2 E.:`), }-l [1]. R1 u ∈ L∞, J.`� u E

Toeplitz KfN#g Tuf = R(uf).  ~0�E�_."#, �v Tu ∈ L(b2), L(b2) 9 b2%P..:{
KfEV*, �ZCmTg ‖u‖∞ *!�k�[1 n E%C.��R1 Berezin ��=�:0�/b�>
 D0_(?. =l [3] Z, Axler �
Zheng �Flo,=d
y=k7%E9s Bergman V*%E\J\�EKf, �℄�
Berezin ��E�:�/
Y�Ll>W
. Jk7~M

bzA�_℄�, l [4] �Fl BergmanV*%E>Kf, U�9y1J�V*%KfE>
[/, A��bAld_sZKf^rE^9. Gupta � Singh STl Bergman V*%E H-Toeplitz Kf, J9L�_s��C^rZE�kU>Kf. lESTleKf= BergmanV*ZE	g, Vrl��Q(,1C�q^�p+�E7~, }� -l [5]. l [6] TrlL� BergmanV*%E Berezin ��� Toeplitz Kf. QxE�F0J�Kf2L��CE�FdtÆZ, �D-ly1J�Kf=L� Bergman V*Z.:
�>
E"h℄�7~. l [7]�Fl Bergman V*%E�_Kf, _sl�_KfE	g, JR1^9 Bergman V*G�CV*E7t�
YVy℄�. l [8] Z Zhu R Berezin ����=Kf^rZE(,A	ljB, ℄Jyb=k7	E Bergman V*�d
yE Fock V*. Berezin ��=�F Hankel � Toeplitz Kf1mg.��(q. Coburn g;+� Hilbert V*%E{
Kf'!l�\℄,E`��K, R1dV*%EiI
℄Q��1�CE Segal-

Bargmann V*, �Dl�".:KfE Berezin `�E Lipschitz u", }� -l [9].l [10] STl H-Toeplitz Kf=L� Bergman V*ZEYC, �0Kf K � K∗ YCAL� Bergman V*EN1�V*, N#lL� Bergman V*N1�%ER� H-ToeplitzKf, ��Fl!=�9s=~6g`�E H-Toeplitz Kf2!ik9s=~6|&g`�E H-Toeplitz KfR*E1�
.=�lZ, ox=ii%�V*E�Eu℄�L� Bergman V*ZE Berezin ���F H-Toeplitz KfE>W
nW. J�UWJ.�NE�F�Q. <v, L� BergmanV*29s Bergman V*=
Y%5=w_#$, U�9= Berezin ��E^=)
℄y. =9s Bergman V*Z, Berezin ��9=)E, J5Db, Berezin ��Z�FKfE>
|RS4. �V, =L� Bergman V*Z, Berezin ���9=)E, J"jd5=^oEKf, � Berezin ���go, J�U
B&l�FEd:
. 2
, iiV*;ZlU
E!AZD, 
�0^o&d:E��C��_u". �l℄�t?�E℄X, Rbl Berezin ��^=)
;ZEH�, (qHl-l H-Toeplitz Kf>
Ed�S�.Kf S ∈ L(b2) E Berezin ��N#g
S̃(a) = 〈Sra, ra〉 , (1.4)



2 � G)$ N|� `�� &�W+FM	 Bergman W+&F H-Toeplitz Lg 151�Z ra = Ra‖Ra‖
−1
2 9 L2 |��E�.=Ja,ox5,��#� 〈f, g〉 =

∫
H
f(z)g(z)dz.&g ra ∈ b2, Berezin ��EN#ZE�_pr p g
PN#h�. w�, S̃ = H %9e�E.* Lp(H) 9 H %E p 3℄Q��C, Lpa(H) 9 Lp(H) %E9s�CV*. N# Mφ9*XKf, Mφ = φf , f ∈ L2

