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y
	�:!�, y

ω2
A(T ) >

1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2]

1

2e
ω2
A(T ) >

1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T ) − Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2]
1

2 ,Kf Re(T ) = T+T
∗

2
e Im(T ) = T−T

∗
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Hilbert )�eH�%,}mxb����q(lxbOC�9H1V , 8VzO*&b��9H$!H�|�9�>,-8F=HG"g79BE. �*, Hilbert C∗-?`xbOwxb��94� HtP9-8>?. BL Hilbert C∗-?`xbOwxb��94�;�t4℄E9[j, Æ\� [1–2, 4–10]. � ,�;S' Hilbert C∗-?9>?.�4 1.1 [1] d A q9R C∗-/x, ^%,)� E q9RJ A-?M�[x%T} (x:q λ(xa) = (λx)a = x(λa), x ∈ E, a ∈ A, λ ∈ C), V E `>?Cb

〈·, ·〉E : E × E → A,l7�X> x, y, z ∈ E, a ∈ A, α, β ∈ C, H
(1) 〈x, x〉E > 0, M^ 〈x, x〉E = 0, X x = 0;

(2) 〈x, y〉∗
E
= 〈y, x〉E ;

(3) 〈x, αy + βz〉E = α〈x, y〉E + β〈x, z〉E ;
(4) 〈x, ya〉E = 〈x, y〉Ea,X# E q C∗-/x A `9k Hilbert C∗-?.�X> x ∈ E, >?Cx ‖x‖E = ‖〈x, x〉E‖

1

2 , ^ E [KCx ‖ · ‖ ��, X# E �
C∗-/x A `9 Hilbert C∗-?, �#� Hilbert C∗-?.H 1.1 (1) ^XS C∗-/x A, >?Cb:

〈·, ·〉A : A×A → A, 〈a, b〉A = a∗b, ∀a, b ∈ A.[=6_KCb:q>? 1.1 9
�. �* A oe[KCs
〈a, b〉A = a∗b,8$�9R Hilbert C∗-?;

(2) ^ A �m�JxO C, X>? 1.1 9 Hilbert C∗-?$� Hilbert )�.#U C∗-/xd Hilbert )�qs�09 Hilbert C∗-?.�d E,F q Hilbert C∗-?. | B(E,F ) q E 4 F 9H�?CbR	9vg. E T�oH�?Cb, x�X> x ∈ E, a ∈ A, H T (xa) = (Tx)a. | L(E,F ) q E 4 F 9 H��9?CbR	9vg.1 T  H��9?Cbh,|� T ∗, x�X> x ∈ E, y ∈ F ,H 〈Tx, y〉F = 〈x, T ∗y〉E . ^ E = F , X L(E) q9R C∗-/x.�4 1.2 [8] d A � C∗-/x, ^uEK A `9%,Eb ϕ :q��H a ∈ A, $H
ϕ(a∗a) > 0, X ϕ #�^%,Eb. ^^%,Eb ϕ, �9�:q ‖ϕ‖ = 1, X# ϕ ��.��=, �Kaw C∗-/x A (x-V0�P 1) `9^%,Eb ϕ, ^ ϕ(1) = ‖ϕ‖ = 1, X
ϕ o?$��. �;� A `9R	�X$9vg|� S(A).�X> x ∈ E, >? |x| �

|x| = 〈x, x〉
1

2

E
,X WA(T ), ωA(T ), ‖T ‖ H��o T ∈ L(E) 9xbO�xb��wCx. �;9>?�

WA(T ) = {ϕ(〈x, Tx〉E) : x ∈ E, ϕ ∈ S(A), ϕ(|x|2) = 1},
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ωA(T ) = sup{|ϕ(〈x, Tx〉E)| : x ∈ E, ϕ ∈ S(A), ϕ(|x|2) = 1},

‖T ‖ = sup{|ϕ(〈x, T y〉E)| : x, y ∈ E, ϕ ∈ S(A), ϕ(|x|2) = ϕ(|y|2) = 1}.V� [6] e, Mehrazin M, Amyari M d Omidvar M E S'3\ �;m, x�X>
T ∈ L(E), H

