
h�E�!�i�A 4
2025, 46(4):367–382

DOI: 10.16205/j.cnki.cama.2025.0024����[~wds
G�CS℄∗!# 1 "$ 2v
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368 h�E�!�i�A 4 46 g��^C profile j
�2�vZjSn2eS��L Shannon 8(�LS�HU (1.22�y)[8].F-Jb-�"Q5�| Shannon 8, :_)r8�g[k7����Lo&�fS�<n�+<.  H6G Shannon 8L MEC �{��H Rényi 8� Tsallis 8, |��yÆp�:"L3r , a"�2�"�Yd�ÆHFLd�T, [aL82.. :$JH�u5m
LZjSn2eS��8�g(�LS�HU (1 �y)[9]. p2NNz2S�3L/k�5%$Lu5m
, 
��vm
nXq�|qh���5S2.�"
Tsallis 8LZj�( [10].	[$hQ�&�=|L_8/Yb%�^dg���N�{, Æ�/k Rényi 8� Tsallis 8L MEC �{, p�wx���yG9yÆp�:"�<Zh%�yG9yÆp�:"L3r, JH�u5m
LZjSn2eS8�g(�LS�HU h(α). :$, {d Rényi 8n Tsallis 8gDHLN?��, G'�Q���� Tsallis 8.

§2 �<�q
§2.1 RiP�F Rényi �Y Tsallis �B� ∀i = 1, 2, · · · , n h p(i) > 0 0 p(1) + p(2) + · · · + p(n) = 1 -}, �, p =

(p(1), p(2), · · · , p(n)) ÆS�yÆp�, )� i = 1, 2, · · · , n ,Æ&t, p(i) Æ&t i [aLyÆ. �RS�<, Æ�Y�>K p(1) > p(2) > · · · > p(n). Æ��kJbu5m
y;�P�VB�
 ()DQ 2.3 P), ��x�yÆp�Æ;o1L, 7.yÆ m(p) :=

p(1) + p(2) + · · ·+ p(n) < 1, �G&tLg� n :4 |p|.yÆp� p = (p(1), p(2), · · · , p(n)) L Rényi 8W\B :

Hα(p) :=
1

1− α
log2

(

n
∑

i=1

p(i)α
)

,)� α Æ#g. B�:
Fα
cost(p) :=

n
∑

i=1

fα
cost(p(i)) :=

n
∑

i=1

p(i)α, α 6= 1,,Æ p LS�8, ��
Hα(p) =

1

1− α
log2 F

α
cost(p).

Tsallis 8W\B :

Tα(p) :=
1

1− α

(

n
∑

i=1

p(i)α − 1
)

,)� α Æ#g.

Rényi 8� Tsallis 8fhB L%*��:

Hα(p) =
1

1− α
log2 [1 + (1 − α)Tα(p)].
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9 369$ZH Shannon 8℄F#g α→ 1 T Rényi 8Lyd3r, 7
lim
α→1

Hα(p) = lim
α→1

1

1− α
log2

(

n
∑

i=1

pαi

)

= −
n
∑

i=1

pi log2 pi =: H1(p),qX Rényi 8� Tsallis 8hÆ Shannon 8L�\:Z, s�p�AhS�#g, <_[7�LY��fS�<��+<.

§2.2 RiP�F�ZK p1, p2, · · · , ps Æ s �yÆp�, s�fh'�L.yÆ, S Æ� s �yÆp�1-L5", : m(S) := m(p1) = · · · = m(ps). �l>WqhyÆp�L&tg�'�, 7
∀1 6 k 6 s, � |pk| = max

16i6s
|pi| = n, �℄℄Æ[k&tg�.k n LyÆp�, nXXyÆ 0 �*. ���<ZX p1, p2, · · · , ps Æ�tp�L�"p� C ,Æ p1, p2, · · · , ps L:", 7 ∀1 6 k 6 s, 1 6 ik 6 n, C(·, · · · , ·, ik, ·, · · · , ·) = pk(ik).: C(p1, · · · , ps) Æ p1, p2, · · · , ps :"7}, MEC �{
℄G�82.L:", v:",Æ MEC �{L2e:".2eS, :4 OPTS , 7
H(OPTS) = inf

C∈C(p1,··· ,ps)
H(C),)� H �[��8�g, BÆ�JbL Rényi 8 Hα n Tsallis 8 Tα.

