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§1 C A?0%X�, 4�
MB:����MII:&℄S. Q4}IG��)�{, b�G��)I�%Æmg7S0so`* Z. YEI�VVm Q = (qij)(i, j ∈ Z) M>�)P,




qij = 0 (|i − j| > 1),

qii−1 = ai > 0,

qii+1 = bi > 0,

−qii = ai + bi < ∞ (∀i ∈ Z),�
��
j
�I�VVmO�S	ZI*�0�TI. :~v1I7�℄bnw, 9�#�=Vm (pij(t)) S��I, , lim
t↓0

pii(t) = 1 (YO6� i ∈ Z), �*#�VVmS�
?�jTAI (qij), , p′ij(0) = qij (YO6� i, j ∈ Z), ��j~v1I7�℄bnwU�&
b�G��). :~XM�%Æmg7 Z I�=Vm (pij(t)) (i, j ∈ Z), 9�YOjMI i ∈ Z >+ t > 0, UM ∑
j∈Z

pij(t) = 1, 
&#
+LI. YO:~h+LI�=Vm, y���I3q, ?Æmg7�
 E = Z ∪ {∂}, l�Sb>�B�:~+LI�=Vml3q, #� {∂} Sj�I “m�Q”. YO:~G��), �#_G^���>eI+i.F�l�
MBb�G��)I:&`zpn. �
jMII℄S!_{ Wang �
Yang I� [1]. :~XM�=Vm (pij(t)) IG��), 9�^o`* Z ?;^:~ σ M�#V µ, MGYO6�I i, j ∈ Z >+ t > 0, UM µipij(t) = µjpji(t), ��j~G��
� 2024 � 3 [ 30 8WE, 2025 � 5 [ 8 8WE.w{.
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Y&I. ^j�+i�, µ9�&
 QIgV#V. ^���, �
�S/ µ





µi =
a−1a−2 · · · ai+1

b0b−1 · · · bi
(i < −1),

µ−1 =
1

b0b−1
,

µ0 =
1

a0b0
,

µ1 =
1

a0a1
,

µi =
b1b2 · · · bi−1

a0a1 · · · ai
(i > 1),#� µi �3M�R µ({i}) (i ∈ Z), �*l^ $:~(`%`I�A�S	:I.YO?�TAI�VVm Q = (qij) (i, j ∈ Z), �
?-V�` Zi TA







Zi = −b0

(
1 +

i+1∑

k=−1

b−1b−2 · · · bk
a−1a−2 · · · ak

)
(i < −1),

Z−1 = −b0,

Z0 = 0,

Z1 = a0,

Zi = a0

(
1 +

i−1∑

k=1

a1a2 · · · ak
b1b2 · · · bk

)
(i > 1),�?�KQTA


r1 = lim
i→−∞

Zi, r2 = lim
i→+∞

Zi.9�?^(��M:~SM�I, �� EI�KU�&
M��K. b�G��), 9{k=�):7, y%L-V�`�gV#VjZT (;� [2]). Æmg7 Z ?y�-V�`HCD {Zi}i∈Z ?.-V�`SXMx��AI. YO:~XM�VVm Q = (qij) (i, j ∈ Z) Ib�G��) (Xt)t>0, 9�0Ok�S 1{k} (k ∈ Z), �
?x��/
 P
k(·). YO m < k < n

(m, k, n ∈ Z), Pk(ηm > ηn) �R9 k 1_IG��)6�#�F^X7D< n v&D<
m Ix�, #� ηi �RD<Æm i ∈ Z IX7%�I7. 
M

P
k(ηm > ηn) =

Zk − Zm

Zn − Zm

.~




R1 =
∑

i60

(Zi − r1)µi =
∑

i60

(Zi − Zi−1)
∑

i6j60

µj ,

R2 =
∑

i>0

(r2 − Zi)µi =
∑

i>0

(Zi − Zi−1)
∑

06j6i

µj
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



S1 = −
∑

i60

Ziµi,

S2 =
∑

i>0

Ziµi.��YO�KQ ra(a = 1, 2) Ikn, Q Feller Ikn (� [2]) K4, ; [1, §8.1, Tq 1],




Ra < +∞, Sa < +∞, �� raSq
I,

Ra < +∞, Sa = +∞, �� raS�1I,

Ra = +∞, Sa < +∞, �� raS�:I,

Ra = +∞, Sa = +∞, �� raS�3I.B*PBy~�KQ r1 � r2 [
�:I$�3II, b�G��) S	:I. zG��IS, 9� ra Sq
I$�1I, �� ra �TSM�I; 9� ra S�:I, �� ra �TS��I; 9� ra S�3I, �� ra b>SM�I, 9b>S��I. 9��KQ ra

(a = 1, 2) �M:~Sq
I$�1I, ��L�VVm Q jZTI�)U�S	:I.^���, �

� Ray-Knight N��Ib�G��)IÆmg7. �
�1{:~Yj&�)Q*q
�I��)0. ^j~h5�, b>Q� [1] � Doob �)II��`Q*ÆC.