1

2
‖T ‖ 6 ωA(T ) 6 ‖T ‖. (1.1)^ T qoWx9?Cb, X ωA(T ) = ‖T ‖.V� [6] e, Mehrazin M, Amyari M d Omidvar M E 743 (1.1) 9M�+m

1

4
‖T ∗T + TT ∗‖ 6 ω2

A(T ) 6
1

2
‖T ∗T + TT ∗‖. (1.2)��S'3 Hilbert C∗-?` H��9 2 × 2 ?Cb�\9Cx`� (�>- 3.1–

3.2). u� Hilbert C∗-?` H��9 2× 2?Cb�\9Cx�;mBE, �;.E H��9?Cb9 Cartesian H�743KH�?Cbxb��9 ��M�3 (1.2), x
1

4
‖T ∗T + TT ∗‖ 6

1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2] 12 6 ω2

A(T )d
1

4
‖T ∗T + TT ∗‖ 6

1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

6 ω2
A(T ),Je Re(T ) = T+T

∗

2 d Im(T ) = T−T
∗

2i H�� T 9j�d0�. si�;.E Buzano �;m743 Hilbert C∗-?` H��9 2 × 2 ?Cb�\9xb��`� (�>- 4.1).*�, 1 Hilbert C∗-?�m� Hilbert )�M�xP�vbh, �e>- 4.1 M�3� [11]e Bani-Domi W d Kittaneh F 749[K Hilbert )�e 2× 2 H�%,}m�\xb��`�9
8.

§2 ;}A%�3_>h7
8, /7\ zRA-.5� 2.1 [6] d T ∈ L(E) M T qoWx9?Cb, X
‖T ‖ = sup{|ϕ(〈x, Tx〉E)| : x ∈ E, ϕ ∈ S(A), ϕ(|x|2) = 1}.5� 2.2 [4] (McCarthy �;m) d T ∈ L(E) M T > 0, X�X> ϕ ∈ S(A), x ∈ EM ϕ(|x|2) = 1, H

(1) ϕr(〈x, Tx〉E) 6 ϕ(〈x, T rx〉E), r > 1.

(2) ϕr(〈x, Tx〉E) > ϕ(〈x, T rx〉E), 0 < r 6 1.5� 2.3 [12] d a, b > 0, 0 < α < 1, M r 6= 0, 6 Mr(a, b, α) = (αar + (1 − α)br)
1

r ,
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M0(a, b, α) = aαb(1−α), X

Mr(a, b, α) 6 Ms(a, b, α),Je r 6 s.5� 2.4 [13] d T, S q Hilbert )�e9^}m, f : [0,∞) → [0,∞) qÆbx, XH
∥

∥

∥
f
(T + S

2

)∥

∥

∥
6

∥

∥

∥

f(T ) + f(S)

2

∥

∥

∥
.��=, ^ r > 1, H

∥

∥

∥

(T + S

2

)r
∥

∥

∥
6

∥

∥

∥

T r + Sr

2

∥

∥

∥
.5� 2.5 [14] d x, y, z ∈ E, ϕ ∈ S(A) M ϕ(|z|2) = 1, X

|ϕ(〈z, x〉E)|2 + |ϕ(〈z, y〉E)|2 6 max{ϕ(〈x, x〉E), ϕ(〈y, y〉E)}+ |ϕ(〈x, y〉E)|.5� 2.6 [15] d x, y, z ∈ E, ϕ ∈ S(A) M ϕ(|z|2) = 1, X
(|ϕ(〈z, x〉E)|+ |ϕ(〈z, y〉E)|)2

6 (
√

ϕ(〈x, x〉E) +
√

ϕ(〈y, y〉E))×max{
√

ϕ(〈x, x〉E),
√

ϕ(〈y, y〉E)}+ 2|ϕ(〈x, y〉E)|.5� 2.7 [9] (Buzano �;m) d f, g : D → [0,∞) qCbM f(β) + g(β) = 1, ∀β ∈
D ⊆ R. 6 E q9Rk9 Hilbert C∗-?, ^ x, y, z ∈ E, ϕ ∈ S(A) M ϕ(|z|2) = 1, X

|ϕ(〈x, z〉E)ϕ(〈z, y〉E)|2

6
1

4
ϕ(〈x, x〉E)ϕ(〈y, y〉E) +

g(β)

4
|ϕ(〈x, y〉E)|2 +

f(β) + 2

4

√

ϕ(〈x, x〉E)ϕ(〈y, y〉E)|ϕ(〈x, y〉E)|.5� 2.8 [8] d T, S ∈ L(E), X
(1)

∥

∥

∥

∥

∥

[

T 0

0 S

]∥

∥

∥

∥

∥

= max{‖T ‖, ‖S‖}.

