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DEs), Nualart , Schoutens [14] �5#�(.x_	S�tf#O�. %59J\�;#�v, Lévy%0_�S!!WKb� (,E Teugels�), ��*:^�# Lévy%0e�S��
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404 ��~�G���A G 46 {_�6__S BSDEs[16]. :4, ai}Ae% Teugels �__S BSDEs[17−19] �I_�S!B�WM- [20−22] ?~#�yoS�t, aQ#|�-#.fk,9of,w>Zg\,C"%0So?�nÆ
*JUj',;,P��j'_�. �:, �t)�ZS!B�WS7y'_	SZ��	s. 2000F, Øksendal, Sulem

[23] FeC�S7^�#!BxCQ1�. xO5$N, �ZS7e�S�!v0���npKe!B�zv0, ,E*UKe!B�zv0 (anticipated BSDE) . �v0% Peng, Yang [24] �<,5, %56�M<#C�*UKe!B�zv0hSC�?9s. :4, Chen , Wu 9:�7r~?#C"�t�{: 2010 F, %59J [25] \�t#)�ZS!B�zv0, 4%eJvp,*UKe!B�zv0^�#�M-SxCQ1�, ��5#_��!��; 2011 F, Chen , Wu o���t#����KKe!B�zv0, P\Kev0E�Z!B�zv0, Kev0E*UKe!B�zv0 [26]. :<, J [27–28] ��%5�*�ZS7SF�s�t-#. �veS4z�to?� ZJ [29–32] U.�U�N, )�Z?*U
�% Lévy%0__S!B�WM-, P'7gS7}���}1S)�Z,*U
SKKe!B�zv0 (Y,E FBSDELDAs). IxO5$N,JUFeC�KKe!B�zv0S�t-#st. �:, �J�,nVq�S)�Z,*U
SKKe!B�zv0:




dx(t) = b(t, θ(t), θ−(t), y+(t), z+(t), k+(t))dt+ σ(t, θ(t), θ−(t), y+(t), z+(t), k+(t))dW (t)

+
∞∑

i=1

g
(i)(t, θ(t−), θ−(t−), y+(t−), z+(t), k+(t))dH

(i)(t), t ∈ [0, T ],

dy(t) = f(t, θ(t), x−(t), θ+(t))dt+ z(t)dW (t) +
∞∑

i=1

k
(i)(t)dH(i)(t), t ∈ [0, T ],

x(t) = λ(t), y(t) = µ(t), z(t) = ρ(t), k(t) = ς(t), t ∈ [−δ, 0],

y(T ) = Φ(x(T )),

x(t) = y(t) = z(t) = k(t) = 0, t ∈ (T, T + δ],

(1.1)

C�^� θ(·) = (x(·)T, y(·)T, z(·)T, k(·)T)T X k(·) := (k(1)(·)T, k(2)(·)T, · · · )T, θ−(·) =

(x−(·)T, y−(·)T, z−(·)T, k−(·)T)T = (x(· − δ)T, y(· − δ)T, z(· − δ)T, k(· − δ)T)T, θ+(·) =

(x+(·)T, y+(·)T, z+(·)T, k+(·)T)T = (EFt [x(· + δ)]T,EFt [y(· + δ)]T,EFt [z(· + δ)]T,EFt [k(· +

δ)]T)T. +�V, θ(·−)=(x(·−)T, y(·−)T, z(·)T, k(·)T)T, θ−(·−)=(x−(·−)T, y−(·−)T, z−(·)T,

k−(·)T)T = (x((· − δ)−)T, y((· − δ)−)T, z(· − δ)T, k(· − δ)T)T, y+(·−) = EFt [y((·+ δ)−)], P\ EFt [·] = E[·|Ft], T �
wHSiV. :<, O Λ(·) = (λ(·), µ(·), ρ(·), ς(·)). x δ > 0 E�^(�, F��ZCi. o���^, e$' t ∈ [−δ, 0], ' Ft = F0. {Wt : t ∈ [0, T ]} E dG�k��5_, {H
(i)
t : t ∈ [0, T ]}∞i=1 �, Lévy %0_�S Teugels �.E�*4z�!, o��O

Γ(·) := (f(·)T, b(·)T, σ(·)T, g(·)T)T, P\ g(·)T := (g(1)(·)T, g(2)(·)T, · · · )T. (1.2)*�, FBSDELDAs (1.1) S$'S��7��
E (Λ,Φ,Γ).

2014F, Li,Wu [33]~��t)�Z/ Lévy%0S*UX !Bx#�WM-,P�WS7�%)�Z/ Lévy %0S*UKKe!B�zv0 (YOE AFBSDEDLs) ;�. %59J\z�M<#)�Z/ Lévy %0S!B�zv0 (SDEDLs) I) Lévy %0S*UKe!B�zv0 (ABSDELs) hSC�?9s, okQNx}1 AFBSDEDLshSC�?9sf#. �*Cj-#, %59J [34] \o���t#)�Z/ Lévy %0



4 O w4℄ )3H 6[m 
�& Lévy &1``TLLf"CA{w1JQ: LQ N.℄T�" 405S7S LQ �WM-, QN#!B'7gS7S�hsIC�x#�WS�A�. v	h�S�,%5$�tS AFBSDEDLs }Ex}1q�,k�J`o���t=
}1Zq, C,x}1Zq?9Xe&�. EM<=
}1 FBSDELDAs hS?9C�s, O5e�:por#o��o?,�!, >kQNPhS?9C�sf#. :<, J [33] ��5 ABSDELshS�zÆ
s. �:, �J`_Y�3C��tve, o��(* SDEDLsI=
}1 FBSDELDAs hS�zÆ
s^� ( Z�� 2.1 ,^� 3.1).

2022F, E℄h���S�!*h|Æ�!B LQM-S}1 FBSDEs, Yu [35] 4%�o�S%wHQ!B�"IwHQ!B%0, �^#�
�W-G\s�W. �n�W�nD~�J\i�, ��:p_�SZq, ;��)xiJ\HvIS's. Yu 9J\QN#}1 FBSDEs hSC�?9sf#Ihe{-/S�zÆ
sf#. %*C��WSÆ!sB��, &���!*iLN=J[S�t\, nJ [36–38] U.pN, Yang , Yu [39] �t#��P\�.r)�Z/*U
S}1 FBSDEs, 4%�o!B: Lipschitz 1\,!B:G\s1\, QN#C� FBSDEs hSC�?9s., Yang / Yu S�t [39] _Æ, �J` Yu [35] ,5S�W-G\s1\9�N)�Z�*U
S�WV, !*℄h=
}1S FBSDELDAs, X�vp�o���!*℄h���SsDR��)b$
ZqS�Z!B LQ M-. QQh�S�, Li, Wang , Wu [40]>9?��W-G\s1\V, �t#��*U�ZKKe!B�zv0hS?9C�s,I%5$�!S�W-G\s1\,�J ( ZUx 3.2) ?9Xe&�, �*C�&�SaU*0, � Zh 3.1.{Er�f#S�!, O5`_nz�)�Z?*U
�% Lévy%0__S!B LQM-. LQM-�!Bx#�WM-\S��r[M-, ��ai}Ayo�t. 9�tC� LQM-�, �f>vI'7gS7, C��^℄sS FBSDELDAs. kf FBSDELDAshSC�?9sf#, O5QN# LQM-\'7gS7S?9C�s. QQ,IS�, 98�Ke LQ M-\�)b$
SsDR��, O5�o#�
�[�� ( Z�� 4.1)�^�x#�WSC�s, C�Y�y'_	��.�JP+�zSf�nV: W 2 e�o�e�zQ$vS��}., 6��5, S-

DEDLs / ABSDELs _�S!
�[��, Cj��e4zzQT�_	. W 3 e9�W-G\s1\V�t FBSDELDAs (1.1), _Y^��v0hS?9C�s, ��5e�0�Wy'_	{!S�zÆ
s^�, Cj�[f#rf*^� 3.1 \. W 4 e�*ULeSf#, �t!�) Lévy %0�I�Z?*U
S7S LQ M-, -�9M5C�x#�W"/SeJ�
.

§2 � _`�h8x Rn E n GI��X, Ps�E | · |, CDE 〈·, ·〉. x Sn E Rn×n \$'e,wH�-SH1, Rn×m E$' n×m wH�-SH1, Ps�^�E |A| =
√
tr(AAT) (ei� A ∈ Rn×m), CD^�E

〈A,B〉 = tr(ABT), A,B ∈ R
n×m.x T > 0, [0, T ] �
'\�X^X. x (Ω,F ,F,P) E�
=
S�-�X, P\+. F = {Ft : 0 6 t 6 T } 1s)�zs/ P-=
sS(�1\. :<, ^�.n

G = {Gt : Gt = Ft−δ, 0 6 t 6 T }. x {Wt : 0 6 t 6 T } E�* F Æ�S d G�k��5



406 ��~�G���A G 46 {_, {St : 0 6 t 6 T }E 1 G�Q)�zF!P%0,,E Lévy %0, Py'MLb�="X, {Wt : 0 6 t 6 T } _7b�. �N St S+I+�y'nVq�:

E(eiωSt) = exp
[
iaωt−

1

2
̺2ω2t+ t

∫

R

(eiωs − 1− iω1{|s|<1})v(dx)
]
,P\ a ∈ R, ̺ > 0, v E R rS#
X1s ∫

R
(1 ∧ x2)v(dx) 6 ∞. Ux Lévy #
 v 1s

∫

(−ε,ε)c
(ek|x|)v(dx) 6 ∞,P\ei� ε > 0, ?9(� k > 0.Ux+. F S{-f�E

Ft = σ(Ss, s 6 t) ∨ σ(Ws, s 6 t) ∨ N ,P\ N �
$' P-'#H�-SH1.O {H
(i)
t : 0 6 t 6 T }∞i=1 E, Lévy %0 {St : 0 6 t 6 T } _�S Teugels �. H

(i)
t S�A�E

H
(i)
t = ci,iY

(i)
t + ci,i−1Y

(i−1)
t + · · ·+ ci,1Y

(1)
t ,P\e$' i > 1, Y

(i)
t = S

(i)
t −E[S

(i)
t ]: S

(i)
t ,E93%0, 1s S

(1)
t = St, XJ i > 2 �,

S
(i)
t =

∑
06s6t

(∆Ss)
i: S� ci,j �i
� 1, x, x2, · · · �*#
 µ(dx) = x2v(dx) + σ2δ0(dx)SKb:S�. :<, �N Teugels � {H

(i)
t }∞i=1 !!WKb, P�$m<�&%01s

〈H
(i)
t , H

(j)
t 〉 = δijt,P\

δij =

{
1, i = j,

0, i 6= j.�* Teugels �S�iUe, � ZJ [14–15].x H E�sRl�+�X, Ps�OE ‖ · ‖H, V:�op	}.^�.

l2: $'1s�V1\
‖x‖l2 :=

( ∞∑

i=1

x2i

)1/2

<∞S�Qy% x = (xn)n>1 �-S�X.

l2(H): $'1s�V1\
‖f‖l2(H) :=

( ∞∑

i=1

‖f i‖2H

)1/2

<∞S H Qy% f = {f i}i>1 �-S�X.

C(s, r;H): %^X [s, r] N H S
/�z+��-S�X.

L2(s, r;H): $'1s�V1\
‖ξ(·)‖L2(s,r;H) :=

[ ∫ r

s

|ξ(t)|2Hdt
]1/2

<∞S H Q�	��#+� ξ(·) �-S�X.
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L2
FT

(Ω;H): $'1s�V1\
‖ξ‖L2

FT
(Ω;H) := [E‖ξ‖2H]

1/2 <∞S H Q, FT �#!B�" ξ �-S�X.

L∞
FT

(Ω;H): $' H Q, FT �#X�s'jS!B�"�-S�X.

