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§1 j�f�1�/�;61�u\'qup; Calabi-BernsteinT�.=~, Lorentz-Minkowski�1��q;/��.�u\Æ61�h\ [1−2], �tB℄(O;�7q\���h*uQ;/�61�u\
47q\ [3], �o
6 Calabi-BernsteinP;�k/b,h6he Robertson-Walker �1;�h*uQ61�u\� (Æ= [4–10] =).� L
n+2 4 n + 2 6 Lorentz-Minkowski �1, Λ+ Æk�f$;95S�, ��4�f$. A[�8 L

n+2 ��lf$B�;61�6�|6f�h\x�f$;�S�Æ n6|q\�7q\|=((gt R
n ;h�1� [11]. �=�+��h*uQ (|�'DuQ) ;/�61�u\�0xf$�7q\rh�1�; Æ.�~= [12] ��#;, �f$�;61�u\ Mn */CK, g)� Mn �1 L

n+2�v6� 2;61(NQ, k�
qy%Ce;6fKÆ� {ξ, η}. *{>, A[Yw ξ 4
Mn ;�KD, H η /ma℄�n� u 5�
, 
$�WA[�m u �k Hessian 5�

Mn ;?J~�Q�r~�M! (Æ [11, _" 3.1–3.2]).4F�t�Sqdf$�7q\rh�1�; Calabi-BernsteinP?", �=�? 3–

4 �, S�m6fKDr2;61KDCeFMn ;n� f , �� f 6= 0 $, \m= [11] �MK^#F6fKÆ� {ξ, η} ;�(�-�, (�m f �k Hessian �>F(NQ;~�M!.��,he�.z9Æ�S Calabi-BernsteinP?"; _SB`' [2,7,13]. �� 1967
, Omori [14] ��uQDq�;/�8XNQh�Fhe�.z9. �v, Yau [15–16]�),h6 Ricci uQDq�;/�8XNQ�, ��
6NQ M �, |s�q� C2 6n� f :M → R, ,��H {pk}k∈N , 
9
f(pk) > sup

M

f −
1

k
, ‖∇f(pk)‖ <

1

k
, △f(pk) <

1

k
. (1.1)�> 2025 d 4 � 6 }�7, 2025 d 12 � 16 }�7UZ\.
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436 ��Z�d�,�A � 46 )�=b Omori-Yau he�.z94qO`', ��h*uQ (|�'DuQ) ;%�D, �SF�f$��tB(�6f�h\ (|6��h\) ;61�u\; Calabi-

Bernstein P?", �0xFf$�h�1��7q\b�e#1� H
n−1
+ × S

1 ; Æ ('$�k�ÆC9 3.1�C9 4.1rC9 4.3=). b0dt Calabi-BernsteinP?";[#�k, G�>�.21�4'q (1, n) PED;he Robertson-Walker �1
a3�D; H�=;`1, ��'q (0, n)PED;f$�, 96F)6?";I��S, �a�-
FWJy;[#L2.

§2 l5� L
n+2 4 n+ 2 6HT1� R

n+2, UwF Lorentz ED
〈·, ·〉 = −dx20 + dx21 + · · ·+ dx2n+1, (2.1)k� (x0, · · · , xn+1)4 R

n+2 ;jL3Æ. � 〈x, x〉 > 0, 〈x, x〉 < 0| 〈x, x〉 = 0;RIKD
xS�461�6�|6fKD. Ft6�r6fKD x, ~k 〈x, e0〉 < 0 (| 〈x, e0〉 > 0),k� e0 = (1, 0, · · · , 0), $� x �K95 (|�Klx).v6� 2 ;fw�� ψ : Mn → L

n+2 �461;, ~k ψ r5;EDÆ Riemann ED. m ∇ r ∇ S��
 L
n+2 r Mn ; Levi-Civita �V, ∇⊥ 4 Mn � L

n+2 �;K�V, aY�� ψ ; Gauss r Weingarten a�S�4
∇XY = ∇XY − σ(X,Y ), ∀X,Y ∈ X(M) (2.2)r

∇Xζ = AζX +∇⊥
Xζ, ∀X ∈ X(M), ζ ∈ X

⊥(M). (2.3)