§2 C A?0%(SQ4YO:~b�G��),0Ok�O�So`* Z ?I:~x�#V.�T:~���=Vm (pij(t)) +#�VVm (qij), t�VVmS	Z*�0�TI, �
b>sI`℄�|�n:},Tq^Æmg7 Z ?�`:~b�G��).3\, j7I:~�)�`	r^ “iXI7” 3XMx�I�F,�, Æ9��v1,. B5, �
/8Y#Q*-q. �W� [3], �
M9�Tq.): 2.1 (Doob) 9� (Xt)t>0 STA^ (Ω,F ,P) ?ILz�), ��^{:~x�g7?;^:~i&�) (X̃t)t>0, lSbkI, �*XM,�
P(X̃t(ω) = Xt(ω)) = 1, ∀ t > 0,#�, �) (X̃t)t>0 b�/z
 +∞ $ −∞.�
&�) (X̃t)t>0 
U�)I Doob bk-q. YOb�G��), �
M�S�Id�.YO:~XM�VVm Q = (qij)(i, j ∈ Z) Ib�G��) (Xt)t>0, �
/8TA

(Xt)t>0 I�v1Q τn, >d�#^�K?I*
. �
TA τ0 = 0, �* τ1 = inf{t :

Xt 6= X0, t > 0}. �
? τ1 TA
 (Xt)t>0 IO:~�v1Q. �W�VVmITA,

P
i(τ1 > t) = e−qiit,
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� (Xt)t>0 IO:~�v1QS;^I. �
? τ2 /
 τ1 v�IO:~�v1Q.�� τ2 US (Xt)t>0 IO^~�v1Q, �*�W(�T,, τ2 S;^I, >5n�. L5bu, τn Sx�TAI.D ζ 
 (Xt)t>0 I[�. YO t ∈ (0, ζ), 9� Xt−(�(�) � Xt+(N(�) U;^A� K, �
U&Id t 
 (Xt)t>0 I:~wZQ. ~ η := lim
n→+∞

τn 
 (Xt)t>0 IO:~iXQ. 3D τi SO:~\O�v1QA�SwZQIId, �� η = τi. nfM, LO
τn(n ∈ N

+) �S;^I, j> η Sx�TAI.N: 2.1 D η 
b�G��) (Xt)t>0 IX7iXI7, ��
η = inf{t > 0 : lim

s→t
|Xs| = +∞}.T D m := sup{n : τn−1 < η}. ��D�(�S

|Xη−| = lim
t→η

|Xt| ∈ N ∪ {+∞}.�W τ0 � τ1 ITA, m < ∞ j�+i|#^ X0 = 0 I_G. B
^j�+i�, τ1 S:~�v1Q, A�SwZQ. 9� m = ∞, �W η ITA, bu
|Xη−| = lim

t→η
|Xt| = +∞.G< 2.1 D (Xt)t>0 S:~b�G��). 9� r1 S�:I$�3I, r2 Sq
I$�1I, �� (Xt)t>0 I Doob bk-qTA^ Z ∪ {+∞} ?.T Doob bk-qP^iXI7b�/z
 ±∞. �
j
�I�)O�S	ZI,B5�9�ePTAIiXI7 η S;^I:YO n ∈ Z, ~ ηn := inf{t > 0 : |Xt| = n}, �* η = lim

n→+∞
ηn.Cq 2.1 't, j�� η St�)IX7iXI7.�W [1, §8.8, Tq 7], 9� r1 S�,=,

P
n(Xη− = +∞) = 1, P

n(Xη− = −∞) = 0,j�
�
P
n(lim

t→η
Xt(ω) = −∞) = 0.�
�|#*/


Nn = {ω : lim
t→η

Xt(ω) = −∞, X0(ω) = n} � N =
⋃

n∈Z

Nn.��YO t > 0,

{ω : lim
ti→t

Xti(ω) = −∞} ⊂ N ,j�
�^ r1 S�,=I, −∞ �#G! Doob -qIbk,.9� r1 SM�I, r1 |�S�3I�K. �W [1, §8.8, Tq 11], M
P
n(η < +∞ | Xη− = −∞) = 0,
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P
n(η < +∞, Xη− = −∞) = 0.B5, B r1 
M�zI, −∞ 9�#G! Doob -qIbk,. �WTq 2.1 >+