§2.3 pb����ZFu�tM
M �[XE{yÆp�Æ�,�1-Ld�, GS �[u5m
N-LyÆp�, 7

MEC �{LZj:".ZjS. u5m
L�B�B �q[. AYL
 GS �P℄��L0 |GS | 6 ns− (s− 1).5S2.8:"Lu5m
 [7]

1: Input: s �&tp�Æ I = {1, 2, · · · , n} LyÆp�, N-d� M = [pT1 , p
T
2 , · · · , p

T
s ].

2: GS = [ ].

3: Gd� M L�S��3#A-Æ��A�, 7 pi(1) > pi(2) > · · · > pi(n).

4: G��S�2?��L2.�, :4 r, 7 r ← min
i
(pi(1)).

5: while r > 0, do

6: G r ~<� GS �.

7: �3�S�2?�L&t: pi(1)← pi(1)− r, ∀i.

8: Gd� M L�S��3#A-Æ��A�.

9: r ← min
i
(pi(1)).

10: end while

11: return GS .
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Compton N�2�vu5m
LZjS_8/YL	8, |��yÆp�:"L3r , vZjSn2eS��L Shannon 8(��|k 0.53 �y, |<Zh%℄�yÆp�:"L3r , vZjSn2eS Shannon 8(��|k 1.22 �y.  H6�2|��yÆp�:"L3r , vZjSn2eS�� Rényi 8n Tsallis 8(�h�|k

1 �y.Æ�G/k profile j
, �2|��yÆp�:"�<Zh%℄�yÆp�:"L3r , vZjSn2eS��L Rényi8� Tsallis8(�LHU	8. |�1#gg��, Æ�LQ��<_8, 0F#g α→ 1 T, Æ�LQ�n Compton LQ��0�S.

§2.4 Profile OMa"p�-Æ�yÆp�L:">�/L�Q�F. X p = (0.5, 0.4, 0.1) Æ|, B�
C ℄X p Æ�tp�L��:", �� C �Ja�/X 3 ��F:

(1) �JhyÆ�Æ 0.1 L&t, ��&tLyÆh.kNk 0.1, 7
|C|
∑

j=1

C(j)1{j:C(j)60.1}(j) > 0.1.

(2) �JhyÆ�Æ 0.4 L&t, ��&tLyÆh.kNk 0.4, 7
|C|
∑

j=1

C(j)1{j:C(j)60.4}(j) > 0.4.

(3) �JhyÆ�Æ 0.5 L&t, ��&tLyÆh.kNk 0.5, 7
|C|
∑

j=1

C(j)1{j:C(j)60.5}(j) > 0.5.)� 1 �[[<�g. |B, C = (0.5, 0.2, 0.2, 0.1) n�-ÆX p Æ�tp�L:", E
C′ = (0.7, 0.1, 0.1, 0.1)�n�℄ pL:",℄Æ 4

∑

j=1

C(j)1{j:C(j)60.4}(j) = 0.1+0.1+0.1 < 0.4.��GHfp����S�3:.J� 2.1 [kyÆp� p = (p(1), p(2), · · · , p(n)), ^C p L	: (Sketch), W\B :

Sp(x) := p(i), F x ∈
(

∑

j>i

p(j),
∑

j>i

p(j)
]T.$Z

Fα
cost(p) =

∫ m(p)

0

fα
unit(Sp(x))dx, (2.1))� fα

unit(x) := xα−1, α 6= 1.�WS0yÆp� S = {p1, p2, · · · , ps}, B� C ℄X p1, p2, · · · , ps Æ�tp�L:", *:a�/ ∀1 6 i 6 s, SC(x) 6 Spi
(x). g:^CyÆp�0 S L�u (profile), W\B .
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p∈S

Sp(x)./kH�p�, ��h
SC(x) 6 PS(x).

