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1 1
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Hilbert 2% [A] A S AT RUE A A (U 2] B R B A 1 LA, e 244
EHM R R Z P e B 7 A JE W EZR A, [, Hilbert C*-#E L%
BB AR T L R R TR R X, EI AT Hilbert € 30 B (o
BFEELZ | 2R SSHE, HasC [1-2, 4-10]. #TFRBAL H Hilbert C* -l E L.
X 110 B AR—A O -REL HLRIEEN B R—M AR HFARERE (]
WE Mza) = (Ar)a=z(\a), x € E,a € A, A€ C), f£ E L& XBLES
<-,->E1E><E—>A,

HEMMERE v,y,2€ B,ae A, 0,B€C, H
1) (z,2)g =0, HF (x,2)p =0, W] 2 = 0;
2) (z,9)p = (v, 7)E;
3) (x,ay + B2)r = oz, y) g + B{z, 2)E;
4) (z,ya)p = (z,y)pa,
M#F E & C*-fR%¥ A L Hilbert C*-AL.
SEE v € B, XM ||zllp = [(@.2)p) 2, & E RFHE | - || 524, WK E X
C*-fR# A LY Hilbert C*-#L, fii#F 4 Hilbert C*-.

E1 (1) BRSO B A, SR
(YA Ax A= A (a,b)a=a*b, Va,be A
25 BB 11 fA . B A B B2 TR
(a,b) 4 = a*b,

(
(
(
(

W8 —4~ Hilbert C*-;
(2) # ABALHE S C, ME X 1.1 # Hilbert C*-E5 % Hilbert 23[H].

BAR C*-AREF Hilbert 28 8] & & A B Hilbert C*-#4.

R E, F i& Hilbert C*-#L. it B(E, F) & E 3| F {A R BB 2ENES. 1 T
RGBS, BIXEE v € B, a€ A, F T(za) = (Tr)a. L L(E,F) & E F F i 5
BB 2R S, 24 T B R BRG, 108 T, BIMEE v c B,y € F,
K (Tz,y)r = (x,T*y)p. 4 E = F, W L(E) Z—1 C*-L&L

EX 1.28 & Ak O 8, FEEAT A LB HEIZ R o WEMNTE ac A &
p(a*a) = 0, W o FRAIELMEIZ K. FIELMEZ R o, LR (ol = 1, MF ¢ AE.
TR, X &4 OB A (BIFEERALIT 1) ERIELRMEZE o, & o(1) = [l¢| = 1, NI
o HIBCAZS. AT A L2 SHErESICh S(A).

MEEze b, X 2| A

2] = (z,2) 2,
MW WAT), wa(T), TN 537NFAR T € LIE) MBI, BEFRLELR BIIE XA
WA(T) ={¢((z,Ta)p) : x € E, ¢ € S(A), ¢(|z|*) =1},
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wa(T) = sup{le((z, T2)p)| - @ € B, ¢ € S(A), p(jal*) =1},
|7l = sup{le((z, Ty)p)| : 2,y € B, ¢ € S(A), o(lz*) = (ly|*) = 1}.

FEXC [6] H, Mehrazin M, Amyari M fil Omidvar M E & H T i1 F AR, BIXEE
TeL(E),H

SIT) < wa(?) < 7). (11)
£ T 2 ESRE BT, U wa(T) = (7]
TFEC [6] H, Mehrazin M, Amyari M 1 Omidvar M E 82| T (1.1) HEHE R
iHT*T+TT*|| <WA(T) < %HT*T+TT*||. (1.2)
ASCHHT Hilbert C*-BE 1 BATERERY 2 x 2 BIBCST A PERTTERC 0 (LRI 3.1-
3.2). f2% Hilbert O~ EELA RN 2 x 2 BB SRR EOR S5 08 . RATHIR B4
PR BEBATH) Cartesian SRR T 1ok FMBAT R G FASBGET (1.2), 5
T T+ T < Slmax [T+ T, T = T4+ 3T + T°P1T — T < w(T)
il
T T 4 TT < max{[Re(T) + Im(T) |, [Re(T) ~ T(T) |}
+ 3|Re(T) + Tm(T) | [Re(T) T (T) )
<wi(D),
$t Re(T) = TH 1 (1) = 2525 450 7 R998A . BUE TR Buzano
M T Hilbere C*HE L EATFEREN 2 x 2 BB HERUBICE G B (LT 4.0)
BEAh, % Hilbert C*-BER MY Hilbert 22161 S HORASFR N, o2 4.1 B T (11

