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§1 ���Æ5� R
3 × R+ _n
XEuk
 MHD r1K:




∂tρ+ u · ∇ρ+ ρdiv u = 0,

ρ(∂tu+ u · ∇u) +∇P − curlH ×H = divΨ(u),

ρ(∂te+ u · ∇e) + Pdiv u+ div q = ν|curlH |2 +Ψ(u) : ∇u,

∂tH + u · ∇H −H · ∇u +Hdiv u = ν∆H,

(1.1)<4/*�� ρ = ρ(x, t), u = (u1(x, t), u2(x, t), u3(x, t))
T, P = P (x, t), e = e(x, t), q =

(q1(x, t), q2(x, t), q3(x, t))
T $ H = (H1(x, t), H2(x, t), H3(x, t))

T w��nuk
��U$f��f�kB�./$R� (R��) y8=+. �a�	 � Ψ(u) a~,
Ψ(u) = µ(∇u + (∇u)T) + λ(∇ · u)I3, (1.2)#� µ $ λ �n�aB�C H µ > 0 $ 2µ+ 3λ > 0, I3 q 3× 3 QK2h&. ν > 0 ,=~℄B�. Æ5�n
U��,jr��, <OjU?�r1,

P = Rρθ, e = cV θ, (1.3)�6 2025 2 1 � 10 UvR, 2025 2 11 � 17 UvR
��.
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466 ��i�2�r�A 7 46 m<4 θ = θ(x, t) �nni3f, R > 0 ,�P��-�, cV ,aW�R. ,�x�uk

MHD r1K (1.1), .dt�7R� q U�Em.Æ5�s�UR:O H Cattaneo R:Oa� [1]:

τ∂tq + q + κ∇θ = 0, (1.4)<4 κ > 0 ,ORB�, �3fC τ �n�!N	��R�U3\J�7aUR:O?��dtUfC. � τ = 0, � Cattaneo R:Oa�e�/ Fourier R:Oa�
q = −κ∇θ. (1.5)�N Fourier R:Oa�
�qZ��'}R:OIR, Lq<�v�H<U8�, 91O7��3f θ U4=\r1, jSR�L1y:EFU�f:�, Bl+�EN��.�*V=�+bE, Fouriera�Æhq�&�iu��v1, ��qNn
F3f�fU���
f1O1OFU?), �jh�u$H5 [2–4]. N�+E, Cattaneo a�uy�MZÆhqT�N65. Æ Fourier a�N�, Cattaneo a��(R�� q $3f θ  H�G\r1K, 	i�G\r1KU�K:�a3u*, R�Ly�KU�f:�.
& (1.1) $ (1.3)–(1.4), uySQk� Cattaneo R:Oa�U&Kuk
 MHD r1KXE (E5E., MHDC r1K):





∂tρ+ u · ∇ρ+ ρdiv u = 0,

ρ(∂tu+ u · ∇u) +R∇(ρθ)− curlH ×H = divΨ(u),

cV ρ(∂tθ + u · ∇θ) +Rρθdiv u+ div q = ν|curlH |2 +Ψ(u) : ∇u,

∂tH + u · ∇H −H · ∇u+Hdiv u = ν∆H,

τ∂tq + q + κ∇θ = 0.

(1.6)_}r1KU5-�I,
(ρ, u, θ,H, q)(x, 0) = (ρ0, u0, θ0, H0, q0), (1.7)�+?�,
lim

|x|→∞
(ρ, u, θ,H, q)(x, t) = (ρ∗, 0, θ∗, 0, 0), (1.8)<4 ρ∗ $ θ∗ o,(-�.N�3fC τ = 0 f, MHDC r1K (1.6) ,`^UuWRuk
 MHD r1K, <4R:O H Fouriera�. i�~r1KU�h��,x�F�U5J\_�n
. �<qv.D^x`SQ�O,&^Un
. �X, S5-�,VUKfC�a [5] y8VUFfC_, [6]; i�H�F5-U5�-8�Un
u$H5 [7–8]. �\.wC4, `^UuWRuk
 MHD r1K[VUC�aT�u$H5 [9–12], ~[VUFfC_,u�5 [13–14] 4SQ�)(.

