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§1 B�>���?Bh}r Nevanlinna uR�*>7�R�op{�?* [1−5], h�mm� T (r, f)��um� m(r, f)���m� N(r, f) (�~�) p)m� S(r, f) = o{T (r, f)}
(r → +∞, r /∈ E), U{ E wG℄U\$4�C�, J� Nevanlinna ;G�I{�?*.:�, R ρ(f) Æv='m�7f��, ρ(f) ?M�

ρ(f) := lim sup
r→+∞

log+ T (r, f)

log r
.
VSFN, Nevanlinna uR�*>I�gM:PRY>� Fermat /m�N"�V�RN"�VR�RJ�V�RN"7nm�� (z='m��) 7+
4{. 1927 P,

Montel[6] z)>�5 Fermat /m�N"
fn(z) + gn(z) = 1, (1.1)	w$, 2pn� n > 3 q, DU�^nm� f(z), g(z) A� (1.1). st, Baker[7] p

Gross[8−9] R�A0:EN" (1.1) 7='m���3>�, �^$5�U='m��7%v1t. ��:,
N" (1.1){,2pn� n = 2q,N" (1.1)�w� f2(z)+g2(z) = 1,
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212 ��<�Q�!�A � 46 ��* 1.1[10] Fermat /m�N" f2(z) + g2(z) = 1 7nm��� f(z) = cos(h(z)),

g(z) = sin(h(z)), U{ h(z) �dLnm�, Z�+
U	1t7nm��.�(st, eY Fermat /m�N"�UgM1t7%e>�OW5iN��G;h7e�, �Z_65T�7 j. .h, Yang[11] EVm�N" a(z)fn(z) + b(z)gm(z) = 1

(U{ T (r, a(z)) = S(r, f), T (r, b(z)) = S(r, g)) 7nm���35>�, 	qG52pn� n,m A� 1
n
+ 1

m
< 1 q, XN"DUQ�u7nm��.[(�q, Nevanlinna uR�*>7Jg, OW5�G;hE Fermat /V�RN"7nm�� (z='m��) 7>�. 2004 P, Yang p Li[12] E Fermat /V�RN"

f2 + (L(f))2 = 1 �^nm���35>�, �64�~?*.�* 1.2[12] n b0, b1, · · · , bn ∈ C ���Z bn 6= 0, n �pn�, L(f) =
n
∑

k=0

bkf
(k), e

Fermat /V�RN"
f2 + (L(f))2 = 1 (1.2)7�^nm��� f(z) = 1

2

(

peλz + 1
p
e−λz

)

, p ∈ C �Q8��, λ A�J�9t
n
∑

k=0

bkλ
k =

1

i
,

n
∑

k=0

bk(−λ)k = −1

i
.

2015P, Liup Dong [13]>�5IÆ Fermat/V�RN" (af+bf ′)2+(cf+df ′′)2 = 17�^='m��, U{ a, b, c, d ∈ C ��u, �64h�?* 1.3.�* 1.3[13] n a, b, c, d ∈ C ��u, j f(z) �V�RN"
(af + bf ′)2 + (cf + df ′′)2 = 1 (1.3)7�^='m��, e f(z) $J%v�J�1tsG:

(i) j a = 0, c = 0, b 6= 0, d 6= 0, e f(z) = id
b2

sinh
(

ib
d z − A

)

+ B, U{ A,B ∈ C ��u.

(ii) j a, b, c, d ���8Z c
a
= i

(

1−e2p

1+e2p

)

, e f(z) = De−
a
b
z + ep+e−p

2a , U{ p ∈ C ���, D ∈ C �Q8��.

(iii) j a = 0, b 6= 0, c 6= 0, e f(z) = bi+d
bc

sinh
(

c
bi+d

z −A
)

+ B, U{ d+ dc
b2i+bd

= 0,

A,B ∈ C ���.

2019 P, Han p Lü[14] E Fermat /V�RN" f2(z) + (f ′(z))2 = eαz+β 7nm���35>�, �64h��j.�* 1.4[14] Fermat /V�RN"
f2(z) + (f ′(z))2 = eαz+β (1.4)7nm��� f(z) = e

β

2 sin(z + b), α = 0, zh f(z) = de
αz+β

2 , U{ α, β, b, d ∈ C Z
(

d+ αd
2

)2
= 1.