Aζ : X(M) → X(M) Æ ζ MK; Weingarten 
{, �ÆF��(oW-
〈AζX,Y 〉 = 〈σ(X,Y ), ζ〉.>h 2.1 �%�Æ� {ξ, η} 4K+ X

⊥(M) ;6fKÆ�, ~k ξ, η ∈ X
⊥(M) W-

〈ξ, ξ〉 = 〈η, η〉 = 0, 〈ξ, η〉 = −1,o6fKD ξ r η *�K95.r 2.1 � Mn �qa�$Ceo�K95;6fKKD� ξ, � Mn /CK, o,�3a; η ∈ X
⊥(M), 
9 {ξ, η}  4a℄�$qCe6fKÆ�. �a�>, � ν Æ

Mn ;2;6�KKD�, aY η /�
4 [11]

η = −
1

2〈ξ, ν〉2
ξ −

1

〈ξ, ν〉
ν. (2.4) �>, = [12] �#�f$�;61�u\*/CK, gHk�
q�$Ce;6fKÆ�. �6fKÆ� {ξ, η} D, ?J~�Q�/N4

σ(X,Y ) = −〈AηX,Y 〉ξ − 〈AξX,Y 〉η, ∀X,Y ∈ X(M). (2.5)Ce Mn ;h*uQKD�4
H =

1

n
tr(σ) ∈ X

⊥(M),
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4
H = −hηξ − hξη, (2.6)k�

hξ =
1

n
tr(Aξ), hη =

1

n
tr(Aη)�4 Mn ;6fh*uQ. o (2.6) �
Æ

〈H,H〉 = −2hξhη. (2.7).P Mn ;uQ�D R(X,Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z, <m Gauss a� (2.2), q
R(X,Y )Z = Aσ(X,Z)Y −Aσ(Y,Z)X,g) Ricci uQr'DuQS�4

Ric(X,Y ) = n〈H, σ(X,Y )〉+ 〈(Aξ ◦Aη +Aη ◦Aξ)X,Y 〉, (2.8)

R = n2〈H,H〉+ 2tr(Aξ ◦Aη). (2.9)

§3 FkNTeKC:TR=KI:VR
L
n+2 �;f$4(�

Λ = {x ∈ L
n+2 | 〈x, x〉 = 0, x 6= 0},k95S�4

Λ+ = {x ∈ L
n+2 | 〈x, x〉 = 0, x0 > 0}.o [11, ,S 4.3] -6, Λ+ �/�;ym61�u\
4�h\x�f$;�

Σ(a, r) := π(a, r) ∩ Λ+ = {x ∈ Λ+ | 〈x, a〉 = −r},k� r Æ���, H
π(a, r) = {x ∈ L

n+2 | 〈x, a〉 = −r}Æ&�t a ;�h\, 
;;RIKD a W- 〈a, a〉 = ǫ ∈ {−1, 0, 1},o4 ǫ ∈ {−1, 0}�,A[�C a �K95. '$>, 4 ǫ = −1 �, Ii; Σ(a, r) Æ�" r ; n 6|q\; 4
ǫ = 1 �, Σ(a, r) Æ�" r ; n 67q\; H4 ǫ = 0 �, Σ(a, r) �Æ=((gt R

n ;h�1�.��.P�f$�61�u\�tB(�hS6f�h\��;Calabi-BernsteinP?". G� a 4�K95;6fKD, m la �
�tz��MK a ;�H, FH
Ælz�;6f�h\ π(a, 0) x�f$Int�H la.*G�+���,
�61�� ψ : Mn → Λ+ ⊂ L
n+2 T��f$�, ox�H laZq��, �

〈ψ, ψ〉 = 0, 〈ψ, a〉 < 0.1S 〈ψ, ψ〉 = 0, /9
〈dψ, ψ〉 =

n∑

i=1

〈ei, ψ〉ωi = 0,



438 ��Z�d�,�A � 46 )k� {ei}4M ;nÆ�, {ωi}4kFfÆ�, 
�^ ψ ∈ X
⊥(M),*{>,/Yw ξ = ψ.�)p4D, ~= [11] �0, A[�� η ;�-�, 
9 {ξ, η}  4 Mn ;a℄6fKÆ�. .P Mn �;P�n� f(ψ) = −〈ψ, a〉 > 0, k!E4

