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8 1.109 Fermat BEH IR 2(2) + ¢°(2) = 1 WWEEREEN f(2) = cos(h(2)),
9(z) = sin(h(2)), HA h(z) HEBBREL HAEHAMIE X008 & EU#.

HIZ )5, 55T Fermat B ET 2 KL B XML FTEIE T EH IR E
WS, 3 HERS T EMABER. B, Yang™ 3 &R a(2)f"(2) + b(2)g™(2) = 1
FHH T(r,a(z)) = S(r, f), T(r,b(2)) = S(r,9)) WHEERBMHLT T HF5, MIEH T HIEH
Bon,m WE L+ L2 <18, R IR (H R o6 SR

5 A B Nevanhnna EA AR LR, 51T RE2EEX Fermat B 5 J7 2
B R R (SOTEZE R B BUBFAE. 2004 4F, Yang M Lil'2 Xt Fermat #5472
P2+ (L())? = 1 BB R BT T 35T, 58] Tid e A

k=0
Fermat B & #5772

L))’ =1 (1.2)
R R BN f(2) = 5(pe?* + jem™%), p € COMIEEHEL N HRELLTHRX

zn:bm Zbk = —l.
k=

2015 4F, Liu 1 Dong '3 BF5E T By Fermat BIE M TH2 (af +0f)2 +(cf+df")? =1
B R T2 R R, H R a,b,¢,d € C R HHE, BB T @2 1.3,
I 1319 & abc,de CHEME F f(2) WEWMSHR
(af +bf)2 + (cf +df")* =1 (1.3)
TR AT 20 R B, U f (=) FTRAZIE A LA TR A Z —:
()& a=0¢c=0,b#0, d#0, N f(z) = &sinh (L2 - A)+ B, A, BeCH
HAE.
(it) & a,bc,d BAKREH € =i(12%), M f(2) = De~t= + <4 Hdrpe C HH
¥, D eC HIEFTHEH
(ili) Ha=0, b#0, c#0, N f(z) = 2td
A, BeC HgEH.
2019 4E, Han A1 Ll Xf Fermat BIE M2 f2(2) + (f'(2))? = e +F % s ¥
BT T BER, A2 N4
FIE 1.4 Fermat BE #4 T E
P2+ (f1(2)? = e P (1.4)
W ERERN f(2) = esin(z +b), a = 0, BF f(2) = de™=", H o,8,b,d € C H
(d+2d)* =1,

(=)

(522 —A) + B, H d+ il =0,
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F—J7H, —8E 2 TAEATE Fermat BUE g FRGUBMIG T KREEEXHE
BT RR.

Khavinson Rl AR M EMN TR 2 + f2 = 17 THF9E, SFHIEM T %
BRI R BUR— B R A, B, LiltS17) 3P Fermat B WIS T2 2 + f2 =
eI Ml f2 + f2, =p (Hrg,p & C* EWZTR) MEREMIEIT T U5, 4 TR
fREIZIE TR, FLE R AS% 3 [16-17).

2021 4F, Chen I Xul'8! BT Fermat BIE MM HTFE (arf + azf:)* + (asf +
asfs,)? = 1 BB 7 BB R BUR, 53 TR e

T 1.5 % a1, 09,03, a4 J& C_EWIAIEREFHL WE MW 77

(arf + aof2)? + (asf + asfz,)® =1 (1.5)
BB 55 B R R BB (21, 22) TU%J@?@L‘J—F%EEZQ:
() fo1,) = ke g e (i),
(i) f (21, 22) = W QLD i LB e (e,

Hrf L(2) = a121 + asze, an =182, ap = —igt, 0, B € C N {H.

HIFE B, FEE Nevanlinna 24 HIRHEL, B % Fermat BIE Z 0 R
SZE|T gy se. Ll SEHTEHSES TR (F(2)2+ (fz+0)? =11
B E SRR f(2) = sin(z +iA), HF A € C HHEEL ¢ = 2knr & ¢ = m + 2k,
k REE. Xu Ml Caol®) il £45 & Nevanlinna Z54)Hi8, BFE T E WM B0 2
f2+ 2z + 1,2 + @) = 1 WA FHEBIERER, FHIEW T RA 7 R g
RERA [(21,22) = sin(Az1 + Bz + H(z2)), HHt A, B € C HHEHKRE 4% = 1,
AeiAertBea) = 1 H (z9) WALET 20 FZHRH H(22) = H(22 + c2).
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Z VA LR IR I B R, A SCWHFSE T Fermat BUE 5 2
(aof + arf 4+ aaf")” + (bof +bof +baf”)* =1 (2.1)
W 75 BB BB, 0, 0: (0 = 0,1,2) & C B E WS R