L2
F
(s, r;H): $'1s�V1\

‖f(·)‖L2
F
(0,T ;H) :=

[
E

( ∫ r

s

‖f(t)‖2Hds
)]1/2

<∞S H Q, F �$%0 f(·) �-S�X.

M2
F
(s, r;H): $'1s�V1\

‖f(·)‖L2
F
(0,T ;H) :=

[
E

( ∫ r

s

‖f(t)‖2Hds
)]1/2

<∞S H Q, F Æ�%0 f(·) �-S�X.

L2
F
(s, r; l2(H)): $'1s�V1\

‖f(·)‖L2
F
(0,T ;l2(H)) :=

[
E

( ∫ r

s

∞∑

i=1

‖f i(t)‖2Hds
)]1/2

<∞S l2(H) Q, F �$%0 f(·) = {f i(·)}i>1 �-S�X.

L∞
F
(s, r;H): $' H Q, F �$X�s'jS%0�-S�X.

L∞
G
(s, r;H): $' H Q, G �$X�s'jS%0�-S�X.

S2
F
(s, r;H): $'1s�V1\

‖f(·)‖S2
F
(s,r;H) :=

[
E

(
sup

t∈[s,r]

‖f(t)‖2H

)]1/2
<∞S H Q, F Æ�)�zF (càdlàg) %0 f(·) �-S�X.EY:}., V:o���5p	/D�XS^�.

N2
F
(0, T ;Rn(2+d) × l2(Rm)) := S2

F
(0, T ;Rn)× S2

F
(0, T ;Rn)×M2

F
(0, T ;Rn×d)× L2

F
(0, T ;

l2(Rn)). e*i�S θ(·) = (x(·)T, y(·)T, z(·)T, k(·)T)T ∈ N2
F
(0, T ;Rn(2+d) × l2(Rn)), &Ss�E

‖θ(·)‖N2
F
(0,T ;Rn(2+d)×l2(Rn)) :=

{
E

[
sup

t∈[0,T ]

|x(t)|2 + sup
t∈[0,T ]

|y(t)|2

+

∫ T

0

|z(t)|2dt+

∫ T

0

‖k(t)‖2l2(Rn)dt
]}1/2

.

N 2
F
(0, T ;Rn(2+d) × l2(Rn)) := L2

F
(0, T ;Rn)× L2

F
(0, T ;Rn)×M2

F
(0, T ;Rn×d)× L2

F
(0, T ;

l2(Rn)). e*i�S ρ(·) = (ϕ(·)T, ψ(·)T, γ(·)T, β(·)T)T ∈ N 2
F
(0, T ;Rn(2+d) × l2(Rn)), &Ss�E

‖ρ(·)‖N 2
F
(0,T ;Rn(2+d)×l2(Rn)) :=

{
E

[ ∫ T

0

|ϕ(t)|2dt+

∫ T

0

|ψ(t)|2dt

+

∫ T

0

|γ(t)|2dt+

∫ T

0

‖β(t)‖2l2(Rn)dt
]}1/2

.

Q(−δ, 0;Rn(2+d)× l2(Rn)) := C(−δ, 0;Rn)×C(−δ, 0;Rn)×L2(−δ, 0;Rn×d)×L2(−δ, 0;
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l2(Rn)). e*i�S Λ(·) = (λ(·), µ(·), ρ(·), ς(·)) ∈ Q(−δ, 0;Rn(2+d) × l2(Rn)), &Ss�E

‖Λ(·)‖Q(−δ,0;Rn(2+d)×l2(Rn)) :=
{

sup
t∈[−δ,0]

|λ(t)|2 + sup
t∈[−δ,0]

|µ(t)|2

+

∫ 0

−δ

|ρ(t)|2dt+

∫ 0

−δ

‖ς(t)‖2l2(Rn)dt
}1/2

.

H[−δ, T ] := Q(−δ, 0;Rn(2+d) × l2(Rn))× L2
FT

(Ω;Rn)×N 2
F
(0, T ;Rn(2+d) × l2(Rn)). e*i�S (π(·), η, ρ(·)) ∈ H[−δ, T ], &Ss�E

‖(π(·), η, ρ(·))‖H[−δ,T ] := {‖π(t)‖2Q(−δ,0;Rn(2+d)×l2(Rn)) + ‖η‖2L2
FT

(Ω;Rn)

+ ‖ρ(·)‖2N 2
F
(0,T ;Rn(2+d)×l2(Rn))}

1/2.V:`�5 SDEDL , ABSDEL Sp	��f#{E�JS��.�W, �,nVq�S SDEDL:



dxt = b(t, xt, x
′
t)dt+ σ(t, xt, x

′
t)dWt +

∞∑

i=1

g(i)(t, xt−, x
′
t−)dH

(i)
t , t ∈ [0, T ],

xt = λt, t ∈ [−δ, 0],

(2.1)P\ x′t = xt−δ (x′t �
 x 9 t− δ ��SaQ), x′t− = x(t−δ)− (x′t− �
 x 9 (t− δ) ��SzF\) .S� (b, σ, g, λ) v1s�VUx1\.&6 2.1 λ(·) ∈ C(−δ, 0;Rn) (K λ(·) �^X (−δ, 0) N Rn S�z+�), X (b, σ, g)E 3 
�^S!B u:

b : [0, T ]× Ω× R
n × R

n → R
n,

σ : [0, T ]× Ω× R
n × R

n → R
n×d,

g = (g(i))∞i=1 : [0, T ]× Ω× R
n × R

n → l2(Rn)X1s�V1\:

(i) ei� x, x′ ∈ R
n, b(·, x, x′), σ(·, x, x′) I g(·, x, x′) }E F-�y�#%0. :<,

b(·, 0, 0) ∈ L2
F
(0, T ;Rn), σ(·, 0, 0) ∈ L2

F
(0, T ;Rn×d), g(·, 0, 0) ∈ L2

F
(0, T ; l2(Rn)).

(ii)  u b, σ I g �* (x, x′) 1s�U Lipschitz �zs, Kei� x, x, x′, x′ ∈ Rn,?9(� L > 0, �Q
|b(t, x, x′)− b(t, x, x′)|+ |σ(t, x, x′)− σ(t, x, x′)|+ ‖g(t, x, x′)− g(t, x, x′)‖l2(Rn)

6 L(|x− x|+ |x′ − x′|).X/ 2.1 9Ux 2.1 V, S�E (b, σ, g, λ) S SDEDL (2.1) ?9C�h x(·) ∈ S2
F
(0,

T ;Rn). :<, �h1snV�N�:

E

[
sup

t∈[0,T ]

|xt|
2
]
6 KE

[
sup

t∈[−δ,0]

|λt|
2 +

∫ T

0

|b(t, 0, 0)|2dt+

∫ T

0

|σ(t, 0, 0)|2dt

+

∫ T

0

‖g(t, 0, 0)‖2l2(Rn)dt
]
, (2.2)
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* T / Lipschitz (� L SK(�. o��V, x (b, σ, g, λ) E)�v1sUx 2.1 SS�, X x(·) ∈ S2
F
(0, T ;Rn) �S� (b, σ, g, λ) e�S SDEDL (2.1) Sh, <'nV�N�:

E

[
sup

t∈[0,T ]

|xt − xt|
2
]
6 KE

[
sup

t∈[−δ,0]

|λt − λt|
2 +

∫ T

0

|b(t, xt, x
′
t)− b(t, xt, x

′
t)|

2dt

+

∫ T

0

|σ(t, xt, x
′
t)− σ(t, xt, x

′
t)|

2dt

+

∫ T

0

‖g(t, xt, x
′
t)− g(t, xt, x

′
t)‖

2
l2(Rn)dt

]
, (2.3)P\ K 6�EnÆ
* T / Lipschitz (� L SK(�.g �W, SDEDL (2.1) hS?9C�s�9 Li , Wu SJ [33] \^� 3.1 QNM<, �:�JSvM<�N� (2.2) , (2.3). 9�VM<%0\, (� K SQ�D>!rJ9Mo{�: (h: :8E�}M<(!��, R K E,�"P�SK(�, y/�Q��bf0) .EY:}., O





x̂s = xs − xs, x̂t = xt − xt,

x̂′s = x′s − x′s, λ̂s = λs − λs,

b̂s = b(s, xs, x
′
s)− b(s, xs, x

′
s),

σ̂s = σ(s, xs, x
′
s)− σ(s, xs, x

′
s),

ĝs = g(s, xs, x
′
s)− g(s, xs, x

′
s).e |x̂s|2 �! Itô ��, �Q

|x̂t|
2 = |x̂0|

2 + 2

∫ t

0

〈x̂s, b̂s〉ds+

∫ t

0

|σ̂s|
2ds+

∞∑

i,j=1

∫ t

0

〈ĝ(i)s , ĝ(j)s 〉d[Hi, Hj ]s

+ 2

∫ t

0

〈x̂s, σ̂sdWs〉+ 2

∞∑

i=1

∫ t

0

〈x̂s−, ĝ
(i)
s−〉dH

(i)
s . (2.4)eU�!daN?, ��!���U� 2ab 6 a2 + b2, �95

E[|x̂t|
2] 6 E

{
|x̂0|

2 +

∫ t

0

(|x̂s|
2 + |̂bs|

2 + |σ̂s|
2 + ‖ĝs‖

2
l2(Rn))ds

}
. (2.5)m��M

∫ t

0

|x̂′s|
2ds =

∫ t−δ

−δ

|x̂s|
2ds =

∫ 0

−δ

|x̂s|
2ds+

∫ t−δ

0

|x̂s|
2ds

6 δ sup
t∈[−δ,0]

|λ̂s|
2 +

∫ t

0

|x̂s|
2ds. (2.6)f1Ux 2.1\S Lipschitz 1\��U� (2.6)I���U� (a+ b)2 6 2a2+2b2, �QN

∫ t

0

|̂bs|
2ds =

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s) + b(s, xs, x

′
s)− b(s, xs, x

′
s)|

2ds

6 2

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds+ 2

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds
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6 2L2

∫ t

0

(|x̂s|+ |x̂′s|)
2ds+ 2

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds

6 4L2

∫ t

0

|x̂s|
2ds+ 4L2

∫ t

0

|x̂′s|
2ds+ 2

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds

6 8L2

∫ t

0

|x̂s|
2ds+ 4δL2 sup

t∈[−δ,0]

|λ̂s|
2 + 2

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds. (2.7)��V,
∫ t

0

|σ̂s|
2ds 6 8L2

∫ t

0

|x̂s|
2ds+ 4δL2 sup

t∈[−δ,0]

|λ̂s|
2

+ 2

∫ t

0

|σ(s, xs, x
′
s)− σ(s, xs, x

′
s)|

2ds, (2.8)

∫ t

0

‖ĝs‖
2
l2(Rn)ds 6 8L2

∫ t

0

|x̂s|
2ds+ 4δL2 sup

t∈[−δ,0]

|λ̂s|
2

+ 2

∫ t

0

‖g(s, xs, x
′
s)− g(s, xs, x

′
s)‖

2
l2(Rn)ds. (2.9)` (2.7)–(2.9) Fo (2.5), �Q

E[|x̂t|
2] 6 KE

{∫ t

0

|x̂s|
2ds+ sup

t∈[−δ,0]

|λ̂s|
2 +

∫ t

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds

+

∫ t

0

|σ(s, xs, x
′
s)− σ(s, xs, x

′
s)|

2ds

+

∫ t

0

‖g(s, xs, x
′
s)− g(s, xs, x

′
s)‖

2
l2(Rn)ds

}
. (2.10)�:, �! Gronwall �U�, �Q

sup
t∈[0,T ]

E[|x̂t|
2] 6 KE

{
sup

t∈[−δ,0]

|λ̂s|
2 +

∫ T

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds

+

∫ T

0

|σ(s, xs, x
′
s)− σ(s, xs, x

′
s)|

2ds

+

∫ T

0

‖g(s, xs, x
′
s)− g(s, xs, x

′
s)‖

2
l2(Rn)ds

}
. (2.11)% (2.4), (2.7)–(2.9) I (2.11), �! Burkholder-Davis-Gundy �U� (Y,E BDG �U�), �Q