∇f = −

n∑

i=1

〈ei, a〉ei = −a⊤,
;; a⊤ Æ a � X(M) �;n*k. m a⊥ �
 a �K+ X
⊥(M) �;*k, �� a ��S�4

a = a⊤ + a⊥ = −∇f + a⊥,o 〈a, a〉 = 0 r 〈ψ,∇f〉 = 0, q
〈a⊥, a⊥〉 = −‖∇f‖2, 〈ψ, a⊥〉 = −f. (3.1)h� Mn ;KKD�
N =

1

2f
ψ + a⊥ =

1

2f
ψ + a+∇f,<m (3.1), q

〈N,N〉 = −(1 + ‖∇f‖2) < 0,g)
ν =

1√
1 + ‖∇f‖2

N =
1√

1 + ‖∇f‖2

( 1

2f
ψ + a+∇f

)
(3.2)Æ Mn ��$qCe;2;6�KKD�, o

〈ξ, ν〉 = 〈ψ, ν〉 = −
f√

1 + ‖∇f‖2
< 0.tÆo (2.4) /�

η = −
1

2〈ξ, ν〉2
ξ −

1

〈ξ, ν〉
ν = −

‖∇f‖2

2f2
ψ +

1

f
(a+∇f)Æ Mn ��$qCe;6fKKD�, o 〈ξ, η〉 = −1.+�, A[qD\_".SZ 3.1 �61�� ψ : Mn → Λ+ ⊂ L

n+2 T��f$�, ox�H la Zq��,�
ξ = ψ, η = −

‖∇f‖2

2f2
ψ +

1

f
(a+∇f) (3.3)4 Mn ��$qCe;6fKÆ�.r 3.1 � e0 4�K95;2;6�KD,aY u = −〈ψ, e0〉 > 0. <m
℄n�, η/�$�
4 (�Æ [11, (3.2) �] r [12, h9 4.1])

η = −
1 + ‖∇u‖2

2u2
ψ +

1

u
(e0 +∇u),x)I	, (3.3) �� 〈ψ, a〉 6= 0 $ >.
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n+2 T��f$�, ox�H la Zq��,�

Aξ = I, Aη = −
‖∇f‖2

2f2
I +

1

f
∇2f, (3.4)k� ∇2 4 Mn ; Hessian: ∇2f(X) = ∇X∇f , *H

hξ =
1

n
tr(Aξ) = 1, hη =

1

n
tr(Aη) = −

‖∇f‖2

2f2
+

1

nf
△f, (3.5)k� △f = tr(∇2f) 4 f ; Laplace.n Aξ = I ÆF{;. o (3.3), q

Aη = −
‖∇f‖2

2f2
Aξ +

1

f
Aa⊥ . (3.6)Ds Aa⊥ ;�-�. <m Gauss a� (2.2), F a⊥ sb
5�/9

∇Xa⊥ = ∇X(a+∇f) = −σ(X,∇f) +∇X∇f, ∀X ∈ X(M).g)o Weingarten a� (2.3), q
Aa⊥(X) = (∇Xa⊥)⊤ = ∇2f(X),� Aa⊥ = ∇2f , ��)1� (3.6) �9 (3.4). /vF (3.4) w�$q (3.5).�t (2.7)–(2.9) r (3.5), 96~D,S.^O 3.1 �61�� ψ : Mn → Λ+ ⊂ L

n+2 T��f$�, ox�H la Zq��,�
〈H,H〉 = −2hη =

‖∇f‖2

f2
−

2

nf
△f, (3.7)

Ric(X,Y ) = (n− 1)〈H,H〉〈X,Y 〉+
n− 2

nf
(△f〈X,Y 〉 − n∇2f(X,Y )), (3.8)

R = n(n− 1)〈H,H〉 =
n− 1

f2
(n‖∇f‖2 − 2f△f). (3.9)>M 3.1 �61�� ψ : Mn → Λ+ ⊂ L
n+2 T��f$�, Mn /�oq�'DuQ R, � hη 4��. ~k,��K95;6fKD a, 
9 Mn T�&�t a ;B℄hS;(�6f�h\�2;0Pty�, � f(ψ) = −〈ψ, a〉 W-

sup
M

f <∞, inf
M
f > 0,� Mn 
4`6f�h\ π(a, r) x�f$;�, � Mn Æh�1� Σ(a, r).n �V�^ f 4��. Fit6fKD a, Σ(a, 1) Æ=(t R

n ;h�1�, k�;r5ED	4 〈·, ·〉0. o f(ψ) > 0, L
ψ̃ = f(ψ)−1ψ,F{ 〈ψ̃, ψ̃〉 = 0, 〈ψ̃, a〉 = −1, g)��l� ψ̃ : Mn → Σ(a, 1) ⊂ Λ+ qCe. F|d

X ∈ TψM , 1S��, 9
dψ̃(X) = X(f−1)ψ + f−1X.



