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§1 )�%9�pjC&py�5GHF"/I�~/p.K
, R>ACHR6.B� [1−4]XgGQ. [5−8]. !�, wb�7CH��T--R6 [9] XE}R6 [10−11] h/�)?�. T��h, 9�p â = a+ εa0 gE
� a X9�� εa0 w�, Ch a X a0 g
p; εg9�MI.u ε2 = 0, 0ε = ε0 = 0, X 1ε = ε1 = ε, ( ε 6= 0. p D �9�pi, Dm×n� m × n |9�
Zi. >�9�
Z/05�Mt7g9�p, 9�
Z M̂ ∈ Dm×n�
f� M̂ = M + εM0, Ch M,M0 ∈ Rm×n. p In � n × n |'

Z. WU k g
rank(Mk+1) = rank(Mk) �!/x�℄\p, V� k � M /
	, p� Ind(M) = k. _9�
Z M̂ ∈ D

n×n X L̂ ∈ D
n×n, WU M̂B̂ = B̂M̂ = In, V M̂ �<, I L̂ g M̂ /9�<
Z, p� L̂ = M̂−1. P;, 9�
Z/<�Ætg#T/, dFw#Ta, �1�;CH���P/
r�|, Wg!K�)L [2,12−13] /�P�)��1�|. >!, ?X9�R;<	g�$��!��|.x�,9�
Z/9�R;<
Z?F$Q1/R>Pn,z�g9�Moore-PenroseR;<. H55G m × n |9�
Z M̂ , Z#T5G9�
Z X̂ ∈ Dn×m, .u Penrose�� 2024 > 4 Q 28 Ui-, 2025 > 4 Q 1 Ui-+DF.
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M̂X̂M̂ = M̂, X̂M̂X̂ = X̂, (M̂X̂)T = M̂X̂, (X̂M̂)T = X̂M̂ , (1.1)V� X̂ � M̂ /9� Moore-Penrose < (u� DMPI), p X̂ = M̂ †. Wang[14] H$#G9�
ZF DMPI /�B�2�w.T� [15] h, Zhong X Zhang �^9�N<��+$9�N</#T)�nuXAC. H55G m× n |9�
Z M̂ = M + εM0, Ch ind(M) = 1. Z#T5G9�
Z
X̂ ∈ Dn×n, .u

M̂X̂M̂ = M̂, X̂M̂X̂ = X̂, M̂X̂ = X̂M̂, (1.2)V� X̂ � M̂ /9�N< (DGI), p X̂ = M̂#. 9�N<�CH��9��)��/x�<��|. Wang X Gao[16] ?X$9�
	X9� core <. H55G n× n |9�
Z
M̂ = M + εM0, Ch ind(M) = 1. Z#T5G9�
Z X̂ ∈ Dn×n, .u

M̂X̂M̂ = M̂, X̂M̂X̂ = X̂, (M̂X̂)T = M̂X̂, (1.3)V� X̂ � M̂ /9� core < (DCI), p X̂ = M̂ #©. Wang X Gao[16] 
� M̂ /9�
core <#T)I�) M̂ /
	� 1, �H�9� core </5 �^X)f. !�, ZhongX Zhang[17] ?X$9� Drazin <. H55G n × n |9�
Z M̂ = M + εM0, Ch
ind(M) = k. Z#T5G9�
Z X̂ ∈ Dn×n, .u

M̂X̂M̂k = M̂k, X̂M̂X̂ = X̂, M̂X̂ = X̂M̂ , (1.4)V� X̂ � M̂ /9� Drazin < (u� DDI), p X̂ = M̂D. )9� Drazin <#Ta, ZhongX Zhang[17] ^6$ DDI g	5/, H�$C#T/5 �2�w, �H�5Gu�/nu DDI /Me.b.n9/g, ℄m9�R;<�A905G9�
Z7#T. >!, E�5�Ky/,2, T� [18–19] h, .W?X$[9�R;<, 0G9�
Z7FC9�R;<. H55G m× n |9�
Z M̂ , Z#T	59�
Z X̂ ∈ Dn×m, .u
M̂TM̂X̂M̂M̂T = M̂TM̂M̂T, X̂M̂X̂ = X̂, (M̂X̂)T = M̂X̂, (X̂M̂)T = X̂M̂, (1.5)V� X̂ � M̂ /[9�R;< (u� WDGI), p X̂ = M̂

†
W. 8^ M̂

†
W = (M̂TM̂)†M̂T =

M̂T(M̂M̂T)†. WDGI gJR;/ DMPI, w�7C���J5�/9��)���| [18−19].T��h, eH℄m�U, �1�+9 DDI �(�R, .,5j"/R;<, dC9S9/9�?Z7#T. T DDI #T/�w�, YG"<J DDI 1s. �a, y,w/�^J)f. �5�, �1?XR; DGI, H�w/�^, �xCACHy,On9�
Z?�1�|.