E

[
sup

t∈[0,T ]

|x̂t|
2
]
6 KE

{
sup

t∈[−δ,0]

|λ̂s|
2 +

∫ T

0

(|x̂s|
2 + |̂bs|

2 + |σ̂s|
2 + ‖ĝs‖

2
l2(Rn))ds

+ sup
t∈[0,T ]

2

∫ t

0

〈x̂s, σ̂sdWs〉+ sup
t∈[0,T ]

2
∞∑

i=1

∫ t

0

〈x̂s−, ĝ
(i)
s−〉dH

(i)
s

}

6 KE

{
sup

t∈[−δ,0]

|λ̂s|
2 +

∫ T

0

|b(s, xs, x
′
s)− b(s, xs, x

′
s)|

2ds
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+

∫ T

0

|σ(s, xs, x
′
s)− σ(s, xs, x

′
s)|

2ds

+

∫ T

0

‖g(s, xs, x
′
s)− g(s, xs, x

′
s)‖

2
l2(Rn)ds

}
+

1

2
E

[
sup

t∈[0,T ]

|x̂t|
2
]
. (2.12)%:�Pd95 (2.3). * (b, σ, g, λ) = (0, 0, 0, 0), < (2.2) -�.�*hS?9C�s, 4%�:p, % (2.3) ��PdMQ.P<, �,nVq�S ABSDEL:





dyt = f(t, yt, zt, kt, y
′
t, z

′
t, k

′
t)dt+ ztdWt +

∞∑

i=1

k
(i)
t dH

(i)
t , t ∈ [0, T ],

yT = ν,

yt = zt = kt = 0, t ∈ (T, T + δ],

(2.13)P\ y′t = EFt [yt+δ], z
′
t = EFt [zt+δ], k

′
t = EFt [kt+δ].S� (ν, f) v1s�VUx1\.&6 2.2 ν ∈ L2

FT
(Ω;Rn), X f E�^S!B u,

f : [0, T ]× Ω× R
n × R

n×d × l2(Rn)× R
n × R

n×d × l2(Rn) → R
n1s�V1\:

(i) ei� (y, z, k, y′, z′, k′) ∈ Rn×Rn×d× l2(Rn)×Rn×Rn×d× l2(Rn), f(·, y, z, k, y′,

z′, k′) E F-�y�#%0. :<, f(·, 0, 0, 0, 0, 0, 0) ∈ L2
F
(0, T ;Rn).

(ii)  u f �* (y, z, k, y′, z′, k′)1s�U Lipschitz�zs,Kei� y, y, y′, y′ ∈ Rn,

z, z, z′, z′ ∈ Rn×d, k, k, k′, k
′
∈ l2(Rn), ?9(� L > 0, �Q

|f(t, y, z, k, y′, z′, k′)− f(t, y, z, k, y′, z′, k
′
)|

6 L(|y − y|+ |z − z|+ ‖k − k‖l2(Rn) + |y′ − y′|+ |z′ − z′|+ ‖k′ − k
′
‖l2(Rn)).X/ 2.2 9Ux 2.2V, S�E (ν, f)S ABSDEL (2.13)?9C�h (y(·), z(·), k(·))

∈ S2
F
(0, T ;Rn)×M2

F
(0, T ;Rn×d)× L2

F
(0, T ; l2(Rn)). :<, �h1snV�N�:

E

[
sup

t∈[0,T ]

|yt|
2 +

∫ T

0

(|zt|
2 + ‖kt‖

2
l2(Rn))dt

]
6 KE

[
|ν|2 +

∫ T

0

|f(t, 0, 0, 0, 0, 0, 0)|2dt
]
, (2.14)P\ K EnÆ
* T / u f S Lipschitz (� L SK(�. o��V, x (ν, f) E)�vS�, X (y(·), z(·), k(·)) ∈ S2

F
(0, T ;Rn)×M2

F
(0, T ;Rn×d)×L2

F
(0, T ; l2(Rn)) �S� (ν, f)e�S ABSDEL (2.13) Sh (P1sUx 2.2), <'nV�N�:

E

[
sup

t∈[0,T ]

|yt − yt|
2 +

∫ T

0

(|zt − zt|
2 + ‖kt − kt‖

2
l2(Rn))dt

]

6 KE

[ ∫ T

0

|f(t, yt, zt, kt, y
′
t, z

′
t, k

′
t)− f(t, yt, zt, kt, y

′
t, z

′
t, k

′
t)|

2dt+ |ν − ν|2
]
, (2.15)P\ y′t = EFt [yt+δ], z

′
t = EFt [zt+δ], k

′
t = EFt [kt+δ], XK(� K S)�,U��U.g ��r, Li,Wu9J [33]S^� 3.2\��!�_Y^�M<# ABSDEL (2.13)hSC�?9s. �:, �Jn�5hS�N�SM<.
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



ŷs = ys − ys, ẑs = zs − zs, k̂s = ks − ks,

ŷ′s = y′s − y′s, ẑ′s = z′s − z′s, k̂′s = k′s − k
′
s,

f̂s = f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s),

ν̂ = ν − ν.�W, e |ŷs|2 �! Itô ��, �Q
|ŷt|

2 +

∫ T

t

|ẑt|
2ds+

∞∑

i,j=1

∫ T

t

〈k̂(i)s , k̂(j)s 〉d[Hi, Hj ]s

= |ν̂|2 − 2

∫ T

t

〈ŷs, f̂s〉ds− 2

∫ T

t

〈ŷs, ẑsdWs〉 − 2

∞∑

i=1

∫ T

t

〈ŷs, k̂
(i)
s 〉dH(i)

s . (2.16)eU�!daN?, '
E

[
|ŷt|

2 +

∫ T

t

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]

6 E

{
|ν̂|2 +

∫ T

t

2|ŷs||f̂s|ds
}

6 E

{
|ν̂|2 +

1

ε

∫ T

t

|ŷs|
2ds+ ε

∫ T

t

|f̂s|
2ds

}

= E

{
|ν̂|2 +

1

ε

∫ T

t

|ŷs|
2ds+ ε

∫ T

t

|f(s, y, z, k, y′, z′, k′)− f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)

+ f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds
}

6 E

{
|ν̂|2 +

1

ε

∫ T

t

|ŷs|
2ds+ 2ε

∫ T

t

|f(s, y, z, k, y′, z′, k′)− f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)|

2ds

+ 2ε

∫ T

t

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds
}
, (2.17)P\!N#���U� 2ab 6 1

εa
2+ εb2 I (a+ b)2 6 2a2+2b2 (ei� a > 0, b > 0, ε > 0}-�) .f1Ux 2.2 \S Lipschitz 1\, Cauchy-Schwarz �U�, �Q

E

[
|ŷt|

2 +

∫ T

t

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]

6 E

{
|ν̂|2 +

1

ε

∫ T

t

|ŷs|
2ds+ 2ε

∫ T

t

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds

+ 12εL2

∫ T

t

[|ŷs|
2 + |ẑs|

2 + ‖k̂s‖
2
l2(Rn) + |ŷ′s|

2 + |ẑ′s|
2 + ‖k̂′s‖

2
l2(Rn)]ds

}
. (2.18)�! Jensen �U�I���<, �N

E

[ ∫ T

t

|ŷ′s|
2ds

]
= E

[ ∫ T

t

|E[ŷs+δ|Fs]|
2ds

]
6 E

[ ∫ T

t

E[|ŷs+δ|
2|Fs]ds

]

= E

[ ∫ T+δ

t+δ

|ŷs|
2ds

]
6 E

[ ∫ T

t

|ŷs|
2ds

]
. (2.19)



4 O w4℄ )3H 6[m 
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E

[ ∫ T

t

|ẑ′s|
2ds

]
6 E

[ ∫ T

t

|ẑs|
2ds

]
, (2.20)

E

[ ∫ T

t

‖k̂′s‖
2
l2(Rn)ds

]
6 E

[ ∫ T

t

‖k̂s‖
2
l2(Rn)ds

]
. (2.21)` (2.19)–(2.21) Fo (2.18), �Q

E

[
|ŷt|

2 +

∫ T

t

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]

6 E

{
|ν̂|2 + 2ε

∫ T

t

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds

+
1

ε

∫ T

t

|ŷs|
2ds+ 24εL2

∫ T

t

[|ŷs|
2 + |ẑs|

2 + ‖k̂s‖
2
l2(Rn)]ds

}
. (2.22)|as�iS ε, �Q 24εL2 < 1, �Q

E

[
|ŷt|

2 +

∫ T

t

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]

6 KE

{∫ T

t

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds+ |ν̂|2

+

∫ T

t

|ŷs|
2ds

}
. (2.23)�! Gronwall �U�, �9Q

sup
t∈[0,T ]

E[|ŷt|
2] + E

[ ∫ T

0

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]

6 KE

{∫ T

0

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds+ |ν̂|2
}
. (2.24)�*r�$'zQ, f1 (2.16), (2.24) ��! BDG �U�, �Q

E

[
sup

t∈[0,T ]

|ŷt|
2
]

6 KE

{
|ν̂|2 +

1

ε

∫ T

0

|ŷs|
2ds+ ε

∫ T

0

|f̂s|
2ds+ 2 sup

t∈[0,T ]

∣∣∣
∫ T

t

〈ŷs, ẑsdWs〉
∣∣∣

+ 2 sup
t∈[0,T ]

∣∣∣
∞∑

i=1

∫ T

t

〈ŷs, k̂
(i)
s 〉dH(i)

s

∣∣∣
}

6 KE

{
|ν̂|2 +

∫ T

0

|f(s, ys, zs, ks, y
′
s, z

′
s, k

′
s)− f(s, ys, zs, ks, y

′
s, z

′
s, k

′
s)|

2ds
}

+
1

2
E

[
sup

t∈[0,T ]

|ŷt|
2
]
+KE

[ ∫ T

0

(|ẑs|
2 + ‖k̂s‖

2
l2(Rn))ds

]
. (2.25)x4, f1 (2.24), (2.25)�QN�N� (2.15). * (ν, f) = (0, 0), <�QN�N� (2.14).:<, �*hSC�?9s, 4%�:p, %�N� (2.15) 6��9Q.
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Q;$C����e`U�*�t FBSDELDAs (1.1). , SDEDL (2.1) I ABSDEL (2.13) SZq��, O5jve FBSDELDAs (1.1) SS� (Λ,Φ,Γ) {�jUx.&6 3.1 (i)ei� x ∈ R

n, Φ(x)� FT �#S.o��V,ei� θ, θ−, θ+ ∈ R
n(2+d)

×l2(Rn), Γ(·, θ, θ−, θ+) � F-�y�#%0. :<, (Λ(0),Φ(0),Γ(·, 0, 0, 0)) ∈ H[−δ, T ];

(ii)  u Φ, Γ 1s�U Lipschitz �zs, Kei� x, x ∈ R
n, θ, θ, θ−, θ−, θ+, θ+ ∈

Rn(2+d) × l2(Rn), ?9(� L > 0, �Q




|Φ(x)− Φ(x)| 6 L|x− x|,

|h(t, θ, θ−, y+, z+, k+)− h(t, θ, θ−, y+, z+, k+)|

6 L(|θ − θ|+ |θ− − θ−|+ |y+ − y+|+ |z+ − z+|+ ‖k+ − k+‖l2(Rn)),

|f(t, θ, x−, θ+)− f(t, θ, x−, θ+)| 6 L(|θ − θ|+ |x− − x−|+ |θ+ − θ+|),P\ h = b, σ, g(i).6r�Ux 3.1 <, E�*4z�t, O5`o��eS� (Λ,Φ,Γ) �onV�W-G\s1\.&6 3.2 ?9(� µ > 0, v > 0, wHQ!B�" G ∈ L∞
FT

(Ω;Rm̃×n), �I�S%wHQ%0: A(·), A(·), B(·), B(·) ∈ L∞
F
(0, T ;Rm×n), C(·) = (C1(·), · · · , Cd(·)), C(·) =

(C1(·), · · · , Cd(·)) ∈ L∞
F
(0, T ;Rd×mn), D(·) = (Dj(·))

∞
j=1, D(·) = (Dj(·))

∞
j=1 ∈ L∞

F
(0, T ;

l2(Rm×n)) (P\ m̃,m ∈ N E�^KJ�, XJ t ∈ [0, δ] �, A(t) = B(t) = Ci(t) =

Dj(t) = 0, i = 1, 2, · · · , d, j = 1, 2, · · · ), �Q�V1\-�:

(i) 1sV�!^ZqO�: (1) µ > 0 X v = 0; (2) µ = 0 X v > 0.