Cattaneo a�uy��MZ'}k��ORaU"�4U:RD|, i��M�&"�4U3fw�k�7t|~. �?, ���jUn
!qk�> Cattaneo a�. �i�3fC τ �k$AaUA�E, Hu $ Racke [15] SQ�H� Cattaneo a�Uuk
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Navier-Stokes r1KUKfraa, �)(�N�3fC τ → 0 f, ~B�UVu
QH� Fourier a�Uuk
 Navier-Stokes r1KUV. �), Li, Tang $ Zhang [16] J`�i�3fCU}?AauSQ�~r1KUKfraa, ���9w�$Y-�7wVWroSQ�VUM�fC�F�. Æ?�f, Tang, Zhang $ Zou [17] ��/�roT&'-:{uSQ�~r1KVUM�fC�F�=. M℄, Liu $ Wu [18] n
�~r1KVU:\�=. M), dt.7Uq, Cattaneo a��[���	h4��qU���lC�RMa	h4u�ej��$n
, $H5 [19–20] 8<��U$s5J.0Q MHDC r1K (1.6), Liu $ Xu [21] L5 [15] 4UT�"�Q~B�, �i�3fC τ }?Aa (
0 < τ < 4κ

P 2
θ
(1,1)

) E, )(�S5-`^VUKfraa. ?$, iP!�*, +A."���r1K (1.6) VUFfC_,Un
T�. �?, Æ5U;t+U,: (1) �"�k$AaUD|EJ� MHDC r1K (1.6) `^VUKfC�a; (2) n
~VUFfC_,�Ma<M�fC�F�. ;tT�XE.bv 1.1 Aai�'� N > 3, 5kP
 (ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0) ∈ HN (R3) CC�v�4wSU-� ǫ0 > 0, jS
‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖H3 6 ǫ0. (1.9)� Cauchy 8� (1.6)–(1.8) C�Kf`^V (ρ, u, θ,H, q), Ci� t > 0, �

‖(ρ− ρ∗, u, θ − θ∗, H, q)(t)‖
2
HN

+

∫ t

0

(‖∇ρ(r)‖2HN−1 + ‖∇u(r)‖2HN + ‖∇θ(r)‖2HN−1 + ‖∇H(r)‖2HN + ‖q(r)‖2HN )dr

6 C‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖
2
HN . (1.10)?$, X�i�*� s ∈

[
0, 32

)
, Z5kP
 (ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0) ∈ Ḣ−s(R3), �i� ℓ = 0, 1, · · · , N − 1, /�

‖∇ℓ(ρ− ρ∗, u, θ − θ∗, H)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
ℓ+s
2 , (1.11)Ci� ℓ = 0, 1, · · · , N − 2, R� q ��zUfC�F�

‖∇ℓq(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
ℓ+s
2

− 1
2 , (1.12)<4

A0 = ‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖Ḣ−s , B0 = ‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖HN ,(-� C ÆfC:�.� 1.1 Z�a� 1.1 4s�9:� T
3 l�qKwC R

3, ,!��/��=$
Poincaré�Wm, uS

d

dt
‖(ρ− ρ∗, u, θ − θ∗, H, q)‖

2
H3(T3) + C‖(ρ− ρ∗, u, θ − θ∗, H, q)‖

2
H3(T3) 6 0,\l� Grönwall �Wmu*Vk�.�QUfC�F�.� 1.2 B (1.11)–(1.12)u*R��fC�FQ8(�U���<�=��z,#vIRq� Cattaneo a� (1.4) 4UI0T��O1U. NOlp, � (1.5) u* Fourier a



468 ��i�2�r�A 7 46 m�uO1R��OzU�F��, L#q�3fr1�k�U!℄T�O1U. Æ6R:Oa�euy�
R�U�F��, L<4�w�U52q&K��U.	i Hardy-Littlewood-Sobolev a� (�� 2.6), uySQ, N p ∈ (1, 2] f, Lp(R3) ⊂

Ḣ−s(R3), s = 3
(
1
p
− 1

2

)
∈
[
0, 32

)
. �?, u\v SQVU Lp-L2 \M�fC�F�=.	x 1.1 �a� 1.14�5-�I (ρ0−ρ∗, u0, θ0− θ∗, H0, q0) ∈ Lp, 1 < p 6 2, J�

(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0) ∈ Ḣ−s, �V�XEUfC�F�: i� ℓ = 0, 1, 2, · · · , N − 1,�
‖∇ℓ(ρ− ρ∗, u, θ − θ∗, H)(t)‖HN−ℓ 6 C(1 + t)−

3
2
( 1
p
− 1

2
)− ℓ

2 ,i� ℓ = 0, 1, 2, · · · , N − 2, �
‖∇ℓq(t)‖HN−ℓ 6 C(1 + t)−

3
2
( 1
p
− 1

2
)− ℓ+1

2 .I�EtZ*}a� 1.1U)(%�.� Liu$Xu [21]UT�4,�#���KawashimaUKfC�a�� [22−23], �}?�I 0 < τ < 4κ
Pθ(1,1)2