§2 *{-�T�}h, �1�^5 ���U, 45Gg core-EP B�, Yg0� Drazin </xF"/K
.



2 B �\& (L� z~[ LIU Shuangzhe \:A Drazin =0*gk�_ 171�� 2.1[20] _ M ∈ Rn×n, ind(M) = k, rank(Mk) = r, V#T5G�<
Z P , d.
M = P

[
C O

O N

]
P−1, (2.1)Ch C ∈ Rr×r gAE=/, N g2'/.I�℄mB�, �3H� Drazin </5GJ�;u�/�^.(� 2.1 [20] _ M ∈ Rn×n /W#-2'B�W (2.1) vf, V

MD = P

[
C−1 O

O O

]
P−1. (2.2)I� (2.1) X (2.2), Zhong 1Q [15,17] B�.�$ DGI X DDI /�^.(� 2.2 [15] _ M̂ = M+εM0 ∈ Dn×n, ind(M) = 1I (In−MM#)M0(In−M#M) =

O, V M̂ / DGI M̂# #T, I
M̂# = M# + ε((M#)

2
M0(In −MM#) + (In −MM#)M0(M

#)
2
−M#M0M

#).(� 2.3 [17] _ M̂ = M + εM0 ∈ Dn×n, Ch M,M0 ∈ Rn×n, ind(M) = k. *
M̂k = Mk + εK0, Ch K0 =

k∑
i=1

Mk−iM0M
i−1, V�&�w1s:

(a) M̂ /9� Drazin <#T;

(b) M̂ = P
[
C 0
0 N

]
P−1 + εP

[
M1 M2

M3 M4

]
P−1, Ch P X C �AE=
Z, N �2'
Z,l Nk = 0, I k∑

i=1

Nk−iM4N
i−1 = 0;

(c) (In −MMD)K0(In −MMD) = 0;

(d) rank
[

K0 Mk

Mk 0

]
= 2rank(Mk);

(e) (M̂k)† #T.!�, Z M̂ /9� Drazin <#T, V
M̂D = MD + εS,Ch

S = (MD)
2
(k−1∑

i=0

(MD)
i
M0M

i
)
(In −MMD)

+ (In −MMD)
(k−1∑

i=0

M iM0(M
D)

i
)
(MD)

2
−MDM0M

D._ M̂ = M + εM0 ∈ Dn×n. p M̂ /�Q�e� ARank(M̂) = rank(M), p M̂ /e� Rank(M̂) = rank
[
M0 M

M O

]
− rank(M), p M̂ /�Q
	� AInd(M̂) = ind(M), �Ip M̂ /
	� Ind(M̂), Ch t gx�/℄\p (k 6 t 6 2k, k = ind(M)), d.

ARank(M̂ t) = Rank(M̂ t), J��/4m�v� [21].



172 q�/�>���A h 46 Æ(� 2.4 [21] _ M̂ = M + εM0 ∈ Dn×n, Ind(M̂) = t, Rank(M̂ t) = r, V#T5G�<9�
Z P̂ ∈ Dn×n, d.
M̂ = P̂

[
Ĉ O

O N̂

]
P̂−1, (2.3)Ch Ĉ ∈ Dr×r g�</, I N̂ g2'/, l N̂ t = O.!�, ) Ind(M̂) = AInd(M̂) a, M̂ / DDI M̂D #T, �I

M̂D = P̂

[
Ĉ−1 O

O O

]
P̂−1. (2.4)

§3 ��� Drazin �T�}h, �1?XR; DDI. S9/9�?Z7FR; DDI.�� 3.1 _ M̂ = M + εM0 ∈ Dn×n, Ind(M̂) = t. p K =
t∑

i=1

M t−iM0M
i−1, V

M̂ t = M t + εK, I#T5G n× n 9�
Z X̂ = X + εS, .u
M̂X̂M̂ t = M̂ t, X̂M̂X̂ = X̂, M̂X̂ = X̂M̂ (3.1))I�)

X = MD, (3.2)

K = MMDK +MSM t +M0M
DM t, (3.3)

S = MDMS +MDM0M
D + SMMD, (3.4)

MS +M0M
D = SM +MDM0. (3.5), _ M̂ = M + εM0 ∈ Dn×n, AInd(M̂) = k, Ind(M̂) = t, I X̂ = X + εS ∈ Dn×n.p K =

t∑
i=1

M t−iM0M
i−1. 8^ M̂ t = M t + εK. x X̂ &X M̂X̂M̂ t = M̂ t, X̂M̂X̂ = X̂ X

M̂X̂ = X̂M̂ , �.
(M + εM0)(X + εS)(M t + εK) = MXM t + ε(MXK +MSM t +M0XM t) = M t + εK,