H . {en(z)}n>0 g L2
a(H) E{ZN1�, K g L2

a(H) → b2 EKf, 5D
K(e2n(z)) = en(z), K(e2n+1(z)) = en+1(z)(
. K∗ g K ER�Kf, � K∗ g b2 → L2

a(H) EKf, 5D
K∗(en(z)) = e2n(z), K∗(en+1(z)) = e2n+1(z)(
. RP.E n > 0, φ ∈ L∞(H), N#L� Bergman V*%E H-Toeplitz Kf, RP.E f ∈ b2, Bφ : b2 → b2, �Z Bφ(f) = RMφK

∗(f).p Ĥ = H ∪ {∞} �7 H E�J0E>�. ox, C0(Ĥ) �7= ∂Ĥ = Ĥ \H %�/EP.= Ĥ %e��CEV*, R1�k�C f ∈ C0(Ĥ) "jd f �e�YCAMk
Ĥ ��= ∂Ĥ %�1 0. &2, f ∈ C0(Ĥ) ?��? z → ∂Ĥ 1 f(z) → 0, �Z z → ∂Ĥ"jd |z| → ∞ � zn → 0.=�lZ, oxE^�nW9SOR1P. φ ∈ L∞ 1E H-Toeplitz Kf Bφ, "
B̃φ ∈ C0(Ĥ) ?��? Bφ = b2 %9>E.

Berezin ��=�CV*EKf^rZ�SÆd��o,. �lZ�FE H-ToeplitzKf= Berezin ��utlE[/2>
G(. =I 2 6Zk7l6	Q4. =I 3 6Z,oxDAl��Q�
[/, �� H-Toeplitz KftlR1P. φ ∈ L∞ 1E H-ToeplitzKf Bφ, " B̃φ ∈ C0(Ĥ) ?��? Bφ = b2 %9>E.

§2 �r�	=�6Z, ox,��w��0=
�E6Z5,E��82. �lZ, i� a �7
H ZE�"�J. ox, ψa �7 H %E+),N#g ψa(z) = a−1

n (z−a′),�Z a′ ∈ Rn−12 (a′, 0) ∈ Rn |_. b" ψa(a) = e, �Z e = (0′, 1) 9 H E�
J. 2
, ψa : H → H9�kE), ��g ψ−1
a (z) = anz + a′, �Z ζ ∈ ∂H . b" a = (a′, an) → ζ ?��?

an → 0 � a′ → ζ. &2, a → ζ 1 ψ−1
a → ζ = H Ewk>f�%(
. _�H, R1

ζ = ∞ �9 2. \JH, ? a→ ∂Ĥ 1 ψ−1
a → ∂Ĥ = H Ewk>f�%9�W(
E.R1 H %EQ"�C f , 2 ψa |yE{
Kf Ua N#g Uaf = (f ◦ ψa)a

−n/2
n . wk Ua P9�kQ�Kf, ��g U−1

a f = (f ◦ ψ−1
a )a

n/2
n . b" ψa E�QÆ	n6Tg%C a−nn . &2, R1�" f, g ∈ L2 ℄��jY�, QD

〈Uaf, g〉 = 〈f, U−1
a g〉. (2.1)=4uZE��Z, b" Ua 0L��C+)AL��C. &2, wk Ua =zXA b2 1,9�[1 an %C*!�kt)GKKf.� R(z, w) =ik�jZP9 n 5
3E, ��=F

�u��. -2QD

R(ψa(z), ψa(w)) = annR(z, w), (2.2)



152 D�����N�A � 46 LR1P. z, w ∈ H (
. U�H, � z = a, .
Re ◦ ψa = annRa, (2.3)5,Jkyt�A	�jY�, QD

‖Ra‖2 = a−n/2n ‖Re‖2, (2.4)_1DA
UaRe = an/2n Ra ⇔ Uare = ra. (2.5)N# Bφ,a g Bφ,a = U−1

a BφUa. ℄� (2.1) � (2.5), .
B̃φ(a) = 〈Bφ,are, re〉. (2.6)oxvPz Bφ �k℄�E
Y, -1`)Kf R 9.:{
E, K∗ �9.:{
�ZCg 1, Mφ 9*XKf�ZC.:. w� Bφ .:, � Bφ ∈ L(b2).�� 2.1 p φ ∈ L∞, �� z ∈ H , . B̃φ = B̃φ,z ◦ ψz.� p z, w ∈ H . &g

