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ℓp ;7Z. Max-NH/9∗b^a1 `�_2DQ � X q Y Æ�SJBO9�. ykj� f : X → Y R$
max{‖f(x) + f(y)‖, ‖f(x) − f(y)‖} = max{‖x+ y‖, ‖x− y‖}, x, y ∈ X,�� f Æ max-D56,. '�	[� ℓp (p > 2) 9�
�4s
R max-D56,D56�r℄[BO6,, �(}D5n� ε : X → {−1, 1}, 
2 ε · f Æ℄[BO6,. �5`1'Æ�℄4 Wigner?>}� ℓp 9� (p > 2) �4,h. 7�z(!HB�[$�P} ℓ1 9�, ��}o�24 ℓ∞ 9�Æ��D4.48- Max-D56,, D56,, D56�, Wigner ?>, Mazur-Ulam ?>
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§1 SO6T)XC� X p Y 
RI8�, f, g : X → Y 
i�, xj'|\ZC4m� ε : X → T, 	1
f(x) = ε(x)g(x), x ∈ X,f� T |��u3lL;n0 {−1, 1}; |T�u3lL;n0 {c ∈ C : |c| = 1}, �� fp g 
C45�3.i� f ��0C45+, xjfQ#

{‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = {‖x+ y‖, ‖x− y‖}, x, y ∈ X ;xji� f Q#
min {‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = min {‖x+ y‖, ‖x− y‖}, x, y ∈ X, (1.1)��f0 min-C45+�xji� f Q#
max {‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = max {‖x+ y‖, ‖x− y‖}, x, y ∈ X,��f0 max-C45+. =p, i� f 
C45+Æp
 min-C45+p max-C45+,G��\>�C.
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202 ��T�d�/�A � 46 -�\3 Wigner >=
G ES�S��3<~�,�|:=SpG =O3\ZJungKhk. ��G ES�B8FiF�, fV%
$^#&")3 Hilbert 8�-��_0gK3NAN8��
. �GI38�|G :=S��W�ue�Z3�{,&E, � Wigner >=+g.�<_gK38��=1l0�Z. 6 [1–2]� , Wigner >=��|6xH Hilbert 8��	a�.CÆ3\<i�. [&
�, Cq Hilbert 8�
H,K, i� f : H → K Q#

|〈f(x), f(y)〉| = |〈x, y〉| (1.2)-k!- f C45�q\ZAN}b(AN5+. |6 [3] �, Maksa p Páles � , |�
Hilbert 8�3l:;, &l�yu5�4_�Z f Q# (1.2), � f 
\ZC45+.f#, ^)Wigner>=, Cq� Hilbert 8� H p K, i� f : H → K 
\ZC45+-k!- f C45�q\ZAN5+. �Y&��\Zt!p38"�CqN Hilbert8�3RI8�, (Y3�O
Pt�C�\�;�, 9V2NQ�3l:, f0CqNQ�3l:'|GA, Ax� f : R → ℓ2

∞
Q#- x > 0 �, f(x) = (x, sinx); - x < 0 �,

f(x) = (−x,−sinx). Huang p Tan [4] �%|w Lp-8��kQC45+3��>=7>|)H�Z8", ��| X 
 CL-8�, Y 
rb Banach 8�3%�; [5] _�_\�8, - X 
fw8��, Y 
rb3 Banach 8��, 6 [6] ℄ H7>3|).  ��
Ilǐsević, Omladič p Turnšek|6 [7] �&ljYzk Mazur-Ulam >=3�Zp6 [6] �3�O�OC�Z8"℄ H�737>|). |6 [8] �, Huang p�69\&��ZH�Z�OCqQ3 min-C45+[
�C3. ��Z|�3V%�j|�z3%�;(Y�C. pE, |6 [9] �3GA� \�l:;, min-C45+�\>
C45+, f#[�bC45�qAN5+.|�6�, &�VCK\Z!p38"��HKo�| (1.1) �� min {� max, [&
xj2N max-C45+bP1.(Y3�O��63�O�Z, &� ℓp(Γ) 8�.K\Z ℓp(∆) 8��3rbQ max-C45+- p > 2 �C45�q\ZAN5+, #�j(�[�ZH�Y3 max-C45+[
C45+. |6�[' GA�Z�Z�O|
p = 1 p p = ∞ 
��C3, �	
n?1[
��C3.