1 Bani-Domi W # Kittaneh F B2 3& T Hilbert Z5[a]H 2 x 2 H F 48 5 M EUE
P42 RS

§2 FIEANA

N TIEHEELE R, FEIT L5 R
5138 2.119 & T e £(F) H T & H L8 g nie s,
IT|| = sup{le((z,Tz)p)| : x € E, ¢ € S(A), ¢(|lz|*) =1},

53 2.2 (McCarthy A%) W T e L(E) HT >0, MAEE ¢ € S(A), z € E
Heo(2P)=1,%

(1) ¢"((z, T2)E) < @((

(2) ¢"((z, Tz)E) = P((

B3 2.3 #ab>0,0<a<1, Hr+#0, 4 M(aba)=(aa" + (1 —a)b")r,

T x)g), > 1.

x’
z,T"z)g), 0 <r <1
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My (a,b, o) = a®b=), Jlj
Mr(a7 ba Oé) < Ms(aa ba Oé),
Herr <s.

5138 2.4 15 & T,5 & Hilbert ZE[AHHYIEFLF, f: [0,00) — [0,00) MR, WA

b <0
FERld, & r> 1, F
IS <=5

B3 2.5 ¥y, e B, peSA) He(]?) =1,
oz, 2)E)” + lo((z,9)E) | < max{p((z,2)E), (¥, 1))} + lo((z,y)E)].
5132 2.6 % #2,y,2€ B, o€ S(A) He(lz) =1, M
(lp((z2)B)| + (2, 9) B)])?
< (Vellz,2)p) + Velly v)p) x max{ve((z,2)5), Ve ((y, y) p)} + 2le((z. ) 5)].

5138 2.7 (Buzano A%R) & f,g: D — [0,00) RWHTH F(8) +g(8) = 1, VB €
DCR 4 E B—AHEl Hilbert C*-HL, # 2,y,2 € B, p € S(A) H o(2[?) = 1,

lo((w, 2)p)e ({2 y)p)|?

< ette. ) pettw 0 e) + Lot ) + T2 o a e delee o)l

5138 2.8 & T,5 ¢ L(E), N

o § g = max{|7]. 31}
|| j = max{|T + SII, I - S1]}
||, ﬁ = max{ T, |11}

513 2.98) & T, S € L(E), N

T 0
0 S )zmax{wA(T),wA(S)}.

(2) wA< Z ; )zmax{wA(T—i—S),wA(T—S)}.
R,
wA< ; f; )ZUJ_A(T).
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§3 ERERKRHIIH

A EFGHNT Hilbert C*-# L RAFEHERT 2 > 2 BBUNHFERTER LA FUCOH A
HA PRI EBLATHY Cartesion M8 T 124 FEIBN RUEFAR 0T, JFEGHE T A%

£ (1.2).
EIE 3.1 W ABCDeLE)N
< max{||A|]% |B|% IC|* |1 DI*} +w
c D {IAISIBIE ICIP DI + wa be o

+ 2max{|[ A, [| D||} max{]| B}, [[C]|}-
iE MER v,y € B, o€ S(A) H o(j2?) = o(yf*) =1, %

((-[e 201

¢ D

S (E(QHHBAIEE(QEEN]]
o o]’/ c ol’/,
(H=AA%ERN)
A0 ? 0 B ?
A (S y>,) el 7))
40 0 B

+ 2

gt

max{¢(<
.

)

0 B
c 0

T

c 0
0 B
y’OO

7))

(S e [ R (A PV R €
Y ¥ x Yy a4 Z,
J E O D E
(H 513 2.5)
- A*A 0] cC 0
- X (,0 y7 0 D*D_y B 790 y7 0 B*B y B
N 0 A*B] L E . L
P\ | e O_yE @ ODyE @ c
(H 3|3 2.1)
{ A*A o] c*C 0 } < 0 A*B)
< max +wa
D*D 0 B*B D*C 0
A 0 | 0 B
+2
0 D C 0

)
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(H 513 2.8)

A*B
= max{[[A|*, | BI%, [|C|1*, | DII*} + wA(

D*C 0

)

+ 2max{ | A], | D} max{ | B €]}
TR
0 A'B

D*C 0

2

)

A B
< max{|| A%, | BI*, 1CI1%, 1D]]*} + WA<

¢ D

+ 2max{[|Al], || D[} max{|[ B, |C||}-

*31 %A=D B=CH &

2

A B
5 o4l =maxtiiA+ B|%,||A - B|I*}
(A5 2.8)
< max{[| A%, | B|*} +wa(A*B) + 2| All|| B|.
(A1 512 2.9)