apg a1 a2
A= , rank(A) =2
bo b1 b2

a2 ap ag al ‘

PULBATFIR Do =y 0| Di= 4 o bo b1 |

BT I ERGR, 18 Ll(f) =aof + alfl +aaf”, La(f) = bof +bof +baf”. FTXHHBL
8 L1(f), La(f), Do, D1, Dy 5 LR E X —3K, ZJFAHE——Ui .

Xt —ME i o R

(La(f)™ + (L))" =1 (2.2)
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B 75 R R BT 5, A m,n A IEEEL R mon AEBY 2, IAHF L TIE
e

() ZFEEH mn R L +1 <1, f Yang M QZERFTHL W Li(f) = 1, La(f) = o,
c1,00 € C HHEHE "+ =1.

i) ZEm>n=18&n>m=1 2% m>n=1H, 80T [19, Theorem 1.2] {J
WERA, J115 m(r, (Lo(f))') = S(r, f), BR f 2EBEREE, W (L(f) A2,
Lo(f) BAHETR, Lo(f) HZTR, XEHK (L))" + Lo(f) = 1 IR Lo(f). La(f) 7
REAHE. FBEAR, 2 n>m =18, Li(f), L2(f) BE K HE.

(iii) & m =n=1, MHFRE (2.2) BN (aof +arf +azf”) + (bof +bif +baf”) =1,
Bl af +8f +~f" =1, Hf a=ag + by, 8 = a1 + b1, v = as + bo.

gi L ()-(iil) ATHL, 205R m, n ARIESY 2, IATTRE (2.2) ATRLEHGARFSE Li(f) =
Ml Lao(f) = co BT TR R EUR, X HE c1,c0 € C HHE BT EHE 2.1 BYIEH,
AMERFR] Ly (f) 1 La(f) B AR ER M. FI, ASCEERR m =n =2 WHEL, BIHF
FITE (2.1) WA 55 9 B o U0

BRBINTFEE Do # 0, WBLHMT 2B,

E 2.1 #oa;,b (1=0,1,2) F C EWFHEL Do #0 H aras +bibe #0. & f(2) &
Jrfe (2.1) WA 5T FomBUE AU, W f(2) WTAZIE B L FIBERZ —

(i)

£ = acPt* + (o),
ag + b
H o e CHIEFRHE, DI = DoDo.
(if)

Dy 1 _Dy i i
f(z):eDOZ(ﬁ/e DéZ(Ale_Qll«J)1Z+C1+A2€251Z_Cl)dz+02)?
0

HH 1,00 € C HEBEHE, A1 = by +ias, Ay = by — lag, E = —2(a1az + biba),
D2 — 2D, E(a3+b3)— D> E?
1= 1Dy :

T T A BRI T, HE—25 U B 2.1 oAy 5 G B R SO 7
Bl 2.1 HEHE
(FHPP (-2 =1.
WA R AT, TR Do = =2, D1 = 2, Dy = =2, E = —4, {2 D} = DoD», H
D3 # 2B DaB” e 0.1 (1) FREITE R, 5% %07 BRI 5 ST U R KR
H

£ = £ L2,

XHE o e CHIEFHEL
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Bl 2.2 HERIE

(f=f ="+ (F+Vof + 1) =1
MK T8 Do = V51, Di= =2, Dy = VB +1, B = —2(VB+ 1), iR
D? = DyDy H. D? = 2Bt =DaB? gpugesgm o1 (i) fl (i) HRAITER, AAEEEIZ

0

T REHR 97 P U R R N

£ =¥ 2 L2,
Hoft 0 € C WAERAEL Sk

F(2) = cre= 5t B \/521(1 +V5) 0, | 5 \/5_2411(1 +VB) 0,
Hor o100 € C AERHHL

R 2.1, R fTAT LA S F oL

Wit 2.1 D} # DoD; H D} # 2D G e (2.1) WAHA I
R KR

Bl 2.3 HEITE

(F+f 2+ (F =i +if)? = 1.
H D} # 2B DaB g it 2.1 W, 7 RS AT T 55 RO B R

B TREIE Do = 0 BN, REATRATHEITRE (aof +arf')* + (bof +b1f')* =1
B 95 %A R o R, AR AR BN e B