(X + εS)(M + εM0)(X + εS) = XMX + ε(XMS +XM0X + SMX) = X + εS,

MX + ε(MS +M0X) = XM + ε(XM0 + SM).>!, MXM t = M t, XMX = X , MX = XM , K = MXK + MSM t + M0XM t, S =

XMS + XM0X + SMX , MS + M0X = SM + XM0. EH AInd(M̂) = k, Ind(M̂) = t,

t > k, �. MXM t = M t, XMX = X XMX = XM ,l X = MD. v7�. (3.2)–(3.5).�� 3.2 _ M̂ = M + εM0 ∈ Dn×n, Ind(M̂) = t, V (3.1) /�g	5/, I
X̂ = MD + εS, (3.6)
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S = (MD)

2
(t−1∑

i=0

(MD)
i
M0M

i
)
(In −MMD)

+ (In −MMD)
(t−1∑

i=0

M iM0(M
D)

i
)
(MD)

2
−MDM0M

D. (3.7), _ M̂ = M + εM0 ∈ Dn×n, AInd(M̂) = k, Ind(M̂) = t, rank(Mk) = r, M ∈ Rn×n/W#-2'B�W (2.1) vf, X̂ = MD + εS � (3.1) /�. _ P−1M0P X P−1SP /B�W�:

P−1M0P =

[
M1 M2

M3 M4

]
, P−1SP =

[
S1 S2

S3 S4

]
, (3.8)Ch P W (2.1) vf, M1 ∈ Rr×r, S1 ∈ Rr×r. I� (2.1) X (3.8), 8^

M̂ t = M t + εK,Ch
K =

t∑

i=1

M t−iM0M
i−1 = P




t∑

i=1

Ct−iM1C
i−1

t−1∑

i=0

Ct−1−iM2N
i

t−1∑

i=0

N iM3C
t−1−i O



P−1. (3.9)p

Ĝ = P

[
C−1 O

O O

]
P−1 + εP




−C−1M1C
−1

t−1∑

i=0

C−i−2M2N
i

t−1∑

i=0

N iM3C
−i−2 O



P−1. (3.10)I� (2.1), (3.8)–(3.10), �.

M̂Ĝ = P

[
Ir O

O O

]
P−1 + εP




O

t−1∑

i=0

C−i−1M2N
i

t−1∑

i=0

N iM3C
−i−1 O



P−1,

ĜM̂ = P

[
Ir O

O O

]
P−1 + εP




O

t−1∑

i=0

C−i−1M2N
i

t−1∑

i=0

N iM3C
−i−1 O



P−1,
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M̂ĜM̂ t =



P

[
Ir O

O O

]
P−1 + εP




O

t−1∑

i=0

C−i−1M2N
i

t−1∑

i=0

N iM3C
−i−1 O



P−1




×



P

[
Ct O

O O

]
P−1 + εP




t∑

i=1

Ct−iM1C
i−1

t−1∑

i=0

Ct−1−iM2N
i

t−1∑

i=0

N iM3C
t−1−i O




P−1




= P

[
Ct O

O O

]
P−1 + εP




t∑

i=1

Ct−iM1C
i−1

t−1∑

i=0

Ct−1−iM2N
i

t−1∑

i=0

N iM3C
t−1−i O



P−1

= M̂ t,

ĜM̂Ĝ = (ĜM̂)Ĝ = P

[
C−1 O

O O

]
P−1 + εP




−C−1A1C
−1

t−1∑

i=0

C−i−2M2N
i

t−1∑

i=0

N iM3C
−i−2 O



P−1

= Ĝ.E!�_ Ĝ g (3.1) /�. !�, EH
P

[
−C−1M1C

−1 O

O O

]
P−1 = MDM0M

D,

P



O

t−1∑

i=0

C−i−2M2N
i

O O


 P−1 = (MD)

2
(t−1∑

i=0

(MD)
i
M0M

i
)
(In −MMD),

P




O O

t−1∑

i=0

N iM3C
−i−2 O




P−1 = (In −MMD)
(t−1∑

i=0

M iM0(M
D)

i
)
(MD)

2
,�. (3.6)–(3.7).{��, ^6 Ĝ /	5).