440 ��Z�d�,�A � 46 )g4 〈ψ,X〉 = 0, �b
〈dψ̃(X), dψ̃(X)〉 =

1

f2
〈X,X〉 >

1

sup
M

f2
〈X,X〉, (3.10)�t%� sup

M

f < ∞, ���^ sup
M

f · ψ̃ Æ�E	�;l�, �b ψ̃ Æ%�1S(g, ��t Mn ;/�T5# ψ̃(Mn) = Σ(a, 1), o ψ̃ ÆT[l� (Æ= [17]). s Σ(a, 1) Æ2A';, �b ψ̃ Æa�$;1S(g, *H f ◦ ψ̃−1 � Σ(a, 1) ��$qCe.K., (3.10) zd:' ψ̃ : (Mn, 〈·, ·〉M ) → (Σ(a, 1), 〈·, ·〉0) 4bQl�, �
ψ̃∗〈·, ·〉0 =

1

f2
〈·, ·〉M ,o)/9 (Æ= [11])

‖ · ‖2M = f2‖ · ‖20, (3.11)

∇f =
1

f2
∇0f, (3.12)

∇2f = ∇2
0f −

2

f
df ⊗ df +

1

f
‖∇0f‖

2
0〈·, ·〉0, (3.13)k� ∇0 r ∇2

0 S�Ædt 〈·, ·〉0 ;!Er Hessian �(. g)<m (3.11)–(3.13), q
‖∇f‖2 =

1

f2
‖∇0f‖

2
0, (3.14)

△f =
1

f2
△0f +

n− 2

f3
‖∇0f‖

2
0. (3.15)� (3.14)–(3.15) 1� (3.9), 9

R = −
(n− 1)(n− 4)

f4
‖∇0f‖

2
0 −

2(n− 1)

f3
△0f. (3.16)GF Σ(a, 1)�;q�n� f ◦ ψ̃−1 �m Omori-Yauhe�.z9 (1.1): ,� Σ(a, 1)�;�H {pk}k∈N r {qk}k∈N , 
9

f(pk) > sup
M

f −
1

k
, ‖∇0f(pk)‖0 <

1

k
, △0f(pk) <

1

k
, (3.17)

f(qk) < inf
M
f +

1

k
, ‖∇0f(qk)‖0 <

1

k
, △0f(qk) > −

1

k
. (3.18)�t (3.16)–(3.17), �� pk $, q

R > −
(n− 1)(n− 4)

f4(pk)
‖∇0f(pk)‖

2
0 −

2(n− 1)

kf3(pk)
.L k → ∞, �!d6 f(pk) → sup f <∞, ‖∇0f(pk)‖0 → 0, /9 R > 0.KaM\, o (3.16) r (3.18), �� qk $, q

R 6 −
(n− 1)(n− 4)

f4(qk)
‖∇0f(qk)‖

2
0 +

2(n− 1)

kf3(qk)
.L k → ∞, 9 R 6 0. g) R = 0. 1� (3.16), q

(n− 4)‖∇0f‖
2
0 + 2f△0f = 0.D\SB�p4Mx���;!EJ:

n = 2: L f = e−u, ��y4 △0u = 0;
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n > 3: L f = u
2

n−2 , ��`y4 △0u = 0.o f ;�D�%����; u *q�, tÆ_&e�1�;M6IC9, q�Arn� u 4��, 
$�^F f 4��.>M 3.2 �/�;61�� ψ :Mn → Λ+ ⊂ L
n+2 T��f$�, ~k,��K95;6fKD a, 
9

f∗ := sup
M

f <∞, f∗ := inf
M
f > 0,oh*uQ hν 4�� (ν o (3.2) Ce), � Mn 
4`6f�h\ π(a, r) x�f$;�,� Mn Æh�1� Σ(a, r).n �Æ� {ξ, η} D, ν /�
4