§2 \P1>6BWA|�6�, 2N3A
��u|3RI8�. � X p Y 
RI8�, �V3+4mWO�	0 SX p SY . Æ� Γ 
N8���, 8� ℓp(Γ) >d0
ℓp(Γ) =

{

x =
∑

γ∈Γ

ξγeγ : ‖x‖ =
(

∑

γ∈Γ

|ξγ |
p
)

1
p

< ∞, ξγ ∈ R

}

,�? eγ : Γ → R 
\Zm�, k eγ(γ) = 1, eγ(γ
′) = 0, ∀γ′ ∈ Γ, γ′ 6= γ. CU\Z

x =
∑

γ∈Γ

ξγeγ ∈ ℓp(Γ), 9V� x 3
�	0 Γx, �
Γx = {γ ∈ Γ : ξγ 6= 0}.



2 e  �
 M�� ℓp 9��4 Max-D56, 203�Y, x 4_�VH� x =
∑

γ∈Γx

ξγeγ . Æ���� Γ1 ⊂ Γx, `TQo x|Γ1 ��v� x ?�| Γ1 |, �
x|Γ1 =

∑

γ∈Γ1

ξγeγ .C�n x, y ∈ ℓp(Γ), xj Γx

⋂

Γy = ∅, �� x ��q y, 	0 x ⊥ y.9V�<�~\Zno3�j, ��ZUY*8���3 max-C45+
\Z+3�g3�	I3p�Uh%3i�.R= 2.1 � X , Y 
�3UY*RI8�. xj f 
& X . Y 3Q3 max-C45+, � f 
	I3�+3gi�. !�8, Crb3 x ∈ X , λ ∈ R, n f(λx) ∈

{λf(x),−λf(x)}.V �<, �Z f 
	I3. L y = x, mq f 
 max-C45+, �n
2‖f(x)‖ = max{‖f(x) + f(x)‖, ‖f(x)− f(x)‖}

= max{‖x+ x‖, ‖x− x‖} = 2‖x‖.`T, Crb3 x ∈ X , n ‖f(x)‖ = ‖x‖. f#, f *n	IN�. f%, �Z f 
g3.f0 f 
Q�, �M� f(y) = −f(x) 6= 0. mq f 
	I3, �n
2‖x‖ = 2‖f(x)‖ = max{‖f(x)− f(x)‖, ‖f(x) + f(x)‖}

= max{‖f(x) + f(y)‖, f(x)− f(y)}

= max{‖x+ y‖, ‖x− y‖}.f0 X 
UY*3, d y = ±x. - y = x �, �s f(x) 6= 0 SD. f# f(−x) = −f(x),� f 
g3. pv, �Z f 
+3. L f(x1) = f(x2) 6= 0, �n
‖2x1‖ = ‖2f(x1)‖ = max{‖f(x1) + f(x2)‖, ‖f(x1)− f(x2)‖}

= max{‖x1 + x2‖, ‖x1 − x2‖}.(Yf0 X 
UY*3, &E41 x2 ∈ {−x1, x1}. hk f 3gi�N�, 41 x2 = x1,�_ f 
+�. %v, Cqrb3 0 6= x ∈ X , λ ∈ R. f0 f 
 max-C45+, �n
max{‖f(x) + f(λx)‖, ‖f(x)− f(λx)‖}

= max{‖x+ λx‖, ‖x− λx‖}

= max{|1 + λ|‖x‖, |1− λ|‖x‖}

= (1 + |λ|)‖x‖.mq f *n	IN�, �
max{‖f(x) + f(λx)‖, ‖f(x)− f(λx)‖} = (1 + |λ|)‖f(x)‖f0 Y 
UY*3, � f(λx) ∈ {λf(x),−λf(x)}.xj X , Y �
UY*3, `Tg= 2.1 3�O�\>�C. ;W'A "M�Z.



204 ��T�d�/�A � 46 -? 2.1 �i� f : l1 → l1 >d0
f(x) =







x, x /∈
∞
⋃

i=2

{ei},

ei−1, x = ei (i > 2),� f 
\ZQ3 max-C45+, , f 
�
+3, [�
g3, �k[�
C45+. #., f �C45�qrr\ZAN5+.V �<, X� f 
Q3 max-C45+. =p f 
Q�. f�3l:
=p3, �QX�\�l:, �Cqrb3 x ∈ l1 k x /∈
∞
⋃