2 B �\& (L� z~[ LIU Shuangzhe \:A Drazin =0*gk�_ 175_ X̂1 = MD+εS1X X̂2 = MD+εS2 g (3.1)/#G�. x X̂1 X X̂2 &X (3.3)–(3.5),.,
K = MMDK +MS1M

t +M0M
DM t, K = MMDK +MS2M

t +M0M
DM t,

S1 = MDMS1 +MDM0M
D + S1MMD, S2 = MDMS2 +MDM0M

D + S2MMD,

MS1 +M0M
D = S1M +MDM0, MS2 +M0M

D = S2M +MDM0.>!
M(S1 − S2)M

t = O, (3.11)

S1 − S2 = MDM(S1 − S2) + (S1 − S2)MMD, (3.12)

M(S1 − S2) = (S1 − S2)M. (3.13)x (3.13)&X (3.11),�. (S1−S2)M
t+1 = OXM t+1(S1−S2) = O. EMMD = MDM =

(MMD)t+1 �+�. (S1 − S2)MMD = MMD(S1 − S2) = O. !�, x MD(S1 − S2) = OX (S1 − S2)MMD = O &X (3.12), ., S1 − S2 = O. >!, (3.1) /�g	5/.�' 3.1 _ M̂ ∈ Dn×n, 8/ (3.1) /	5��� M̂ /[ DDI (u� WDDI), p�
M̂D

W.�3/ s
6 M̂ / WDDI tg#T, ld M̂ / DDI Æ#T.� 3.1 _
M̂ = M + εM0 =




1 1 0 0

0 0 1 1

0 1 0 0

1 0 0 0



+ ε




1 0 1 0

0 1 0 1

1 0 0 1

0 1 1 0



,V AInd(M̂) = k = 2, Ind(M̂) = t = 4, I

MD =




1 1 −1 −1

−1 −1 2 2

2 2 −3 −3

−1 −1 2 2



, MDM0M

D =




0 0 0 0

1 1 0 0

−1 −1 0 0

1 1 0 0



,

K0 =

2∑

i=1

M2−iM0M
i−1 =




2 3 1 1

2 1 2 2

2 2 0 1

1 1 2 1



,

(I4 −MMD)K0(I4 −MMD) =




−1 0 1 1

1 0 −1 −1

−1 −1 1 2

1 1 −1 −2



6= O.E?� 2.3 �_, M̂ / DDI Æ#T.
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S = (MD)

2
( 3∑

i=0

(MD)
i
M0M

i
)
(I4 −MMD) + (I4 −MMD)

( 3∑

i=0

M iM0(M
D)

i
)
(MD)

2

−MDM0M
D =




−4 −4 6 6

3 3 −6 −6

−4 −4 8 8

4 4 −8 −8



.SI� (3.6) �.

M̂D
W = MD + εS =




1 1 −1 −1

−1 −1 2 2

2 2 −3 −3

−1 −1 2 2



+ ε




−4 −4 6 6

3 3 −6 −6

−4 −4 8 8

4 4 −8 −8



.2 3.1 _

M̂ = M + εM0 ∈ D
n×n, AInd(M̂) = k, Ind(M̂) = t.I�?� 2.3, �_ M̂ / DDI #T)I�) M̂k / DMPI #T. >!, E?� 2.2, .,

M̂k / DCI #T, l M̂k /
	� 1. >! Ind(M̂k) = AInd(M̂k). v7 M̂ /
	� k.!�, I� (1.4) X (3.1), �. M̂ / DDI #Ta, M̂D = M̂D
W.2 3.2 _ M̂ = M + εM0 ∈ Dn×n, Ch AInd(M̂) = k, Ind(M̂) = t. En 3.1, � [17,5�2.2] X� [16, 5�2.6, 5�3.3], 7��wg1s/:

(1) M̂ / DDI #T, M̂D = M̂D
W;

(2) M̂k / DMPI(d DCI, d DGI) #T;

(3) M̂k /
	� 1;

(4) M̂k /e1H M̂k /�Q�e;

(5) M̂ /
	1H M̂ /�Q�
	;

(6) (In −MMD)K0(In −MMD) = O, Ch K0 =
k∑

i=1

Mk−iM0M
i−1.2 3.3 E5� 3.1–3.2 X5; 3.1, �.S99�?Z7F	5/ WDDI. GEH)

M̂ / DDI #Ta, M̂D = M̂D
W, l WDDI g5GR;/ DDI.�3/ sr6 M̂ / DDI #Ta, M̂D = M̂D

W.� 3.2 _
M̂ =




4 8 12 10

2 8 10 8

0 −2 −2 0

−2 −4 −6 −6



+ ε




−4 3 −3 2

5 4 0 2

−7 7 1 0

2 −3 2 1



.
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AInd(M̂) = k = 2,

MD =




3

2
−
1

2
1 1

1
1

2

3

2

3

2

−
1

2
0 −

1

2
−
1

2

−
1

2
0 −

1

2
−
1

2




, MDA0M
D =




29

2
10 −

9

2
−
9

2

−
11

2
10

9

2

9

2

4 −4 0 0

4 −4 0 0




,

K0 =

2∑

i=1

M2−iM0M
i−1 =




−54 88 −4 6

2 148 108 98

−10 −24 −18 −18

18 −62 −28 −28



,�.