2 T u�� B�< fZW�SO# (a0f + a1f
′ + a2f

′′)2 + (b0f + b1f
′ + b2f

′′)2 = 1 8on�� 213:GNF, G+�;aÆh
 Fermat /VR�RN"9\E_65-4ULMZU`7>� j.

Khavinson[15] �R�{�7R�NKEN" f2
z1
+ f2

z2
= 1�35>�, �ZqG5XN"7nm��G?w$47.t', Li[16−17] E3( Fermat /VR�RN" f2

z1
+ f2

z2
=

eg p f2
z1
+ f2

z2
= p (U{ g, p w C2 l7G&t) 7nm���35>�, �^$5nm��7%v1t, %e�j$J�"� [16–17].

2021 P, Chen p Xu[18] >�5 Fermat /VR�RN" (a1f + a2fz1)
2 + (a3f +

a4fz2)
2 = 1 7U\��^nm��, �64�~?*.�* 1.5[18] n a1, a2, a3, a4 w C l�℄Q87��, eVR�RN"

(a1f + a2fz1)
2 + (a3f + a4fz2)

2 = 1 (1.5)7U\��^nm�� f(z1, z2) $J%v�J�1tsG:

(i) f(z1, z2) = ± 1√
a2
1+a2

3

+ ηe
−

(

a1
a2

z1+
a3
a4

z2

)

;

(ii) f(z1, z2) =
a3+ia1

2(α1a2a3−α2a1a4)
eL(z)+B − a3−ia1

2(α1a2a3−α2a1a4)
e−L(z)−B + ηe

−

(

a1
a2

z1+
a3
a4

z2

)

,U{ L(z) = α1z1 + α2z2, α1 = ia3

a2
, α2 = −ia1

a4
, η,B ∈ C ��u.[(�q, �� Nevanlinna �R*>7
0, Ue Fermat /V�RN"7>�E{45G+;h7e�. Liu[19] qG5V�R�RN" (f ′(z))2 + (f(z + c))2 = 1 7�^nm��� f(z) = sin(z + iA), U{ A ∈ C ���, c = 2kπ zh c = π + 2kπ,

k �n�. Xu p Cao[20] -RG
4 Nevanlinna �R*>, >�5VR�R�RN"
f2
z1

+ f2(z1 + c1, z2 + c2) = 1 7U\��^nm��, �qG5XN"7U\��^nm��� f(z1, z2) = sin(Az1 + Bz2 + H(z2)), U{ A,B ∈ C ��uZA� A2 = 1,

Aei(Ac1+Bc2) = 1, H(z2) ��eY z2 7G&tZ H(z2) ≡ H(z2 + c2).

§2 J?&"{Jl>� j7XJ, ��>�5 Fermat /V�RN"
(a0f + a1f

′ + a2f
′′)2 + (b0f + b1f

′ + b2f
′′)2 = 1 (2.1)7U\��^nm��, ai, bi (i = 0, 1, 2) w C l7��, 
 �l

A =





a0 a1 a2

b0 b1 b2



 , rank(A) = 2J�37t D0 =
∣

∣

a1 a2

b1 b2

∣

∣, D1 =
∣

∣

a2 a0

b2 b0

∣

∣, D2 =
∣

∣

a0 a1

b0 b1

∣

∣.�5N�9~, � L1(f) = a0f + a1f
′ + a2f

′′, L2(f) = b0f + b1f
′ + b2f

′′. ��{$"7 L1(f), L2(f), D0, D1, D2 [l~?MGy, st�bGG�G.EYG�7V�RN"
(L1(f))

m + (L2(f))
n = 1 (2.2)



214 ��<�Q�!�A � 46 �7U\��^nm��H�, U{ m,n �pn�. hj m,n ��q� 2, JCUJ�[&:

(i)jpn� m,nA� 1
m
+ 1

n
< 1,T Yang [11] 7�j$r, e L1(f) = c1, L2(f) = c2,

c1, c2 ∈ C ��uZ cm1 + cn2 = 1.