(2)

∥

∥

∥

∥

∥

[

T S

S T

]∥

∥

∥

∥

∥

= max{‖T + S‖, ‖T − S‖}.

(3)

∥

∥

∥

∥

∥

[

0 T

S 0

]
∥

∥

∥

∥

∥

= max{‖T ‖, ‖S‖}.5� 2.9 [8] d T, S ∈ L(E), X
(1) ωA

([

T 0

0 S

])

= max{ωA(T ), ωA(S)}.

(2) ωA

([

T S

S T

])

= max{ωA(T + S), ωA(T − S)}.��=,

ωA

([

0 T

T 0

])

= ωA(T ).
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§3 F2�

 ����s"S'3 Hilbert C∗-?` H��9 2× 2 ?Cb�\9Cx`�. J,.E H��9?Cb9 Cartesion H�743KH�?Cbxb��9 �, �M�3�;m (1.2).�� 3.1 d A,B,C,D ∈ L(E), X
∥

∥

∥

∥

∥

[

A B

C D

]
∥

∥

∥

∥

∥

2

6 max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ ωA

([

0 A∗B

D∗C 0

])

+ 2max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.? �X> x, y ∈ E, ϕ ∈ S(A) M ϕ(|x|2) = ϕ(|y|2) = 1, H
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A B

C D

]

y

〉

E

)∣

∣

∣

∣

∣

2

6

(∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

)2

(G_
�;m)

=

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

2

+ 2

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)
∣

∣

∣

∣

∣

·
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)
∣

∣

∣

∣

∣

6 max

{

ϕ

(〈[

A 0

0 D

]

y,

[

A 0

0 D

]

y

〉

E

)

, ϕ

(〈[

0 B

C 0

]

y,

[

0 B

C 0

]

y

〉

E

)}

+

∣

∣

∣

∣

∣

ϕ

(〈[

A 0

0 D

]

y,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

+ 2

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)∣

∣

∣

∣

∣

·
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

(GA- 2.5)

= max

{

ϕ

(〈

y,

[

A∗A 0

0 D∗D

]

y

〉

E

)

, ϕ

(〈

y,

[

C∗C 0

0 B∗B

]

y

〉

E

)}

+

∣

∣

∣

∣

∣

ϕ

(〈

y,

[

0 A∗B

D∗C 0

]

y

〉

E

)∣

∣

∣

∣

∣

+ 2

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)∣

∣

∣

∣

∣

·
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

(GA- 2.1)

6 max

{∥

∥

∥

∥

∥

[

A∗A 0

0 D∗D

]∥

∥

∥

∥

∥

,

∥

∥

∥

∥

∥

[

C∗C 0

0 B∗B

]∥

∥

∥

∥

∥

}

+ ωA

([

0 A∗B

D∗C 0

])

+ 2

∥

∥

∥

∥

∥

[

A 0

0 D

] ∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

[

0 B

C 0

]∥

∥

∥

∥

∥
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(GA- 2.8)

= max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ ωA

([

0 A∗B

D∗C 0

])

+ 2max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.Kq
∥

∥

∥

∥

∥

[

A B

C D

]
∥

∥

∥

∥

∥

2

6 max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ ωA

([

0 A∗B

D∗C 0

])

+ 2max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.H 3.1 1 A = D, B = C h, H
∥

∥

∥

∥

∥

[

A B

B A

] ∥

∥

∥

∥

∥

2

= max{‖A+B‖2, ‖A−B‖2}

(GA- 2.8)

6 max{‖A‖2, ‖B‖2}+ ωA(A
∗B) + 2‖A‖‖B‖.