P, H A>0,B>0,
IA+ BII* < max{||A|I%, | BII*} + wa(A*B) + 2| A[[|| B

EH 3.2 K ABCDeLE),N
2
Smax A2vB27027D2+2UJ
. (A BN e 117} A pe o

+ max{|[Al], [ D[} max{[| B, [|C[}-

P ML 2,y € B, € S(A) B o(|2?) = e(lyl*) =1, H
A B

AR |
(b SR 2D

0 D

(S T E T )
(AT o[ R ] 2 ))
([ o] )
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(H1 513 2.6)
B A 0 A 0 0 B 0 B
= max{ ¢ ODy,ODyE,sD COy7COyE
. A0 A0 y 0 B 0 B
“Wlo p]” o b’/ Wle of”|e o]?/,
s A0 0 B
4 ODy’CoyE

(B max{a,b} - (a + b) = max{a® b} + ab, HH a,b e R)

el S
AR
Alloe V2),)

D*C 0
(H3[HE 2.1)

7))
.

c*c 0
0 B*B

+2

A*A 0 c*C 0 0 A*B
< max + 2w 4
0 D*D 0 B*B D*C 0
A*A 0 c*c 0
+ X
0 D*D 0 B*B
(5[ 2.8)
A*B
= max{||A]|%, || B||% |C||%, |ID||*} + 2w
{IAIE BI ICE D117} A pe o
+ max{||Al], | D[} max{{[| B, [|C]}-
TR
2
A B A*B
< max{||A|]%, [|B|% ||C||% | D||*} + 2w
oD LA B ICE D117 A pe o

+ max{{[|All, || D[} max{[| B, [ ]|}

YEA Hilbert C*-#4 1 BLAfERERYT 2 x 2 FERL 540 FERTSE BN T, FRas & B fhhl po At
BGTHY Cartesian 53, B A1 H T %8 F B EUE LR TR, R0 T A% (1.2).
S TecL(E),H

iIIT*TJrTT*H = %H(Re(T))2 + (Im(7))?|, (3.1)

T 4 TT7) = LI(Re(T) + Im(T))? + (Re(T) — T(T))’]|. (3.2)
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MEBre B, e SA) Hellzf)=1, %
lo((z, Tz)p)|* = (e, (Re(T) +ilm(T))z) ) |
= |e((z, Re(T)2)p) +ip((z, In(T)z) p)|*

= ¢ (& Re(T)2) ) + & ({z, In(T)2) ). (33)
Wit (33), B FASR
[Re(T)]| < wa(T), [ n(T)] < wa(T), (34)
H
lo((z, Ta) )
= ¢*((& Re(T)a)p) + (2, In(T)2) p)
= S le((e, Re(T)2)x) + (. In(T)2))]? + 3 o((@, Re(T)2) ) — o((z, In(T)2) )]
= 5% ((@, (Re(T) + Im(T))a)) + 5@ (e, (Re(T) — Im(T))z) ). (35)
1
[Re(T) — (T [ < 2A(T),  [Re(T) + I (T) | < 2A(T) (36)

FH 3.3 & T cL(E), N
WAT) > S lmax{ [T+ T4, T = T4} + 3T + T[T — T2

UE
T T

= SIR(T)) + (n(T))?] (1h(3.1))

< g hmax{[Re(T)[1*, [lm(T) |} + wa(Re(T))(m(T))?) + 2|Re(T) | (T) |}
(FiE 3.1)

< g max{ [Re(T)|*, [Tm(T) |} + | (Re(T))? (lm(T))? | + 21[Re(T) | Tm(T) 2}
(H1 (1.1))

< g max{ [Re(T)|*, [Tm(T) |} + [Re(T)|? [1m(T)]1> + 2|[Re(T) | Tm(T) )
(17,5 € £(B), | TS| < |T]]|5])

= 2 lmax{[Re(T)][*, [Tm(T) |} + 3Re(T) |7 [Tm(T)[[?}* (1 (3.4))

[wh (T) + 3w (1))
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A 3.2 LW ERE 3.3 IR, "T40

1
ZHT*T—FTT*H
1 1
< g[maX{I\Re(T)H‘*, [T (T)[|*} + 3[|Re(T) |||Tm(T)[|*] 2
1 * * * * 1
= gmax{||T+T I NT = T} + 3T + T T — T2
< wi(T).