(2.1) ��C6"^L�g fα
unit(x) = xα−1, XJ2p�,�Nk Fα

cost(p). \� PS(x) n��℄��yÆp�L	:, E?nm� (2.1) Y;B W\.J� 2.3 Fα
cost(PS) :=

∫m(S)

0
fα
unit(PS(x))dx =

∫m(S)

0
(PS(x))

α−1dx.#k Fα
cost(p) n Rényi 8 Hα(p) L��, W\�uL Rényi 8B .J� 2.4 Hα(PS) :=

1
1−α log2 F

α
cost(PS).

§3 �	`j��L�5℄Jbu5m
LZjSL Rényi 8 Hα(GS) n MEC �{2eSL
Rényi 8 Hα(OPTS) ��L��. �f}Pi, ��'�JH	8Z

Hα(GS) 6 Hα(OPTS)+?�\�_8L “?”. \VH,�OJbHα(GS)nHα(OPTS)L��℄t�L,Hα(PS)|)�Cu(S��WL4d,f}vi,B�}25�Hα(GS)nHα(PS)L��, Hα(OPTS)n Hα(PS) L��, ��{d�NZL7R<, Hα(GS) n Hα(OPTS) L��R
25�.Wz 3.1 a"�2� Hα(OPTS) n Hα(PS) L��.Jg 3.1 Hα(OPTS) > Hα(PS).Q"Wz 3.1 LQ�,  ��>Jb Hα(GS) n Hα(PS) L��. a"k� s = 2, 7��yÆp�:"L3r, Q"Wz 3.1, ��h �LWz.Jg 3.2 F s = 2 T,

Hα(GS) 6 Hα(OPTS) +
1

α− 1
log2

(

1 +
( 1

α

)
1

α−1

−
( 1

α

)
α

α−1
)

.:$k�<Zh%℄�yÆp�:"L3r, Q"Wz 3.1 JH �LWz.Jg 3.3 ∀s ∈ N
∗,

Hα(GS) 6 Hα(OPTS) +
1

1− α
log2

(1

2
+

1

α2α

)

.Wz 3.2 nWz 3.3 L�(	8�k#g α L�g���-B� 1 q[.� 1 #[, �(o#g α L�?_C., 0F α > 0.365 T, Æ�,J��� [9] �.L	8. �J$ZL℄
lim
α→1

1

α− 1
log2

(

1 +
( 1

α

)
1

α−1

−
( 1

α

)
α

α−1
)

≈ 0.53,
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lim
α→1

1

1− α
log2

(1

2
+

1

α2α

)

≈ 1.22,�n� [8] LQ�'�S.

α

[9]

é

[8]

[8]

， é

α α
α

é

α α

α

α

α

αy 1 �DT^ h(α) U�Br α IWry�, �\�| [8–9] akL=y2$, {d Rényi 8n Tsallis 8L[a��, GHfQ���� Tsallis 8.Jg 3.4 F s = 2, 7��yÆp�:"T,

Tα(GS) 6
1

1− α
1

1−α ( 1
α − 1)

Tα(OPTS) +
α

α
1−α

1− α
1

1−α ( 1
α − 1)

.[kS�L s,

Tα(GS) 6
(1

2
+

1

α2α

)

Tα(OPTS) +
1

(1− α)α2α
−

1

2(1− α)
.

§4 KhH�n
§4.1 Jg 3.1 F�mÆ�JbL�{<, ��^CyÆp� p L 	: (Inverse Sketch) 6yÆp�0 SL �u (Inverse Profile).J� 4.1 [k<Z�WLyÆp� pi, W\�g

S−1
pi

(y) :=

|pi|
∑

j=1

pi(j)1{pi(j)6y}
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P−1
S (y) := max

pi∈S
S−1
pi

(y)Æ S L �u.���?�2L℄, ℄Æ	:��u�fhI�DU<�, qX��fhI�Z\HLf�g. \VH, S−1
p (y) � P−1

S (y) p�℄ Sp(x) � PS(x) L�\ �g.  ���G8Ly"YS ��� 	:n �u.J� 4.2 E H ℄�yÆp�L 	:.�yÆp�0L �u, W\ H LS�8
Fα
cost(H) := H(1) + (1− α)