P
n(Xη− = +∞) = 1, +∞ b>�
t-q�)I:~/z.>���b>InfIe`r�.G< 2.2 D (Xt)t>0 
:~b�G��). < r2 S�:I$�3I, r1 Sq
I$�1I, �� (Xt)t>0 I Doob bk-qTA^o`* Z ∪ {−∞} ?.G< 2.3 D (Xt)t>0 
:~b�G��). <y~�K r1 � r2 USq
I$�1I, �� (Xt)t>0 I Doob bk-qTA^o`* Z ∪ {±∞} ?.F�l, Ray-Kngiht N�9j~R
��\O"�. L Ray [4] � Knight [5] r1I

Ray-Kngiht N�, S:�Y�℄bn�)Q*q
�Ie`.D F S:~N}bkIVzg7, C(F) S F ?Iv1�`g7. D S Sv1I 1-?�[�`n, ,
S = {f ∈ C(F) : f > 0, αRα+1f 6 f, ∀α > 0}.�j�u, :~ Feller �2? C(F) HCD C(F). :~ Ray TI9M{7I�I.^ F ?I:~TI (Rα) &
:~ Ray TI, 9���

(1) ∀α > 0, Rα : C(F) → C(F);

(2) S b>kp F �IQ.YO?^TAI RayTI Rα, ;^y~ Borelb#I�℄bn�2, l
U> Rα �
TIP, #�:~S�v1I, }:~SNv1I. LO;^ksQ, Ray �2b��S
Feller �2, j7:l, �v1�)U�GK
�8.YO^ (Ω,F ,P) ?XMu�b#�=�` p(t, x, dy) I�℄bn�), ;^:~ “x�” I��, 2{^:~b`*�I t zv�, ^	~ t Id, t��QU�)>x� 1 K. LO Doob -qIbk,, T� Ray-Knight N��I�) (X̃t)t>0 �� P (X̃t(ω) =

Xt(ω)) = 1, ∀ t > 0.j�-℄sI:~A�=:&I� g7, ?UlIG��)-v
:~Nv�(*XM(�T,I Ray �). /8��IS, YO:�I�℄bn�), j�':�hlqSYÆmg7�UO� IN�.^�:G�, YOb�G��), �
?�C1keg7IXs�`.

§3 C A?0%( Ray-Knight 74YO:~b�G��) (Xt)t>0, y�v&Io�, �
�Sb>?#U
^x�g7 (Ω,F ,P) ?I:~bk�). _�:~G��) (Xt)t>0, #�=Vm
 (pij(t)), �VVm
 Q = (qij), #� i, j ∈ E (Z ⊂ E * E b����,=). :�ld, LOÆmg7b����,*���;^�>eI+i, �
�/3Dt�)S+LI. �g%Æe`,�
b>y�^Æmg7 E �t1:~�Vm {∂}, ?#ke
:~+LI�=Vm.
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? P /
 P
i, ?!� E(·) /


E
i(·). X I�=�2/
 Pt,  EITIP (Rα)α>0 YO Z ?jMMK*hsI Borel�` f(·) TA


Rαf(i) := E
i

∫ ∞

0

e−αtf(Xt)dt,p�M, YO i, j ∈ Z, Pt(i, {j}) = pij(t), �*�W� [6] �I/�,

Rα(i, {j}) :=

∫ ∞

0

e−αtpij(t)dt.MI^�#C%$AI+i�, �
? Rα(i, {j}) /
 Rij(α).TIP (Rα)α>0 ^ Ray-Knight N��%�
<�I. � [1, 7] �jr1I3qeP�1{TIPVm:~q\*�oII�pn
^. YOb�G��), I��`/8-Ie)
λf = (Dµf)

+. (3.1)XsMd, f(i) S:~^o`* Z ?I�`, �*



f+(i) =
f(i+ 1)− f(i)

Zi+1 − Zi

(i ∈ Z),

(Dµf)(i) =
f(i)− f(i− 1)

µi

(i ∈ Z).�W [1, §8.2, Tq 3], e) (3.1) M:~5}P:IqI f1,λ(i) >+:~5}PdII
f2,λ(i), l
��>�,�.