ν =

√
1 + ‖∇f‖2

2f
ξ +

f√
1 + ‖∇f‖2

η,g)
Aν =

√
1 + ‖∇f‖2

2f
I +

f√
1 + ‖∇f‖2

Aη,tÆ<m (3.5), /9
hν =

1√
1 + ‖∇f‖2

( 1

2f
+

△f

n

)
.oC9 3.1 ;�^���l� ψ̃ = f(ψ)−1ψ ÆbQ;1S(g, g)<m (3.14)–

(3.15), ��/N4
hν =

f√
f2 + ‖∇0f‖20

( 1

2f
+

1

nf2
△0f +

n− 2

nf3
‖∇0f‖

2
0

)
. (3.19)_& Omori-Yau he�.z9: ,� Σ(a, 1) �;�H {pk}k∈N r {qk}k∈N , 
9 (3.17)–

(3.18)  >, g)
hν 6

f(pk)√
f2(pk) + ‖∇0f(pk)‖20

( 1

2f(pk)
+

1

nkf(pk)2
+

n− 2

nf(pk)3
‖∇0f(pk)‖

2
0

)
,

hν >
f(qk)√

f2(qk) + ‖∇0f(qk)‖20

( 1

2f(qk)
−

1

nkf(qk)2
+

n− 2

nf(qk)3
‖∇0f(qk)‖

2
0

)
.L k → ∞, �<m

lim
k→∞

f(pk) = f∗, lim
k→∞

f(qk) = f∗,

lim
k→∞

‖∇0f(pk)‖g0 = lim
k→∞

‖∇0f(qk)‖g0 = 0,96
1

2f∗
6 hν 6

1

2f∗
,H 0 < f∗ 6 f∗, �b�bq f∗ = f∗ := r, � f(ψ) = r, 
$�^F Mn Æh�1�

Σ(a, r).
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§4 FkNTeKX:TR=KI:VR��.Pf$�61�u\�tB(�hS6��h\; Calabi-Bernstein P?".� b 42;61KD, aYlz�;6��h\ π(b, 0) ��f$S4B�S:

Λ+
1 = {x ∈ Λ+ | 〈x,b〉 < 0}r

Λ+
2 = {x ∈ Λ+ | 〈x,b〉 > 0}.FÆ, �f$�7q\

Σ(b, r) = {x ∈ Λ+ | 〈x,b〉 = −r}T�+ty Λ+
1 �.�61�� ψ :Mn → Λ+

1 ⊂ L
n+2 T��f$;+ty Λ+

1 �, �q
〈ψ, ψ〉 = 0, 〈ψ,b〉 < 0.tÆ Mn �;P�n� f(ψ) = −〈ψ,b〉 > 0, k!E4

∇f = −b⊤.o 〈b,b〉 = 1 r 〈ψ,∇f〉 = 0, /9
〈b⊥,b⊥〉 = 1− ‖∇f‖2, 〈ψ,b⊥〉 = −f.o)��℄�, /�
ν̃ =

1√
1 + ‖∇f‖2

( 1

f
ψ + b+∇f

)
(4.1)Æ� Mn ��$qCe;2;6�KKD�. L ξ = ψ, � η /�
4

η = −
1

2〈ξ, ν̃〉2
ξ −

1

〈ξ, ν̃〉
ν̃ =

1− ‖∇f‖2

2f2
ξ +

1

f
(b+∇f), (4.2)k� {ξ, η} 4 Mn ��$qCe;6fKÆ�. x_" 3.2 ;,5a^, A[qbD_".SZ 4.1 �61�� ψ :Mn → Λ+

1 ⊂ L
n+2 T��f$;+ty Λ+

1 �, �
Aξ = I, Aη =

1− ‖∇f‖2

2f2
I +

1

f
∇2f, (4.3)

hξ =
1

n
tr(Aξ) = 1, hη =

1

n
tr(Aη) =

1− ‖∇f‖2

2f2
+

1

nf
△f, (4.4)

R = −2n(n− 1)hη = −
n(n− 1)

f2
+
n− 1

f2
(n‖∇f‖2 − 2f△f). (4.5)>M 4.1 � ψ : Mn → Λ+ ⊂ L

n+2 4'q�'DuQ R ;A'�/�61�u\,~k,�2;61KD b, 
9 Mn �;n� f(ψ) = −〈ψ,b〉 $$RI (�O� f > 0),o
f∗ := sup

M

f <∞, f∗ := inf
M
f > 0,� Mn T�b b 4KKD;B℄(�;hS6��h\�2;0Pty�, � Mn 
4`7q\ Σ(b, r), 
; r Æ���.