i=2

{ei} p j > 2,

max{‖x+ ej‖, ‖x− ej‖} = 1 + ‖x‖

= max{‖x+ ej−1‖, ‖x− ej−1‖}

= max{‖f(x) + f(ej)‖, ‖f(x)− f(ej)‖},f# f 
Q3 max-C45+. =p, f 
�
+3, [�
g3, k
{‖f(e1)− f(e2)‖, ‖f(e1) + f(e2)‖} = {‖e1 − e1‖, ‖e1 + e1‖} = {0, 2},pE {‖e1 − e2‖, ‖e1 + e2‖} = {2, 2}, d f �
C45+. K., f0

f(2e2) = 2e2 /∈ {2e1,−2e1} = {2f(e2),−2f(e2)},�_ f �4bAN5�qrr\ZAN5+.;W3g=
^)6 [10, Theorem 3.2.2] � Clarkson �5�1.3�j.R= 2.2 � x, y 
 ℓp(Γ) �3FZ�(3v�, 1 6 p < ∞, p 6= 2, �n
‖x+ y‖p + ‖x− y‖p > 2(‖x‖p + ‖y‖p), p > 2p

‖x+ y‖p + ‖x− y‖p 6 2(‖x‖p + ‖y‖p), 1 6 p < 2-k!- x ⊥ y �, 5o�C.;W3g=
m&l max-C45+3	IN�pg= 2.2 1.3�j, ���H|
ℓp 8�� (p > 2) max-C45+	��N3N�.R= 2.3 xj f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, `T- p > 2 �, Cqrb3 x, y ∈ ℓp(Γ), n

x ⊥ y ⇔ f(x) ⊥ f(y).V �ON. Crb3 x, y ∈ ℓp(Γ), f0 x ⊥ y k f *n	IN�, �_
‖x+ y‖p = ‖x− y‖p = ‖x‖p + ‖y‖p = ‖f(x)‖p + ‖f(y)‖p.- p > 2 �, mq f 
Q3 max-C45+, �n

max{‖f(x) + f(y)‖p, ‖f(x)− f(y)‖p} = max{‖x+ y‖p, ‖x− y‖p} = ‖f(x)‖p + ‖f(y)‖p.



2 e  �
 M�� ℓp 9��4 Max-D56, 205m#41
‖f(x) + f(y)‖p + ‖f(x)− f(y)‖p 6 2(‖f(x)‖p + ‖f(y)‖p).pmg= 2.2, 4�
‖f(x) + f(y)‖p + ‖f(x)− f(y)‖p > 2(‖f(x)‖p + ‖f(y)‖p).�n
‖f(x) + f(y)‖p + ‖f(x)− f(y)‖p = 2(‖f(x)‖p + ‖f(y)‖p).�sg= 2.2 3�O�41. f(x) ⊥ f(y).ÆZN. mg= 2.1 a�, f−1 [
 max-C45+. mq f(x) ⊥ f(y), � f−1 #{ f ,s�ON(=1�.KE 2.1 |g= 2.3 �, xj- 1 < p < 2 �, f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, `TC x, y ∈ X , 9V��0 x ⊥ y ⇔ f(x) ⊥ f(y) 
P�C.R= 2.4 xj f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, `T- p > 2 �, '|\Z�� τ : Γ → ∆, 	1Crb3 λ ∈ R, n f(λeγ) ∈ {−λeτ(γ), λeτ(γ)}.V f0 f 
Q�, �Crb3 λ ∈ R p δ ∈ Γf(eγ), '| x ∈ X , 	1 f(x) = λeδ. mq f 
	I3, d ‖x‖ = λ. Crb3 γ′ ∈ Γ, k γ′ 6= γ. ^)g= 2.3, 4�

f(eγ) ⊥ f(eγ′) ⇒ f(x) ⊥ f(eγ′) ⇒ x ⊥ eγ′ .�b3� x ∈ {−λeγ , λeγ}, f#, mg= 2.1,Crb λ > 0, An f(λeγ) = {−λeδ, λeδ}. d
Γf(eγ) 
+;�. >d\Z�� τ : Γ → ∆ Q# τ(γ) = δ. >|9V��Z τ 
��. <�Z τ 
+�. L τ(γ1) = τ(γ2), mg= 2.1, 4� τ 
+�. {�Z τ 
Q�. G�, Æ�
τ �
Q�, �'| δ′ ∈ ∆, 	1 δ′ /∈ τ(Γ). f0 f 
Q�, �'| z ∈ X , 	1 f(z) = eδ′ .^)g= 2.3, 4�

f(z) ⊥ f(eγ) ⇒ z ⊥ eγ , ∀γ ∈ Γ.�b3� z = 0. pE, �s ‖z‖ = ‖eδ′‖ 6= 0 SD, f# τ 
Q�.;W3g=
FZ� ℓp (p > 2) 8���3 max-C45+3��>=.R= 2.5 � f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, τ : Γ → ∆ 
g= 2.4 �3��, �k p > 2, `TCrb x =
∑