B̃φ,z ◦ ψz(w) = 〈U−1
z BφUzrψz(w), rψz(w)〉 = 〈BφUzrψz(w), Uzrψz(w)〉,℄� (2.1), Q!QC Uzrψz(w) = rw. nI Uz EN#� (2.2), .

Uzrψz(w) =
[Rψz(w) ◦ ψz]z

−n/2
n√

R(ψz(w), ψz(w))
=

z
n/2
n Rw√
znnR(w,w)

= rw.'^DP.I$�_�,Al [6] E℄�'^.�� 2.2 [6] p 1 < p <∞, {fj} 9 bp ZE�k�n. �v fj = bp Z#:g1 0, ?��? fj → 0 = H Ewk>f�%�W:g� sup
j

‖fj‖p <∞.�� 2.3 [6] R1 1 < p <∞, ? z → ∂Ĥ 1, Rz‖Rz‖
−1
p = bp Z#:g1 0.

§3 H-Toeplitz �!���
 3.1 * φ ∈ L∞, " Bφ = b2 %9>E, A B̃φ ∈ C0(Ĥ).� '* Bφ 9 b2 %E>Kf. -1>Kf�0�"#:gE�n+)A�kZC:gE�n, -'^ 2.3 DA? z → ∂Ĥ 1, .
〈
BφRz‖Rz‖

−1
2 , Rz‖Rz‖

−1
2

〉
→ 0.b", ℄� (2.4) QQ%6n�*!�k%CG1 B̃φ(z). P�.=�6Z, oxDA H-Toeplitz Kf Bφ ∈ L(b2) %E,_[/, !��}W 3.1 E�(
.D� Berezin��, L(b2)ZE��^
YKf��g 0. * L0(b

2) = {S ∈ L(b2) : S̃ =

0 >S 6= 0}. J� L(b2)\L0(b
2) ZEKf= Berezin ��
�g 0 EU�9oKf. lN



2 � G)$ N|� `�� &�W+FM	 Bergman W+&F H-Toeplitz Lg 153�n {Sj} = L(b2) Z� S ∈ L(b2), ox'= b2 % Sj #:g1 S, �,  ~RP. f ∈ b2,. Sjf → Sf , A#Rg Sj
w
−→ S.�
 3.2 * φ ∈ L∞, Bφ tl!uik[/�

(1) R1wk ζ ∈ ∂Ĥ ��k�n zk ∈ H → ζ, 5=�kf�n {
zkj

} ��kKf
Bφ,ζ ∈ L(b2), 5D= L(b2) Z�n Bφ,zkj

w
−→ Bφ,ζ .

(2) 5= ζ0 ∈ ∂Ĥ tl Bφ,ζ0 /∈ L0(b
2).� vPz Bφ tl[/ (1), -1 Bφ = RMφK

∗, �Z φ �1 L∞. -1Kf K∗ 9{
E, Mφ 9*XKf, `) R �9{
E, �v Bφ 9{
Ew�(
. Q K 9.:E, � ‖K‖ = 1, �v ‖K‖ = ‖K∗‖ = 1. - R g`)Kf, ��.:, Mφ Z φ �1 L∞, �v ‖Bφ‖ = ‖R‖‖φ‖∞‖K‖ 6 ‖φ‖∞, &2 Bφ 9e�E. uyPz#:g(
, �� ζ ∈ ∂Ĥ ��k�n zk ∈ H → ζ. Pz�� f, g �1 b2 1, .
(Bφ,zkj f, g) = (Bφ,ζf, g) �Q.