4 j �}� g%�< Calabi-Bernstein �# 443n 6��h\ π(b, 1) x�f$;�Æ2;7q\;aS�, 	4 H
n
+. o Mn ;/�T, f �q�r H

n
+ ;2A'T, \mC9 3.1 ;�^/�: bQ;��l� ψ̃ : Mn →

Σ(b, 1) = H
n
+ ⊂ Λ+,

ψ̃ = f(ψ)−1ψÆ6�;1S(g, *H f � H
n
+ ��$qCe. �obQdC ψ̃∗〈·, ·〉0 = 1

f2 〈·, ·〉M , k�
〈·, ·〉0 Æ H

n
+ ;Æ&ED, q (3.14)–(3.15), tÆ Mn ;'DuQa� (4.5) /bYN 
R = −n(n− 1)f−2 − (n− 1)(n− 4)f−4‖∇0f‖20 − 2(n− 1)f−3△0f. (4.6)Ft H
n
+ �;q�n� f ,_& Omori-Yauhe�.z9: ,� H

n
+�;�H {pk}k∈Nr {qk}k∈N , 
9

f(pk) > f∗ −
1

k
, ‖∇0f(pk)‖0 <

1

k
, △0f(pk) <

1

k
, (4.7)

f(qk) < f∗ +
1

k
, ‖∇0f(qk)‖0 <

1

k
, △0f(qk) > −

1

k
. (4.8)�t (4.6) r (4.7), �� pk $, q

R > −n(n− 1)f−2(pk)− (n− 1)(n− 4)f−4(pk)‖∇
0f(pk)‖

2
0 −

2(n− 1)

k
f−3(pk).L k → ∞, �!d6 f(pk) → f∗, ‖∇0f(pk)‖0 → 0, /9

R > −n(n− 1)f∗−2
.(^>, o (4.6) r (4.8), �� qk $, q

R 6 −n(n− 1)f−2(qk)− (n− 1)(n− 4)f−4(qk)‖∇
0f(qk)‖

2
0 +

2(n− 1)

k
f−3(qk),L k → ∞, /9

R 6 −n(n− 1)f−2
∗ ,tÆ

1

f2
∗

6 −
R

n(n− 1)
6

1

f∗2
,H f∗ 6 f∗, �b f∗ = f∗, 
$�^F f(ψ) Æ��, 	4 r, 
 Mn = Σ(b, r).xC9 3.2 IP, A[/�>~D�k.>M 4.2 �A'�/�;61�� ψ : Mn → Λ+ ⊂ L

n+2 T��f$�, ~k,�2;61KD b, 
9 Mn �;n� f(ψ) = −〈ψ,b〉 $$RI (�O� f > 0),

sup
M

f <∞, inf
M
f > 0,o2;6�MK ν̃ ;h*uQ hν̃ 4��, � Mn 
4`7q\ Σ(b, r)./v,A[.P�f$�e#61�u\ H

n−1
+ ×S

1. Cel� φ0 : Hn−1
+ ×S

1 → L
n+24

φ0(x, θ) = (x, cos θ, sin θ),k�
H
n−1
+ = {x = (x0, · · · , xn−1) ∈ L

n | 〈x, x〉 = −1, x0 > 0}
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Æ φ0 T��f$�, o'q�'DuQ.�61�� ψ : Mn → Λ+ ⊂ L
n+2 T��f$�, π2 Æ L