(I4 −MMD)K0(I4 −MMD) = O.>!, I�?� 2.3 �_ M̂ / DDI #T, I
S = (MD)

2
( 1∑

i=0

(MD)
i
M0M

i
)
(I4 −MMD)

+ (I4 −MMD)
( 1∑

i=0

M iM0(M
D)

i
)
(MD)

2
−MDM0M

D

=




48 −
55

4

163

4

213

4

97

4
−
57

2
−2

17

4

−17 19
1

4
−
7

2

−
27

2

15

4
−
23

2
−
61

4




,

V
M̂D =




3

2
−
1

2
1 1

1
1

2

3

2

3

2

−
1

2
0 −

1

2
−
1

2

−
1

2
0 −

1

2
−
1

2




+ ε




48 −
55

4

163

4

213

4

97

4
−
57

2
−2

17

4

−17 19
1

4
−
7

2

−
27

2

15

4
−
23

2
−
61

4




.
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M̂D

W =




3

2
−
1

2
1 1

1
1

2

3

2

3

2

−
1

2
0 −

1

2
−
1

2

−
1

2
0 −

1

2
−
1

2




+ ε




48 −
55

4

163

4

213

4

97

4
−
57

2
−2

17

4

−17 19
1

4
−
7

2

−
27

2

15

4
−
23

2
−
61

4




= M̂D.

T 3.1–3.2 h, WDDI /nu?=geH5� 3.2 (3.6)–(3.7) /. b.n9/g, TnuV�h, WDDI /	q�X9��gB�/. �f℄, Ygx9�
Z�|pa�

Z�|.

Wang 1 [21] �^9�?Z/B� (2.4). T{��/5� 3.3 h, �VAC!B�., WDDI /5G"/�^. Y�, �1Æ&�?Z M̂ /9��X
���� 3.3 _ M̂ ∈ Dn×n, Ind(M̂) = t, Rank(M̂ t) = r, M̂ /B�W (2.4) vf, V
M̂D

W = P̂

[
Ĉ−1 0

0 0

]
P̂−1, (3.14)Ch P̂ ∈ Dn×n X Ĉ ∈ Dr×r g�</., _ M̂ = M + εM0 ∈ Dn×n, Ind(M̂) = t, Rank(M̂ t) = r. M̂ /B�W (2.4). EH

N̂ t = O, V
M̂ t = P̂

[
Ĉt O

O N̂ t

]
P̂−1 = P̂

[
Ĉt O

O O

]
P̂−1.!�, p

X̂0 = P̂

[
Ĉ−1 O

O O

]
P̂−1,V�.

M̂X̂0M̂
t = P̂

[
Ĉ O

O N̂

][
Ĉ−1 O

O O

][
Ĉt O

O O

]
P̂−1 = P̂

[
Ĉt O

O O

]
P̂−1 = M̂ t,

X̂0M̂X̂0 = P̂

[
Ĉ−1 O

O O

][
Ĉ O

O N̂

][
Ĉ−1 O

O O

]
P̂−1 = P̂

[
Ĉ−1 O

O O

]
P̂−1 = X̂0,

M̂X̂0 = P̂

[
Ĉ O

O N̂

][
Ĉ−1 O

O O

]
P̂−1 = P̂

[
Ir O

O O

]
P̂−1,

X̂0M̂ = P̂

[
Ĉ−1 O

O O

][
Ĉ O

O N̂

]
P̂−1 = P̂

[
Ir O

O O

]
P̂−1.>!, X̂0 g (3.1) /�. !�, E5� 3.2 �. X̂0 = ÂD

W, l (3.14).
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§4 �����
Zhong X Zhang[17] 0�$ DGI. {���10�5GR;/ DGI.�' 4.1 _ M̂ ∈ Dn×n, AInd(M̂) = 1, V

M̂X̂M̂2 = M̂2, X̂M̂X̂ = X̂, M̂X̂ = X̂M̂ (4.1)/�g	5/. �1�C	5�� M̂ /[ DGI (u� WDGI), �p X̂ = M̂
#
W.�� 4.1 _ M̂ = M + εM0 ∈ Dn×n, AInd(M̂) = 1, V

M̂
#
W = M# + εR, (4.2)Ch R = (M#)

2
M0(In −MM#) + (In −MM#)M0(M

#)
2
−M#M0M

#., _ M̂ = M + εM0 ∈ Dn×n, Ch AInd(M̂) = 1, rank(M) = r. EH AInd(M̂) = 1,V ind(M) = 1. I�5� 2.1, �.
M = P

[
C O

O O

]
P−1, (4.3)Ch P X C gAE=/. p

M0 = P

[
M1 M2

M3 M4

]
P−1, (4.4)Ch M1 ∈ Cr×r. !�, p

Ĥ = P

[
C−1 O

O O

]
P−1 + εP

[
−C−1M1C

−1 C−2M2

M3C
−2 O

]
P−1. (4.5)I� (4.3)–(4.5), �.