EIE 22 Wab(i=01)J&C LWHEL Dy #0. 5 f(2) BHE
(aof +arf')* + (bof +b1f')* =1 (2.3)
WA 95 R R U, W aoar = —bobr,
f(z) = 2D,
Hrfce C HIEERE
TS —AMI) T, BE— 2000 FE 2.2 o 25 S M bR B A TR TE .
Bl 2.4 HIEITE

bg—i b —i
(b1 +ia)ert =14 4 (by —dag)e et *70),

=P+ (F+1)72=1
RIEREL f(2) = e #he 4 LHel=me g M — A TR B R E#, XE ce C
AR HE R
MR8 2.2, HEEV R FHER.
HI® 2.2 H aoar + bob1 # 0, MITTHE (2.3) WA H 957 P B R B
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Bl 2.5 HRITE

(f +if)? +(f - 2if")? =1
BIWHM aoar +bobi = —1# 0, FIAEIR 2.2 W R, ZI7REBCH A 77 It BB ok KU
EHE 2.1 MR 2.2 IR T AR (2.1) B 55 OO ok O8I0 X T2 (2.1) B9
Tog5 P ARE R KU, BATH T 4L,
EH 2.3 Ba,bi(i=0,1,2) 2 C LMW & D7 = DoDo, IATTHE (2.1) AL

§3 #Bx3[E

TR BAE 2 B A IR B R R B R A A

SIEE 3.1047° R f o C LRWAiEE, f SHSEE S AHEREEEKE,
o(1) = o). IS B HERTLAGRRL, o A PRI T2 lim L)
+00.

5138 3.2021722 Bk F J& C" ERPEREL, F(0) # 0, p(nr) = p < 00, p(nr) Fm F 1)
T HHESHS, TALE O LAEAe— A IOREEEE fr A g, BT F(2) = (=)0 ).
FreAH, 24 n =18, frJ& Weierstrass HLAISRFH.

glﬂ 3.3 ﬁﬂ%@ﬁ g Fl hJ& C _ERVIERRL, g(h) R— T HETRBRE A XA

(1) IZI%I h RZHR, plg) < +oc.

(2) BEL h ANZIK, p(h) < +00, p(g) = 0.

§4 ZEIBHVIEER
§4.1 FIE 2.1 §YEEH
UE R f 2T (2.1) WA ITREBEE KB, TEXT Li(f) WS B #E T 5 R
8% 1 Li(f) =m € C HHEL
H7HE (2.1), W Lo(f) 2 C EoyEE. AREERIX La(f) = n2, n2 € C HFHEL N
nt+n5 = 1. ¥ Li(f), Lo(f) J&FF, Bl

aof +arf' +aof” =m, (4.1)
bof +b1f' + baf" = mp. (4.2)

FERE] Do # 0, BAL (4.1) F (4.2), _I’
fr= (b2771 —agnz2 + D1 f), (4.3)
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1= Di(aﬂh —bim + Daf). (4.4)
0
Xt (4.3) PIESSRPIRT, 15
" o__ Dy "
=t (4.5)
XF (4.4) IR —IRT, 15
"no__ Dy ’
"=t (4.6)
¥ (4.4) RN (4.5), (4.3) fRN (4.6), B AR
DO(b()nl — CLQT]Q) =0. (47)

% Do # 0, FFLk b — aome = 0. 11 (4.3), # Dy =0, W f HREUD FBET 1 2
X, X5 f EBOFIE, i D1 # 0. B Dy = asby — agbs # 0, HET ag, by AREF B HE.
Foag £ 0, M = 2. FEEE R 403 = 1, AR a3 03 # 0,18 = i, 1 =
#bo # 0, FRERT af + 08 0,18 = i, 08 = i
2 _ a(% 2 _ bg
2+ P @4

HAA (4.3), 15

at + b2
Hr o e CHIEFRHE B f(2) A (44), /TF
D? — DoDo %z .
Oé(lT)e 0" =0. (48)