E, SQ�VUKfC�a. Æ5�#����Uro, ��4w�� MHDC r1K (1.6) Uk�T�, ��q Cattaneoa�Uk��Em, �:di τ }?k$�~UD|E"O7�XU�=m, N�T�uH�� 3.1–3.2. ��J�VUv1�=, �T&f!C�aa�y8�fa�)SQ�VUKfC�a, #e&/�a� 1.1 [ 1 !wU)(.�n
VUFfC_,f,�� Poincaré�Wm�KwC_qeUU,�?�/,P��KwCU/��=�SQVUFfC_,. �5 [24–25] U?nE, P!�Y�v�rNU| SobolevwC,���g��yU5-�y2VU| SobolevwCp�;\l��| SobolevwC4U'-�Wm (H�� 2.5)O7 Poincaré\�Wm; N)�� Grönwall�WmSQXEUfC�F�=:

‖∇ℓ(ρ− ρ∗, u, θ − θ∗, H, q)(t)‖HN−ℓ . (1 + t)−
ℓ+s
2 , ℓ = 0, 1, · · · , N − 1.>|?fR�UfC�F�Æ$f��f�3f$=+UfC�F�N�.M), �� Cattaneo a� (1.4) UI0T�uyV7R� q Uk��Em,

q(x, t) = e−
t
τ q0 −

κ

τ

∫ t

0

e−
1
τ
(t−r)∇θ(x, r)dr,#|0A ‖∇ℓq‖L2 UfC�F�Æ ‖∇ℓ+1θ‖L2 UfC�F�N�. 3�#v�(, uy)(R� q UMk��zUfC�F�.Æ5U<
!w�3XE.�EvS4, L0�vV��U�Wm. �[ 3 S4, LJ�VUKfC�a. [ 4 SLn
VUfC�F�=.M), Y`Æ54j�Uy". C �nÆfC:�U��-�. Lp(R3) �n R

3 _��U LebesguewC, <p��n, ‖ · ‖Lp. Hk(R3) �n��U SobolevwC W k,2(R3), <p��n, ‖ · ‖Hs . i�'� k $j7.� α = (α1, α2, α3), 
D ∇k �ni ∂α1
x1
∂α2
x2
∂α3
x34�� H k = |α| = α1 + α2 + α3 UQUF$. Ci([0, T ];Hk(R3)) �n� t ∈ [0, T ] _�



4 ; ��# ;�t '�p l	�H℄S;PVvlÆ MHD s2LWV�G� 469�fC i-A�fu*CI-� Hk(R3) U��wC. �� f U Fourier �/�n,
f̂(ξ) =

∫

R3

f(x)e−2πix·ξdx, ξ ∈ R
3.
D Λs(s ∈ R) a~,

Λsf(x) =

∫

R3

|ξ|sf̂(ξ)e2πix·ξdξ. (1.13)�f, � Ḣs �n=A Sobolev wC, p��n,
‖f‖Ḣs , ‖Λsf‖L2 = ‖|ξ|sf̂(ξ)‖L2 .

§2 �T��ÆSL0�vV�qj�U�Wm. wGq Gagliardo-Nirenberg�Wm.�v 2.1 [24,�� A.1] a l, s $ k ,T|h�C H 0 6 l, s < k, � p, r, q ∈ [1,∞],

θ ∈ [0, 1], jS
l

3
−

1

p
=

(s
3
−

1

r

)
(1 − θ) +

(k
3
−

1

q

)
θ,�i�T| u ∈W k,p(R3), �

‖∇lu‖Lp 6 C‖∇su‖1−θ
Lr ‖∇ku‖θLq . (2.1)E&, �7 Sobolev wC4��06$N/D�=.�v 2.2 [26,�� 3.4] Aa�� f, g ∈ Hk(R3)∩L∞(R3), �i�T|U'� k > 1, �

‖∇k(fg)‖L2 6 C(‖f‖L∞‖∇kg‖L2 + ‖∇kf‖L2‖g‖L∞). (2.2)?$, Z ∇f ∈ L∞(R3), �a~N/D
[∇k, f ]g = ∇k(fg)− f∇kg,��

∥∥[∇k, f ]g
∥∥
L2 6 C(‖∇f‖L∞‖∇k−1g‖L2 + ‖∇kf‖L2‖g‖L∞). (2.3)�v 2.3 [24,��A.3] a'� k > 1. �XE�=/�

‖[∇k, f ]g‖Lp 6 C(‖∇f‖Lp1‖∇k−1g‖Lp2 + ‖∇kf‖Lp3‖g‖Lp4 ),<4 p, p1, p2, p3, p4 ∈ (1,+∞)  H
1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.���� 2.1 ���EKU=
uySQ Sobolev wC4U{&���XE�=, k�=
DSu$H5 [17, 25].�v 2.4 a f(̺) q�� ̺ T|Qu*U�,��C ‖̺‖L∞ 6 1, �i� p > 1 $T|'� k > 1, �

‖∇k(f(̺))‖Lp 6 C‖∇k̺‖Lp .