R, 228 3.3 Bt T AR (1.2) TR, X2 ARHY.
THZ AR E R 3.3 WA RE. HH 4 Hilbert C*-#HR{Ly Hilbert 22
[, X T R BR 1, 2B 3.3 HC [16] AR 2.13 R B 2.18 B i A

H T A AL
20

%131 A&T= [3’521 fi], N Re(T) = [38], Im(T) = [0 4}’ H

[Re(T)[ =3, [[Tm(T)]| = 4.

B SEHE 3.3 A 40
WA(T) > 2max{|T + T*|*, |T — T*|[} + 3| T + T*|2|T — T*||2]3 (~ 13.1149)

1
> I T+ 777 = 8.

i3 [16] FERE B 2.13 A4
2 L * (|4 o 4% ~
WHT) > =17+ T+ 1T = T2 (= 12.9808).

1 3C [16] HH ARG 2 2.18 B4

w(T) > ST +T 1>+ T -7 ||2)2+§(HT+T 1?7 -7 IIQ)Q} (~ 12.7426).

T 3.4 % T e L(E), N
wi(T) = i[maX{I\Re(T) +Im(T)||*, |Re(T") — Im(T')||*}

+ 3|[Re(T") + Im(T) ||| Re(T") — Im(T)||?]%.
i
1 * *
ZHT T+TT

= il\(Re(T) +Im(T))? + (Re(T) — Im(T))?|| (i1 (3.2))

< i[max{l\Re(T) +Im(T)||*, |Re(T") — Im(T)||*}
+wa((Re(T) — Im(T))*(Re(T) + Im(T))?) + 2| Re(T") + Im(T) || *|Re(T") — Im(T) || %
(h1E3.1)

< i[max{l\Re(T) +Im(T)||*, |Re(T") — Im(T')||*}
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+ | (Re(T) — Im(T))*(Re(T") + Im(T))2]| + 2/|Re(T) + Im(T) 2| Re(T) — Im(T) |2}
(1 (1.1))
< Fmax{[[Re(T) + m(T)|1*, [Re(T) ~ Tm(T) |}
+ |Re(T) + Im(T) |2|Re(T) — Im(T) |2 + 2{|Re(T) + Im(T) 2| Re(T) — Im(T) |2}
(T, € £(B), |7 < |T]15])
= JImax{[Re() + Tn(D)]I*, [Re(T) ~ Tm(T) |}
+ 3| Re(T) + Im(T)|*|Re(T) — Im(T)|*]2
(1 (3.6))
< JHLA(T) + 1204,(T))H
— WA (T).
7 3.3 xR e 3.4 BIER, ATA
T T4 TT < max{[Re(T) + Im(T) |, [Re(T) ~ T(T) |}
+ 3| Re(T) + In(T) |2 Re(T) — Len(T) 2]
< Wi (D).
i, 8 3.4 BT AERX (1.2) WTH, XERARY.

T TG T 5.4 AR, 3 EL Hilbert C*HGB MK Hilbert 25
IR, X1 SCBERIR LTI 2, 08 3.4 BSC [17] AR 2.6 AEHE 2.8 BORFOR AL
THEE.
Bl 3.2 AT = [4;% _OSi], M Re(T) = [49], Im(T) = [2 %], Re(T) + Im(T) =
[6 %] Re(T) —Im(T) = [§ 2], H.
[Re(T) + Tm(T)|| = 6, [Re(T) ~ Tm(T)] =>5.
12 FE 3.4 A4
W(T) > {lmax{[Re(T) + Im(T) |, [Re(T) ~ Tm(T) |}
+ 3||Re(T) + Im(T)||||Re(T) — Im(T)||?]? (~ 15.8035)
> i||T*T+ TT*| = 12.5.
HI3C [17) iy E 2R 2.6 T A
W(T) > 1[2IRe(T) + (T + 2 [Re(T) — (T

+[Re(T) + Im(T)||*|[Re(T') — Im(T)IIQ}

(~ 15.3735).
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B3¢ [17) R E 2 2.8 FI A

1 1
Wwi(T) > m[HRe(T) +Im(T)||* + | Re(T) — Im(T)||*]2 (= 15.4960).