M̂Ĥ = P

[
Ir O

O O

]
P−1 + εP

[
O C−1M2

M3C
−1 O

]
P−1 = ĤM̂ ,

M̂ĤM̂2 = P

[
C2 O

O O

]
P−1 + εP

[
CM1 +M1C CM2

M3C O

]
P−1 = M̂2,

ĤM̂Ĥ = P

[
C−1 O

O O

]
P−1 + εP

[
−C−1M1C

−1 C−2M2

M3C
−2 O

]
P−1 = Ĥ.>!, E5; 4.1, �_ M̂

#
W #TI M̂

#
W = Ĥ . !�, E (4.5) X

M#M0M
# = P

[
−C−1M1C

−1 O

O O

]
P−1, (4.6)

(M#)
2
M0(In −MM#) = P

[
O C−2M2

O O

]
P−1, (4.7)

(In −MM#)M0(M
#)

2
= P

[
O O

M3C
−2 O

]
P−1, (4.8)



180 q�/�>���A h 46 Æ�. (4.2).E (3.1), 5; 3.1, (4.1) X5; 4.1, 8_ WDGI g WDDI /5jzkK�, Æ�` TH5; 4.1, �1�C/g�Q�
	;Æg9�
Z/
	. {��, �V5G sr6) AInd(M̂) = 1 a, M̂ ∈ Dn×n / WDGI tg#T/.� 4.1 _ M̂ = M + εM0 =
[ 1 0

0 0

]
+ ε
[ 0 0

1 1

]
, V AInd(M̂) = 1. �P

M# =

[
1 0

0 0

]
,�I

(I2 −MM#)M0(I2 −MM#) =

[
0 0

0 1

][
0 0

1 1

][
0 0

0 1

]
=

[
0 0

0 1

]
6= O.>!, E?� 2.2 �. M̂ / DGI gÆ#T/, M̂ / WDGI g#T/. E5� 4.1, �.

R = (M#)
2
M0(I2 −MM#) + (I2 −MM#)M0(M

#)
2
−M#M0M

# =

[
0 0

1 0

]
.>!

M̂
#
W = M# + εR =

[
1 0

0 0

]
+ ε

[
0 0

1 0

]
.2 4.1 E (1.3),?� 2.2,5; 4.1X5� 4.1,8^) M̂ / DGI#Ta, M̂# = M̂

#
W.� 4.2 _ M̂ = M + εM0 =

[ 1 0

0 0

]
+ ε
[ 0 1

1 0

]
, V�. ind(M) = 1,

M# =

[
1 0

0 0

]X
(I2 −MM#)M0(I2 −MM#) =

[
0 0

0 1

][
0 1

1 0

] [
0 0

0 1

]
= O.>!, E?� 2.2 �_ M̂ / DGI #T, I

M̂# = M# + ε((M#)
2
M0(I2 −MM#) + (I2 −MM#)M0(M

#)
2
−M#M0M

#)

=

[
1 0

0 0

]
+ ε

[
0 1

1 0

]
.I�5� 4.1, �.

R = (M#)
2
M0(I2 −MM#) + (I2 −MM#)M0(M

#)
2
−M#M0M

# =

[
0 1

1 0

]
.>!

M̂
#
W = M# + εR =

[
1 0

0 0

]
+ ε

[
0 1

1 0

]
= M̂#.



2 B �\& (L� z~[ LIU Shuangzhe \:A Drazin =0*gk�_ 181E?� 2.4 �., ) AInd(M̂) = 1 a, V N̂ /	q�� O. p N̂ = εN , Ch
N ∈ R

(n−r)×(n−r). >!, ) M̂ ∈ D
n×nI AInd(M̂) = 1, ARank(M̂) = r a, #T5G�<9�
Z P̂ ∈ Dn×n, d. M̂ FW�'e:

M̂ = P̂

[
Ĉ O

O εN

]
P̂−1, (4.9)Ch Ĉ ∈ Dr×r g�</, N ∈ R(n−r)×(n−r). >!, E5; 4.1, �.