(1) f+
1,λ(i) < 0 �* f+

1,λ(i) S5}PdI, f+
2,λ(i) > 0 �* f+

2,λ(i) S5}PdI. YO λ > 0, f1,λ(i)f
+
2,λ(i)− f+

1,λ(i)f2,λ(i) = 1.

(2) B*PB�KQ r1 (YEM, r2) Sq
I$h�1II,

f1,λ(−∞) := lim
i→−∞

f1,λ(i) < +∞, (3.2)

(YEM, f2,λ(+∞) := lim
i→+∞

f2,λ(i) < +∞). (3.3)

(3) B*PB�KQ r1 (YEM, r2) Sq
I$h�:II,

f+
1,λ(−∞) := lim

i→−∞
f+
1,λ(i) > −∞, (3.4)

(YEM, f+
2,λ(+∞) := lim

i→+∞
f+
2,λ(i) < +∞). (3.5)

(4) B�KQ r1 Sq
I$h�1II,

lim
i→−∞

f2,λ(i) = 0. (3.6)nfM, B�KQ r2 Sq
I$h�1II,

lim
i→+∞

f1,λ(i) = 0. (3.7)�WCq 2.1, YO n ∈ Z, TA ηn := inf{t > 0 : |Xt| = n} >+ η = lim
n→+∞

ηn, �� η US (Xt)t>0 IX7iXI7. YO α > 0, ^ Z ∪ {∂} ?TA�`
uα(i) := E

ie−αη (i ∈ Z), (3.8)
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�:I$�3II, TIPS(%I.  EI�)S(% Q �),t�)^X7iXI7 η 3x{. j7I�)I,�b>�0L�VVm Q l1T. B5, L0?�
/83qy�+i.^O:�+i�, �
3D r2 S�1I$q
I, * r1 S�3I$�:I. �W�� 2.1, t�)^Æmg7 Z ∪ {+∞} ?M:~bk-q. ^F�lIo��, �
�#.kjy~�), USd (Xt)t>0 �S�U
:~bk�).  bM, B r1 S�1I$q
I* r2 S�3I$�:II, b>�H
?^+i. >�S��I�8H�.): 3.1 YO:~b�G��) X , 9� r2 S�1I$hq
I, r1 S�3I$h�:I, �� Ray-Knight N�b>GD:~Nv�(I-q (X̃t)t>0, �*S:~
F = Z ∪ {+∞}∪ {∂} ?I Ray �).\Or�>&, �
/89�Cq.N: 3.1 ~ uα(i) TA9 (3.8). YO:~b�G��) (Xt)t>0, 9� r2 S�1I$hq
I, r1 S�3I$h�:I, ��

lim
i→+∞

uα(i) = 1.T �W [1, §8.8, Tq 11], YO i ∈ Z, M P
i(η < ∞) = 1.�3, uα(i) = E

ie−αη = E
i(e−αη;Xη− = +∞), #� Xη− �R�F^Id η I�(�. �W [1, §8.8, Tq 7, §8.4],

E
i(e−αη;Xη− = +∞) =

f2,λ(i)

f2,λ(+∞)
,#� f2,λ(i) ITA9 (3.3) jR. 
M

lim
i→+∞

f2,λ(i)

f2,λ(+∞)
= 1.�^b>r�Tq 3.1 {. ?^Cq�
�
GD:� 1-?�[�`

G := {R11i : i ∈ Z ∪ {∂}} ∪ {u1}.~ Z+
b S Z ?hsMKI Borel �`0s. �W Knight [5], ;^:~	:I�%I~�

S(G) E� Ray �, MG
(1) 9� f, g ∈ S(G), �� f ∧ g ∈ S(G);

(2) 1Z∪{∂} ∈ S(G), G ⊂ S(G);

(3) 9� f ∈ S(G), �� Rαf ∈ S(G) YO α > 0 U't ;

(4) S(G) SbkI Z+
b �* S(G) b>kp Z ∪ {∂} ∪ {+∞}. jrbk,Sd;^:~ S(G) Ib`�*, #^ Z+

b �I:}
`�A�I���� S(G).? u1(i) C:D S(G) �I�IS? {+∞} Q Z kp\. 3�, �W [8, Tq 8.25], ^
F ?;^:~Nv�(I Ray �) X̃ = (X̃t)t>0, l��>�,�

(1) Z ∪ {∂} S F I:~/I Borel �* ;
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(2) Y	~ i ∈ Z ∪ {∂} � A ⊂ Z ∪ {∂}, Rα(i, A) = R̃α(i, A), #� R̃α(i, A) S

X̃ = (X̃t)t>0 ITI ;

(3) P(X̃t = Xt) = 1, YO a.e. t (jr P(·) S
O (X̃t)t>0).�
/8(S:�
K��e�Ig7 F S Z ∪ {+∞}∪ {∂} �*� 	,��.�W Ray � S(G) Ibk,, b>/:~b`I (^:}
`�A�I) /��*
S0 = {fk} ⊂ S(G), * u1 ∈ S0. LO S(G) �kp Z ∪ {∂} �IQ, j> S0 9��D. 3�y�>�ePTAVz d

d(m,n) =
∑

k

2−k |fk(n)− fk(m)|

1 + ‖fk‖
(n,m ∈ Z ∪ {∂}).D F S Z ∪ {∂} 
Oj~VzI�
�g7. LOVz d SMKI, j> F SNI, �*

S0 �I	~ fk 
Oj~VzUS:}v1I. /*� S̃0 := {f̃ : f ∈ S0}, #� f̃ S f ^
C(F) �Ikf, 
 S̃0 �kp F �IQ. LO P(η < ∞) = 1 * X̃ SNv�(I.B5, YO f ∈ S0, M

lim
t→η

f̃(X̃t) = f̃(X̃η−).L f̃ ITA, M
f̃(X̃η−) = lim

t→η
f(X̃t).B
 Xt ^D<Æm n+ 1 &:T#T� n, 


lim
t→η

f(Xt) = lim
n→+∞

f(n).

Ray �) X̃ I,���
P(f̃(X̃t) = f(Xt)) = 1 (YO a.e. t).LO S̃0 �.k F �IQ, ;^:~Z�IQ ξ /∈ Z A ξ ∈ F, MG
f̃(ξ) = lim

n→+∞
f(n) = lim

n→+∞
f̃(n).j9��, F ?�~^ Z ?I� Q Z �E{�, Q\ ξ = +∞. YO ξ I	:,, b>y�br`l�C. j7U�'{Tq 3.1 Ir�.^j�+i�, �
?N��t1D Z ∪ {∂} �IZ�Q/
 {+∞}. jSB
�
3D r2 S�1I$q
I. x�Md, ^j�+i�, �) X̃t �#S^.7 (r1, r2) �I:�k=, �*>x� 1 �	D< r2.^O^�+i�, �
3D�KQ r1 � r2 US�1I$q
I, 
M9�H�.): 3.2 YO:~b�G��) (Xt)t>0, 9�y~�KQ r1 � r2 US�1I$hq
I, Ray-KnightN�r�{:~Nv�(-q (X̃t)t>0, l^ F = Z∪ {∞}∪{∂}$h F = Z ∪ {+∞,−∞}∪ {∂} ?S:~ Ray �).�
MI�{o� {∞} � {+∞,−∞} IUB?^���1. QTq 3.1 Ir�nf, X�/8:~Cql�`:� 1-?�[�`.
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�H��*J Ray-Knight O 195N: 3.2 D uα(i) � (3.8) TA. YOb�G��) (Xt)t>0, <y~�K r1 � r2[
�1I$q
I, ��
lim

i→+∞
uα(i) = lim

i→−∞
uα(i) = 1.T �W [1, §8.8, Tq 7, §8.4], YO α > 0, M

uα(i) = E
i(e−αγ ;Xγ− = +∞) + E

i(e−αγ ;Xγ− = −∞) = 1−
f1,λ(i)

f1,λ(−∞)
−

f2,λ(i)

f2,λ(+∞)
,#� fa,λ(i), fa,λ(+∞) (a = 1, 2) TA9 (3.2) � (3.3). Y?^e)y�/(�, <W (3.6)� (3.7), tCqGr.O^�+i�M:&�{I�G/8F�. ^O^�+i�, 3Dq�, (+∞) �s�, (−∞) US�1I$hq
I. q~&�TqIr�, b>^Dkeg7Q 1-?�[�`�I2bxF 
. 9�2b 1-?�[�`�

G = {R11i : i ∈ Z} ∪ {u1(i)},?^Cq�
�, ^q�,�s�,3I u1(i) XM {Iz, AfT8$UOg7�t1:~'IQ. ^j�+i�, Io� {∞} l�Rj~'IQ. 3\, ^ 1-?�[�`�
{R11i : i ∈ Z} ⊂ G�b�;^:~�` si(k). Dt1Iy~Q
 {+∞} � {−∞}, ��l
b>�j~�` si(k) k\, j�
�

lim
k→+∞

si(k) 6= lim
k→−∞

si(k).2b�` si(k) := R11i(k) ∈ G,

lim
k→+∞

si(k) =

∫ ∞

0

e−tPt(+∞, {i})dt, (3.9)

lim
k→−∞

si(k) =

∫ ∞

0

e−tPt(−∞, {i})dt. (3.10)�
b>^D, B*PBYO i ∈ Z∪{∂},M Pt(+∞, {i}) = Pt(−∞, {i})I, G �`kp {+∞} � {−∞}. ^j�+i�, kf�Ig7S F = Z ∪ {∞} ∪ {∂}. 9�YO i ∈

Z∪{∂}, Pt(+∞, {i}) = Pt(−∞, {i})�'t, 
kf�Ig7
 F = Z∪{+∞,−∞}∪{∂}.O 4 G�Io�?�#.kUO�)�N��INv�(-q�). ^�{+i�,kf�IÆmg7UI F �R.

§4 Doob A?0%(-PO,;1M
Ray-Knight N��
�
r�:�9x�AVqIb�G��)Ie`, K#St�)^�K3I*
. Ray �)S Feller �)I:n�8I�
. Q Feller �)I:~�	�{Q^O, b�#1� lim

t→0
Pt(x, {x}) < 1 j�+i. j7IQ x ∈ F �&
ksQ, \ P0(x, ·) 
S x 3Iks#V. ^ Feller �)� Hunt �)��#1�ksQ. <W
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Ray �)�Ij&x�, �
M{:�&j�MIePl�`:~	�Ib�G��),, Doob �).

Doob(Q, π) �)Ix�b!_ [1, §2.3]. x�Md, :~ Doob(Q, π) �)�
�^	7iXI7v�, t�)#�W:~Q:k�4g�'Q:Æmg7. j~Q:k�S^Æmg7 E = Z∪{∂} ?I:~x�#V π. j�^iXI7��1�.TAIe`SL
Doob ^� [9] �r1I. �
�j7I�K&
 Doob (�K. j��&
 “�F” I-℄^XMksH�INv1(�T�)��
dEI (;� [10]).�^_�:~b�G��), #�VVm
 Q = (qij) (i, j ∈ Z), >+(%�)ITIVm Rij(α) (α > 0). 
{? Ray �)QUO�).k\l, �
? Ray �)I�2/
 P̃t, Ray �)ITIP/
 R̃α(i, {j}). 8��IS, jr�/8 P̃t S+LI, 9USd, t�)#^�,V3� “>e”.): 4.1 ~ ν S:~ Z ∪ {∂} ?Ix�#V. X = (Xt)t>0 S:~b�G��)*|M:~�1I$q
I�K r2. ��, >��XSK4I:

(1) X S:~ Doob(Q, ν) �) ;

(2) {+∞} S:~ksQ�*ks#VS P̃0(+∞, {k}) = νk, k ∈ Z ∪ {∂} (^�1r��, ?9/
 Z∂).T B X = (Xt)t>0 |M:~�1I$q
I�K r2 I, ~ η SX7iXI7. LO
η S:~ F̃t-xI, 9USd
O (Ft)(t>η) b#.L Ray �)I(�T,, y� Dynkin �Pb>GD

R̃α(i, {j}) = Rij(α) + E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt
]
.jr δi,j S Kronecker /�, ,9� i = j, �� δi,j = 1, #k+iz
 0. ~ uα(i) =

E
ie−αη, 9 (3.8). LTAbu

E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt
]
= E

i
[
e−αη

E
Xη

( ∫ +∞

0

e−αtδXt,jdt
)]

= E
i(e−αη

E
i[R̃α(Xη, {j})|Fη−])

= uα(i)
∑

k∈Z∂

R̃α(k, {j})P̃0(+∞, {k}).
Oks#V P̃0(+∞, {k}) 'k, b>^D
∑

i∈Z∂

R̃α(i, {j})P̃0(+∞, {i})

=
∑

i∈Z∂

P̃0(+∞, {i})Rij(α) +
∑

i∈Z∂

P̃0(+∞, {i})uα(i)
∑

k∈Z∂

R̃α(k, {j})P̃0(+∞, {k}).j�
�
∑

k∈Z∂

R̃α(k, {j})P̃0(+∞, {k}) =

∑
k∈Z∂

P̃0(+∞, {k})Rkj(α)