470 ��i�2�r�A 7 46 mE&, �7| Sobolev wC4U'-�Wm.�v 2.5 [25,�� A.4] a s > 0 ,h�, k > 0 ,'�, ��
‖∇kf‖L2 6 C‖∇k+1f‖1−θ

L2 ‖Λ−sf‖θL2, θ =
1

1 + k + s
.N s ∈ (0, 3)f, (1.13)4a~U
D Λ−sf qRiesz2p.	iw�QHardy-Littlewood-

Sobolev a�, uySQ Riesz 2pU Lp \�WmXE.�v 2.6 [27, p.119b� 1] a 0 < s < 3, 1 < p < q <∞ y8 1
q
+ s

3 = 1
p
, ��

‖Λ−sf‖Lq 6 C‖f‖Lp.

§3 p`}q\��ÆSL7\�� Cauchy 8� (1.6)–(1.8) VUKfC�a. wG, J�VUf!C�a. ��r1K (1.6) qui.U�G-4=\r1K, ��g�&rUi.-
D�	i5 [22] 4U)(�1, uySQXEUf!C�aa�.bv 3.1 � N > 3 ,'�. Aai�*�-� M > 0, 5- H
‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖H3 6M,�C�/w�� M UfC T∗ > 0, jS Cauchy 8� (1.6)–(1.8) � [0, T∗] _C�`^V

(ρ, u, θ,H, q), �C H
(ρ− ρ∗, θ − θ∗, q) ∈C([0, T∗], H

N(R3)) ∩ C1([0, T∗], H
N−1(R3)),

(u,H) ∈C([0, T∗], H
N(R3)) ∩ C1([0, T∗], H

N−2(R3)).,�Bf!`^VSQKf`^V, dJ�VUv1�=. ,?, a~P
��
n =

ρ− ρ∗

ρ∗
, φ =

θ − θ∗

θ∗
, (3.1)�r1K (1.6) uW/XEi.P
^m:





∂tn+ div u = F1,

1

Rθ∗
∂tu+∇n+∇φ =

1

Rθ∗ρ∗
divΨ(u) + F2,

cV

R
∂tφ+ div u+

1

Rρ∗θ∗
div q = F3,

∂tH − ν∆H = F4,

τ

κRρ∗θ2∗
∂tq +

1

Rρ∗θ∗
∇φ+

1

κRρ∗θ2∗
q = 0,

(3.2)

<5->P
(n, u, φ,H, q)(x, 0) = (n0, u0, φ0, H0, q0) =

(ρ0 − ρ∗

ρ∗
, u0,

θ0 − θ∗

θ∗
, H0, q0

)
, (3.3)
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lim

|x|→∞
(n,w, φ, ψ) = (0, 0, 0, 0), (3.4)<4uMaQ Fi, i = 1, 2, 3, 4, k�^mXE:





F1 = −div (nu),

F2 = −
u · ∇u

Rθ∗
−

ndivΨ(u)

Rθ∗ρ∗(n+ 1)
+

curlH ×H

Rθ∗ρ∗(n+ 1)
+

n

n+ 1
∇n−

φ

n+ 1
∇n,

F3 =
Rν|curlH |2

ρ∗θ∗(n+ 1)
+
RΨ(u) : ∇u

ρ∗θ∗(n+ 1)
−
cV u · ∇φ

R
− φdiv u+

Rndiv q

ρ∗θ∗(n+ 1)
,

F4 = H · ∇u − u · ∇H −Hdiv u.