M̂
#
W = P̂

[
Ĉ−1 O

O O

]
P̂−1. (4.10){��, �+9�
Z?�

M̂x̂ = b̂, (4.11)Ch M̂ ∈ Dn×n, ARank(M̂) = r, AInd(M̂) = 1 X b̂ ∈ Dn×1.�� 4.2 _ M̂ ∈ Dn×n, AInd(M̂) = 1, ARank(M̂) = r, b̂ ∈ Dn×1, V (4.11) �V)I�)
ε(In − M̂

#
WM̂ )̂b = O, (4.12)

(In − M̂
#
WM̂ )̂b ∈ R(M̂ − (M̂#

W)#). (4.13)!�, _ M̂ /B�W (4.9) vf, P̂−1b̂ B��
P̂−1b̂ =

[
b̂1

b̂2

]
. (4.14)V (4.11) /���

x̂ = P̂

[
Ĉ−1b̂1

N †b̂2 + (In−r −N †N)y2 + εz2

]
, (4.15)Ch y2 ∈ R(n−r)×1, z2 ∈ R(n−r)×1 gS9/., _ M̂ ∈ Dn×n, AInd(M̂) = 1, ARank(M̂) = r, M̂ /B�W (4.9). 8^





In − M̂
#
WM̂ = P̂

[
O O

O In−r

]
P̂−1,

(M̂#
W)# = P̂

[
Ĉ O

O O

]
P̂−1,

M̂ − (M̂#
W)# = P̂

[
O O

O εN

]
P̂−1.

(4.16)

!�, _ P̂−1x̂ B��
P̂−1x̂ =

[
x̂1

x̂2

]
. (4.17)



182 q�/�>���A h 46 ÆE (4.14) X (4.17), F
M̂x̂− b̂ = P̂

([
Ĉ O

O εN

]
P̂−1x̂− P̂−1b̂

)
= P̂

([
Ĉ O

O εN

][
x̂1

x̂2

]
−

[
b̂1

b̂2

])

= P̂

([
Ĉx̂1 − b̂1

εNx̂2 − b̂2

])
. (4.18)>!, M̂x̂ = b̂ �V)I�)#T x̂1, x̂2, .u Ĉx̂1 = b̂1, εNx̂2 = b̂2.EH Ĉ �<, V�PF Ĉx̂1 = b̂1 g�V/.EH εNx̂2 = b̂2, V b̂2 /	q�1H O, l εb̂2 = O. !�, I� (4.14), (4.16) X

(4.17), �. ε(In − M̂
#
WM̂ )̂b = O, l (4.12). !�, ) εb̂2 = O a, #T x̂2 .u εNx̂2 = b̂2)I�) (In − M̂

#
WM̂ )̂b ∈ R(M̂ − (M̂#

W)#), l (4.13)._ (4.11) g�V/, VI� (4.14) X (4.18), �PF
x̂1 = Ĉ−1b̂1, x̂2 = N †b̂2 + (I −N †N)y2 + εz2,Ch y2 ∈ R

(n−r)×1, z2 ∈ R
(n−r)×1 gS9/. >!, E (4.17) �. (4.15).AC5� 4.2 �+��, 4.1.�� 4.1[15] _ M̂ ∈ Dn×n, Ind(M̂) = 1, b̂ ∈ Dn×1, V (4.11) �V)I�) (In −

M̂#M̂ )̂b = O.!�, (4.11) /���
x̂ = M̂#b̂+ (In − M̂#M̂)ŷ,Ch ŷ ∈ Dn×1 gS9/., _ M̂ ∈ Dn×n, Ind(M̂) = 1, ARank(M̂) = r, M̂ /B�W (4.9). EH Ind(M̂) = 1,V N = O. I� (4.18) �_, M̂x̂ = b̂ �V)I�)#T b̂2 = O. >!, I� (4.16), �_

b̂2 = O )I�) (In − M̂#M̂ )̂b = O.EH N = O, VI� (4.15), �_ x̂ = P̂
[

Ĉ−1b̂1
y2+εz2

]
, Ch y2 ∈ R(n−r)×1, z2 ∈ R(n−r)×1gS9/. I� (4.16), �.

x̂ = M̂#b̂+ (In − M̂#M̂)ŷ,Ch ŷ ∈ Dn×1 gS9/.T� [22] h, Campbell X Meyer H�$ x = M#b gOn
Z?� Mx = b (x ∈

R(M), ind(M) = 1) /	5�. T� [15] h, Zhong X Zhang I� DGI, 0�$TOn�w x̂ ∈ R(M̂ ) X Ind(M̂) = 1 �/9�
Z?� (4.11). T7�5� 4.3 h, dC WDGI0�TOn�w x̂ ∈ R(M̂) X AInd(M̂) = 1 �/9�
Z?� (4.11).�� 4.3 _ M̂ ∈ Dn×n, AInd(M̂) = 1, b̂ ∈ Dn×1,VTOn�w x̂ ∈ R(M̂ )�, (4.11)/�#T)I�)
(In − M̂

#
WM̂ )̂b = O. (4.19)
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x̂ = M̂
#
Wb̂+ (M̂ − (M̂#

W)#)ŷ, (4.20)Ch ŷ ∈ Dn×1 gS9/., _ M̂ = M + εM0 ∈ Dn×n, AInd(M̂) = 1, ARank(M̂) = r, M̂ /B�W (4.9). EH x̂ ∈ R(M̂ ), Vp x̂ = M̂ŷ. >!, 9�
Z?� (4.11) T x̂ ∈ R(M̂) On�g�V/)I�)9�
Z?� M̂2ŷ = b̂ g�V/. _ P̂−1b̂ /B�W (4.14), P̂−1ŷ /B��
P̂−1ŷ =

[
ŷ1

ŷ2

]
. (4.21)>!