n+2 �;J661h\, w
π2 ;a.2;��~4 b1,b2, aY Mn ;;�KD6 π2 ;*kKD;�E4

u(ψ) =
√
f1(ψ)2 + f2(ψ)2,k� fi(ψ) = −〈ψ,bi〉, i = 1, 2.iM 4.1 〈f2b

⊥

1 − f1b
⊥

2 , f2b
⊥

1 − f1b
⊥

2 〉 = 0.n ∀p ∈Mn, 4 f1(p)f2(p) = 0 �, �O�
f1(p) = −〈ψ(p),b1〉 = 0,� 〈ξ(p),b⊥

1 (p)〉 = 0, g)�6fÆ� {ξ, η} D,

b⊥

1 (p) = −〈η(p),b1〉ξ(p),tÆ
〈f2b

⊥

1 − f1b
⊥

2 , f2b
⊥

1 − f1b
⊥

2 〉(p) = f2
2 (p)〈b

⊥

1 ,b
⊥

1 〉(p) = 0.4 f1(p)f2(p) 6= 0 �, o (4.2) �, η %�>/�
 
η =

1− ‖∇fi‖
2

2f2
i

ξ +
1

fi
b
⊥

i , i = 1, 2,*H
f2b

⊥

1 − f1b
⊥

2 ‖ ξ,g)
〈f2b

⊥

1 − f1b
⊥

2 , f2b
⊥

1 − f1b
⊥

2 〉 = 0.^O 4.1 � u =
√
f1(ψ)2 + f2(ψ)2 > 0, �

‖∇u‖2 = ‖∇f1‖
2 + ‖∇f2‖

2 − 1.n o bi = b⊤

i + b⊥

i = −∇fi + b⊥

i , ‖bi‖ = 1 (i = 1, 2) r 〈b1,b2〉 = 0, 
9
‖∇fi‖

2 = 1− 〈b⊥

i ,b
⊥

i 〉, 〈∇f1,∇f2〉 = −〈b⊥

1 ,b
⊥

2 〉.g)<mh9 4.1, o u∇u = f1∇f1 + f2∇f2, /9
u2‖∇u‖2 = f2

1 ‖∇f1‖
2 + f2

2‖∇f2‖
2 + 2f1f2〈∇f1,∇f2〉

= (u2 − f2
2 )‖∇f1‖

2 + (u2 − f2
1 )‖∇f2‖

2 − 2f1f2〈b
⊥

1 ,b
⊥

2 〉

= u2(‖∇f1‖
2 + ‖∇f2‖

2)− f2
2 (1− 〈b⊥

1 ,b
⊥

1 〉)− f2
1 (1− 〈b⊥

2 ,b
⊥

2 〉)− 2f1f2〈b
⊥

1 ,b
⊥

2 〉

= u2(‖∇f1‖
2 + ‖∇f2‖

2)− u2 + 〈f2b
⊥

1 − f1b
⊥

2 , f2b
⊥

1 − f1b
⊥

2 〉

= u2(‖∇f1‖
2 + ‖∇f2‖

2)− u2,Mx u2 �9�V.^O 4.2 �61��
ψ :Mn → Λ+ ⊂ L

n+2



4 j �}� g%�< Calabi-Bernstein �# 445T��f$�, {ξ = ψ, η} 4 Mn ;6fKÆ�. ~k Mn ;;�KD661h\ π2 =

span{b1,b2} ;*kKD�E
u(ψ) =

√
f1(ψ)2 + f2(ψ)2 > 0,� η /�
4

η =
1− ‖∇u‖2

2u2
ξ +

1

u2
(f1b

⊥

1 + f2b
⊥

2 ), (4.9)Ii;h*uQn�4
hη =

n− 2

2nu2
−

‖∇u‖2

2u2
+

1

nu
△u. (4.10)gH

R = −2n(n− 1)hη = −
(n− 1)(n− 2)

u2
+
n− 1

u2
(n‖∇u‖2 − 2u△u). (4.11)n � f1 6= 0 $, o (4.2),

2f2
1 η = (1− ‖∇f1‖

2)ξ + 2f1b
⊥

1 . (4.12)H� f1 = −〈ψ,b1〉 = 0, � 〈ξ,b⊥

1 〉 = 0 $, b⊥

1 ‖ ξ, �b ‖b⊥

1 ‖
2 = 0, �

1− ‖∇f1‖
2 = ‖b1‖

2 − ‖b⊤

1 ‖
2 = ‖b⊥

1 ‖
2 = 0,
�^ (4.12) � f1 = 0 $` >. (^F f2, q

2f2
2 η = (1− ‖∇f2‖

2)ξ + 2f2b
⊥

2 . (4.13)<m,S 4.1, F (4.12)–(4.13) 1r, /9
2u2η = (2 − ‖∇f1‖

2 − ‖∇f2‖
2)ξ + 2(f1b

⊥

1 + f2b
⊥

2 )