∫ 1

0

H(y)yα−2dy.AYL
, HfW\℄"zL. [k 	:, ��hB Q�:

Fα
cost(S

−1
p ) = S−1

p (1) + (1 − α)

n
∑

j=1

pj

(

∫ 1

pj

yα−2dy
)

= m(p)−

n
∑

j=1

pj

(

∫ 1

pj

(α− 1)yα−2dy
)

= m(p)−

n
∑

j=1

pj(1− pα−1
j ) =

n
∑

j=1

pαj = Fα
cost(p).[k �u, ��hB ^z.
g 4.1 Fα

cost(PS) = Fα
cost(P

−1
S ).�
PS(x) = y,

x = P−1
S (y),

dx = [P−1
S (y)]′dy.<I�Z\HI, (P−1

S )′(y) |��BS�W\. EnX� [P−1
S (y)]′ |�1��BS6 Dirac δ �gLE{�X��v�{. GHZBCW\ 2.3, JH

Fα
cost(PS) =

∫ m(S)

0

(PS(x))
α−1dx =

∫ 1

0

yα−1[P−1
S (y)]′dy

= P−1
S (y)yα−1|10 −

∫ 1

0

(α− 1)P−1
S (y)yα−2dy

= P−1
S (1) + (1− α)

∫ 1

0

yα−2P−1
S (y)dy = Fα

cost(P
−1
S ).^z
�.
g 4.2 ∀y ∈ [0, 1], S−1

OPTS
(y) > P−1

S (y).
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S LW\, �Q
� ∀p ∈ S, S−1

OPTS
(y) > S−1

p (y). [kyÆp� p � p′,B��/X �F:

(1) |p′| = |p|+ 1;

(2) ∃1 6 i 6 |p|, ∃1 6 j1 < j2 6 |p′|, XJ p(i) = p′(j1) + p′(j2);

(3) (p(1), · · · , p(i−1), p(i+1), · · · , p(|p|)) = (p′(1), · · · , p′(j1−1), p
′(j1+1), · · · , p′(j2−

1), p′(j2 + 1), · · · , p′(|p′|)),�,yÆp� p′ g p a�S;&tp�JH. |B (0.5, 0.2, 0.2, 0.1)nXg (0.5, 0.4, 0.1)a�S;&tp�JH. AYL
:

(1) S−1
p′ (y) = S−1

p (y), F y < p′(j2) T;

(2) S−1
p′ (y) > S−1

p (y), F p′(j2) 6 y < p′(j1) + p′(j2) T;

(3) S−1
p′ (y) = S−1

p (y), F y > p′(j1) + p′(j2) T.℄:,B�yÆp� p′ ℄gyÆp� pa�S;&tp�JH,�� ∀y, S−1
p′ (y) > S−1

p (y).$ZH2e:" OPTS g�tp� p Y;E{;&tLp�JH, qX S−1
OPTS

(y) >

S−1
p (y).^z
�.Jg 3.1 F�m F 0 < α < 1 T, gW\ 4.2 6^z 4.2 Æ

Fα
cost(S

−1
OPTS

) > Fα
cost(S

−1
p ).j℄Æ

Hα(p) =
1

1− α
log2 F

α
cost(p),qX

Hα(OPTS) > Hα(PS).F α > 1 T, $ZH:T 1− α < 0, qX
Fα
cost(S

−1
OPTS

) 6 Fα
cost(S

−1
p ).j℄Æ

Hα(p) =
1

1− α
log2 F

α
cost(p),qX

Hα(OPTS) > Hα(PS).-H, ∀α 6= 1, .h
Hα(OPTS) > Hα(PS)-}.Wz 3.1 
�.
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§4.2 Jg 3.2 F�mKyÆp� p, q Æ MEC �{L���tp�, � pt, qt p��[|u5m
� p, qa� t ;F)$JHLyÆp�, �: St := {pt, qt}. #: S0 = S. 'aP, � GtS :=