(ii) j m > n = 1 zh n > m = 1. 2 m > n = 1 q, (�Y� [19, Theorem 1.2] 7qG, $6 m(r, (L1(f))
′) = S(r, f), N� f w�^nm�7, e (L1(f))

′ �G&t, �H
L1(f) E�G&t, L2(f) E�G&t. XN� (L1(f))

m +L2(f) = 1, JC L1(f), L2(f) xO��u. �*$6, 2 n > m = 1 q, L1(f), L2(f) E���u.

(iii) j m = n = 1, eN" (2.2) �w� (a0f + a1f
′ + a2f

′′) + (b0f + b1f
′ + b2f

′′) = 1,� αf + βf ′ + γf ′′ = 1, U{ α = a0 + b0, β = a1 + b1, γ = a2 + b2.
l (i)–(iii) $r, hj m,n ��q� 2, JCN" (2.2) $JhK�>� L1(f) = c1p L2(f) = c2 q7U\��^nm��, j, c1, c2 ∈ C ���. (�Y?* 2.1 7qG,�M64 L1(f) p L2(f) ���uq7�. N(, ���D>� m = n = 2 7[&, �>�N" (2.1) 7U\��^nm��.z �E"= D0 6= 0, JCUh�?*.�* 2.1 n ai, bi (i = 0, 1, 2) w C l7��, D0 6= 0 Z a1a2 + b1b2 6= 0. j f(z) wN" (2.1) 7U\��^nm��, e f(z) $J%v�J�1tsG:

(i)

f(z) = αe
D1
D0

z +
( 1

a20 + b20

)
1
2

,U{ α ∈ C �Q8��, D2
1 = D0D2.

(ii)

f(z) = e
D1
D0

z
( 1

2D0

∫

e−
D1
D0

z(A1e
−

2iD1
E

z+c1 +A2e
2iD1
E

z−c1)dz + c2

)

,U{ c1, c2 ∈ C �dL��, A1 = b2 + ia2, A2 = b2 − ia2, E = −2(a1a2 + b1b2),

D2
1 =

2D1E(a2
1+b21)−D2E

2

4D0
.�F�k3℄��7.�, �G��G?* 2.1 {U\��^nm��7+
4., 2.1 "=N"

(f + f ′)2 + (f − f ′ − 2f ′′)2 = 1.�k	07��, $6 D0 = −2, D1 = 2, D2 = −2, E = −4, A� D2
1 = D0D2, 1

D2
1 6= 2D1E(a2

1+b21)−D2E
2

4D0
. `�?* 2.1(i) {�71t, K6XN"7U\��^nm���

f(z) = αe−z ±
√
2

2
,j, α ∈ C �Q8��.



2 T u�� B�< fZW�SO# (a0f + a1f
′ + a2f

′′)2 + (b0f + b1f
′ + b2f

′′)2 = 1 8on�� 215, 2.2 "=N"
(f − f ′ − f ′′)2 + (f +

√
5f ′ + f ′′)2 = 1.�k	07��, $6 D0 =

√
5 − 1, D1 = −2, D2 =

√
5 + 1, E = −2(

√
5 + 1), A�

D2
1 = D0D2 Z D2

1 =
2D1E(a2

1+b21)−D2E
2

4D0
. `�?* 2.1 (i) p (ii) {�71t, �M64XN"7U\��^nm���

f(z) = αe−
√

5+1
2 z ±

√
2

2
,U{ α ∈ C �Q8��; zh

f(z) = c1e
−

√

5+1
2 z +

5 +
√
5 + i(1 +

√
5)

24
e

i(1−
√

5)
2 z+c2 +

5 +
√
5− i(1 +

√
5)

24
e−

i(1−
√

5)
2 z−c2 ,U{ c1, c2 ∈ C �dL��.`�?* 2.1, �E$J64h��>.6- 2.1 j D2

1 6= D0D2 Z D2
1 6= 2D1E(a2

1+b21)−D2E
2

4D0
, JCN" (2.1) DUU\��^nm��., 2.3 "=N"