1−
∑

k∈Z∂

P̃0(+∞, {k})uα(k)
.
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�H��*J Ray-Knight O 197�W [1, §8.5], �
b>GDTA^ Z∂ ∪ {+∞} ?I Doob(Q, π) �)YEITIS
R̃ij(α) = Rij(α) + uα(i)

∑
k∈Z∂

πkRkj(α)

γ +
∑

k∈Z∂

πkuα(k)
, (4.1)jr uα(i) TA9 (3.8) �* γ S:~hsL`. �W Ray-Knight N�I,� (2), �
I {I/��R Doob(Q, π) �)Q Ray �)ITI. y�ÆC, bG

P̃0(+∞, {k}) =
πk∑

k∈Z∂

πk + γ
:= νk, (4.2)

P̃0(+∞, {∂}) =
γ∑

k∈Z∂

πk + γ
:= ν∂ . (4.3)F�l, 3D X = (Xt)t>0 S:~ Doob �), �* {+∞}S:~ Doob (I�K, Q:k�S (πk)k∈Z∂

, TIVm9 (4.1). ���W i → +∞ I, Rij(α) = 0,

lim
i→+∞

R̃ij(α) = lim
i→+∞

Rij(α) + uα(i)

∑
k∈Z∂

πkRkj(α)

γ +
∑

k∈Z∂

πkuα(k)

=

∑
k∈Z∂

πkRkj(α)

γ +
∑

k∈Z∂

πkuα(k)
.LTII,�, M

lim
α→∞

αR̃α(+∞, j) = πj 6= δ+∞,j, (4.4)j> +∞ S:~ksQ. ℄7MI Dynkin �P, b>GDks#VS νk. Tq 4.1 Gr.Tq 4.1 !YI��`Qy� Ray-Knight N� (4.2)–(4.3)Q*Ix��`Q*{ÆC. }�y�+ib�nfeP3q. �
?^Tq 4.2 Ir���1�{I�G. /8��IS, ^>�+)�, �Wbk-q, Doob �)STA^ Z∂ ∪ {+∞,−∞} ?I. 9��)^ {−∞} IQ:k�
 (µk), {+∞} IQ:k�
 (νk), �
U/
 Doob(Q,µ, ν)�), #� (µk) � (νk) 73S Z∂ ?Ix�#V.): 4.2 ~ ν S:~ Z∂ ?Ix�#V. TA^ Z∂ ∪ {∞} ?I X = (Xt)t>0 S:~b�G��)*My~�1I$q
I�K. ��, >��XSK4I:

(1) X S:~ Doob(Q, ν, ν) �) ;

(2) {∞} S:~ksQ�*ks#VS P̃0(∞, {k}) = νk.T D X = (Xt)t>0 S^ Z∂ ∪ {∞} ?Ib�G��), *XMy~�1$q
I�K. D η 
t�)IX7iXI7. /
u(1)
α (i) = E

i(e−αη;Xη− = −∞), u(2)
α (i) = E

i(e−αη;Xη− = +∞), (4.5)�*
uα(i) := E

i(e−αη) = u(1)
α (i) + u(2)

α (i).



198 a�3���℄�A ) 46 Y^j�+i�, k=�I� g7S Z∂ ∪ {∞}. �W(�T,� Dynkin �P, Ray�) X = (Xt)t>0 ITIP��
∑

k∈Z∂

R̃α(k, {j})P̃0(∞, {k}) =

∑
k∈Z∂

P̃0(∞, {k})Rkj(α)

1−
∑

k∈Z∂

P̃0(∞, {k})uα(k)
. (4.6)D Φij(α) 
 Doob(Q, π, τ) �)ITIP. LOk=�Ig7P^ Z∂ �t1{:~Q, j�
�

lim
i→+∞

Φij(α) = lim
i→−∞

Φij(α).y�.hTIPI(�,|M^ πk = τk I+i�, j&u= �GD��. gg (4.4), b>r� {∞} S:~ksQ.F�l, y� Ray-Knight N�lÆCI��`�x��`v7I!`. �W [1, §8.6,Tq 1], D γ 
:~hs%`, �
b>GD Doob (Q, π, π) �)ITIP
R̃ij(α) = Rij(α) + ξα(i)

∑
k∈Z∂

πkRkj(α)