γ∈Γ

ξγeγ ∈ ℓp(Γ), An f(x) =
∑

γ∈Γ

ητ(γ)eτ(γ), Q#
|ξγ | = |ητ(γ)|, C�n3 γ ∈ Γ.V mg= 2.1, f *n	IN�, dn f(0) = 0, �k, Cq�n3 λ ∈ R p x ∈ ℓp(Γ),An f(λx) ∈ {−λf(x), λf(x)}. f#!Q2N+4mW|3v� x, 	 x =

∑

γ∈Γx

ξγeγ , f� ∑

γ∈Γx

|ξγ |p = 1. ^)g= 2.3, 4�Crb γ′ /∈ Γx, n f(x) ⊥ f(eγ′). f#, 4_	
f(x) =

∑

γ∈Γx

ητ(γ)eτ(γ), f� ∑

γ∈Γx

|ητ(γ)|
p = 1. Crb γ ∈ Γx, mq f 
 max-C45+, 4
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max{‖f(x) + f(eγ)‖

p, ‖f(x)− f(eγ)‖
p}

= max{‖x+ eγ‖
p, ‖x− eγ‖

p}

= max{(1− |ξγ |
p + |ξγ + 1|p), (1− |ξγ |

p + |ξγ − 1|p)}

= 1− |ξγ |
p + (|ξγ |+ 1)p.K\LW, mg= 2.4, 4� f(−eγ) ∈ {−eτ(γ), eτ(γ)}, �n

max{‖f(x) + f(eγ)‖
p, ‖f(x)− f(eγ)‖

p}

= max{(1− |ητ(γ)|
p + |ητ(γ) + 1|p), (1− |ητ(γ)|

p + |ητ(γ) − 1|p)}

= 1− |ητ(γ)|
p + (|ητ(γ)|+ 1|)p.�sFZ� , �n

1− |ξγ |
p + (|ξγ |+ 1)p = 1− |ητ(γ)|

p + (|ητ(γ)|+ 1)p.- p > 2 �, m� ϕ(t) = (1 + t)p − tp | [0, 1] |
UY+=:�. f#, Crb γ ∈ Γ, n
|ξγ | = |ητ(γ)|.;W3�j�Z ℓp 8��3Q3 max-C45+*n<�4
3N�.R= 2.6 � f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, �k p > 2, �Cqrb3
x, y ∈ ℓp Q# x ⊥ y, '|FZ�� α(x, y), β(x, y) ∈ {−1, 1}, 	1

f(x+ y) = α(x, y)f(x) + β(x, y)f(y).V Cqrb3 x, y ∈ ℓp Q# x ⊥ y, mg= 2.3, 4� f(x) ⊥ f(y). ^)g= 2.5, Crb x, y ∈ X , 	
f(x+ y) = f(x+ y)|Γf(x)

+ f(x+ y)|Γf(y)
.m f 
 max-C45+, �n

max{‖f(x+ y)|Γf(x)
+ f(x)‖p + ‖f(y)‖p, ‖f(x+ y)|Γf(x)

− f(x)‖p + ‖f(y)‖p}

= max{‖f(x+ y)|Γf(x)
+ f(x+ y)|Γf(y)

+ f(x)‖p,

‖f(x+ y)|Γf(x)
+ f(x+ y)|Γf(y)

− f(x)‖p}

= max{‖f(x+ y) + f(x)‖p, ‖f(x+ y)− f(x)‖p}

= max{‖x+ y + x‖p, ‖x+ y − x‖p}

= max{‖2x+ y‖p, ‖y‖p} = ‖2x+ y‖p = ‖2x‖p + ‖y‖p. (2.1)&E41
max{‖f(x+ y)|Γf(x)

+ f(x)‖, ‖f(x+ y)|Γf(x)
− f(x)‖} = ‖2x‖.f0 Y 
UY*3, 41 f(x+ y)|Γf(x)