(f + f ′ + f ′′)2 + (f − if ′ + if ′′)2 = 1.�k	07��, $6 D0 = 2i, D1 = 1 − i, D2 = −i− 1, E = −4, gKAq D2
1 6= D0D2Z D2

1 6= 2D1E(a2
1+b21)−D2E

2

4D0
, JCT�> 2.1 $r, XN"DUU\��^nm��.
�'"= D0 = 0 7[&, jq�Ex7"=N" (a0f + a1f

′)2 + (b0f + b1f
′)2 = 17U\��^nm��, JC64h�?*.�* 2.2 n ai, bi (i = 0, 1) w C l7��, D2 6= 0. j f(z) wN"

(a0f + a1f
′)2 + (b0f + b1f

′)2 = 1 (2.3)7U\��^nm��, eU a0a1 = −b0b1,

f(z) =
1

2D2
((b1 + ia1)e

b0−ia0
b1−ia1

z+c + (b1 − ia1)e
−

b0−ia0
b1−ia1

z−c),U{ c ∈ C �dL��.�F^$G℄.�, �G��G?* 2.2 {U\��^nm��7+
4., 2.4 "=N"
(f − f ′)2 + (f + f ′)2 = 1.�M�A f(z) = 1−i

4 e−iz+c + 1+i
4 eiz−c wXN"7G℄U\��^nm��, j, c ∈ C�dL��.`�?* 2.2, t
$6h��>.6- 2.2 j a0a1 + b0b1 6= 0, eN" (2.3) DUU\��^nm��.



216 ��<�Q�!�A � 46 �, 2.5 "=N"
(f + if ′)2 + (f − 2if ′)2 = 1.gK��$ a0a1 + b0b1 = −i 6= 0, T�> 2.2 $r, XN"DUU\��^nm��.?* 2.1 p?* 2.2 "=5N" (2.1) 7U\��^nm��, JCEYN" (2.1) 7�\�nm��, �EUh��>.�* 2.3 n ai, bi (i = 0, 1, 2) w C l7��. j D2

1 = D0D2, JCN" (2.1) DU�\�nm��.

§3 < B+�~O*
?*7qGk"{W�~D7ÆR.A* 3.1[1,4−5] �n f � C l7='m�, f [U3m� f ′ U%�7f��, �
ρ(f) = ρ(f ′). hj f wG℄�^='m�, gwG℄Q�u7nm�, JC lim

r→+∞

T (r,f(g))
T (r,g) =

+∞.A* 3.2[21−22] �n F w Cn l7nm�, F (0) 6= 0, ρ(nF ) = ρ < ∞, ρ(nF )Æv F 78<��m�7�, JC
 Cn l+
G℄>/7m� fF p gF , s6 F (z) = fF (z)e
gF (z).��:, 2 n = 1 q, fF w Weierstrass >/!}.A* 3.3[23] hjm� g p h w C l7nm�, g(h) wG℄U\�nm�, JCxUJ�3}[&Jo:

(1) m� h �G&t, ρ(g) < +∞.

(2) m� h ��G&t, ρ(h) < +∞, ρ(g) = 0.

§4 �+�G0
§4.1 �* 2.1 �F/F �n f wN" (2.1) 7U\��^nm��, �FE L1(f) R3}[1�3"=.1= 1 L1(f) = η1 ∈ C ���.TN" (2.1), e L2(f) Ew C l7��. �P�n L2(f) = η2, η2 ∈ C ���, e
η21 + η22 = 1. � L1(f), L2(f) g , �

a0f + a1f
′ + a2f

′′ = η1, (4.1)

b0f + b1f
′ + b2f

′′ = η2. (4.2)�L4 D0 6= 0, 10 (4.1) p (4.2), $6
f ′ =

1

D0
(b2η1 − a2η2 +D1f), (4.3)
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f ′′ =
1