(ii) (�W1\) eL5$' (t, ω) ∈ [0, T ]× Ω, �Ii� x, x, x−, x−, x+, x+, y, y, y−,

y−, y+, y+ ∈ Rn, z, z, z−, z−, z+, z+ ∈ Rn×d, k, k, k−, k−, k+, k+ ∈ l2(Rn) (}/�" t),




|Φ(x) − Φ(x)| 6
1

v
|Gx̂|,

∫ T

0

|f(x, y, z, k, x−, x+, y+, z+, k+)− f(x, y, z, k, x−, x+, y+, z+, k+)|dt

6

∫ T

0

1

v
|Ax̂+ E

Ft [A+x̂+]|dt,

∫ T

0

|h(x, y, z, k, x−, y−, z−, k−, y+, z+, k+)

− h(x, y, z, k, x−, y−, z−, k−, y+, z+, k+)|dt

6

∫ T

0

1

µ

∣∣∣Bŷ + Cẑ +

∞∑

j=1

Dj k̂
(j) + E

Ft

[
B+ŷ+ + C+ẑ+ +

∞∑

j=1

Dj+k̂
j
+

]∣∣∣dt,

(3.1)

P\ h = b, σ, g(i), X x̂ = x − x, ŷ = y − y, ẑ = z − z, k̂ = k − k (i = 1, 2, 3, · · · ) U.

A+(·) = A(·+ δ), B+(·) = B(·+ δ) U (·+ δ �
�� n, Ke%0�"{ δ )
S�X*U) .



4 O w4℄ )3H 6[m 
�& Lévy &1``TLLf"CA{w1JQ: LQ N.℄T�" 415vh�, r�1\\?9Y�S}.�!:J µ = 0 (? v = 0) �, 1
µ (? 1

v ) �
 +∞.<�O, p µ = 0 ? v = 0, <e�S�W3�`o_h�.

(iii) (G\s1\) eL5$'S (t, ω) ∈ [0, T ] × Ω, �Ii� θ, θ, θ−, θ−, θ+, θ+ ∈

Rn(2+d) × l2(Rn) (}/�" t),




〈Φ(x) − Φ(x), x̂〉 > v|Gx̂|2,
∫ T

0

〈Γ(θ, θ−, θ+)− Γ(θ, θ−, θ+), θ̂〉dt

6

∫ T

0

(
− v|Ax̂ + E

Ft [A+x̂+]|
2 − µ

∣∣∣Bŷ + Cẑ +

∞∑

j=1

Dj k̂
(j)

+ E
Ft

[
B+ŷ+ + C+ẑ+ +

∞∑

j=1

Dj+k̂
(j)
+

]∣∣∣
2)

dt,

(3.2)

P\ θ̂ = θ − θ′, X Γ(t, θ, θ−, θ+) % (1.2) �5.q 3.1 (i) 9Ux 3.2–(ii) \, (� 1
µ , 1

v �0<E K
µ , K

v (P\ K > 0). IEY�RZ, O5/b(� K.

(ii) Ux 3.2–(iii) ?9nVe,q�:eL5$' (t, ω) ∈ [0, T ]× Ω, �Ii� θ, θ, θ−, θ−, θ+, θ+ ∈ Rn(2+d) × l2(Rn) (}/�" t),




〈Φ(x)− Φ(x), x̂〉 6 −v|Gx̂|2,

∫ T

0

〈Γ(θ, θ−, θ+)− Γ(θ, θ−, θ+), θ̂〉dt

>

∫ T

0

(
v|Ax̂ + E

Ft [A+x̂+]|
2 +

∣∣∣Bŷ + Cẑ +
∞∑

j=1

Dj k̂
(j)

+ E
Ft

[
B+ŷ+ + C+ẑ+ +

∞∑

j=1

Dj+k̂
(j)
+

]∣∣∣
2)

dt.

(3.3)

m��MmASe,s, �/baUM<. ��M<� ZJ [35].

(iii) 9n�q
)��5_S�WV, Li, Wang , Wu [40] �t#��*U=
}1�ZKKe!B�zv0, ��o#nVG\s1\:
∫ T

0

〈A(t, xt−2δ, λt, λt−δ, λt+δ, xt+2δ, yt+2δ)

−A(t, xt−2δ, λt, λ̄t−δ, λt+δ, xt+2δ, yt+2δ), λt − λ̄t〉dt

6

∫ T

0

(−µ|Bŷ +Dẑ + E
Ft [B+ŷ+]|

2)dt. (3.4),�G\s1\_Æ, O5SG\s1\ (3.2) �)
 ∣∣Ax̂+ EFt [A+x̂+]
∣∣2 , EFt [D+ẑ+],X9W 4 eS�!\>oZ, Cj
��	S. )<, %*J [40] �tv0S+�s, �G\s1\\S Bŷ, Dẑ, B+ŷ+ a��
��z�SJ/, k�J,5SG\s1\,P'Xe^�.
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



P (x) = Ax+ E
Ft [A+x+],

P−(x) = A−x− + E
Gt [Ax],

P (x̂) = Ax̂+ E
Ft [A+x̂+],

P−(x̂) = A−x̂− + E
Gt [Ax̂],

Q(y, z, k) = By + Cz +

∞∑

j=1

Djk
(j) + E

Ft

[
B+y+ + C+z+ +

∞∑

j=1

Dj+k
j
+

]
,

Q−(y, z, k) = B−y− + C−z− +

∞∑

j=1

Dj−k
(j)
− + E

Gt

[
By + Cz +

∞∑

j=1

Djk
j
]
,

Q(ŷ, ẑ, k̂) = Bŷ + Cẑ +

∞∑

j=1

Dj k̂
(j) + E

Ft

[
B+ŷ+ + C+ẑ+ +

∞∑

j=1

Dj+k̂
j
+

]
,

Q−(ŷ, ẑ, k̂) = B−ŷ− + C−ẑ− +

∞∑

j=1

Dj−k̂
(j)
− + E

Gt

[
Bŷ + Cẑ +

∞∑

j=1

Dj k̂
j
]
,

(3.5)

P\ x−(t) = x(t− δ), x+(t) = x(t+ δ), A−(t) = A(t− δ), A+(t) = A(t+ δ) U.V:�5�eSd	f#.�/ 3.1 xS� (Λ,Φ,Γ) 1sUx 3.1 ,Ux 3.2, <)�Z,*U
KKe!B�zv0 (FBSDELDAs) (1.1) ?9C�h θ(·) ∈ N2
F
(0, T ;Rn(2+d) × l2(Rn)). :<, �h1snV�N�:

E

[
sup

t∈[0,T ]

|xt|
2 + sup

t∈[0,T ]

|yt|
2 +

∫ T

0

|zt|
2dt+

∫ T

0

‖kt‖
2
l2(Rn)dt

]
6 KE[I], (3.6)P\

I = |Φ(0)|2 +

∫ T

0

|b(t, 0, 0, 0, 0, 0)|2dt+

∫ T

0

|σ(t, 0, 0, 0, 0, 0)|2dt

+

∫ T

0

‖g(t, 0, 0, 0, 0, 0)‖2l2(Rn)dt+

∫ T

0

|f(t, 0, 0, 0)|2dt

+ sup
t∈[−δ,0]

|λt|
2 + sup

t∈[−δ,0]

|µt|
2 +

∫ 0

−δ

|ρt|
2dt+

∫ 0

−δ

‖ςt‖
2
l2(Rn)dt, (3.7)P\ K EnÆ
* T , Lipschitz (�, µ, v �I$' G, A(·), A(·), B(·), B(·), C(·), C(·),

Dj(·), Dj(·) (j = 1, 2, · · · ), S(·), S(·) SjSK(�. o��V, x (Λ,Φ,Γ) E)�vS�,X θ(·) ∈ N2
F
(0, T ;Rn(2+d) × l2(Rn)) �S� (Λ,Φ,Γ) e�S FBSDELDAs (1.1) Sh. Ux (Λ(·),Φ(xT ),Γ(·, θ(·), θ−(·), θ+(·)) ∈ H[−δ, T ], <'nV�N�:

E

[
sup

t∈[0,T ]

|x̂t|
2 + sup

t∈[0,T ]

|ŷt|
2 +

∫ T

0

|ẑt|
2dt+

∫ T

0

‖k̂t‖
2
l2(Rn)dt

]
6 KE[̂I], (3.8)
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Î = |Φ(xT )− Φ(xT )|

2 +

∫ T

0

|b(t, θ(t), θ−(t), y+(t), z+(t), k+(t))

− b(t, θ(t), θ−(t), y+(t), z+(t), k+(t))|
2dt

+

∫ T

0

|σ(t, θ(t), θ−(t), y+(t), z+(t), k+(t)) − σ(t, θ(t), θ−(t), y+(t), z+(t), k+(t))|
2dt

+

∫ T

0

‖g(t, θ(t), θ−(t), y+(t), z+(t), k+(t))− g(t, θ(t), θ−(t), y+(t), z+(t), k+(t))‖
2
l2(Rn)dt

+

∫ T

0

|f(t, θ(t), x−(t), θ+(t))− f(t, θ(t), x−(t), θ+(t))|
2dt

+ sup
t∈[−δ,0]

|λ̂t|
2 + sup

t∈[−δ,0]

|µ̂t|
2 +

∫ 0

−δ

|ρ̂t|
2dt+

∫ 0

−δ

‖ς̂t‖
2
l2(Rn)dt, (3.9)X K E, (3.6) \_6S(�.V:O5U�*M<^� 3.1. %*G\s1\ (3.2) , (3.3) y'e,s, O5n9G\s1\ (3.2) V�5aUM<.ei� (π(·), η, ρ(·)) ∈ H[−δ, T ], P\ π(·) = (ξ(·)T, ϑ(·)T, τ(·)T, χ(·)T)T X ρ(·) =

(ϕ(·)T, ψ(·)T, γ(·)T, β(·)T)T (C� β(·) = (β(1)(·)T, β(2)(·)T, · · · )T), O5�o�u% �
α ∈ [0, 1] �9S)�Z,*U
KKe!B�zv0 (FBSDELDAs) nV:





dxα(t) = [bα(t, θα(t), θα−(t), y
α
+(t), z

α
+(t), k

α
+(t)) + ψ(t)]dt

+[σα(t, θα(t), θα−(t), y
α
+(t), z

α
+(t), k

α
+(t)) + γ(t)]dW (t)

+

∞∑

i=1

[g(i)α(t, θα(t−), θα−(t−), yα+(t−),

zα+(t), k
α
+(t)) + β(i)(t)]dH(i)(t), t ∈ [0, T ],

dyα(t) = [fα(t, θα(t), xα−(t), θ
α
+(t)) + ϕ(t)]dt + zα(t)dW (t)