(Bφ,zkj f, g) = (U−1
zkj
BφUzkj f, g) = (BφUzkj f, Uzkj g)

→ (BφUζf, Uζg) = (U−1
ζ BφUζf, g) = (Bφ,ζf, g).j%PB, Bφ tl[/ (1).uyPz Bφtl[/ (2). ox
�PzR1 Bφ,5= ζ0 ∈ ∂Ĥ,5D Bφ,ζ0 /∈ L0(b

2).JaEy.9Pz�k�:J ζ0, 5D Bφ,ζ0 E Berezin ����go. <v, oxQC
Bφ = RMφK

∗. '*RP. ζ ∈ ∂Ĥ , Bφ,ζ ∈ L0(b
2). J"jdRP. ζ ∈ ∂Ĥ, B̃φ,ζ(z) = 0.nI Berezin ��EN#, .

B̃φ,ζ(z) = 〈Bφ,ζrz , rz〉

= 〈U−1
ζ BφUζrz , rz〉

= 〈RMφK
∗Uζrz , Uζrz〉

= 〈MφK
∗Uζrz, Uζrz〉

= 〈K∗Uζrz , φUζrz〉. ~RP. ζ ∈ ∂Ĥ �P. z ∈ H , Jk��Pgo, �v K∗Uζrz = 0 � φ = 0. >9,oxQC K∗ 9.:E�^o, Uζ 9Q�E, rz 9^oE. &2, K∗Uζrz 6= 0. J"jd, ~ B̃φ,ζ(z) = 0 RP. ζ � z (
, �v φ �Æ Æ00go. �V, J2oxE'* φ ∈ L∞ �^ouS. &2, '*7r. �H9H, ��5=V'�k ζ0 ∈ ∂Ĥ, 5D
Bφ,ζ0 /∈ L0(b

2). JHd(lR[/ 2 EPz.�
 3.3 * φ ∈ L∞, �v B̃φ ∈ C0(Ĥ) ?��? z → ∂Ĥ 1, Bφ,z
w
→ 0.� ,_
- B̃φ(z) = 〈Bφ,zre, re〉 DA. uyU
Pz��
. * B̃φ ∈ C0(Ĥ), glDAuS, '*? z → ∂Ĥ 1, Bφ,z /∈ L(b2) Z#:gA 0. �v5=�C f, g ∈ b2, 5D

lim sup
z→∂Ĥ

|〈Bφ,zf, g〉| > 0.



154 D�����N�A � 46 L-1}W 3.2, !� Ĥ E>
DA�k�n {zk} :gA~k ζ ∈ ∂Ĥ ��kKf Bφ,ζ ∈

L(b2) \ L0(b
2), 5D= L(b2) % |〈Bφ,zkf, g〉| :gA~kNC� Bφ,zk

w
−→ Bφ,ζ , �

lim
k→∞

|〈Bφ,zkf, g〉| = |〈Bφ,ζf, g〉| > 0,_1, lN z, w ∈ H , ox-'^ 2.1 DA B̃φ(ϕ
−1
z (w)) = B̃φ,z(w) = 〈Bφ,zrw, rw〉. xN w,? z → ∂Ĥ 1 ϕ−1

z (w) → ∂Ĥ . =%Bw7�86Z, zk Y� z, �
��z k → ∞, QD
〈Bφ,ζrw , rw〉 = B̃φ,ζ(w) = 0.- B̃φ,ζ(w) = 0 � w E�"
QQ Bφ,ζ = 0, >9 Bφ,ζ ∈ L(b2) \ L0(b

2), -2DAuS.}WDP.�� 3.1 p α g2C, �� φ ∈ L∞, R1P. z ∈ H , .∫

H

|BφRz(w)|w
α
n dw = zαn‖Bφ,zRe‖L1

α
.R1P. w ∈ H , . ∫

H

|BφRz(w)| z
α
n dz = wαn‖B

∗
φ,wRe‖L1

α
.� p z ∈ H , -1 Rz = z

−n/2
n UzRe, nI (2.5), .