D0
(a1η2 − b1η1 +D2f). (4.4)E (4.3) 3�2:^3)3, 6
f ′′′ =

D1

D0
f ′′. (4.5)E (4.4) 3�^G)3, 6

f ′′′ =
D2

D0
f ′. (4.6)� (4.4) /i (4.5), (4.3) /i (4.6), b10$6

D0(b0η1 − a0η2) = 0. (4.7)N� D0 6= 0, �J b0η1 − a0η2 = 0. T (4.3), j D1 = 0, e f �)�)Yz9Y 1 7G&t, j[ f �^BF, d D1 6= 0. N( D1 = a2b0 − a0b2 6= 0, �H a0, b0 �O�q�8.j a0 6= 0,e η2 = b0
a0
η1. b�r η21 +η22 = 1,$6 a20+b20 6= 0, η21 =

a2
0

a2
0+b20

, η22 =
b20

a2
0+b20

.j b0 6= 0, �C$6 a20 + b20 6= 0, η21 =
a2
0

a2
0+b20

, η22 =
b20

a2
0+b20

. d
η21 =

a20
a20 + b20

, η22 =
b20

a20 + b20
.b-R (4.3), �6

f(z) = αe
D1
D0

z +
( 1

a20 + b20

)
1
2

,U{ α ∈ C �Q8��. � f(z) /i (4.4), $6
α
(D2

1 −D0D2

D2
0

)

e
D1
D0

z
= 0. (4.8)TY α 6= 0, �J D2

1 = D0D2. TYF
>r D1 6= 0, *H D2 6= 0.1= 2 L1(f) �� C l7��.N" (2.1) $JY-�
{L1(f) + iL2(f)}{L1(f)− iL2(f)} = 1. (4.9)�L4 f �U\��^nm�, JC L1(f) + iL2(f), L1(f)− iL2(f) DU8<p~<. -RO* 3.2–3.3, JC+
G℄Q�u7G&t p(z), s6 L1(f) + iL2(f) = ep, L1(f) −

iL2(f) = e−p, �HU
a0f + a1f

′ + a2f
′′ =

ep + e−p

2
, (4.10)

b0f + b1f
′ + b2f

′′ =
ep − e−p

2i
. (4.11)10 (4.10) p (4.11), $6

f ′ =
1

2D0
{(b2 + ia2)e

p + (b2 − ia2)e
−p}+ D1

D0
f, (4.12)

f ′′ =
1

2D0
{−(b1 + ia1)e

p + (−b1 + ia1)e
−p}+ D2

D0
f. (4.13)



218 ��<�Q�!�A � 46 �E (4.12) 3�2:^3)3, 6
f ′′′ =

1

2D0
{(b2 + ia2)((p

′)2 + p′′)ep + (b2 − ia2)((p
′)2 − p′′)e−p}+ D1

D0
f ′′. (4.14)E (4.13) 3�^G)3, 6

f ′′′ =
1

2D0
{−(b1 + ia1)e

p − (−b1 + ia1)e
−p}p′ + D2

D0
f ′. (4.15)� (4.13) /i (4.14), (4.12) /i (4.15), b106

e2pI1 = I2, (4.16)j,
I1 =

{

(b2 + ia2)(p
′)2 + (b1 + ia1)p

′ + (b2 + ia2)p
′′ − D1

D0
(b1 + ia1)−

D2

D0
(b2 + ia2)

}

,

I2 =
{

(b2 − ia2)(p
′)2 − (b1 − ia1)p

′ − (b2 − ia2)p
′′ − D1

D0
(b1 − ia1)−

D2

D0
(b2 − ia2)

}

.�FD�: I1 ≡ 0, I2 ≡ 0. Ue, j I1 6= 0, `� (4.16), $6 e2p = I2
I1
. -R Nevanlinna;G{�?*�O* 3.1, $6 T (r, e2p) = O{T (r, p)}, $O7&aG℄ Lebesgue �CU#.��, !bjwBF7. N� e2p w�^nm�, H p �Q�u7G&t, -RO*

3.1, e
lim

r→+∞

T (r, e2p)

T (r, p)
= +∞,�J T (r, e2p) 6= O{T (r, p)}. N(l~D�: I1 ≡ 0, I2 ≡ 0  0. �HU

(b2 + ia2)(p
′)2 + (b1 + ia1)p

′ + (b2 + ia2)p
′′ =

D1

D0
(b1 + ia1) +

D2

D0
(b2 + ia2), (4.17)