+
∞∑

i=1

k(i)α(t)dH(i)(t), t ∈ [0, T ],

xα(t) = λα(t) + ξ(t), yα(t) = µα(t) + ϑ(t),

zα(t) = ρα(t) + τ(t), kα(t) = ςα(t) + χ(t), t ∈ [−δ, 0],

yα(T ) = Φα(xα(T )) + η,

xα(t) = yα(t) = zα(t) = kα(t) = 0, t ∈ (T, T + δ],

(3.10)

P\ θα(t) = (xα(t)T, yα(t)T, zα(t)T, kα(t)T)T (X kα(t) := (k(1)α(t)T, k(2)α(t)T, · · · )T),

θα−(t) = (xα−(t)
T, yα−(t)

T, zα−(t)
T, kα−(t)

T)T, θα+(t) = (xα+(t)
T, yα+(t)

T, zα+(t)
T, kα+(t)

T)T; k
θα(t−), θα−(t−) S^�,)�Z,*U
KKe!B�zv0 (FBSDELDAs) (1.1) \S^���, K “t−” (zF\}.) n{!* x, x− I y, y−.ei� (t, ω, θ, θ−, θ+) ∈ [−δ, T ]×Ω×(Rn(2+d)×l2(Rn))×(Rn(2+d)×l2(Rn))×(Rn(2+d)×
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l2(Rn)),




Φα(x) = αΦ(x) + (1− α)vGTGx,

λα(t) = λ(t), µα(t) = µ(t), ρα(t) = ρ(t), ςα(t) = ς(t),

fα(t, θ, x−, θ+) = αf(t, θ, x−, θ+)− (1− α)v[A(t)TP (t, x) +A(t)TP−(t, x)],

bα(t, θ, θ−, y+, z+, k+) = αb(t, θ, θ−, y+, z+, k+)

− (1− α)µ[B(t)TQ(t, y, z, k) + B(t)TQ−(t, y, z, k)],

σα(t, θ, θ−, y+, z+, k+) = ασ(t, θ, θ−, y+, z+, k+)

− (1− α)µ[C(t)TQ(t, y, z, k) + C(t)TQ−(t, y, z, k)],

g(i)α(t, θ, θ−, y+, z+, k+) = αg(i)(t, θ, θ−, y+, z+, k+)

− (1− α)µ[Di(t)
TQ(t, y, z, k) +Di(t)

TQ−(t, y, z, k)],

(3.11)

P\ P (t, x), P−(t, x), Q(t, y, z, k), Q−(t, y, z, k) % (3.5) ^�.��V, O Γα(·) := (fα(·)T, bα(·)T, σα(·)T, gα(·)T)T (P\ gα(·)T := (g(1)α(·)T,

g(2)α(·)T, · · · )T) .����s,UxS� (Φ,Γ) S Lipschitz (��IUx 3.2–(i) \S(� µ , v 1s1ÆS1\, �Qei� α ∈ [0, 1], nS� (Λα,Φα,Γα) �1sUx 3.1–3.2, Xy',1S� (Λ,Φ,Γ) _6S_�(�.Xf, J α = 0 �, )�Z,*U
KKe!B�zv0 (FBSDELDAs) (3.10) ��lEnVq�:




dx0(t) = {−µ[B(t)TQ(t, y0t , z
0
t , k

0
t ) +B(t)TQ−(t, y0t , z

0
t , k

0
t )] + ψ(t)}dt

+{−µ[C(t)TQ(t, y0t , z
0
t , k

0
t ) + C(t)TQ−(t, y0t , z

0
t , k

0
t )] + γ(t)}dW (t)

+

∞∑

i=1

{−µ[Di(t)
TQ(t, y0t−, z

0
t , k

0
t ) +Di(t)

TQ−(t, y
0
t−, z

0
t , k

0
t )]

+β(i)(t)}dH(i)(t),

dy0(t) = (−v[A(t)TP (t, x0t ) +A(t)TP−(t, x0t )] + ϕ(t))dt + z0(t)dW (t)

+

∞∑

i=1

k(i)0(t)dH(i)(t), t ∈ [0, T ],

x0(t) = λ0(t) + ξ(t), y0(t) = µ0(t) + ϑ(t), z0(t) = ρ0(t) + τ(t),

k0(t) = ς0(t) + χ(t), t ∈ [−δ, 0],

y0(T ) = vGTGx0(T ) + η, x0(t) = y0(t) = z0(t) = k0(t) = 0, t ∈ (T, T + δ].

(3.12)

��r, �N FBSDELDAs (3.12) y'h}q�. y/k�, JUx 3.2–(i) Zq 1 -�
(K µ > 0 X v = 0), �W>Kev0℄h (y0(·), z0(·), k0(·)), 8` (y0(·), z0(·), k0(·)) FoKev0℄h x0(·). ��V, JUx 3.2–(i) Zq 2 -� (K µ = 0 X v > 0) �, �W℄hKev0, 8℄hKev0.qr, 9Ux 3.1–3.2V, FBSDELDAs (3.12) ?9C�h
θ0(·) ∈ N2

F
(0, T ;Rn(2+d) × l2(Rn)).Xf, J α = 1 X (π(·), η, ρ(·)) 3E'�, FBSDELDAs (3.10) , FBSDELDAs (1.1)=
�U. dV�, O5`�<: p?9 α0 ∈ [0, 1), �Qei� (π(·), η, ρ(·)) ∈ H[−δ, T ],
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FBSDELDAs (3.10) }?9C�h, <?9�^�) δ0 > 0, �Qei� α ∈ [α0, α0 + δ0],r�f0j-�. S	M<�>--�, O5��
�=C � α PT α = 1. C^vp,E ��:p, x4% Hu , Peng 9J [6] \,5.E�ZC���, O5�Wv^� FBSDELDAs (3.10) hSW��N, ��N94zM<\y'�[{!.X/ 3.1 x�^S� (Λ,Φ,Γ)1sUx 3.1–3.2. * α ∈ [0, 1], (π(·), η, ρ(·)), (π(·), η,

ρ(·)) ∈ H[−δ, T ]. Ux θ(·) ∈ N2
F
(0, T ;Rn(2+d) × l2(Rn)) �S�E (Λα + π,Φα + η,Γα + ρ)S FBSDELDAs (3.10) Sh, X θ(·) ∈ N2

F
(0, T ;Rn(2+d) × l2(Rn)) �S�E (Λα + π,Φα +

η,Γα + ρ) S FBSDELDAs (3.10) Sh, <'nV�N�:

E

[
sup

t∈[0,T ]

|x̂t|
2 + sup

t∈[0,T ]

|ŷt|
2 +

∫ T

0

|ẑt|
2dt+

∫ T

0

‖k̂t‖
2
l2(Rn)dt

]
6 KE[Ĵ], (3.13)P\

Ĵ = |η̂|2 +

∫ T

0

|ϕ̂t|
2dt+

∫ T

0

|ψ̂t|
2dt+

∫ T

0

|γ̂t|
2dt+

∫ T

0

‖β̂t‖
2
l2(Rn)dt

+ sup
t∈[−δ,0]

|ξ̂t|
2 + sup

t∈[−δ,0]

|ϑ̂t|
2 +

∫ 0

−δ

|τ̂t|
2dt+

∫ 0

−δ

‖χ̂t‖
2
l2(Rn)dt, (3.14)X ξ̂ = ξ − ξ, ϕ̂ = ϕ− ϕ U. :8 K E1s,^� 3.1 \(� K _61\SK(�.g 9�VM<\, EY�RZ}/�" t. :<, vh�K(� K SQ�D!rJ9Mo{�:.%�� 2.1 \S�N� (2.3), �Q

E

[
sup

t∈[0,T ]

|x̂|2
]
6 KE

{∫ T

0

|α(b(x, y, z, k, x−, y−, z−, k−, y+, z+, k+)− b(θ, θ−, y+, z+, k+))

− (1− α)µ[BTQ(ŷ, ẑ, k̂) +B
T
Q−(ŷ, ẑ, k̂)] + ψ̂|2dt

+

∫ T

0

|α(σ(x, y, z, k, x−, y−, z−, k−, y+, z+, k+)− σ(θ, θ−, y+, z+, k+))

− (1− α)µ[CTQ(ŷ, ẑ, k̂) + C
T
Q−(ŷ, ẑ, k̂)] + γ̂|2dt

+

∫ T

0

‖α(g(x, y, z, k, x−, y−, z−, k−, y+, z+, k+)− g(θ, θ−, y+, z+, k+))

− (1− α)µ[DT
i Q(ŷ, ẑ, k̂) +D

T

i Q−(ŷ, ẑ, k̂)] + β̂‖2l2(Rn)dt

+ sup
t∈[−δ,0]

|ξ̂|2
}
. (3.15)��V, �!�� 2.2 \S�N� (2.15), �9Q

E

[
sup

t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
|α(Φ(xT )− Φ(xT )) + (1− α)vGTGx̂T + η̂|2

+

∫ T

0

|α(f(x, y, z, k, x−, x+, y+, z+, k+)− f(θ, x−, θ+))

− (1− α)v[ATP (x̂) +A
T
P−(x̂)] + ϕ̂|2dt

}
. (3.16)



420 ��~�G���A G 46 {o��V, e 〈x̂(·), ŷ(·)〉 �! Itô ��, �Q
E

{
(1− α)v|Gx̂T |

2 + α〈Φ(xT )− Φ(xT ), x̂T 〉+ (1 − α)µ

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt

+ (1− α)v

∫ T

0

|P (x̂)|2dt− α

∫ T

0

〈Γ(θ, θ−, θ+)− Γ(t, θ, θ−, θ+), θ̂〉dt
}

= E

{
− 〈η̂, x̂T 〉+ 〈ξ̂0, ϑ̂0〉+

∫ T

0

[〈ϕ̂, x̂〉+ 〈ψ̂, ŷ〉+ 〈γ̂, ẑ〉+ 〈β̂, k̂〉]dt
}
, (3.17)P\!N#J t ∈ [0, δ] �, A = B = C = Dj = 0 SUx.�:, f1Ux 3.2–(iii) \SG\s1\, (3.17) �Y:E

E

{
v|Gx̂T |

2 + v

∫ T

0

|P (x̂)|2dt+ µ

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt
}

6 E

{
− 〈η̂, x̂T 〉+ 〈ξ̂0, ϑ̂0〉+

∫ T

0

[〈ϕ̂, x̂〉+ 〈ψ̂, ŷ〉+ 〈γ̂, ẑ〉+ 〈β̂, k̂〉]dt
}
. (3.18)�VM<`�xUx 3.2–(i) zE!^Zq?~.4R 1 µ > 0 X v = 0. e�N� (3.15) �!Ux 3.2–(ii) \S�W1\ (3.1), �Q

E

[
sup

t∈[0,T ]

|x̂|2
]
6 KE

{∫ T

0

|ψ̂|2dt+

∫ T

0

|γ̂|2dt+

∫ T

0

‖β̂‖2l2(Rn)dt+ sup
t∈[−δ,0]

|ξ̂|2

+

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt+

∫ T

0

|Q−(ŷ, ẑ, k̂)|
2dt

}
. (3.19)�!���<IJ t ∈ [0, δ] � B = C = Dj = 0 SsY, �9Q

∫ T

0

|Q−(ŷ, ẑ, k̂)|
2dt

=

∫ δ

0

|Q−(ŷ, ẑ, k̂)|
2dt+

∫ T

δ

|Q−(ŷ, ẑ, k̂)|
2dt

=

∫ 0

−δ

|Bŷ + Cẑ +

∞∑

j=1

Dj k̂
(j)|2dt+

∫ T−δ

0

|Q(ŷ, ẑ, k̂)|2dt

6 K
{

sup
t∈[−δ,0]

|ϑ̂|2 +

∫ 0

−δ

|τ̂ |2dt+

∫ 0

−δ

‖χ̂‖2l2(Rn)dt+

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt
}
. (3.20)` (3.20) Fo (3.19), <�N� (3.19) ��lE