(GA- 2.9)��=, ^ A > 0, B > 0, H
‖A+B‖2 6 max{‖A‖2, ‖B‖2}+ ωA(A

∗B) + 2‖A‖‖B‖.�� 3.2 d A,B,C,D ∈ L(E), X
∥

∥

∥

∥

∥

[

A B

C D

]
∥

∥

∥

∥

∥

2

6 max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ 2ωA

([

0 A∗B

D∗C 0

])

+max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.? �X> x, y ∈ E, ϕ ∈ S(A) M ϕ(|x|2) = ϕ(|y|2) = 1, H
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A B

C D

]

y

〉

E

)∣

∣

∣

∣

∣

2

6

(∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

y

〉

E

)∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

)2

(G_
�;m)

6

(

√

√

√

√ϕ

(〈[

A 0

0 D

]

y,

[

A 0

0 D

]

y

〉

E

)

+

√

√

√

√ϕ

(〈[

0 B

C 0

]

y,

[

0 B

C 0

]

y

〉

E

))

×max

{

√

√

√

√ϕ

(〈[

A 0

0 D

]

y,

[

A 0

0 D

]

y

〉

E

)

,

√

√

√

√ϕ

(〈[

0 B

C 0

]

y,

[

0 B

C 0

]

y

〉

E

)}

+ 2

∣

∣

∣

∣

∣

ϕ

(〈[

A 0

0 D

]

y,

[

0 B

C 0

]

y

〉

E

)
∣

∣

∣

∣

∣
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(GA- 2.6)

= max

{

ϕ

(〈[

A 0

0 D

]

y,

[

A 0

0 D

]

y

〉

E

)

, ϕ

(〈[

0 B

C 0

]

y,

[

0 B

C 0

]

y

〉

E

)}

+

√

√

√

√ϕ

(〈[

A 0

0 D

]

y,

[

A 0

0 D

]

y

〉

E

)

×

√

√

√

√ϕ

(〈[

0 B

C 0

]

y,

[

0 B

C 0

]

y

〉

E

)

+ 2

∣

∣

∣

∣

∣

ϕ

(〈[

A 0

0 D

]

y,

[

0 B

C 0

]

y

〉

E

)∣

∣

∣

∣

∣

(G max{a, b} · (a+ b) = max{a2, b2}+ ab, Je a, b ∈ R)

= max

{

ϕ

(〈

y,

[

A∗A 0

0 D∗D

]

y

〉

E

)

, ϕ

(〈

y,

[

C∗C 0

0 B∗B

]

y

〉

E

)}

+

√

√

√

√ϕ

(〈

y,

[

A∗A 0

0 D∗D

]

y

〉

E

)

×

√

√

√

√ϕ

(〈

y,

[

C∗C 0

0 B∗B

]

y

〉

E

)

+ 2

∣

∣

∣

∣

∣

ϕ

(〈

y,

[

0 A∗B

D∗C 0

]

y

〉

E

)
∣

∣

∣

∣

∣

(GA- 2.1)

6 max

{
∥

∥

∥

∥

∥

[

A∗A 0

0 D∗D

]
∥

∥

∥

∥

∥

,

∥

∥

∥

∥

∥

[

C∗C 0

0 B∗B

]
∥

∥

∥

∥

∥

}

+ 2ωA

([

0 A∗B

D∗C 0

])

+

√

√

√

√

∥

∥

∥

∥

∥

[

A∗A 0

0 D∗D

] ∥

∥

∥

∥

∥

×

√

√

√

√

∥

∥

∥

∥

∥

[

C∗C 0

0 B∗B

] ∥

∥

∥

∥

∥

(GA- 2.8)

= max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ 2ωA

([

0 A∗B

D∗C 0

])

+max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.Kq
∥

∥

∥

∥

∥

[

A B

C D

]∥

∥

∥

∥

∥

2

6 max{‖A‖2, ‖B‖2, ‖C‖2, ‖D‖2}+ 2ωA

([

0 A∗B

D∗C 0

])

+max{‖A‖, ‖D‖}max{‖B‖, ‖C‖}.u� Hilbert C∗-?` H��9 2× 2 ?Cb�\9CxBE, U
g H��9?Cb9 Cartesian H�, �;S'3KH�?Cbxb��9 �, �M�3�;m (1.2).6 T ∈ L(E), H
1

4
‖T ∗T + TT ∗‖ =

1

2
‖(Re(T ))2 + (Im(T ))2‖, (3.1)