= (1 − ‖∇u‖2)ξ + 2(f1b
⊥

1 + f2b
⊥

2 ),
$5# (4.9). *H
Aη =

1− ‖∇u‖2

2u2
I +

1

u2
(f1Ab⊥

1

+ f2Ab⊥

2

).s<m Gauss r Weingarten a� (2.2)–(2.3), /9 Ab⊥

i

= ∇2fi, tÆ
Aη =

1− ‖∇u‖2

2u2
I +

1

u2
(f1∇

2f1 + f2∇
2f2),w�,

hη =
1

n
tr(Aη) =

1− ‖∇u‖2

2u2
+

1

nu2
(f1△f1 + f2△f2), (4.14)!d6

△u2 = 2(f1△f1 + f2△f2) + 2(‖∇f1‖
2 + ‖∇f2‖

2)

= 2(f1△f1 + f2△f2) + 2(‖∇u‖2 + 1),�
f1△f1 + f2△f2 = u△u− 1,1� (4.14) 5# (4.10).
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ψ :Mn → Λ+ ⊂ L

n+2'q�'DuQ, o Ricci uQqD�. ~k Mn ;;�KD661h\
π2 = span{b1,b2};*kKD�EW-

u∗ := sup
M

u <∞, u∗ := inf
M
u > 0,� Lorentz X" Mn 
4 u0 · φ0(H

n−1
+ × S

1), 
; u0 4���.n Ricci uQqD�;%�z�Fhe�.z9 >, g),� Mn �;�H
{pk}k∈N r {qk}k∈N , 
9

u(pk) > u∗ −
1

k
, ‖∇u(pk)‖ <

1

k
, △u(pk) <

1

k
, (4.15)

u(qk) < u∗ +
1

k
, ‖∇u(qk)‖ <

1

k
, △u(qk) > −

1

k
. (4.16)<m (4.11) r (4.15),

R > −
(n− 1)(n− 2)

u2(pk)
+
n(n− 1)‖∇u(pk)‖

2

u2(pk)
−

2(n− 1)

ku(pk)
,L k → ∞, 9

R > −
(n− 1)(n− 2)

u∗2
.<m (4.11) r (4.16), (9/9

R 6 −
(n− 1)(n− 2)

u∗2
.

n = 2: *�B�>096 R = 0, )� (4.11)  4 u△u− ‖∇u‖2 = 0, � △ lnu = 0,
;; lnu q�, tÆ_&RVuQNQ�M6IC9�, lnu 4��, � u = u0 ��;

n > 3: o
1

u∗2
6 −

R

(n− 1)(n− 2)
6

1

u∗25# u∗ = u∗, 
 u = u0 `4��./v, � ψ ��S�4
ψ = ψ1 + ψ2, ψ1 ∈ π, ψ2 ∈ π⊥,g4

‖ψ1‖ = u0, 〈ψ, ψ〉 = 0,�b 〈ψ2, ψ2〉 = −u20,tÆ�t/�T%�,  a℄ LorentzX"Mn
4 u0·φ0(H
n−1
+ ×S

1).8�G�`�
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Calabi-Bernstein Problems of Complete Spacelike

Hypersurfaces on the Light Cone

ZHANG Yuanzheng1

1School of Mathematics, Shanghai University of Finance and Economics, Shang-

hai 200433, China. E-mail: yzzh@mail.sufe.edu.cn

Abstract Let Mn be a spacelike submanifold in the Lorentz-Minkowski spacetime L
n+2

that lies on the upper light cone, and let f be an affine function on Mn defined by a null

vector or a unit spacelike vector. When f 6= 0, the author establishes the basic equations

for spacelike submanifold in terms of f and its Hessian. As an application, the author shows

by applying the generalized maximum principle that the flat spaces (or pseudo-spheres) are

the only complete spacelike hypersurfaces of the light cone with constant scalar curvature

which is between two co-side parallel null hyperplanes (or timelike hyperplanes).

Keywords Spacelike hypersurface, Generalized maximum principle, Upper

light cone
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