E

[
sup

t∈[0,T ]

|x̂|2
]
6 KE

{∫ T

0

|ψ̂|2dt+

∫ T

0

|γ̂|2dt+

∫ T

0

‖β̂‖2l2(Rn)dt+

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt

+ sup
t∈[−δ,0]

|ξ̂|2 + sup
t∈[−δ,0]

|ϑ̂|2 +

∫ 0

−δ

|τ̂ |2dt+

∫ 0

−δ

‖χ̂‖2l2(Rn)dt
}
. (3.21)e�N� (3.16) �! Lipschitz 1\I���<, �Q

E

[
sup

t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
|η̂|2 +

∫ T

0

|ϕ̂|2dt+ sup
t∈[0,T ]

|x̂|2 + sup
t∈[−δ,0]

|ξ̂|2
}
. (3.22)
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�& Lévy &1``TLLf"CA{w1JQ: LQ N.℄T�" 421�:, f1 (3.21) , (3.22), '
E

[
sup

t∈[0,T ]

|x̂|2 + sup
t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
Ĵ +

∫ T

0

|Q(ŷ, ẑ, k̂)|2dt
}
, (3.23)P\ Ĵ % (3.14) ^�. x4, Rzf1 (3.18) , (3.23), ��!�U� ab 6 1

4εa
2 + εb2, �Q

E

[
sup

t∈[0,T ]

|x̂|2 + sup
t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
Ĵ− 〈η̂, x̂T 〉+ 〈ξ̂0, ϑ̂0〉+

∫ T

0

[〈ϕ̂, x̂〉+ 〈ψ̂, ŷ〉+ 〈γ̂, ẑ〉+ 〈β̂, k̂〉]dt
}

6 KE

{
Ĵ + |η̂|

(
sup

t∈[0,T ]

|x̂|
)
+

(
sup

t∈[−δ,0]

|ξ̂|
)(

sup
t∈[−δ,0]

|ϑ̂|
)
+
(∫ T

0

|ϕ̂|dt
)(

sup
t∈[0,T ]

|x̂|
)

+
( ∫ T

0

|ψ̂|dt
)(

sup
t∈[0,T ]

|ŷ|
)
+

∫ T

0

|γ̂||ẑ|dt+

∫ T

0

‖β̂‖l2(Rn)‖k̂‖l2(Rn)dt
}

6 KE

{
Ĵ + 2ε

[
sup

t∈[0,T ]

|x̂|2 + sup
t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]}
. (3.24)|as�iS ε, �Q 2Kε < 1, K�PdQN$v�N� (3.13), �ZqSM<=�.4R 2 µ = 0 X v > 0. ,Zq 1 �6, O5e�N� (3.15) �! Lipschitz 1\I���<, �Q

E
[

sup
t∈[0,T ]

|x̂|2
]
6 KE

{
sup

t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt+ sup
t∈[−δ,0]

|ξ̂|2

+ sup
t∈[−δ,0]

|ϑ̂|2 +

∫ 0

−δ

|τ̂ |2dt+

∫ 0

−δ

‖χ̂‖2l2(Rn)dt+

∫ T

0

|ψ̂|2dt

+

∫ T

0

|γ̂|2dt+

∫ T

0

‖β̂‖2l2(Rn)dt
}
. (3.25)%Ux 3.2–(ii) \S�W1\ (3.1), f1� (3.16), �9Q

E

[
sup

t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
|Gx̂T |

2 +

∫ T

0

|P (x̂)|2dt+

∫ T

0

|P−(x̂)|
2dt+ |η̂|2 +

∫ T

0

|ϕ̂|2dt
}
. (3.26)�!���<IJ t ∈ [0, δ] � A = 0 SsY, '

∫ T

0

|P−(x̂)|
2dt =

∫ δ

0

|P−(x̂)|
2dt+

∫ T

δ

|P−(x̂)|
2dt =

∫ 0

−δ

|Ax|2dt+

∫ T−δ

0

|P (x̂)|2dt

6 K
{

sup
t∈[−δ,0]

|ξ̂|2 +

∫ T

0

|P (x̂)|2dt
}
. (3.27)` (3.27) Fo (3.26), �Q

E

[
sup

t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]
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6 KE

{
|Gx̂T |

2 +

∫ T

0

|P (x̂)|2dt+ sup
t∈[−δ,0]

|ξ̂|2 + |η̂|2 +

∫ T

0

|ϕ̂|2dt
}
. (3.28)�:, f1 (3.25) , (3.28), �Q

E

[
sup

t∈[0,T ]

|x̂|2 + sup
t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
Ĵ + |Gx̂T |

2 +

∫ T

0

|P (x̂)|2dt
}
, (3.29)P\ Ĵ % (3.14) ^�. x4, f1 (3.18) , (3.29), �Q

E

[
sup

t∈[0,T ]

|x̂|2 + sup
t∈[0,T ]

|ŷ|2 +

∫ T

0

|ẑ|2dt+

∫ T

0

‖k̂‖2l2(Rn)dt
]

6 KE

{
Ĵ− 〈η̂, x̂T 〉+ 〈ξ̂0, ϑ̂0〉+

∫ T

0

[〈ϕ̂, x̂〉+ 〈ψ̂, ŷ〉+ 〈γ̂, ẑ〉+ 〈β̂, k̂〉]dt
}
. (3.30)4zM<%0,Zq 1 \ (3.24) S9M�U, �ZqSM<=�.qr, ��S
�M<=-.dV�, �*�� 3.1 \SW��N, O5M<�
�:��.X/ 3.2 xUx 3.1–3.2 -�. p?9 α0 ∈ [0, 1), �Qei� (π(·), η, ρ(·)) ∈

H[−δ, T ], FBSDELDAs (3.10) 9 N2
F
(0, T ;Rn(2+d) × l2(Rn)) \?9C�h, <?9(�

δ0 > 0, �Qei� δ ∈ (0, δ0] X α = α0 + δ 6 1, r�f0Æf-�.g x δ0 > 0EVJe^S(�. ei� θ(·) ∈ N2
F
(0, T ;Rn(2+d)×l2(Rn)),�onV)HN" Θ(·) := (X(·)T, Y (·)T, Z(·)T,K(·)T) ∈ N2

F
(0, T ;Rn(2+d) × l2(Rn)) S FBSDELDAs

(P\ K(·) := (K(1)(·)T,K(2)(·)T, · · · )T, , α = α0 + δ �S (3.10) _e�):




dX(t) = {−(1− α0)µ[B(t)TQ(t, Yt, Zt,Kt) +B(t)TQ−(t, Yt, Zt,Kt)]

+α0b(t,Θ(t),Θ−(t), Y+(t), Z+(t),K+(t)) + ψ̃(t)}dt

+{−(1− α0)µ[C(t)
TQ(t, Yt, Zt,Kt) + C(t)TQ−(t, Yt, Zt,Kt)]

+α0σ(t,Θ(t),Θ−(t), Y+(t), Z+(t),K+(t)) + γ̃(t)}dW (t)

+

∞∑

i=1

{−(1− α0)µ[Di(t)
TQ(t, Yt−, Zt,Kt) +Di(t)

TQ−(t, Yt−, Zt,Kt)]

+α0g
(i)(t,Θ(t−),Θ−(t−), Y+(t−), Z+(t),K+(t))

+β̃(i)(t)}dH(i)(t), t ∈ [0, T ],

dY (t) = {−(1− α0)v[A(t)
TP (t,Xt) +A(t)TP−(t,Xt)]

+α0f(t,Θ(t), X−(t),Θ+(t)) + ϕ̃(t)}dt

+Z(t)dW (t) +

∞∑

i=1

K(i)(t)dH(i)(t), t ∈ [0, T ],

X(t) = λ(t), Y (t) = µ(t), Z(t) = ρ(t), K(t) = ς(t), t ∈ [−δ, 0],

Y (T ) = α0Φ(X(T )) + (1− α0)vG
TGX(T ) + η̃,

X(t) = Y (t) = Z(t) = K(t) = 0, t ∈ (T, T + δ],

(3.31)
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



ψ̃(t) = ψ(t) + δb(t, θ(t), θ−(t), y+(t), z+(t), k+(t))

+δµ[B(t)TQ(t, yt, zt, kt) +B(t)TQ−(t, yt, zt, kt)],

γ̃(t) = γ(t) + δσ(t, θ(t), θ−(t), y+(t), z+(t), k+(t))

+δµ[C(t)TQ(t, yt, zt, kt) + C(t)TQ−(t, yt, zt, kt)],

β̃(i)(t) = β(i)(t) + δg(i)(t, θ(t), θ−(t), y+(t), z+(t), k+(t))

+δµ[Di(t)
TQ(t, yt, zt, kt) +Di(t)

TQ−(t, yt, zt, kt)],

ϕ̃(t) = ϕ(t) + δf(t, θ(t), x−(t), θ+(t)) + δv[A(t)TP (t, xt) +A(t)TP−(t, xt)],

η̃ = η + δΦ(x(T ))− δvGTGx(T ).

(3.32)

,UJ��, e* Θ(t−) / Θ−(t−), zF\}. t− n{!* X , X− I Y , Y−. o��V, O Λ(·) = (λ(·), µ(·), ρ(·), ς(·)) X ρ̃(·) = (ϕ̃(·)T, ψ̃(·)T, γ̃(·)T, β̃(·)T)T, ��M (Λ, η̃, ρ̃) ∈

H[−δ, T ]. %Ux�N, FBSDELDAs (3.31) 9 N2
F
(0, T ;Rn(2+d) × l2(Rn)) \?9C�h

Θ(·). ��r, O5��^nV u:

Θ(·) = Tα0+δ(θ(·)) : N
2
F (0, T ;R

n(2+d) × l2(Rn)) → N2
F (0, T ;R

n(2+d) × l2(Rn)).dV�, O5`M<: J δ s�i�, r� uE�# u.x θ(·), θ(·) ∈ N2
F
(0, T ;Rn(2+d)× l2(Rn)), X Θ(·) = Tα0+δ(θ(·)), Θ(·) = Tα0+δ(θ(·)). ��V, O θ̂(·) = θ(·)− θ(·), Θ̂(·) = Θ(·)−Θ(·) U. �!�� 3.1 (EY�RZ}/�" t), �Q

‖Θ̂‖2N2
F
(0,T ;Rn(2+d)×l2(Rn))

= E

[
sup

t∈[0,T ]

|X̂|2 + sup
t∈[0,T ]

|Ŷ |2 +

∫ T

0

|Ẑ|2dt+

∫ T

0

‖K̂‖2l2(Rn)dt
]

6 Kδ2E
{
|(Φ(xT )− Φ(xT ))− vGTGx̂T |

2

+

∫ T

0

|(b(θ, θ−, y+, z+, k+)− b(θ, θ−, y+, z+, k+)) + µ[BTQ(ŷ, ẑ, k̂) +B
T
Q−(ŷ, ẑ, k̂)]|

2dt

+

∫ T

0

|(σ(θ, θ−, y+, z+, k+)− σ(θ, θ−, y+, z+, k+)) + µ[CTQ(ŷ, ẑ, k̂) + C
T
Q−(ŷ, ẑ, k̂)]|

2dt

+

∫ T

0

∞∑

i=1

‖(g(i)(θ, θ−, y+, z+, k+)− g(i)(θ, θ−, y+, z+, k+))

+ µ[DT
i Q(ŷ, ẑ, k̂) +D

T

i Q−(ŷ, ẑ, k̂)]‖
2
l2(Rn)dt

+

∫ T

0

|(f(θ, x−, θ+)− f(θ, x−, θ+)) + v[ATP (x̂) +A
T
P−(x̂)]|dt

}
.% (Φ,Γ) S Lipschitz �zs, �I G, A(·), A(·), B(·), B(·), C(·), C(·), Di(·), Di(·) S'js, ?9, α0 / δ P�Sn(� K ′ > 0, �Q

‖Θ̂‖2N2
F
(0,T ;Rn(2+d)×l2(Rn)) 6 K ′δ2‖θ̂‖2N2

F
(0,T ;Rn(2+d)×l2(Rn)).|a δ0 = 1

2
√
K′

, <J δ ∈ (0, δ0] �, �MQ u Tα0+δ E�# u. �:,  u Tα0+δ ?9C��_Y, ��_YKE FBSDELDAs (3.10) SC�h. ���M<=�.