1

4
‖T ∗T + TT ∗‖ =

1

4
‖(Re(T ) + Im(T ))2 + (Re(T )− Im(T ))2‖. (3.2)
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|ϕ(〈x, Tx〉E)|2 = |ϕ(〈x, (Re(T ) + iIm(T ))x〉E)|2

= |ϕ(〈x,Re(T )x〉E) + iϕ(〈x, Im(T )x〉E)|2

= ϕ2(〈x,Re(T )x〉E) + ϕ2(〈x, Im(T )x〉E). (3.3)�` (3.3), H\ �;m
‖Re(T )‖ 6 ωA(T ), ‖Im(T )‖ 6 ωA(T ), (3.4)M

|ϕ(〈x, Tx〉E)|2

= ϕ2(〈x,Re(T )x〉E) + ϕ2(〈x, Im(T )x〉E)

=
1

2
[ϕ(〈x,Re(T )x〉E) + ϕ(〈x, Im(T )x〉E)]2 +

1

2
[ϕ(〈x,Re(T )x〉E)− ϕ(〈x, Im(T )x〉E)]2

=
1

2
ϕ2(〈x, (Re(T ) + Im(T ))x〉E) +

1

2
ϕ2(〈x, (Re(T )− Im(T ))x〉E). (3.5)X

‖Re(T )− Im(T )‖2 6 2ω2
A(T ), ‖Re(T ) + Im(T )‖2 6 2ω2

A(T ). (3.6)�� 3.3 d T ∈ L(E), X
ω2
A(T ) >

1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2] 12 .?

1

4
‖T ∗T + TT ∗‖

=
1

2
‖(Re(T ))2 + (Im(T ))2‖ (G(3.1))

6
1

2
[max{‖Re(T )‖4, ‖Im(T )‖4}+ ωA((Re(T ))

2(Im(T ))2) + 2‖Re(T )‖2‖Im(T )‖2] 12

(Gj 3.1)

6
1

2
[max{‖Re(T )‖4, ‖Im(T )‖4}+ ‖(Re(T ))2(Im(T ))2‖+ 2‖Re(T )‖2‖Im(T )‖2] 12

(G (1.1))

6
1

2
[max{‖Re(T )‖4, ‖Im(T )‖4}+ ‖Re(T )‖2‖Im(T )‖2 + 2‖Re(T )‖2‖Im(T )‖2] 12

(GT, S ∈ L(E), ‖TS‖ 6 ‖T ‖‖S‖)

=
1

2
[max{‖Re(T )‖4, ‖Im(T )‖4}+ 3‖Re(T )‖2‖Im(T )‖2] 12 (G (3.4))

6
1

2
[ω4

A(T ) + 3ω4
A(T )]

1

2

= ω2
A(T ).
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1

4
‖T ∗T + TT ∗‖

6
1

2
[max{‖Re(T )‖4, ‖Im(T )‖4}+ 3‖Re(T )‖2‖Im(T )‖2] 12

=
1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2] 12

6 ω2
A(T ).�*, >- 3.3 M�3�;m (1.2) 9 �, [q#U9. =S'9R0m,{>>- 3.3 9H',. �M1 Hilbert C∗-?�m� Hilbert )�h, �KA(�v}mA5, >- 3.3 Æ� [16] e9>- 2.13 d>- 2.18 U�S=(l3xb��.� 3.1 6 T =
[

3+2i 0
0 4i

]

, X Re(T ) =
[

3 0
0 0

]

, Im(T ) =
[

2 0
0 4

]

, M
‖Re(T )‖ = 3, ‖Im(T )‖ = 4.G>- 3.3 '`

ω2(T ) >
1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2] 12 (≈ 13.1149)

>
1

4
‖T ∗T + TT ∗‖ = 8.G� [16] e9>- 2.13 '`
ω2(T ) >

1

4
√
2
[‖T + T ∗‖4 + ‖T − T ∗‖4] 12 (≈ 12.9808).G� [16] e9>- 2.18 '`

ω2(T ) >
1

8

[

(‖T + T ∗‖2 + ‖T − T ∗‖2)2 + 1

2
(‖T + T ∗‖2 − ‖T − T ∗‖2)2

]
1

2

(≈ 12.7426).�� 3.4 d T ∈ L(E), X
ω2
A(T ) >

1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12 .?
1

4
‖T ∗T + TT ∗‖

=
1

4
‖(Re(T ) + Im(T ))2 + (Re(T )− Im(T ))2‖ (G (3.2))