(GS(1), · · · ,GS(t)).o� 1 a"k� 0 < α < 1, W\
M t := (1− r)Fα

cost(G
t
S) + Fα

cost(P
−1
St ),)� r ∈ (0, 1) Æ#g. #: M0 = Fα

cost(PS), M
|GS| = (1 − r)Fα

cost(GS). B�=|^FL
r, XJ M t+1 6 M t [k<ZL t h-}, �e�NZL7R<, h

(1− r)Fα
cost(GS) = M |GS| 6 M0 = Fα

cost(P
−1
S )-}, <_JH	8

Fα
cost(GS) 6

1

1− r
Fα
cost(P

−1
S ) =

1

1− r
Fα
cost(PS). (4.1)$ZHo(u5m
Ly;, Fα

cost(P
−1
St ) �k t DURC, Fα

cost(G
t
S) �k t DUR�. �:, F r 1p?T, �PL r Y�=|. ���~kG�\�.L r, X,J�e	8.�lK pt(1) 6 qt(1), �� GS(t+ 1) = pt(1). 	[ M t LQS!p Fα

cost(G
t
S), #:h

Fα
cost(G

t+1
S ) = Fα

cost(G
t
S) + pt(1)α (4.2)-}.  �Jb Fα

cost(P
−1
S ) �k t L�C��. a"h

(1)

S−1
pt+1(y) =

{

S−1
pt (y), y < pt(1),

S−1
pt (y)− pt(1), y > pt(1).

(2)

S−1
qt+1(y) =















S−1
qt (y), y < qt(1)− pt(1),

S−1
qt (y) + qt(1)− pt(1), qt(1)− pt(1) 6 y < qt(1),

S−1
qt (y)− pt(1), y > qt(1).YS JH

P−1
St+1(y)















= P−1
St (y), y < qt(1)− pt(1),

6 P−1
St (y) + qt(1)− pt(1), qt(1)− pt(1) 6 y < pt(1),

= P−1
St (y)− pt(1), y > pt(1).

(4.3)HfQ`�N�-}Ls℄>y�i�. \VH[k<ZL t, m(pt) = m(qt) = m(St).℄Æ y > pt(1), h
S−1
pt+1(y) = m(St+1) > S−1

qt+1(y),

S−1
pt (y) = m(St) > S−1

qt (y).qX
P−1
St+1(y) = max{S−1

pt+1(y), S
−1
qt+1(y)} = S−1

pt+1(y),
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P−1
St (y) = max{S−1

pt (y), S−1
qt (y)} = S−1

pt (y).j℄Æ
S−1
pt+1(y) = S−1

pt (y)− pt(1),<_F y > pt(1) T,

P−1
St+1(y) = P−1

St (y)− pt(1),

(4.3) -}.Q"W\ 4.1 6 (4.3), $Z:T 1− α > 0, nJ
Fα
cost(P

−1
St+1) = m(St+1) +

∫ 1

0

(1− α)P−1
St+1 (y)y

α−2dy

6 m(St)− pt(1) +

∫ 1

0

(1 − α)P−1
St (y)y

α−2dy −

∫ 1

pt(1)

pt(1)(1− α)yα−2dy

+















∫ pt(1)

qt(1)−pt(1)

[qt(1)− pt(1)](1 − α)yα−2dy, qt(1)− pt(1) < pt(1),

0, r�
6 Fα

cost(P
−1
St )− (pt(1))α + [qt(1)− pt(1)][(qt(1)− pt(1))α−1 − (pt(1))α−1].�

M t+1−M t
6 −r(pt(1))α+ max

pt(1)<qt(1)<2pt(1)
[qt(1)−pt(1)][(qt(1)−pt(1))α−1−(pt(1))α−1] 6 0,S2 r >�/L�F

r > max
pt(1)<qt(1)<2pt(1)

(qt(1)− pt(1)

pt(1)