424 ��~�G���A G 46 {q1r�zQ, O5�5nVM<.�/ 3.1 Æg1 �W, % FBSDELDAs (3.12)SC��hsI�� 3.2, �9Q FB-

SDELDAs (1.1)9�X N2
F
(0, T ;Rn(2+d)× l2(Rn))\SC��hs.P<,9�� 3.1\,a

α = 1, (π(·), η, ρ(·)) = (0, 0, 0),X (π(·), η, ρ(·)) = (Λ(·)−Λ(·),Φ(xT )−Φ(xT ),Γ(·, θ(·), θ−(·),
θ+(·)) − Γ(·, θ(·), θ−(·), θ+(·))), <%�� 3.1 \S�N� (3.13) �QN^� 3.1 \S�N� (3.8). x4, |aS� (Λ,Φ,Γ) = (0, 0, 0), % (3.8) �9Q (3.6). T:, ^�M<=�.

§4 bMT�	H?n�[℄�e`�t!�℄sm<x#�WM-, okoZCj℄sm<M-$M5S'7gS7, S,�1sW 3 e\�W-G\s1\S FBSDELDAs. �:, %^� 3.1 �PdQ5Cj'7gS7?9C�hSf0. ��r, (tC�'7gS7S�hs���JS�t_BO�. vh�S�, �e\Ux��5_E�G.

§4.1 dOLS��9"*jF=�W, �,%nV SDEDL __S�WS7:




dxt = (Atxt +Atxt−δ +Btvt +Btvt−δ)dt

+(Ctxt + Ctxt−δ +Dtvt +Dtvt−δ)dWt

+
∞∑

i=1

(E
(i)
t xt− + E

(i)

t x(t−δ)− + F
(i)
t vt + F

(i)

t vt−δ)dH
(i)
t , t ∈ [0, T ],

x0 = a, xt = λt, vt = ζt, t ∈ [−δ, 0),

(4.1)P\ δ > 0E(��Z, a ∈ Rn, λt ∈ C(−δ, 0;Rn), ζt ∈ C(−δ, 0;Rm). :<, wH%01s:

At, Ct, E
(i)
t , At, Ct, E

(i)

t ∈ L∞
F
(0, T ;Rn×n), Bt, Dt, F

(i)
t ∈ L∞

F
(0, T ;Rn×m), Bt, Dt, F

(i)

t ∈

L∞
G
(0, T ;Rn×m), XJ t ∈ [0, δ] �, Bt = Dt = F t = 0. mx�WHOE Vad, Pi�/�

v(·) ∈ Vad y'nVq�:



vt = ζt, t ∈ [−δ, 0),

vt = vt ∈ L2
F(0, T ;R

m), t ∈ [0, T ].:��W,Emx�W. %�� 2.1 �N, SDEDL (4.1) ?9C�h x(·) ∈ S2
F
(0, T ;Rn).dV�, �5nVm<psDR�:

J(v(·)) =
1

2
E

{∫ T

0

(〈Qtxt, xt〉+ 〈Qtxt−δ, xt−δ〉+ 〈Rtvt, vt〉+ 〈Rtvt−δ, vt−δ〉

+ 2〈Stxt, vt〉+ 2〈Stxt−δ, vt−δ〉)dt+ 〈GxT , xT 〉
}
, (4.2)P\ Qt, Qt ∈ L∞

F
(0, T ; Sn), Rt, Rt ∈ L∞

F
(0, T ; Sm), St, St ∈ L∞

F
(0, T ;Rn×m), X G E F -�#S n× n e,wHQ'j!B�". :<, J t ∈ (T, T + δ] �, Qt = Rt = St = 0.O5Sd	M-nV.F= 4.1 (YOE LQDL) ���
mx�W u(·) ∈ Vad, �Q

J(u(·)) = inf
v(·)∈Vad

J(v(·)). (4.3):�, , u(·) Ex#�W, xu(·) E_�Sx#j'!E.
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�& Lévy &1``TLLf"CA{w1JQ: LQ N.℄T�" 425o��V, O5�5nVUx.&6 4.1 (i) G �x�^wH;

(ii) ei� (ω, t) ∈ Ω× [0, T ], Qt + EFt [Qt+δ] �x�^wH;

(iii) ei� (ω, t) ∈ Ω× [0, T ], Rt + EFt [Rt+δ] �K^wH. :<, ?9(� δ > 0, �Q
〈(Rt + E

Ft [Rt+δ])v, v〉 > δ|v|2, a.s.ei� v ∈ Rm IL5$' t ∈ [−δ, T ] -�;

(iv) wH (Qt +EFt [Qt+δ])− (St +EFt [St+δ])
T(Rt +EFt [Rt+δ])

−1(St +EFt [St+δ]) �x�^S.q 4.1 Li,Wu 9J [34]\��t%)'�Z/ Lévy%0S LQM-. fk, �JSsDR��E�7/��:,P\;�)#
 〈Qtxt−δ, xt−δ〉, 〈Stxt, vt〉I 〈Stxt−δ, vt−δ〉.�W, �* Sun U9J [41] \�� 2.3 Sf#, O5�onV���
4!.X/ 4.1 ei� v(·) ∈ Vad, x xv(·) EV�v0Sh:




dxt = (Atxt +Atxt−δ +Btvt +Btvt−δ)dt+ (Ctxt + Ctxt−δ +Dtvt +Dtvt−δ)dWt

+
∞∑

i=1

(E
(i)
t xt− + E

(i)

t x(t−δ)− + F
(i)
t vt + F

(i)

t vt−δ)dH
(i)
t , t ∈ [0, T ],

x0 = 0, xt = 0, vt = 0, t ∈ [−δ, 0),<ei� Θ(·) ∈ L2(0, T ;Rm×n), ?9(� γ > 0, �Q
E

∫ T

0

|vt −Θtx
v
t |

2dt > γE

∫ T

0

|vt|
2dt, ∀v(·) ∈ Vad.g �W^��
'j℄s n D : Vad → Vad nV:

Dv = v −Θxv,< D ��u, PE n D
−1 %V��5:

D
−1v = v +Θx̃v,P\ x̃v(·) �V�v0Sh:





dx̃vt = [(At +BtΘt)x̃
v
t + (At +BtΘt−δ)x̃

v
t−δ +Btvt +Btvt−δ]dt

+ [(Ct +DtΘt)x̃
v
t + (Ct +DtΘt−δ)x̃

v
t−δ +Dtvt +Dtvt−δ]dWt

+
∞∑

i=1

((E
(i)
t + F

(i)
t Θt)x̃

v
t− + (E

(i)

t + F
(i)

t Θt−δ)x̃
v
(t−δ)−

+ F
(i)
t vt + F

(i)

t vt−δ)dH
(i)
t , t ∈ [0, T ],

x̃v0 = 0, x̃vt = 0, vt = 0, t ∈ [−δ, 0).%'jE^��N, D−1 �'j n, XPs� ‖D−1‖ > 0. �*:, �Q
E

∫ T

0

|vt|
2dt = E

∫ T

0

|(D−1
Dv)t|

2dt 6 ‖D−1‖E

∫ T

0

|(Dv)t|
2dt

= ‖D−1‖E

∫ T

0

|vt −Θtx
v
t |

2dt.



426 ��~�G���A G 46 {x4, a γ = ‖D−1‖−1, K�=-M<.dV�, O5�5�eSd	f#. �W, �5 SDEDL (4.1) e�S!B'7gS7nV:




dxt = (Atxt +Atxt−δ +Btut +Btut−δ)dt

+(Ctxt + Ctxt−δ +Dtut +Dtut−δ)dWt

+
∞∑

i=1

(E
(i)
t xt− + E

(i)

t x(t−δ)− + F
(i)
t vt + F

(i)

t vt−δ)dH
(i)
t , t ∈ [0, T ],

dyt = −
(
AT

t yt + CT
t zt +

∑∞
i=1 E

(i)T
t k

(i)
t +Qtxt + ST

t ut

+EFt

[
A

T

t+δyt+δ + C
T

t+δzt+δ

+
∞∑

i=1

E
(i)T

t+δ k
(i)
t+δ +Qt+δxt + S

T

t+δut

])
dt

+ztdWt +

∞∑

i=1

k
(i)
t dH

(i)
t , t ∈ [0, T ],

x0 = a, xt = λt, ut = ζt, t ∈ [−δ, 0),

yT = GxT , yt = zt = kt = 0, t ∈ [−δ, 0) ∪ (T, T + δ],

(Rt + EFt [Rt+δ])ut +
(
BT

t yt +DT
t zt +

∞∑

i=1

F
(i)T
t k

(i)
t + Stxt

+EFt

[
B

T

t+δyt+δ +D
T

t+δzt+δ +

∞∑

i=1

F
(i)T

t+δ k
(i)
t+δ + St+δxt

])
= 0.

(4.4)

Xf, '7gS7 (4.4) �%�
 FBSDELDA ;�. �:, kf^� 3.1, O5�QnV^�.�/ 4.1 9Ux 4.1 V, r�'7gS7 (4.4) ?9C�h (θ(·), u(·)). :<, u(·) �M- 4.1 (LQDL) SC�x#�W, x(·) EPe�Sx#j'!E.g �W,EY�RZ,O R̃t = Rt+EFt[Rt+δ], Q̃t = Qt+EFt [Qt+δ], S̃t = St+EFt[St+δ].�N R̃t ��EwH, �:�>'7gS7 (4.4) Sx4�
v0h5 u(·):

ut = −R̃−1
t

(
BT

t yt +DT
t zt +

∞∑

i=1

F
(i)T
t k

(i)
t + S̃txt

+ E
Ft

[
B

T

t+δyt+δ +D
T

t+δzt+δ +

∞∑

i=1

F
(i)T

t+δ k
(i)
t+δ

])
. (4.5)` (4.5) Fo'7gS7 (4.4), �Q�
 FBSDELDA. m��M, � FBSDELDA SS�1sUx 3.1,Ux 3.2–(i) Zq 1�IUx 3.2–(ii). �*Ux 3.2–(iii), O5�5nVaU�M:

∫ T

0

〈Γ(θ, θ−, θ+)− Γ(θ, θ−, θ+), θ̂〉dt

=

∫ T

0

(
〈Ax̂+Ax̂− +Bû+ Bû−, ŷ〉+ 〈Cx̂+ Cx̂− +Dû+Dû−, ẑ〉
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+ 〈E(i)x̂+ E
(i)
x̂− + F (i)û+ F

(i)
û−, k̂

(i)〉

−
〈
ATŷ + CTẑ +

∞∑

i=1

E(i)Tk̂(i) +Qx̂+ STû+ E
Ft

[
A

T

+ŷ+ + C
T

+ẑ+

+

∞∑

i=1

E
(i)T

+ k̂
(i)
+ +Q+x̂+ S

T

+û
]
, x̂

〉)
dt

=

∫ T

0

(〈
û, BTŷ +DTẑ +

∞∑

i=1

F (i)Tk̂(i) − S̃x̂

+ E
Ft

[
B

T

+ŷ+ +D
T

+ẑ+ +

∞∑

i=1

F
(i)T

+ k̂
(i)
+

]〉
− 〈Q̃x̂, x̂〉

)
dt

=

∫ T

0

(−〈R̃−1(Q(ŷ, ẑ, k̂) + S̃x̂), Q(ŷ, ẑ, k̂)− S̃x̂〉 − 〈Q̃x̂, x̂〉)dt

=

∫ T

0

(−〈R̃−1Q(ŷ, ẑ, k̂), Q(ŷ, ẑ, k̂)〉 − 〈(Q̃ − S̃TR̃−1S̃)x̂, x̂〉)dt, (4.6)P\ Q(ŷ, ẑ, k̂) % (3.5) ^�. f1Ux 4.1, K�=-eUx 3.2–(iii) S�M. �:, %^� 3.1 �N, � FBSDELDA ?9C�h, CUV*'7gS7 (4.4) ?9C�h.dV�, O5M<qn (4.5) S u(·) Sx#s. x v(·) ∈ Vad Ei�P%�W, xv(·) Ee�Sj'. O5�% J(v(·)) , J(u(·)) S&Q:

J(v(·)) − J(u(·))

=
1

2
E

{∫ T

0

(〈Qtx
v
t , x

v
t 〉 − 〈Qtxt, xt〉+ 〈Qtx

v
t−δ, x

v
t−δ〉 − 〈Qtxt−δ, xt−δ〉+ 〈Rtvt, vt〉

− 〈Rtut, ut〉+ 〈Rtvt−δ, vt−δ〉 − 〈Rtut−δ, ut−δ〉)dt+ 〈GxvT , x
v
T 〉 − 〈GxT , xT 〉

+ 2〈Stx
v
t , vt〉 − 2〈Stxt, ut〉+ 2〈Stx

v
t−δ, vt−δ〉 − 2〈Stxt−δ, ut−δ〉

}

=
1

2
E

{∫ T

0

(〈Qt(x
v
t − xt), x

v
t − xt〉+ 〈Qt(x

v
t−δ − xt−δ), x

v
t−δ − xt−δ〉

+ 〈Rt(vt − ut), vt − ut〉+ 〈Rt(vt−δ − ut−δ), vt−δ − ut−δ〉+ 2〈St(x
v
t − xt), vt − ut〉

+ 2〈St(x
v
t−δ − xt−δ), vt−δ − ut−δ〉)dt+ 〈G(xvT − xT ), x

v
T − xT 〉

+

∫ T

0

(2〈Qtxt, x
v
t − xt〉+ 2〈Qtxt−δ, x

v
t−δ − xt−δ〉+ 2〈Rtut, vt − ut〉

+ 2〈Rtut−δ, vt−δ − ut−δ〉+ 2〈St(x
v
t − xt), ut〉+ 2〈Stxt, vt − ut〉

+ 2〈St(x
v
t−δ − xt−δ), ut−δ〉+ 2〈Stxt−δ, vt−δ − ut−δ〉)dt

+ 2〈GxT , x
v
T − xT 〉

}
.h�NJ t ∈ (T, T + δ] �, Q = R = S = 0, f4�!���<�I (4.4), �Q

J(v(·)) − J(u(·))

=
1

2
E

{∫ T

0

(〈Q̃t(x
v
t − xt), x

v
t − xt〉+ 〈R̃t(vt − ut), vt − ut〉

+ 2〈S̃t(x
v
t − xt), vt − ut〉)dt+ 〈G(xvT − xT ), x

v
T − xT 〉

}
+∆, (4.7)



428 ��~�G���A G 46 {P\
∆ = E

{∫ T

0

(〈Q̃txt, x
v
t − xt〉+ 〈R̃tut, vt − ut〉+ 〈S̃t(x

v
t − xt)), ut〉

+ 〈S̃txt, vt − ut〉)dt+ 〈GxT , x
v
T − xT 〉

}
.e 〈xvt − xt, yt〉 �! Itô ��, �Q

E[〈xvT − xT , yT 〉] = E

{∫ T

0

(〈
vt − ut, B

T
t yt +DT

t zt +

∞∑

i=1

F
(i)T
t k

(i)
t + Stxt

〉

+
〈
vt−δ − ut−δ, B

T

t yt +D
T

t zt +
∞∑

i=1

F
(i)T

t k
(i)
t + Stxt−δ

〉

− 〈Q̃txt, x
v
t − xt〉 − 〈S̃t(x

v
t − xt), ut〉

− 〈Stxt, vt − ut〉 − 〈Stxt−δ, vt−δ − ut−δ〉
)
dt
}
. (4.8):<, J t ∈ [−δ, 0) �, vt = ut, J t ∈ (T, T + δ] �, yt = zt = kt = 0, < (4.8) ��lE

E[〈xvT − xT , GxT 〉]

= E

{∫ T

0

(〈
vt − ut, B

T
t yt +DT

t zt +

∞∑

i=1

F
(i)T
t k

(i)
t + Stxt

+ E
Ft

[
B

T

t+δyt+δ +D
T

t+δzt+δ +
∞∑

i=1

F
(i)T

t+δ k
(i)
t+δ + St+δxt

]〉
− 〈Q̃txt, x

v
t − xt〉

− 〈S̃t(x
v
t − xt), ut〉 − 〈S̃txt, vt − ut〉

)
dt
}
. (4.9)�:, f1 (4.5) �9Q ∆ = 0. %:, �! G Sx�^s, �Q

J(v(·)) − J(u(·))

=
1

2
E

{∫ T

0

(〈Q̃t(x
v
t − xt), x

v
t − xt〉+ 〈R̃t(vt − ut), vt − ut〉

+ 2〈S̃t(x
v
t − xt), vt − ut〉)dt+ 〈G(xvT − xT ), x

v
T − xT 〉

}

>
1

2
E

{∫ T

0

(〈Q̃t(x
v
t − xt), x

v
t − xt〉+ 〈R̃t(vt − ut), vt − ut〉

+ 2〈R̃−1
t S̃t(x

v
t − xt), R̃t(vt − ut)〉)dt

}

=
1

2
E

{∫ T

0

(〈(Q̃t − S̃T
t R̃

−1
t S̃t)(x

v
t − xt), x

v
t − xt〉

+ 〈R̃t[(vt − ut) + R̃−1
t S̃t(x

v
t − xt)], (vt − ut) + R̃−1

t S̃t(x
v
t − xt)〉)dt

}
. (4.10)%Ux 4.1-(iii)–(iv), ��M

J(v(·)) − J(u(·)) > 0.C�< u(·) �M- 4.1 (LQDL) Sx#�W.�*C�s, p?9)�x#�W u(·), Pe�Sj'E xu(·), <'
J(u(·)) = J(u(·)).
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0 = J(u(·))− J(u(·))

>
1

2
E

{∫ T

0

(〈(Q̃t − S̃T
t R̃

−1
t S̃t)(x

u
t − xt), x

u
t − xt〉

+ 〈R̃t[(ut − ut) + R̃−1
t S̃t(x

u
t − xt)], (ut − ut) + R̃−1

t S̃t(x
u
t − xt)〉)dt

}

>
1

2
E

{∫ T

0

γ〈R̃t(ut − ut), ut − ut〉dt
}
. (4.11)% R̃t Sx�^sI γ > 0 S��, (4.11) �95 u(·) = u(·). C�sM<=�.

§4.2 �OLS��9"*jF=�e�,% ABSDEL __S�WS7:




dyt =
(
Atyt +AtE

Ft [yt+δ] +Btzt +BtE
Ft [zt+δ]

+

∞∑

i=1

C
(i)
t k

(i)
t +

∞∑

i=1

C
(i)

t E
Ft [k

(i)
t+δ] +Dtvt +Dtvt−δ

)
dt

+ztdWt +
∞∑

i=1

k
(i)
t dH

(i)
t , t ∈ [0, T ],

yT = b, yt = zt = kt = 0, t ∈ (T, T + δ],

vt = ιt, t ∈ [−δ, 0),

(4.12)

P\ b ∈ L2
FT

(Ω;Rn), ιt ∈ C(−δ, 0;Rm). :<, wH%01s: At, At, Bt, Bt, C
(i)
t , C

(i)

t ∈

L∞
F
(0, T ;Rn×n), Dt ∈ L∞

F
(0, T ;Rn×m), Dt ∈ L∞

G
(0, T ;Rn×m), XJ t ∈ [0, δ] �, Dt = 0.O Uad Ey'nVq�S!B%0 v(·) �-SH1:




vt = ιt, t ∈ [−δ, 0),

vt = vt ∈ L2
F(0, T ;R

m), t ∈ [0, T ].:��W,Emx�W.,UJ��, �5nVsDR�:

J(v(·)) =
1

2
E

{∫ T

0

(
〈Qtyt, yt〉+ 〈Qtyt+δ, yt+δ〉+ 〈Ltzt, zt〉+ 〈Ltzt+δ, zt+δ〉

+

∞∑

i=1

〈G
(i)
t k

(i)
t , k

(i)
t 〉+

∞∑

i=1

〈G
(i)

t k
(i)
t+δ, k

(i)
t+δ〉+ 〈Rtvt, vt〉

+ 〈Rtvt−δ, vt−δ〉
)
dt+ 〈M, y0〉

}
, (4.13)P\ Qt, Qt, Lt, Lt, G

(i)
t , G

(i)

t ∈ L∞
F
(0, T ; Sn), Rt, Rt ∈ L∞

F
(0, T ; Sm), X M E F -�#S

n× n e,x�^wHQ'j!B�". :<, J t ∈ [−δ, 0) �, Qt = Lt = Gt = 0 (1J\
G

(i)

t YlE Gt, :8�2�Us); J t ∈ (T, T + δ] �, Rt = 0. ��V, Ux Qt + Qt−δ,

Lt+Lt−δ, Gt+Gt−δ }Ex�^wH, X Rt+EFt [Rt+δ]1s,W 4.1e\ Rt+EFt[Rt+δ]_6S1\.�e,5SM-nV.
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mx�W u(·) ∈ Uad, �Q
J(u(·)) = inf

v(·)∈Uad

J(v(·)). (4.14)��V, �5 ABSDEL (4.12) S'7gS7nV:




dxt = −(AT
t xt +A

T

t−δxt−δ +QT
t yt +Q

T

t−δyt)dt− (BT
t xt +B

T

t−δxt−δ

+LT
t zt + L

T

t−δzt)dWt −
∞∑

i=1

(C
(i)T
t xt− + C

(i)T

t−δ x(t−δ)− +G
(i)T
t k

(i)
t

+G
(i)T

t−δ k
(i)
t )dH

(i)
t , t ∈ [0, T ],

dyt =
(
Atyt +AtE

Ft [yt+δ] +Btzt +BtE
Ft [zt+δ] +

∞∑

i=1

C
(i)
t k

(i)
t

+
∞∑

i=1

C
(i)

t E
Ft [k

(i)
t+δ] +Dtut +Dtut−δ

)
dt

+ztdWt +
∞∑

i=1

k
(i)
t dH

(i)
t , t ∈ [0, T ],

x0 = −M, xt = 0, ut = ιt, t ∈ [−δ, 0),

yT = b, xt = yt = zt = kt = 0, t ∈ (T, T + δ],

(DT
t xt + EFt [D

T

t+δxt+δ]) + (Rt + EFt [Rt+δ])ut = 0.

(4.15)
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Abstract The authors’ focus lies in the thorough investigation of a specific category of

nonlinear fully coupled forward-backward stochastic differential equations involving time

delays and advancements with the incorporation of Lévy processes, which shall be abbrevi-

ated as FBSDELDAs. Drawing inspiration from diverse examples of linear-quadratic (LQ

for short) optimal control problems featuring delays and Lévy processes, the authors proceed
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to employ a set of domination-monotonicity conditions tailored to this class of FBSDELDAs.

Through the application of the continuation method, the authors achieve the pivotal results

of unique solvability and the derivation of a pair of estimates for the solutions of these FBS-

DELDAs. These findings, in turn, carry significant implications for a range of LQ problems.

Specifically, they are relevant when stochastic Hamiltonian systems perfectly align with

the FBSDELDAs that fulfill the domination-monotonicity conditions. Consequently, the

authors are able to establish explicit expressions for the unique optimal controls by utilizing

the solutions of the corresponding stochastic Hamiltonian systems.
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