6
1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ ωA((Re(T )− Im(T ))2(Re(T ) + Im(T ))2) + 2‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

(Gj 3.1)

6
1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}
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+ ‖(Re(T )− Im(T ))2(Re(T ) + Im(T ))2‖+ 2‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

(G (1.1))

6
1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ ‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2 + 2‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

(GT, S ∈ L(E), ‖TS‖ 6 ‖T ‖‖S‖)

=
1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

(G (3.6))

6
1

4
[4ω4

A(T ) + 12ω4
A(T )]

1

2

= ω2
A(T ).H 3.3 �``=>- 3.4 9_>, '`

1

4
‖T ∗T + TT ∗‖ 6

1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12

6 ω2
A(T ).�*, >- 3.4 M�3�;m (1.2) 9 �, [q#U9. =S'9R0m,{>>- 3.4 9H',. �M1 Hilbert C∗-?�m� Hilbert )�h, �KA(�v}mA5, >- 3.4 Æ� [17] e9>- 2.6 d>- 2.8 U�S=(l3xb��.� 3.2 6 T =

[

4+2i 0
0 −5i

]

, X Re(T ) =
[

4 0
0 0

]

, Im(T ) =
[

2 0
0 −5

]

, Re(T ) + Im(T ) =
[

6 0
0 −5

]

, Re(T )− Im(T ) =
[

2 0
0 5

]

, M
‖Re(T ) + Im(T )‖ = 6, ‖Re(T )− Im(T )‖ = 5.G>- 3.4 '

ὼ2(T ) >
1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}

+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12 (≈ 15.8035)

>
1

4
‖T ∗T + TT ∗‖ = 12.5.G� [17] e9>- 2.6 '`

ω2(T ) >
1

4

[3

2
‖Re(T ) + Im(T )‖4 + 3

2
‖Re(T )− Im(T )‖4

+ ‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2
]

1

2

(≈ 15.3735).
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ω2(T ) >

1

2
√
2
[‖Re(T ) + Im(T )‖4 + ‖Re(T )− Im(T )‖4] 12 (≈ 15.4960).

§4 Hilbert C
∗-�"�:z)� 2 × 2 �8$�>�'C|�"���S'3 Hilbert C∗-?` H��9 2× 2 ?Cb�\9xb��`�. *�, 1

Hilbert C∗-?�m� Hilbert )�, �xP�vbh, ��e9>- 4.1 M�3 Bani-Domi

W d Kittaneh F [11] 749[K Hilbert )�e 2× 2 H�%,}m�\xb��`�9
8.�� 4.1 d f, g : D → [0,∞)qCbM f(β)+g(β) = 1, ∀β ∈ D ⊆ R. 6 A,B,C,D ∈
L(E), X

ω4
A

([

A B

C D

])

6 8max{ω4
A (A) , ω4

A(D)}+max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+ (f(β) + 2)max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ωA(BC), ωA(CB)}

+ 2g(β)max{ω2
A(BC), ω2

A(CB)},Je |B| = (B∗B)
1

2 q B ∈ L(E) 9#�b.? �X> x ∈ E, ϕ ∈ S(A) M ϕ(|x|2) = 1, H
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A B

C D

]

x

〉

E

)∣

∣

∣

∣

∣

4

(G_
�;m)

6

(
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)
∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

x

〉

E

)
∣

∣

∣

∣

∣

)4

(GA- 2.3)

6 8

(
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)
∣

∣

∣

∣

∣

4

+

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]

x

〉

E

)
∣

∣

∣

∣

∣

4)

= 8

(∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)∣

∣

∣

∣

∣

4

+

∣

∣

∣

∣

∣

ϕ

(〈[

0 B

C 0

]∗

x, x

〉

E

)

ϕ

(〈

x,

[

0 B

C 0

]

x

〉

E

)∣

∣

∣

∣

∣

2)

6 8

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)∣

∣

∣

∣

∣

4

+ 2ϕ

(〈[

0 B

C 0

]∗

x,

[

0 B

C 0

]∗

x

〉

E

)