)α

−
qt(1)− pt(1)

pt(1)
.Æ�JH\�.L r <_,J�e	8, � x := qt(1)−pt(1)

pt(1) ∈ (0, 1), �
r > max

0<x<1
xα − x.k'�g g(x) = xα − x, )� 0 < x, α < 1. �

g′(x) = αxα−1 − 1 = 0.℄ g′(x) | (0, 1) HDURC, �F x =
(

1
α

)
1

α−1 T g(x) 6J3?� (�TR℄2?�)
(

1
α

)
α

α−1 −
(

1
α

)
1

α−1 . 6
r =

( 1

α

)
α

α−1

−
( 1

α

)
1

α−1

,BC (4.1) JH	8
Fα
cost(GS) 6

1

1− ( 1
α )

α
α−1 + ( 1

α )
1

α−1

Fα
cost(PS).�N����T6[g, �. 1

1−α > 0, JH
Hα(GS) 6 Hα(PS) +

1

α− 1
log2

(

1 +
( 1

α

)
1

α−1

−
( 1

α

)
α

α−1
)

.
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9 377{Q"Wz 3.1, 3: 1 
�.o� 2 k� α > 1 L3:, $Z:T fα
cost(x) = xα L��<aNw�, <_G�'aL�N��aN�(. W\

M t := (1 + r)Fα
cost(G

t
S) + Fα

cost(P
−1
St ),)� r > 0 Æ#g. #: M |GS| = (1 + r)Fα

cost(GS). B�=|^FL r, XJ M t+1 > M t[k<ZL t h-}, �e�NZL7R<, h
(1 + r)Fα

cost(GS) = M |GS| > M0 = Fα
cost(P

−1
S ),<_JH	8

Fα
cost(GS) >

1

1 + r
Fα
cost(P

−1
S ) =

1

1 + r
Fα
cost(PS). (4.4){[�N��%6[g, �. 1

1−α < 0, JH
Hα(GS) 6 Hα(PS) +

1

α− 1
log2(1 + r).<HZnXj2, Æ�,J�e	8, ���~kG�XJ M t+1 > M t -}L\n�.L r.>K pt(1) 6 qt(1), �s3: 1 L
��/Æ (4.2)–(4.3) U:-}. Q"W\ 4.1 6

(4.3), $Z:T 1− α < 0, nJ
Fα
cost(P

−1
St+1) = m(St+1) +

∫ 1

0

(1− α)P−1
St+1 (y)y

α−2dy

> m(St)− pt(1) +

∫ 1

0

(1 − α)P−1
St (y)y

α−2dy −

∫ 1

pt(1)

pt(1)(1− α)yα−2dy

+















∫ pt(1)

qt(1)−pt(1)

[qt(1)− pt(1)](1 − α)yα−2dy, qt(1)− pt(1) < pt(1),

0, r�
> Fα

cost(P
−1
St )− (pt(1))α + [qt(1)− pt(1)][(qt(1)− pt(1))α−1 − (pt(1))α−1].�

M t+1−M t
> r(pt(1))α+ min

pt(1)<qt(1)<2pt(1)
[qt(1)−pt(1)][(qt(1)−pt(1))α−1− (pt(1))α−1] > 0,S2 r >�/L�F

r > − min
pt(1)<qt(1)<2pt(1)

(qt(1)− pt(1)

pt(1)

)α

−
qt(1)− pt(1)

pt(1)
.Æ�JH\�.L r, <_,J�e	8, � x := qt(1)−pt(1)

pt(1) ∈ (0, 1), �
r > − min

0<x<1
xα − x.k'�g g(x) = xα − x, )� α > 1. �

g′(x) = αxα−1 − 1 = 0.



378 h�E�!�i�A 4 46 g℄ g′(x) | (0, 1) HDUR�, �F x =
(

1
α

)
1

α−1 T, g(x) 6J3.� (�TR℄2.�)
(

1
α

)
α

α−1 −
(

1
α

)
1

α−1 . 6
r = −

(( 1

α

)
α

α−1

−
( 1

α

)
1

α−1
)�BC (4.4) JH	8

Hα(GS) 6 Hα(PS) +
1

α− 1
log2

(

1 +
( 1

α

)
1

α−1

−
( 1

α

)
α

α−1
)

.{Q"Wz 3.1, 3: 2 
�.�J$ZL℄, 3: 1 n3: 2 p�JHL GS n OPTS �� Rényi 8(�LHU
h(α) fh'��>Z, �:G`�"�*f.Wz 3.2 
�.