M̂2ŷ − b̂ = P̂

([
Ĉ2 O

O O

][
ŷ1

ŷ2

]
−

[
b̂1

b̂2

])
= P̂

([
Ĉ2ŷ1 − b̂1

−b̂2

])
. (4.22)EH Ĉ �<, V M̂2ŷ = b̂ g�V/)I�) b̂2 = O. >!

(In − M̂
#
WM̂ )̂b = O,l (4.19).!�, _ (4.11) /On�#T, V̂

y = P̂

[
Ĉ−2b̂1

ŷ2

]
.>!

x̂ = M̂ ŷ = P̂

[
Ĉ O

O εN

] [
Ĉ−2b̂1

ŷ2

]
= P̂

[
Ĉ−1 O

O O

][
b̂1

b̂2

]
+ P̂

[
O O

O εN

][
ŷ1

ŷ2

]

= M̂
#
Wb̂+ (M̂ − (M̂#

W)#)ŷ,l (4.20).� 4.3 _ M̂ = M + εM0 =
[ 1 0

0 0

]
+ ε
[ 0 0

1 1

]
, b̂ =

[ 1
0

]
+ ε
[ 0
1

]
. 8_

M̂
#
W = M# + εR =

[
1 0

0 0

]
+ ε

[
0 0

1 0

]�I
(I2 − M̂

#
WM̂ )̂b =

([
0 0

0 1

]
+ ε

[
0 0

−1 0

])([
1

0

]
+ ε

[
0

1

])
= O,VTOn�w x̂ ∈ R(M̂) �, (4.11) /�#T, I

x̂ = M̂
#
Wb̂+ (M̂ − (M̂#

W)#)ŷ =

[
1

0

]
+ ε

[
0

1

]
+ ε

[
0 0

1 1

]
ŷ,Ch ŷ ∈ Dn×1 gS9/.
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x̂1 =

[
1

0

]
+ ε

[
0

1

]
=

([
1 0

0 0

]
+ ε

[
0 0

1 1

])([
1

0

]
+ ε

[
0

1

])
∈ R(M̂).) ŷ =

[ 0
1

] a,

x̂2 =

[
1

0

]
+ ε

[
0

2

]
=

([
1 0

0 0

]
+ ε

[
0 0

1 1

])([
1

0

]
+ ε

[
0

2

])
∈ R(M̂).�P x̂1 6= x̂2. >!, 5� 4.3 h (4.11) /On�Æ	5.) Ind(M̂) = 1 a, �P�_̂

M
#
W = M̂#, M̂ − (M̂#

W)# = O.>!, I�5� 4.3, �.7��, 4.2.�� 4.2 _ M̂ ∈ Dn×n, Ind(M̂) = 1, b̂ ∈ Dn×1, VTOn�w x̂ ∈ R(M̂ ) �, (4.11)/�#T)I�)
(In − M̂#M̂ )̂b = O.!�, ) (4.11) /On�#Ta, x̂ = M̂#b̂.

§5 #���?XR;/ DDI, �`�WDDI, .,$WDDI /5 )fJ�^. ACn9/g, SZ9�?Z7F	5/ WDDI. !�, ��?XR;/ DGI, �`� WDGI, �xCACH5�On9�
Z?��|. Y �U�9�R;</R>AC{L$�,e�.T� [16] h, ) DCI M̂ /#Ta, Wang X Gao ., M̂ #© = M̂#M̂M̂ †. >!, )
M̂ ∈ Dn×n /�Q�
	� 1 a, �1p M̂ #©

W = M̂
#
WM̂M̂

†
W, I�`�[9� core <

(WDCI).T (1.5)X (4.1)h,�VAC9�
Z?�B�.,$ WDGIXWDGI/�^.>!, s℄#T5Gq�:GFM/�|: WZAC9�
Z?�H� WDCI /�^?~�����!
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Abstract The dual Drazin inverse is an important dual generalized inverse. In this paper,

to extend it the authors introduce the weak dual Drazin inverse which is unique and exists
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dual Drazin inverse. In addition, the authors introduce the weak dual group inverse and

apply it to studying a type of restricted dual matrix equation.
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