ϕ

(〈[

0 B

C 0

]

x,

[

0 B

C 0

]

x

〉

E

)
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+ 2(f(β) + 2)

√

√

√

√ϕ

(〈[

0 B

C 0

]

x,

[

0 B

C 0

]

x

〉

E

)

ϕ

(〈[

0 B

C 0

]∗

x,

[

0 B

C 0

]∗

x

〉

E

)

×
∣

∣

∣

∣

∣

ϕ

(〈[

0 B

C 0

]∗

x,

[

0 B

C 0

]

x

〉

E

)∣

∣

∣

∣

∣

+ 2g(β)

∣

∣

∣

∣

∣

ϕ

(〈[

0 B

C 0

]∗

x,

[

0 B

C 0

]

x

〉

E

)∣

∣

∣

∣

∣

2

(GA- 2.7)

= 8

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)
∣

∣

∣

∣

∣

4

+ 2ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]
∣

∣

∣

∣

∣

2

x

〉

E

)

ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

2

x

〉

E

)

+ 2(f(β) + 2)

√

√

√

√ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]
∣

∣

∣

∣

∣

2

x

〉

E

)

ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

2

x

〉

E

)

×
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)∣

∣

∣

∣

∣

+ 2g(β)

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)∣

∣

∣

∣

∣

2

6 8

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)∣

∣

∣

∣

∣

4

+

(

ϕ2

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

] ∣

∣

∣

∣

∣

2

x

〉

E

)

+ ϕ2

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

2

x

〉

E

))

+ (f(β) + 2)

(

ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

] ∣

∣

∣

∣

∣

2

x

〉

E

)

+ ϕ

(〈

x,

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

2

x

〉

E

))

×
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)∣

∣

∣

∣

∣

+ 2g(β)

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)∣

∣

∣

∣

∣

2

(G$b�;m)

6 8

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)
∣

∣

∣

∣

∣

4

+ ϕ

(〈

x,

(
∣

∣

∣

∣

∣

[

0 B

C 0

]
∣

∣

∣

∣

∣

4

+

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

4)

x

〉

E

)

+ (f(β) + 2)ϕ

(〈

x,

(
∣

∣

∣

∣

∣

[

0 B

C 0

]
∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

[

0 B

C 0

]∗ ∣
∣

∣

∣

∣

2)

x

〉

E

)
∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)
∣

∣

∣

∣

∣

+ 2g(β)

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

0 B

C 0

]2

x

〉

E

)
∣

∣

∣

∣

∣

2

(GA- 2.2)

= 8

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

A 0

0 D

]

x

〉

E

)∣

∣

∣

∣

∣

4

+ ϕ

(〈

x,

[

|C|4 + |B∗|4 0

0 |B|4 + |C∗|4

]

x

〉

E

)

+ (f(β) + 2)ϕ

(〈

x,

[

|C|2 + |B∗|2 0

0 |B|2 + |C∗|2

]

x

〉

E

)∣

∣

∣

∣

∣

ϕ

(〈[

BC 0

0 CB

]

x, x

〉

E

)∣

∣

∣

∣

∣
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+ 2g(β)

∣

∣

∣

∣

∣

ϕ

(〈

x,

[

BC 0

0 CB

]

x

〉

E

)
∣

∣

∣

∣

∣

2

6 8ω4
A

([

A 0

0 D

])

+

∥

∥

∥

∥

∥

[

|B∗|4 + |C|4 0

0 |B|4 + |C∗|4

]∥

∥

∥

∥

∥

+ 2g(β)ω2
A

([

BC 0

0 CB

])

+ (f(β) + 2)

∥

∥

∥

∥

∥

[

|C|2 + |B∗|2 0

0 |B|2 + |C∗|2

]∥

∥

∥

∥

∥

ωA

([

BC 0

0 CB

])

(GA- 2.1)

6 8max{ω4
A (A) , ω4

A(D)} +max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+ (f(β) + 2)max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ωA(BC), ωA(CB)}

+ 2g(β)max{ω2
A(BC), ω2

A(CB)}.