BφRz = z−n/2n BφUzRe = z−n/2n UzBφ,zRe = z−nn (Bφ,zRe) ◦ φz ,&2Ri��_, DA∫

H

|BφRz(w)|w
α
n dV (w) = z−nn

∫

H

|(Bφ,zRe) ◦ φz(w)|w
α
n dV (w),0 w Y�g φ−1

z (x) =0�E�_Z, DA∫

H

|BφRz(w)|w
α
n dV (w) = zαn

∫

H

|Bφ,zRe(x)| x
α
n dV (x),JPzlR1P. z ∈ H ,∫

H

|BφRz(w)|w
α
n dw = zαn‖Bφ,zRe‖L1

α
.&2 B∗

φRw(z) = 〈B∗
φRw, Rz〉 = 〈Rw, BφRz〉 = BφRz(w). 2
RP. z ∈ H , .

∫

H

|BφRz(w)|w
α
n dw = zαn‖Bφ,zRe‖L1

αR1P. Bφ P(
. &2,, B∗
φ <Y Bφ,�1�%6ZE z � w, QDR1P. w ∈ H ,. ∫

H

|BφRz(w)| z
α
n dz = wαn‖B

∗
φ,wRe‖L1

α
.�� 3.2 * φ ∈ L∞, lN�kQ"� E ⊂ H , N#

GEf(w) =

∫

E

f(z)BφRz(w) dV (z), w ∈ H.R1 f ∈ L2, "5=~k α, 5D
C1 = sup

z∈E
‖Bφ,zRe‖L1

α/2
<∞ � C2 = sup

z∈H
‖B∗

φ,zRe‖L1

α/2
<∞,



2 � G)$ N|� `�� &�W+FM	 Bergman W+&F H-Toeplitz Lg 155A GE = L2 %.:, �� ‖GE‖ 6 C
1/2
1 C

1/2
2 .� xN f ∈ L2. ���k α 5D%B[/(
. R1�" w ∈ H , .

|GEf(w)| 6

∫

E

|f(z)||BφRz(w)| dV (z)

=

∫

E

|f(z)||BφRz(w)|
1/2z−α · |BφRz(w)|

1/2zα dV (z).(, Hölder �G6, ℄��yE'^ZEIWkG6, QD
|GEf(w)|

2
6

( ∫

E

|f(z)|2|BφRz(w)|z
−α/2
n dV (z)

)( ∫

H

|BφRz(w)|z
α/2
n dV (z)

)

6 C2w
α/2
n

∫

E

|f(z)|2|BφRz(w)|z
−α/2
n dV (z).&2, 0i�R"Q dV (w) �_, �
1��_G�, ℄��y'^EI�kG6, QD

∫

H

|GEf(w)|
2 dV (w) 6 C

2/2
2

∫

E

|f(z)|2z−α/2n

(∫

H

|BφRz(w)|w
α/2 dV (w)

)
dV (z)

6 C1C
2/2
2

∫

H

|f(z)|2 dV (z).&2
‖GEf‖2 6 C

1/2
1 C

1/2
2 ‖f‖2.P�.�� 3.3 * φ ∈ L∞, " sup

z∈H
‖B∗

φ,zRe‖L1

α/2
< ∞, �? z → ∂Ĥ 1, R1~k α, .

‖Bφ,zRe‖L1

α/2
→ 0, A Bφ = b2 %9>E.� R1 w ∈ H � f ∈ b2, -

B∗
φRw(z) = 〈B∗

φRw, Rz〉 = 〈Rw, BφRz〉 = BφRz(w),.
Bφf(w) = 〈Bφf,Rw〉

= 〈f,B∗
φRw〉

=

∫

H

f(z)B∗
φRw(z) dV (z)

=

∫

H

f(z)BφRz(w) dV (z).&2, YC Bφ ogo,1Mk L2 E�_Kf, . Bφ = GH . lN�k>� E ⊂ H , .
Bφ −GE = GH\E . &2nI�yE'^,

‖Bφ −GE‖ 6

(
sup

z∈H\E

‖Bφ,zRe‖L1

α/2

)1/2(
sup
z∈H

‖B∗
φ,zRe‖L1

α/2

)1/2

.b"A%60!Ej= E YCAMk H 1�1 0. &2Kf Bφ Q!,Kf GE =KfZCu
C. vU
Pzwk GE = L2 %9>E, HQ!D- Bφ = L2 %9>E, 4V= b2 %�9>E.