BT a#0, fflk D? = DoD>. HATEITIESN D1 # 0, T Do # 0.
8% 2 Li(f) Ak C LRyEEL
FR (2.1) WTURE R
{L1(f) +ila(f)HLa(f) —iLla(f)} = 1. (4.9)
ERE [ NEFREBIEREL W24 Li(f) +iLla(f), Li(f) — ilo(f) WA Z AN E.
513 3.2-3.3, BAFE—TIEFENZIR p(2), F1F Li(f) +iL(f) = €, Li(f) —
iLo(f) =e7?, FEMAH

aof +anf +anf’ =TT (4.10)
bof +buf +baf’ = & _Qie_p (4.11)
7 (4.10) 1 (4.11), 75
f = 2—;0{(172 +ias)e? + (b —ias)e P} + g—;f, (4.12)
= 2—1170{—(171 +ia1)e? + (—by +iar)e P} + g—zf- (4.13)
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XF (4.12) FILIELERIRE, 1%

£ = o (a4 3a) (@1 4 "0 + O =) (1 ")+ PEF% (414)
XF (4.13) IR —IR 7, 1%
= 2%)0{_((’1 +ia1)e? — (=by +iar)e PIp’ + g—if’- (4.15)
B (4.13) FRN (4.14), (4.12) RN (4.15), FRESLTE
e2p11 — 12’ (416)
g
1y = {(bo + ia) () + (01 + i)+ (ba +ia)p” = D (0 +ian) = D20 + ) .
Iy = {(b2 — ia2)(0')? — (b1 — i)y’ — (b2 — ia2)p" - g—;wl —ia1) - %2@2 ~iaa)}.

THEHWE: L =01 =0. &M, # L #0, #13E (4.16), 7[5 e = . Ffi] Nevanlinna
P—RAEHEKGIE 3.1, A T(r,e®) = O{T(r,p)}, WAERGERE—4 Lebesgue WA
RGBS, WX RT ER. R o RHBUERE, T p HIEHENZ I, FH513H
3.1,

T(r,e?)
oo T(r,p)
FIFRA T(r,e?) # O{T(r,p)}. HI LdBWE: 1, =0, [, =0 oL #HmMA

D D .
(bg +iag)(p')? + (b1 +ia1)p’ + (ba +ia2)p” = D—l(bl +iay) (bg +iaz), (4.17)
0

2

_l’_ P—

Dy
. /N2 . / . Vi Dl . D2 .

(be —ia2)(p')* — (b1 —ia1)p’ — (ba —iag)p” = D—O(bl —iap) + D_O(b2 —iag). (4.18)

H1 (4.17) B0 (4.18) WILAHEWTH o/ WA HAE. 2 p/ RAFAE W (4.17) A (4.18) B9
e AR TR, WAL RER, BRXEFIE, Bk p' HRFHE XEH p Kl
B2, W p HEEAN—R BT RERIE p' = A, A € CHIERWEL & AL = by +iay,

B1 = by +1ia1, Ay = by —iag, By = by —iaq, %B/é\ (417) | (418) ﬂ‘l«‘}ﬂ/’(:‘ﬁ'?y
D1B; + D2 Ay

= +OO,

AN+ B = : (4.19)
Dy
D1By + DyA
AoN2 — By = %, (4.20)
0

/%\ E = —A1B2 — A2B1 = —2(a1a2 + b1b2). j@ a1ag + b1b2 7& 0, El] E 7& 0 E;é)_‘[. (419) iﬁ]

(4.20), AHERFS
_ D2E — 2D1((I% + b%)

2
A DyE ’
21D,
A=— T
2T A A
2 2\ _ 2
D% _ 2D1E(a1 + bl) DQE ' (421)

4Dy
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X P = A = ~ 2P, Rl p(z) =~z e K e € C HERWHL RN
(4.12) FTUABCE K

, 1 _ D,
= —{AeP + Ase™ P} + — . 4.22
f 2D0{ 1 2e P} Dof (4.22)

i (4.22) f#i5

D 1 D i i
f(z) = eD—éZ(ﬁ /e—D—éZ(Ale—%zm 4 Age B EO)dy 4 cQ),
0

HA 1,00 € C HEFHE, A1 = b + iag, Ay = by — ias.
i b, B 2.1 R
§4.2 WIE 2.2 BIEHH
I R f BT (2.3) WA SFHBEBIEREUR. R aof + ar f WEAE, Nk

aof +arf ' =m, meC (4.23)
A2/ (2.3), ATH bo f + by f/ W HAHAE, &
bof +b1f =mn, meC. (4.24)