∈ {−f(x), f(x)}. � (2.1) � f(x) #{0 f(y), (=�1 f(x+ y)|Γf(y)
∈ {−f(y), f(y)}.;W3>=
9V�Z3�j.
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 M�� ℓp 9��4 Max-D56, 2070= 2.1 � f : ℓp(Γ) → ℓp(∆) 
Q3 max-C45+, k p > 2, `T f C45�q\ZAN5+.V ^)R~a=, '|\Z�s L ⊂ ℓp(Γ), 	1Crb3NIv� x ∈ ℓp(Γ), '|/\3 y ∈ L p^Z λx ∈ R, 	1 x = λxy. >d g : ℓp(Γ) → ℓp(∆), Q# g(0) = 0 k
g(x) = g(λxy) = λxf(y), x = λxy ∈ ℓp(Γ),� g 
s=3, �k g 
h%3. mg= 2.1, g p f 
C45�3.f#�MÆ� f 
h%3. e> γ0 ∈ Γ, � Z := {x ∈ X : x ⊥ eγ0}. ^)g= 2.6, �Crb z ∈ Z, n

f(z + eγ0) = α(z)f(z) + β(z)f(eγ0), α(z), β(z) ∈ {−1, 1}. (2.2);W�ZCrb 0 6= z ∈ Z p 0 6= λ ∈ R, n
α(z)β(z) = α(λz)β(λz). (2.3)f0 f 
h%3, �QZ�ZCq Z 3+4mW|3;, (2.3) A�C�4. twaX�

f(λz + eγ0) = λα(λz)f(z) + β(λz)f(eγ0), α(λz), β(λz) ∈ {−1, 1}. (2.4)Crb z ∈ SZ , m (2.2) p (2.4), f0 f 
 max-C45+, �n
max{|λ+ 1|p + 2p, |λ− 1|p}

= max{‖λz + eγ0 + z + eγ0‖
p, ‖λz + eγ0 − (z + eγ0)‖

p}

= max{‖f(λz + eγ0) + f(z + eγ0)‖
p, ‖f(λz + eγ0)− f(z + eγ0)‖

p}

= max{‖β(λz)f(λz + eγ0) + β(z)f(z + eγ0)‖
p,

‖β(λz)f(λz + eγ0)− β(z)f(z + eγ0)‖
p}

= max{|λα(λz)β(λz) + α(z)β(z)|p‖f(z)‖p + ‖2f(eγ0)‖
p,

|λα(λz)β(λz) − α(z)β(z)|p‖f(z)‖p}

= max{|λα(λz)β(λz) + α(z)β(z)|p + 2p, |λα(λz)β(λz) − α(z)β(z)|p}.�b3�Crb z ∈ SZ , 0 6= λ ∈ R, n
α(z)β(z) = α(λz)β(λz).f#, (2.3) �C.�� (2.3), >d\Zi� g : X → Y , Crb z ∈ Z p 0 6= λ ∈ R, Q#

g(z) = α(z)β(z)f(z), g(z + λeγ0) = g(z) + λf(eγ0).m (2.3) p (2.4) 4�, g C45�q f . f#, g [
 max-C45+. a� g 
h%3, �_ g 
\ZQ�. K\LW, Crb x, y ∈ SZ , n
max{‖g(x) + g(y)‖p, ‖g(x)− g(y)‖p} = max{‖x+ y‖p, ‖x− y‖p},
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max{‖g(x) + g(y)‖p + 2p, ‖g(x)− g(y)‖p}

= max{‖g(x+ eγ0) + g(y + eγ0)‖
p, ‖g(x+ eγ0)− g(y + eγ0)‖

p}

= max{‖x+ y‖p + 2p, ‖x− y‖p}.f#, Crb x, y ∈ SZ , n ‖g(x) + g(y)‖ = ‖x+ y‖. pf0 g [
g3, �n
‖g(x)− g(y)‖ = ‖g(x) + g(−y)‖ = ‖x− y‖, x, y ∈ SZ .mq g
h%3,&E41Crb3 x, y ∈ Z, ‖g(x)−g(y)‖ = ‖x−y‖. d g : ℓp(Γ) → ℓp(∆)
\ZQ5+. Mazur-Ulam >=�ZH g 
\ZAN5+.|�6�, 9V�ZH| ℓp (p > 2) 8��, Q3 max-C45+ f C45�q\ZAN5+, f#�Y3 max-C45+��|
C45+. ,
, - p = ∞ �, 1�.|��O, �	
n?13[�M.? 2.2 � f : l

(2)
∞ → l

(2)
∞ 
Q�, f� l

(2)
∞ = (R2, ‖ · ‖∞).>d

f(x) =



































x, x /∈
{(1

2
,
1

2

)