(b2 − ia2)(p
′)2 − (b1 − ia1)p

′ − (b2 − ia2)p
′′ =

D1

D0
(b1 − ia1) +

D2

D0
(b2 − ia2). (4.18)T (4.17) zh (4.18) $J�D$ p′ 
��u. j p′ ���u, e (4.17) p (4.18) 7
��Q�uG&t, HW����, !bjwBF, N( p′ 
��u. XN� p �Q�uG&t, e p xO�G)G&t. �P�n p′ = λ, λ ∈ C �Q8��. � A1 = b2 + ia2,

B1 = b1 + ia1, A2 = b2 − ia2, B2 = b1 − ia1, JC (4.17) p (4.18) $JY-�
A1λ

2 +B1λ =
D1B1 +D2A1

D0
, (4.19)

A2λ
2 −B2λ =

D1B2 +D2A2

D0
. (4.20); E = −A1B2 −A2B1 = −2(a1a2 + b1b2). N� a1a2 + b1b2 6= 0, � E 6= 0. 10 (4.19) p

(4.20), �M�6














λ2 =
D2E − 2D1(a

2
1 + b21)

D0E
,

λ = −2iD1

E
.�H$6

D2
1 =

2D1E(a21 + b21)−D2E
2

4D0
. (4.21)
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′′)2 = 1 8on�� 219XN� p′ = λ = − 2iD1

E
, �Pn p(z) = − 2iD1

E
z + c1, j, c1 ∈ C �dL��. �q

(4.12) $JY-�
f ′ =

1

2D0
{A1e

p +A2e
−p}+ D1

D0
f. (4.22)T (4.22) �6

f(z) = e
D1
D0

z
( 1

2D0

∫

e
−

D1
D0

z
(A1e

−
2iD1
E

z+c1 +A2e
2iD1
E

z−c1)dz + c2

)

,U{ c1, c2 ∈ C �dL��, A1 = b2 + ia2, A2 = b2 − ia2.
l, ?* 2.1 q	.

§4.2 �* 2.2 �F/F �n f wN" (2.3) 7U\��^nm��. hj a0f + a1f
′ ��u, �Pn

a0f + a1f
′ = η1, η1 ∈ C. (4.23)JCT (2.3), $r b0f + b1f

′ E��u, n
b0f + b1f

′ = η2, η2 ∈ C. (4.24)�Z η21 + η22 = 1. �L4 D2 = a0b1 − a2b1 6= 0, T (4.23) p (4.24), �6 f p f ′ ����, !bj[ f �^BF, d a0f + a1f
′ ���u. (�Y?* 2.1 [1 2 7qG, +
Q�u7G&t p(z), s6

a0f + a1f
′ =

ep + e−p

2
, (4.25)

b0f + b1f
′ =

ep − e−p

2i
. (4.26)10 (4.25) p (4.26), U

f =
1

2D2
{(b1 + ia1)e

p + (b1 − ia1)e
−p}, (4.27)

f ′ =
1

2D2
{−(b0 + ia0)e

p + (−b0 + ia0)e
−p}. (4.28)E (4.27) 3�^3, b�r (4.28), $6

e2p{(b1 + ia1)p
′ + b0 + ia0} = {(b1 − ia1)p

′ − b0 + ia0}. (4.29)(�Y?* 2.1 {[1 2 7qG, $6
(b1 + ia1)p

′ + b0 + ia0 ≡ 0, (4.30)

(b1 − ia1)p
′ − b0 + ia0 ≡ 0. (4.31)JC

p′ =
−(b0 + ia0)

b1 + ia1
=

b0 − ia0
b1 − ia1

. (4.32)�G�$6 a0a1 = −b0b1. �P�n p(z) = b0−ia0

b1−ia1
z+ c, U{ c ∈ C �dL��. T (4.27),$6

f(z) =
1

2D2
((b1 + ia1)e

b0−ia0
b1−ia1

z+c + (b1 − ia1)e
−

b0−ia0
b1−ia1

z−c).
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l, ?* 2.2 q	.