FH i +n3 = 1. TEF] Dy = apgby — axby # 0, B (4.23) F1 (4.24), f#15 f A [ ¥ HRE
B BRXYE fEBOFE, 8 aof +arf ARAFHE BT EHE 2.1 88 2 MUEH, £
HEHIZIHK p(z2), H15

el +e7?

aof +arf = 5 (4.25)
bof +huf = S (4.26)
7. (4.25) il (4.26), H
£ = oo (b +ian)e? + (b — i) 7, (4.27)
F= 2%2{—(1)0 T ia0)e? + (—bo + iag)e P} (4.28)
Xt (4.27) RS, BEE (4.28), v15
e®{(by +ia1)p’ + bo +iag} = {(by —iay)p’ — by +iap}. (4.29)
KT 2.1 FHEIE 2 (WIEEA, 715
(b1 +1ia1)p" + by + iag = 0, (4.30)
(by — ia1)p — bo + iag = 0. (4.31)
K2,
,_ —(bo+iao) _ by —iao w3)

by +iay - by —iay’
HE—L TG agar = —bobr. AR p(z) = P2z 4 ¢, Horft c € C HERWEL b (4.27),
Gk

1 bo—iag
F(2) = =—((by + iay)emi=m =*

b —i
" 2D, + (b —dag)e” B ),
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gi L, w22 JEE
§4.3 FIE 2.3 §93F8R
W MIFIBGIEYE, Bk f 27 (2.1) WRTFSB R BUR, RO T 22 2.1 IR,
Lyi(f) 5 PiRMEIB #4775 .
&R 1 Li(f) =m € C HHEL
TR (2.1), AXMERE] Lo(f) = ne WHHHL A
aof +arf +asf"” =m, (4.33)
bof +bif' +baf" =na, (4.34)
XE n,meC R 9T+ =1
HRSZ (4.33) H1 (4.34), 2 AHZE 7, [P UK f W75

Dif — Dof" = naaz — mbz, (4.35)

Dof = Dof" = mbi —maax (4.36)
D93

Do f" — D1 f" = maap — mbo. (4.37)

THEE: Do # 0, D1 # 0, Dy # 0.

# Do =0, i1 DoD2 = D} B[4l Dy = 0. XA K rank(A4) = 2, FrAMIH Dy # 0.
MR, MR (4.36) FIH f BB, X7 ER, B Do # 0. # D1 =0, i Do # 0, i84%
(4.35) WA f 2 C ERBUNTEET 1 WETR, BARXWET G, BFi D #0. |1k
RIIHTAIEN Do # 0, D1y # 0. F45G DoDy = DY AI3HTE: Do # 0, D1 # 0, D2 # 0 BAL.

Xt (4.35) PR S:, WA

Dyf' = Dof" =0,

15 f(2) = arePo” + By, Hodt a1, B € C RWRCH a1 # 0. ¥ f(2) AN (4.33), H30 w75

1, ragD2 + ay DD, + ayD?
oo (ao 0+a1D02 1+ a2 1)+aoﬁ1=771- (4.38)
0

Hh DoD, = D3, FrLA (4.38) A8 Ky

Dy, D D D

aleD(l) &0 0+a1 1+@2 2 +a051:771. 4.39
D
0

) HE R FE AR, WIS aoDo + a1 D1 + aa Dy = 0, AB4AH (4.39) F[1% aofy = m. K

I3, K f(2) FRN (4.34), T8 by = mo. R 02 + 03 = 1, FFLL (a3 + 0387 = 1, T
B = (gt )™ IRATER —FETE T R i BB

Dy, 1 3
= D, _ .
) = o™ + (L)

BUE f(2) RAETFREBBERE X5 f(2) TTRTE.
&% 2 Li(f) ™A C LRHEL
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BT Li(f) ARER R4 Lo(f) WANFE RI\EEE 1.1 774, FEETEEE
B h, 818 Li(f) = cosh, La(f) = sinh, B

aof + arf' + asf” = cosh, (4.40)
bof + bif + bof” =sinh. (4.41)