,
(

−
1

2
,
1

2

)}

;

(

−
1

2
,
1

2

)

, x =
(1

2
,
1

2

)

;

(1

2
,
1

2

)

, x =
(

−
1

2
,
1

2

)

,� f 
 max-C45+, , f �
C45+, Ek f [�C45�rr\Z5+.V �<�Z f 
 max-C45+. O 4 �l:�
(1) � x, y /∈

{(

1
2 ,

1
2

)

,
(

− 1
2 ,

1
2

)}

, m f 3>d, n
max{‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = max{‖x+ y‖, ‖x− y‖}.

(2) x =
(

1
2 ,

1
2

)

, y =
(

− 1
2 ,

1
2

)

, 41
max{‖f(x) + f(y)‖∞, ‖f(x)− f(y)‖∞} = 1 = max{‖x+ y‖∞, ‖x− y‖∞}.

(3) x = (ξ1, ξ2), y =
(

1
2 ,

1
2

) k x /∈
{(

1
2 ,

1
2

)

,
(

− 1
2 ,

1
2

)}

, n
{‖f(x) + f(y)‖∞, ‖f(x)− f(y)‖∞}

=
{∥

∥

∥
(ξ1, ξ2) +

(

−
1

2
,
1

2

)∥

∥

∥

∞

,
∥

∥

∥
(ξ1, ξ2)−

(

−
1

2
,
1

2

)∥

∥

∥

∞

}

=
{∥

∥

∥

(

ξ1 −
1

2
, ξ2 +

1

2

)∥

∥

∥

∞

,
∥

∥

∥

(

ξ1 +
1

2
, ξ2 −

1

2

)∥

∥

∥

∞

}

(2.5)k
{‖x+ y‖∞, ‖x− y‖∞}

=
{
∥

∥

∥
(ξ1, ξ2) +

(1

2
,
1

2

)
∥

∥

∥

∞

,
∥

∥

∥
(ξ1, ξ2)−

(1

2
,
1

2

)
∥

∥

∥

∞

}

=
{
∥

∥

∥

(

ξ1 +
1

2
, ξ2 +

1

2

)
∥

∥

∥

∞

,
∥

∥

∥

(

ξ1 −
1

2
, ξ2 −

1

2

)
∥

∥

∥

∞

}

, (2.6)
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max{‖f(x) + f(y)‖∞, ‖f(x)− f(y)‖∞}

= max{‖x+ y‖∞, ‖x− y‖∞}.

(4) l: x = (ξ1, ξ2), y =
(

− 1
2 ,

1
2

) k x /∈
{(

1
2 ,

1
2

)

,
(

− 1
2 ,

1
2

)} 3�Z4_<� (3) 3�Z.|� 4 �l:�Z f 
 max-C45+.|l: (3) �n ξ2 > ξ1 > 0, �& (2.5) p (2.6) 4_0 f �
\ZC45+.%v�Z f �C45�qrr\Z5+, Æ� f C45�q\Z5+ g, [&
�'|C4m� ε : X → {−1, 1}, 	1 g = ε · f 
\Z5+, �Cq x =
(

1
2 ,

1
2

)

, y = (1, 1),

θ1 = ε(x) p θ2 = ε(y), n
1

2
= ‖x− y‖ = ‖g(x)− g(y)‖ =

∥

∥

∥
θ1

(

−
1

2
,
1

2

)

− θ2(1, 1)
∥

∥

∥
=

3

2
.�ZSD�Z f �4bC45�qrr\Z5+.,�:�I�L
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Abstract Let X and Y be real normed spaces. A map f : X → Y is called a max-phase-

isometry if

max{‖f(x) + f(y)‖, ‖f(x)− f(y)‖} = max{‖x+ y‖, ‖x− y‖}, x, y ∈ X.

It is shown that every surjective max-phase-isometry between two real ℓp (p > 2) spaces is

phase-equivalent to a linear isometry, that is, there is a phase function ε : X → {−1, 1} such

that ε · f is a linear isometry. This can be regarded as a generalization of the well-known

Wigner’s theorem to real ℓp-spaces where p > 2. This paper also provides counterexamples

to show that this conclusion does not hold in ℓ1-spaces and even in finite-dimensional ℓ∞-

spaces.

Keywords Max-phase-isometry, Phase-isometry, Phase-equivalent, Wigner’s

theorem, Mazur-Ulam theorem
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