§4.3 Jg 3.3 F�mJ� 4.3 �WyÆp�0 S, W\�g CS(x) : [0, 1]→ [0, 1] �/B �F:

(1) CS(x) DU�J;

(2) B� m(St) = x, �� GS(t+ 1) > CS(x).�ÆvI, |u5m
7GY;Q t + 1 ;F)T, B�yÆp�0 S �Om.yÆ
m(St) = x, �� CS(x) ℄u5m
Q t + 1 ;N-yÆ� GS(t + 1) LS� U. $Z CS(x) �n x '�, n t ��.
g 4.3 [kHfW\L CS(x), ∀α 6= 1, h

Hα(GS) 6 Hα(CS(x))-}, )�
Hα(CS(x)) :=

1

1− α
log2 F

α
cost(CS(x)) :=

1

1− α
log2

∫ 1

0

(CS(x))
α−1dx.� F x = 1 −

i
∑

j=1

GS(j) T, g CS(x) LW\Æ CS(x) 6 SGS
(x). j℄Æ CS(x) DU�J0 SGS

(x) |�� (

1−
i+1
∑

j=1

GS(j), 1−
i
∑

j=1

GS(j)
] H6+�, qX[k<ZL x ∈ (0, 1],

CS(x) 6 SGS
(x)-}.F 0 < α < 1 T, (SGS

(x))α−1 6 (CS(x))
α−1, <_h

Fα
cost(GS) 6 Fα

cost(CS(x)).�N���6[g, ��T. 1
1−α > 0, JH

Hα(GS) 6 Hα(CS(x)).F α > 1 T, (SGS
(x))α−1 > (CS(x))

α−1, <_h
Fα
cost(GS) > Fα

cost(CS(x)).
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9 379�N���6[g, ��T. 1
1−α < 0, JH

Hα(GS) 6 Hα(CS(x)).-H, ^z 4.3 
�.

CS(x) L=|<#:, E�
S.  ���GG�^FL CS(x) X,Ju5m
LZjSL�e	8. W\�g
RS(y) := max

p∈S
Rp(y) := max

p∈S

n
∑

j=1































y, y 6
p(j)

2
,

p(j)

2
,

p(j)

2
< y < p(j),

p(j), y > p(j).
g 4.4 W\ CS(x) := argmin
y

[RS(y) > x], � CS(x) �/W\ 4.3 L�F.� |u5m
7GY;Q t+1;F)T, >KyÆp�0 S �Om.yÆ m(St) =

x, u5m
 S;8�LyÆ GS(t + 1) = y, ��=|��yÆp� pti ∈ St, )2?LyÆ pti(1) = y. g CS(x) LW\Æ, �>
� Rpi
(y) > x.[kyÆp� pi �<S&t j, ���2:TOmyÆLS�HU. Sj�, ℄ÆF- pti �2?LyÆÆ y, qXOmyÆ 6 min{pi(j), y}. 
Sj�, B� pi(j) > y, $ZHu5m
N-LyÆp� GS DU��, 7 GS(t) 6 GS(t − 1) [k<ZL 2 6 t 6 |GS |-}, qX pi(j) �Jh y LyÆWa|-AF)�
V4�~<� GS �, ℄:OmyÆ

6 pi(j)− y..�, Q"XH��3r, �G pi Lqh&tY;x<, JHB 	8
n
∑

j=1

{

pi(j), pi(j) 6 y,

min{y, pi(j)− y}, pi(j) > y,
> x.y�P, F y 6

pi(j)
2 T, min{y, pi(j)− y} = y; F pi(j)