(GA- 2.8−2.9)Kq
ω4
A

([

A B

C D

])

6 8max{ω4
A (A) , ω4

A(D)}+max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+ (f(β) + 2)max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ωA(BC), ωA(CB)}

+ 2g(β)max{ω2
A(BC), ω2

A(CB)}._�.H 4.1 Bani-Domi W d Kittaneh F[11] 74\ �;m, x^ A,B,C,D � Hilbert)�e9H�%,}m, X
ω4

([

A B

C D

])

6 8max{ω4(A), ω4(D)}+ 3max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ω(BC), ω(CB)}.V>- 4.1 e1 Hilbert C∗-?�m� Hilbert )�, f(β) = 0, g(β) = 1 h, H
ω4

([

A B

C D

])

6 8max{ω4(A), ω4(D)} +max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+ 2max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ω(BC), ω(CB)}

+ 2max{ω2(BC), ω2(CB)}.�9�, H
2max{ω2(BC), ω2(CB)}

+max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{ω(BC), ω(CB)}

6 max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}
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+

1

2
max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}max{‖|C|2 + |B∗|2‖, ‖|B|2 + |C∗|2‖}

(Gωr(S∗T ) 6
1

2
‖|T |2r + |S|2r‖, r > 1, � [18])

= max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}

+ 2max
{∥

∥

∥

( |C|2 + |B∗|2
2

)2∥
∥

∥
,
∥

∥

∥

( |B|2 + |C∗|2
2

)2∥
∥

∥

}

6 2max{‖|C|4 + |B∗|4‖, ‖|B|4 + |C∗|4‖}.

(GA- 2.4)�*, >- 4.1 M�3 Bani-Domi W d Kittaneh F [11] 749[K Hilbert )�e
2× 2 H�%,}m�\xb��`�9
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[12] Hardy G H, Littlewood J E, Pólya G. Inequalities, 2nd ed [M]. Cambridge: Cambridge

Univ Press, 1988.

[13] Aujla J S, Silva F C. Weak majorization inequalities and convex functions [J]. Linear

Algebra Appl, 2003, 369:217–233.

[14] Dragomir S S. Some inequalities for the Euclidean operator radius of two operators in

Hilbert spaces [J]. Linear Algebra Appl, 2006, 419(1):256–264.

[15] Alrimawi F. Some inner product inequalities with applications to numerical radius

inequalities [J]. J Math Computer Sci, 2025, 38:16–24.

[16] Bhunia P, Paul K. Refinements of norm and numerical radius inequalities [J]. Rocky Mt

J Math, 2021, 51(6):1953–1965.

[17] Bhunia P, Jana S, Moslehian M S, Paul K. Improved inequalities for numerical radius

via Cartesian decomposition [J]. Funct Anal Appl, 2023, 57(1):18–28.

[18] Dragomir S S. Power inequalities for the numerical radius of a product of two operators

in Hilbert spaces [J]. Research Report Collection, 2008, 11(4):1–9.

The Estimations of the Norm and the Numerical Radius

of Adjointable 2 × 2 Matrices on Hilbert C∗-modules
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Abstract In this paper, the upper bounds of the norm of adjointable 2 × 2 matrices on

the Hilbert C∗-module are given. Furthermore, by utilizing the Cartesian decomposition of

adjointable maps, the lower bounds of the numerical radius of adjointable maps are derived.

Namely

ω2
A(T ) >

1

8
[max{‖T + T ∗‖4, ‖T − T ∗‖4}+ 3‖T + T ∗‖2‖T − T ∗‖2] 12

and

ω2
A(T ) >

1

4
[max{‖Re(T ) + Im(T )‖4, ‖Re(T )− Im(T )‖4}
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+ 3‖Re(T ) + Im(T )‖2‖Re(T )− Im(T )‖2] 12 ,

where Re(T ) = T+T
∗

2 and Im(T ) = T−T
∗

2i are the real and imaginary parts of T , respectively.

Finally, the upper bound of the numerical radius of adjointable 2 × 2 matrices on Hilbert

C∗-module is obtained by using Buzano’s inequality. Moreover, when the Hilbert C∗-module

degenerates into a Hilbert space and the parameters take special values, the conclusions of

this paper improve the results on the upper bounds of the numerical radius of 2×2 bounded

linear operator matrices in Hilbert spaces obtained by Bani-Domi W and Kittaneh F.

Keywords Numerical radius, Cartesian decomposition, Buzano’s inequality,

Hilbert C∗-module
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