§4 Hilbert C*-#8 EAFHHMEN 2 X 2 RRFIEFHRIEFZE LR

ANz T Hilbert C*-8E ERATERER 2 x 2 BB R FERIEUE R LA Ak, 24
Hilbert C*-#iiB 4k % Hilbert 23], SEBURBRER, A3 HH &8 4.1 2 T Bani-Domi
W Al Kittaneh F M 52§56 T Hilbert 25 [8] FF 2 x 2 A F &M HL T4 MEE R LAY

g5,

T 41 & fg:D - [0,00) EWHE £(8)+9(8) = 1,VBEDCR. 4 A,B,C,D e

£(e), 1
A

< 8max{wl (A),wh(D)} + max{|[|C|* + |B*|*||, ||| B]* + |C*[*||}
+ (f(8) +2) max{|[|C]* + | B*P*||, | BI + |C*[*||} max{wa(BC),wa(CB)}
+29(8) max{w? (BC),wi (CB)},
H |B| = (B*B): £ B € L(E) B%xH{E.
i XMEE e B peSA) Bo(aP) =1, %

A B
¢ D

Gl 3
L)

Ml IR )
S s ke S )AL 2,
(3]

o (o T LA D )




SDN R (S s PA
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AL o)),)

2
BC 0

+2¢(B) 0 B

A 0 |B*|* + |C|* 0 BC 0
< 8w 2 y
s “A<[o DD+ 0 s jop] || T o e
|C]? +|B*|? 0 BC 0
2
A 0 B+ 2| [\ ] o cB
(55 2.1)

< 8max{w}y (A),wi(D)} + max{[[|C|* + B*|*|, [1B]* + [C**]}}
+ (£(B) + 2) max{[[|C* + |B**|, ||B]* + |C*[*||} max{wa(BC),wa(CB)}
+2g(8) max{w} (BO),w% (CB)}.
(FBI3 2.8-2.9)

TR
A B
4([2 7))
< 8max{wh (4) wh(D)} +max{[[|C* + Bl [|B* + |c* 1]}
+(F(8) + 2) max{[|[C? + [B* 2L, || BI? + |0 ]I} max{wa(BC), wa(CB)}
+29(8) max{w},(BO),w4 (CB)}.
EEE.

#F 4.1 Bani-Domi W il Kittaneh FI'Il {831 T A%, B A, B, C, D 2 Hilbert
R [a A R, T

w4< A B
C D
+max{[[|C]* + [B*]?||, || B]* + |C*[*[|} max{w(BC),w(CB)}.
TEEFE 4.1 H2Y4 Hilbert C*-BLEAL K Hilbert 221, f(8) =0, g(8) = 1 b, &
w4< A B )
C D
< 8max{w'(4),w" (D)} +max{[[|[C* + |B**|, ||B* + |C**]}}

+2max{[||C]” + [B*[*|, | B* + |C* |||} max{w(BC),w(CB)}
+ 2max{w?(BC),w*(CB)}.

) < 8max{w!(A), w!(D)} + 3max{|[|CI* + [B**|I, ||BI* + |C*|*]1}

P, H
2max{w?(BC),w*(CB)}
+max{[[|C” + |B*]?|l, || B]” + |C**||} max{w(BC),w(CB)}
< max{[[|C]* + B!, ||BI* + |C**||}
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1 * * * *
+ 5 max{[|C + [B*PI|, [ B + |CP[I} max{[||C1* + [ B[, |1 B]* + |C* |1}

1
(1" (5°T) < ST+ ISP, r > 1, L [18])
= max{|[||[C]* + [B*[*||, I|BI* + |C*[*]I}

2 *|2 2 *|2
2m | (CEE0) (PR

< 2max{[||C]* + [B**]|, [|BI* + [C*]*||}.
(F15] 2 2.4)
H I, S 4.1 B T Bani-Domi W il Kittaneh F 1] fBF]f%F Hilbert 23[A]

2 x 2 F R AT THBERUEE LR
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Abstract In this paper, the upper bounds of the norm of adjointable 2 x 2 matrices on
the Hilbert C*-module are given. Furthermore, by utilizing the Cartesian decomposition of
adjointable maps, the lower bounds of the numerical radius of adjointable maps are derived.

Namely

* * * * 1
WA(T) = S max{||T+ T |7 — T}y + 3|7 + T*|*||T — T*||*]

co| —

and

wi(T) = 7 [max{|[Re(T) + Im(T)||*, [Re(T) — Im(T)||*}

|
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+3||Re(T") + Im(T) | 2| Re(T") — Im(T) )%,

where Re(T) = T+2T* and Im(T") = T_QIT are the real and imaginary parts of T', respectively.
Finally, the upper bound of the numerical radius of adjointable 2 x 2 matrices on Hilbert
C*-module is obtained by using Buzano’s inequality. Moreover, when the Hilbert C*-module
degenerates into a Hilbert space and the parameters take special values, the conclusions of
this paper improve the results on the upper bounds of the numerical radius of 2 x 2 bounded

linear operator matrices in Hilbert spaces obtained by Bani-Domi W and Kittaneh F.
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