IRA7 (4.40) F (4.41), SA5RE R 7, f Y f AT1S
D1 f — Dof' = agsinh — by cos h, (4.42)
Dyf — Dof" = by cosh — ay sinh (4.43)

K
Do f' — Dy f" = agsinh — by cos h. (4.44)
THEX Do #4720

B 2.1 Dy=0.
BN DoDy = D3, FtLA Dy = 0. 1 (4.42) F[45 ay = by = 0. XF K rank(A) = 2, N
WA D2 # 0. [FAR}, (4.43) AfRAERE

Dy f = by cosh — ay sinh, (4.45)
(4.44) ATLARE K
Dy f' = agsinh — by cos h. (4.46)
XF (4.45) RS H
Dy f' = (—=bysinh — ay cos h)h/. (4.47)
BEST (4.46) F (4.47), A7
(ag + bih') tanh = by — a1l (4.48)

H R h HAEFEB R, BT ER 2.1 1R 2 fiEH,  (4.48) 45
ag+bih =0, by—ah =0.

T Do #0, B4 ar, by FEEFR %, BEFHA a1, by SR IS

(i) 24 a; =0, by 0. AN by —arh’ =0, FFh b = 0. XHN Dy # 0, FFLA ag # 0,
HETT B = — o, YRS b & C B —RZ I

(it) 24 a1 #0, by = 0. FH a + b1l =0, FrLh ag = 0. XEN Dy # 0, BrLh bo # 0,
P B = 2o, PLAR R AL b R C R —R BT

(i) 24 a1 #0, by # 0. W 1/ = —42 = Lo FEPREH b 2 C Li—RETR.

gi b ()-(iil), TRHERE L & C Ll —RETR. RYRYE h(z) = kiz + e, Hoft
=2 HH k=2 WH k== e CHIEBRWH

H1 (4.45) fR15

b
fz) = D—12 cos(k1z + ¢1) — g—lz sin(krz + c1),
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B f(z) BREFFREBRERE, X5 f(2) BEFRFE.

B 2.2 Dy #0.

Hi (4.42), W15

1
fr= D—{H1+D1f}- (4.49)
0
H1 (4.43), "] 1%
1
"= D_{H2 + sz}, (4.50)
0
v cosh a ay cosh
ﬁ% Hl = ‘sinh bz |’ H2 = |b11 sinh |
Xt (4.42) PR S, W18
D1 f' — Dof" = (ag cos h + bysinh)h'. (4.51)
Y (4.49) I (4.50) RN (4.51), TR/
(Dia2 + Doay + Dobgh/) tanh = D1by + Doby — Doash’'. (4.52)
RPAT B 2.1 HIEE 2 BIEH, B (4.52) AJ15
Dias + Doai + Dobsh’ =0,  Diby + Doby — Dyash’ = 0. (4.53)

BT Do # 0, BT az, bo NEEFIESAE. THEIRXT ag, by LR

(i) 24 a2 = 0, by # 0 B, | (4.53), [ boD1 +01Dg =0 H W' = — 3, SLHIEREL h
& C LW —RZ T

(i) 24 by = 0, a5 # 0 B, Hi (4.53), 73 azD1 +arDo = 0 H W' = 2 BLHTRERE
& C LW —RZ T

(ifi) 2 az # 0, by # 0 B, iy (4.53), T b’ = — Drghpeer — DUEERR, 35 B B H
h & C ERy—RZIA.

g b (1)-(iid), ATRVEREL h A — KRB AR h(2) = koz+ co, AT by = — 42,
S ko = L, B ky = —DaprDon _ Db ) e C RIERAEL

H (4 49) TS

F2) = ane 4 B0 con(h 4 ) 4 LR

KL 05,00 € C HERWEL WA /(o) (PRAFRBRBRE, K5 () RFEFSE.

Zrl, H 2.3 JEEE.

sin(k2z + ¢2),

2 £ X M
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On Entire Solutions of the Complex Differential
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Abstract In this paper, the authors investigate the precise expression form of transcen-
dental entire solutions of finite order to the Fermat-type differential equation (aof + a1 f’ +
asf")? + (bof + b1 f' + baf”)? = 1 by making use of the Nevanlinna theory and ordinary
differential equations, where a;,b; (i = 0,1,2) are constants in C. In addition, the authors

also give several examples to illustrate the existence of solutions to the equation.
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