156 D�����N�A � 46 Ly=, oxPzwk GE = L2 %9>E. xN E, �*
K(w, z) = BφRz(w)χE(z),�Z χE 9 E EUL�C. 4V.

GEf(w) =

∫

H

K(w, z)f(z) dV (z).&2, glPz GE 9>E, 
�Pz (-l [11])
∫

H

(∫

H

|K(w, z)|2 dV (w)
)1/2

dV (z) <∞.# M g%6n!E�_, .
M =

∫

E

‖BφRz‖
2
L2 dV (z)
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α/2
→ 0. JHd(l (c)=⇒(d) EPz.2
, '* (d) (
� QE
sup
z∈H

‖B∗
φ,zRe‖L1

α/2
<∞,nI'^ 3.3, ox. (d) =⇒ (e). m
-}W 3.1 DA (e) =⇒ (a), Pzd(.u������

[1] Ramey W, Yi H. Harmonic Bergman functions on half-spaces [J]. Transactions of the

American Mathematical Society, 1996, 348(2):633–660.

[2] Axler S, Bourdon P, Ramey W. Harmonic function theory [M]. New York: Springer-

Verlag, 2001.

[3] Axler S, Zheng D. Compact operators via the Berezin transform [J]. Indiana University

Mathematics Journal, 1998, 47(2):387–400.

[4] Miao J, Zheng D. Compact operators on Bergman spaces [J]. Integral Equations and

Operator Theory, 2004, 48:61–79.

[5] Gupta A, Singh S K. H-Toeplitz operators on the Bergman space [J]. Bulletin of the

Korean Mathematical Society, 2021, 58(2):327–347.

[6] Choe B R, Nam K. Berezin transform and Toeplitz operators on harmonic Bergman

spaces [J]. Journal of Functional Analysis, 2009, 257(10):3135–3166.

[7] Aleman A, Siskakis A G. Integration operators on Bergman spaces [J]. Indiana Univer-

sity Mathematics Journal, 1997, 337–356.

[8] Zhu K. The Berezin transform and its applications [J]. Acta Mathematica Scientia,

2021, 41(6):1839–1858.

[9] Coburn L. Sharp Berezin Lipschitz estimates [J]. Proceedings of the American Mathe-

matical Society, 2007, 135(4):1163–1168.



158 D�����N�A � 46 L
[10] Li R, Bing D, Sun M. Commuting H-Toeplitz operators and commuting dual H-Toeplitz

operators [J]. Advances in Mathematics, to appear.

[11] Dunford N, Schwartz J T. Linear operators, Part I [M]. New York: John Wiley Sons

Inc., 1988.

The H-Toeplitz Operator on the Harmonic Bergman

Space of the Upper Half-Space

ZHANG Chengjia1 SUN Minghao1 LI Ran2

1School of Mathematics, Liaoning Normal University, Dalian 116082, Liaoning,

China. E-mail: 13188027476@163.com; 1207450400@qq.com
2Corresponding author. School of Mathematics, Liaoning Normal University,

Dalian 116082, Liaoning, China. E-mail: Liranmika@163.com

Abstract This paper studies the compactness of H-Toeplitz operators on the harmonic

Bergman space over the upper half-space. It introduces the reproducing kernel and the

orthogonal projection of the harmonic Bergman space in the upper half-space and provides a

complete characterization of the compactness of H-Toeplitz operators with bounded symbols.

The research results indicate that H-Toeplitz operators in the harmonic Bergman space differ

significantly from those in the Bergman space, laying a solid foundation for further studies

in operator theory on harmonic Bergman spaces.
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