2 < y < pi(j) T, min{y, pi(j)− y} =

pi(j)− y <
pi(j)
2 , 7

Rpi
(y) =

n
∑

j=1































y, y 6
pi(j)

2
,

pi(j)

2
,

pi(j)

2
< y < pi(j),

pi(j), y > pi(j),

>

n
∑

j=1

{

pi(j), pi(j) 6 y,

min{y, pi(j)− y}, pi(j) > y,
> x.^z
�.
g 4.5

∫ 1

0

(CS(x))
α−1dx =

(1

2
+

1

α2α

)

Fα
cost(P

−1
S ).
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∫ 1

0

(CS(x))
α−1dx

=

∫ 1

0

R′
S(y)y

α−1dy

= RS(y)y
α−1|10 +

∫ 1

0

RS(y)(1 − α)yα−2dy

= m(S) +

∫ 1

0

[

P−1
S (y) +

1

2

(

P−1
S (2y)− P−1

S (y)
)

+ y

∫ 1

2y

[P−1
S (t)]′

t
dt
]

(1− α)yα−2dy

= m(S) +
(

∫ 1

0

P−1
S (y) + P−1

S (2y)

2
(1− α)yα−2 + (1− α)yα−1

(

∫ 1

2y

[P−1
S (t)]′

t
dt
)

dy
)

=
1

2

(

m(S) +

∫ 1

0

P−1
S (y)(1 − α)yα−2dy

)

+
1

2

(

m(S) +

∫ 1

0

P−1
S (2y)(1− α)yα−2dy

)

+

∫ 1

0

[P−1
S (t)]′

t
·

∫ t
2

0

(1− α)yα−1dydt

:= I + II + III.O v, �>[HfF!pp�Y;	8. a"$ZH
I =

1

2
Fα
cost(P

−1
S ). (4.5):$[ II Xdp!2p
�Y;*r:

II =
1

2
m(S)−

1

2

∫ 1

0

P−1
S (2y)(α− 1)yα−2dy

=

∫ 1

0

[P−1
S (2y)]′yα−1dy

=
1

2

∫ 2

0

[P−1
S (u)]′

(u

2

)α−1

du

= 2−α

∫ 1

0

[P−1
S (u)]′uα−1du

= 2−αFα
cost(P

−1
S ). (4.6)2$�k III, $ZH

∫ t
2

0

(1− α)yα−1dy =
1− α

α
yα|

t/2
0 =

1− α

α2α
tα, (4.7)GHfQ�BC III, J

1− α

α2α

∫ 1

0

[P−1
S (t)]′tα−1dt =

1− α

α2α
Fα
cost(P

−1
S ).-" (4.5)–(4.7), h

∫ 1

0

(CS(x))
α−1dx =

(1

2
+

1

α2α

)

Fα
cost(P

−1
S ).^z
�.
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9 381Jg 3.3 F�m |^z 4.5 LN����T6[g, �. 1
1−α , J

Hα(CS(x)) = Hα(PS) +
1

1− α
log2

(1

2
+

1

α2α

)

.2$, ad^z 4.3–4.4 6Wz 3.1, h
Hα(GS) 6 Hα(OPTS) +

1

1− α
log2

(1

2
+

1

α2α

)

.Wz
�.

§4.4 Jg 3.4 F�mGWz 3.2–3.3 LQ�BC
Hα(p) =

1

1− α
log2 [1 + (1− α)Tα(p)]�, 7nJ
. A�e�{��
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Abstract For the minimum entropy coupling problem based on Rényi entropyHα, an upper

bound h(α) on the entropy function difference between the greedy algorithm’s approximate

solution and the optimal solution was derived by introducing the profile method. When the

authors couple two probability distributions, h(α) = 1
α−1 log2

(

1+
(

1
α

)
1

α−1 −
(

1
α

)
α

α−1
)

. When

the authors couple finite probability distributions, h(α) = 1
1−α log2

(

1
2 +

1
α2α

)

. These results

were further extended to the Tsallis entropy. The innovation of this work lies in establishing

the error estimate as an explicit function of the parameter α, and obtaining more precise

results for α > 0.365.
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