γ +
∑

k∈Z∂

πk(ξ(k)− ξα(k))
, (4.7)#� ξα(k) = d(u

(1)
α (k) + u

(2)
α (k)) �* ξ(k) = d

(
r2−Zk

r2−r1
+ Zk−r1

r2−r1

)
= d (d S:~hsI%`). ÆC (4.6) Q (4.7), M

P̃0(+∞, {k}) =
πk

∑
k∈Z∂

πk +
γ

d

:= νk, (4.8)

P̃0(+∞, {∂}) =

γ

d∑
k∈Z∂

πk +
γ

d

:= ν∂ . (4.9)Tq 4.2 r�.��:�+i^I��`e�b�#�1q\. b>y�x��`lpPj&!`:TI�A.): 4.3 D X = (Xt)t>0 S^ Z∂ ∪ {+∞,−∞} ?Ib�G��), *XMy~�1$q
I�K. π(1) � π(2) S Z∂ ?y~�{Ix�#V. ��>��XSK4I:

(1) X S:~ Doob(Q, π(1), π(2)) �) ;

(2) {+∞,−∞} USksQ�*ks#V P̃0(−∞, {k}) = π
(1)
k , P̃0(+∞, {k}) = π

(2)
k .T MITq 4.1 �I/�, �W(�T,� Dynkin �P,

R̃α(i, {j}) = Rij(α) + E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt;X(η−) = −∞
]

+ E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt;X(η−) = +∞
]
.
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E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt;X(η−) = −∞
]

= u(1)
α (i)

∑

k∈Z∂

R̃α(k, {j})P̃0(−∞, {k}), (4.10)

E
i
[
e−αη

∫ +∞

η

e−α(t−η)δXt,jdt;X(η−) = +∞
]

= u(2)
α (i)

∑

k∈Z∂

R̃α(k, {j})P̃0(+∞, {k}). (4.11)/ P̃0(−∞, {k}) 
 P
(1)
0 (k), / P̃0(+∞, {k}) 
 P

(2)
0 (k), YO k ∈ Z∂ . MIQTq 4.1 r��nfI-), / [fg]i = f(i)g(i), bG

R̃α(i, {j}) = Rij(α) + u(1)
α (i)A1(P

(1)
0 , P

(2)
0 ) + u(2)

α (i)A2(P
(1)
0 , P

(2)
0 ), (4.12)#�

A1(P
(1)
0 , P

(2)
0 ) =

(1− P
(2)
0 u

(2)
α )[P

(1)
0 (k)Rkj ]j + P

(1)
0 u

(2)
α [P

(2)
0 (k)Rkj ]j

(1− P
(2)
0 u

(2)
α )(1− P

(1)
0 u

(1)
α )− P

(1)
0 u

(2)
α · P

(2)
0 u

(1)
α

, (4.13)

A2(P
(1)
0 , P

(2)
0 ) =

(1− P
(1)
0 u

(1)
α )[P

(2)
0 (k)Rkj ]j + P

(2)
0 u

(1)
α [P

(1)
0 (k)Rkj ]j

(1− P
(2)
0 u

(2)
α )(1− P

(1)
0 u

(1)
α )− P

(1)
0 u

(2)
α · P

(2)
0 u

(1)
α

. (4.14)YO:~ Doob(Q, π(1), π(2)) �), π(1) � π(2) [
 Z∂ ?Ix�#V. �W� [7], b>GDt�)ITI
R̃α = Rα + (u(1)

α u(2)
α )(I−Tα)

−1

(
[π(1)Rα]

[π(2)Rα]

)
, (4.15)#� (Tα)ab = π(a) · u

(b)
α . ��D u

(1)
α (∂) = u

(2)
α (∂) = 0, b>�1YO6� k ∈ Z∂ , y�ÆC (4.13) � (4.14) bu

P̃0(−∞, {k}) = π
(1)
k , (4.16)

P̃0(+∞, {k}) = π
(2)
k . (4.17)#�8�H�J
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Abstract According to the work of Wang and Yang, birth and death processes were charac-

terized completely by an analytic construction. In this article, Ray-Knight compactification

is applied to describe birth and death processes after the first flying time probabilistically.

Additional states are introduced to transform a birth and death process into a Ray process,

making the behavior of the process more intuitive. In particular, the boundary conditions

of Doob processes, a large class of bilateral birth and death processes, will be characterized

in terms of branching distributions in Ray processes. Meanwhile a comparison to analytic

construction in the work of Wang and Yang will be made.
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