§4.3 �* 2.3 �F/F -RLqK, �n f wN" (2.1) 7�\�nm��, (�Y?* 2.1 7qG, E
L1(f) R3}[1�3"=.1= 1 L1(f) = η1 ∈ C ���.TN" (2.1), �M64 L2(f) = η2 E���. �HU

a0f + a1f
′ + a2f

′′ = η1, (4.33)

b0f + b1f
′ + b2f

′′ = η2, (4.34)j, η1, η2 ∈ C, A� η21 + η22 = 1.10 (4.33) p (4.34), R�(a f ′′, f ′ J� f $6
D1f −D0f

′ = η2a2 − η1b2, (4.35)

D2f −D0f
′′ = η1b1 − η2a1 (4.36)J�

D2f
′ −D1f

′′ = η2a0 − η1b0. (4.37)�FD�: D0 6= 0, D1 6= 0, D2 6= 0.j D0 = 0, T D0D2 = D2
1 $r D1 = 0. XN� rank(A) = 2, �J
8U D2 6= 0.(q, `� (4.36) $r f ���, jwBF7, N( D0 6= 0. j D1 = 0, H D0 6= 0, `�

(4.35) $r f � C l)�)Yz9Y 1 7G&t, !bjEwBF7, N( D1 6= 0. Tl~R�$r D0 6= 0, D1 6= 0. b�r D0D2 = D2
1 $6D�: D0 6= 0, D1 6= 0, D2 6= 0  0.E (4.35) 3�^3, eU

D1f
′ −D0f

′′ = 0,�6 f(z) = α1e
D1
D0

z + β1, U{ α1, β1 ∈ C ���Z α1 6= 0. � f(z) /i (4.33), n*$6
α1e

D1
D0

z
(a0D

2
0 + a1D0D1 + a2D

2
1

D2
0

)

+ a0β1 = η1. (4.38)N� D0D2 = D2
1, �J (4.38) 
�

α1e
D1
D0

z
(a0D0 + a1D1 + a2D2

D0

)

+ a0β1 = η1. (4.39)-R�l7{�4z, $r a0D0 + a1D1 + a2D2 = 0, JCT (4.39) $6 a0β1 = η1. (�:, � f(z) /i (4.34), $6 b0β1 = η2. N� η21 + η22 = 1, �J (a20 + b20)β
2
1 = 1, *H

β1 =
(

1
a2
0+b20

)
1
2 , JC
jG[1�7nm���

f(z) = α1e
D1
D0

z +
( 1

a20 + b20

)
1
2

.(q f(z) wU\��^nm�, j[ f(z) �\�BF.1= 2 L1(f) �� C l7��.
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′′)2 = 1 8on�� 221TY L1(f) ����, JC L2(f) E���u. `�?* 1.1 $r, +
Q�unm� h, s6 L1(f) = cosh, L2(f) = sinh, �
a0f + a1f

′ + a2f
′′ = cosh, (4.40)

b0f + b1f
′ + b2f

′′ = sinh. (4.41)10 (4.40) p (4.41), R�(a f ′′, f ′ J� f $6
D1f −D0f

′ = a2 sinh− b2 cosh, (4.42)

D2f −D0f
′′ = b1 cosh− a1 sinh (4.43)J�

D2f
′ −D1f

′′ = a0 sinh− b0 cosh. (4.44)�FE D0 �3R(
>.1= 2.1 D0 = 0.N� D0D2 = D2
1 , �J D1 = 0. T (4.42) $6 a2 = b2 = 0. XN� rank(A) = 2, e
8U D2 6= 0. �q, (4.43) $JY-�

D2f = b1 cosh− a1 sinh, (4.45)

(4.44) $JY-�
D2f

′ = a0 sinh− b0 cosh. (4.46)E (4.45) 3�^3U
D2f

′ = (−b1 sinh− a1 cosh)h
′. (4.47)10 (4.46) p (4.47), $6

(a0 + b1h
′) tanh = b0 − a1h

′. (4.48)N� h �Q�unm�, (�Y?* 2.1 {[1 2 7qG, T (4.48) $6
a0 + b1h

′ ≡ 0, b0 − a1h
′ ≡ 0.TY D2 6= 0, JC a1, b1 �O�q�8. 
�'E a1, b1 R[&�3
>:

(i) 2 a1 = 0, b1 6= 0. N� b0 − a1h
′ ≡ 0, �J b0 = 0. XN� D2 6= 0, �J a0 6= 0,�H h′ = −a0

b1
, �Gnm� h w C l7G)G&t;

(ii) 2 a1 6= 0, b1 = 0. N� a0 + b1h
′ ≡ 0, �J a0 = 0. XN� D2 6= 0, �J b0 6= 0,�H h′ = b0

a1
, �Gnm� h w C l7G)G&t;

(iii) 2 a1 6= 0, b1 6= 0. e h′ = −a0

b1
= b0

a1
, �Gnm� h w C l7G)G&t.
l (i)–(iii), $rnm� h w C l7G)G&t. �P�n h(z) = k1z + c1, U{

k1 = −a0

b1
zh k1 = b0

a1
zh k1 = −a0

b1
= b0

a1
, c1 ∈ C �dL��.T (4.45) �6

f(z) =
b1
D2

cos(k1z + c1)−
a1
D2

sin(k1z + c1),



222 ��<�Q�!�A � 46 �!b f(z) xwU\��^nm�, j[ f(z) �\�BF.1= 2.2 D0 6= 0.T (4.42), $6
f ′ =

1

D0
{H1 +D1f}. (4.49)T (4.43), $6

f ′′ =
1

D0
{H2 +D2f}, (4.50)j, H1 =

∣

∣

cosh a2

sinh b2

∣

∣, H2 =
∣

∣

a1 cosh

b1 sinh

∣

∣.E (4.42) 3�^3, $6
D1f

′ −D0f
′′ = (a2 cosh+ b2 sinh)h

′. (4.51)� (4.49) p (4.50) /i (4.51), n*$6
(D1a2 +D0a1 +D0b2h

′) tanh = D1b2 +D0b1 −D0a2h
′. (4.52)(�Y?* 2.1 {[1 2 7qG, T (4.52) $6

D1a2 +D0a1 +D0b2h
′ ≡ 0, D1b2 +D0b1 −D0a2h

′ ≡ 0. (4.53)TY D0 6= 0, �J a2, b2 �O�q�8. �FE a2, b2 R[&
>:

(i) 2 a2 = 0, b2 6= 0 q, T (4.53), $6 b2D1 + b1D0 = 0 Z h′ = −a1

b2
, �Gnm� hw C l7G)G&t;

(ii) 2 b2 = 0, a2 6= 0 q, T (4.53), $6 a2D1 + a1D0 = 0 Z h′ = b1
a2
, �Gnm� hw C l7G)G&t;

(iii) 2 a2 6= 0, b2 6= 0 q, T (4.53), $6 h′ = −D1a2+D0a1

D0b2
= D1b2+D0b1

D0a2
, �Gnm�

h w C l7G)G&t.
l (i)–(iii), $rnm� h �G)G&t. �P�n h(z) = k2z+ c2, U{ k2 = −a1

b2
,zh k2 = b1

a2
, zh k2 = −D1a2+D0a1

D0b2
= D1b2+D0b1

D0a2
, c2 ∈ C �dL��.T (4.49) �6

f(z) = α2e
D1
D0

z +
k2a2D0 − b2D1

D2
1 + (k2D0)2

cos(k2z + c2) +
k2b2D0 + a2D1

D2
1 + (k2D0)2

sin(k2z + c2),j, α2, c2 ∈ C �dL��. (q f(z) ewU\��^nm�, j[ f(z) �\�BF.
l, ?* 2.3 q	. ��(�8�:
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On Entire Solutions of the Complex Differential

Equation (a0f + a1f
′ + a2f

′′)2

+(b0f + b1f
′ + b2f

′′)2 = 1
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Abstract In this paper, the authors investigate the precise expression form of transcen-

dental entire solutions of finite order to the Fermat-type differential equation (a0f + a1f
′ +

a2f
′′)2 + (b0f + b1f

′ + b2f
′′)2 = 1 by making use of the Nevanlinna theory and ordinary

differential equations, where ai, bi (i = 0, 1, 2) are constants in C. In addition, the authors

also give several examples to illustrate the existence of solutions to the equation.
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entire solutions, Finite order
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