(3.5)I�, iB� (3.2)–(3.5) U`^VPXEUGqAa: i�S-� δ > 0 $T|�aUfC T > 0, �
sup

06t6T

‖(n, u, φ,H, q)(t)‖H3 6 δ. (3.6)�_}GqAaE, uyJ�B� (3.2)–(3.5) VU L2 �=.�v 3.1 Aa (n, u, φ,H, q) qB� (3.2)–(3.5) U`^VC HGqAa (3.6). �N t ∈ (0, T ] f, /�
d

dt

(
‖n‖2L2 +

1

Rθ∗
‖u‖2L2 +

cV

R
‖φ‖2L2 + ‖H‖2L2 +

τ

κRρ∗θ2∗

∫

R3

q2

n+ 1
dx

)

+
2

κRρ∗θ2∗
‖q‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇u‖2L2 + 2ν‖∇H‖2L2

6 Cδ(‖∇n‖2L2 + ‖∇u‖2L2 + ‖∇2u‖2L2 + ‖∇φ‖2L2 + ‖∇H‖2L2 + ‖q‖2L2). (3.7)� Lr1K (3.2) Æ 2(n, u, φ,H, q) P L2 .6, N)��w!6w, uS
d

dt

(
‖n‖2L2 +

1

Rθ∗
‖u‖2L2 +

cV

R
‖φ‖2L2 + ‖H‖2L2 +

τ

κRρ∗θ2∗
‖q‖2L2

)

+
2

κRρ∗θ2∗
‖q‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇u‖2L2 + 2ν‖∇H‖2L2

=

∫

R3

(2nF1 + 2u · F2 + 2φF3 + 2H · F4)dx

, I1 + I2 + I3 + I4. (3.8)�� Hölder �Wm$GqAa (3.6), I1, I2 $ I4 u
�=XE:

I1 =

∫

R3

(−2nu · ∇n− 2n2div u)dx

6 C(‖n‖L3‖u‖L6‖∇n‖L2 + ‖n‖L3‖n‖L6‖div u‖L2)

6 Cδ(‖∇n‖2L2 + ‖∇u‖2L2),

I2 =

∫

R3

(
−

2u · ndivΨ(u)

Rθ∗ρ∗(n+ 1)
+

2u · (curlH ×H)

Rθ∗ρ∗(n+ 1)
+

2(n− φ)

n+ 1
u · ∇n−

2u · ∇u

Rθ∗
· u

)
dx

6 C(‖n‖L3‖u‖L6‖∆u‖L2 + ‖u‖L3‖H‖L6‖∇H‖L2 + ‖n‖L3‖u‖L6‖∇n‖L2
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+ ‖φ‖L3‖u‖L6‖∇n‖L2 + ‖u‖L3‖u‖L6‖∇u‖L2

6 Cδ(‖∇n‖2L2 + ‖∇u‖2L2 + ‖∇2u‖2L2 + ‖∇φ‖2L2 + ‖∇H‖2L2)y8
I4 =

∫

R3

2H(H · ∇u− u · ∇H −Hdiv u)dx

6 C(‖H‖L3‖H‖L6‖∇u‖L2 + ‖H‖L3‖∇H‖L2‖u‖L6)

6 Cδ(‖∇u‖2L2 + ‖∇H‖2L2).�� I3 Q47I�R� q, i�#vQU9��dt�?_D:

I3 =

∫

R3

( 2νφ|curlH |2

Rρ∗θ∗(n+ 1)
+

2φΨ(u) : ∇u

Rρ∗θ∗(n+ 1)
− 2φ2div u−

2cV
R

φu · ∇φ+
2nφdiv q

Rρ∗θ∗(n+ 1)

)
dx

, J1 + J2 + J3 + J4 + J5. (3.9)j�Æ_&��Uro, uS
J1 6 C‖φ‖L3‖∇H‖L6‖∇H‖L2 6 Cδ(‖∇φ‖2L2 + ‖∇H‖2L2), (3.10)

J2 6 C‖φ‖L3‖∇u‖L6‖∇u‖L2 6 Cδ(‖∇u‖2L2 + ‖∇φ‖2L2), (3.11)

J3 6 C‖φ‖L3‖φ‖L6‖∇u‖L2 6 Cδ(‖∇u‖2L2 + ‖∇φ‖2L2), (3.12)

J4 6 C‖u‖L6‖∇φ‖L2‖φ‖L3 6 Cδ(‖∇u‖2L2 + ‖∇φ‖2L2). (3.13)i� J5, j�w!6w$ (3.2) 4U[ 5 �Wm, SQ
J5 =

∫

R3

2nφdiv q

Rρ∗θ∗(n+ 1)
dx

= −
2

Rρ∗θ∗

∫

R3

∇
( n

n+ 1

)
φ · qdx−

2

Rρ∗θ∗

∫

R3

n

n+ 1
q · ∇φdx

= −
2

Rρ∗θ∗

∫

R3

∇
( n

n+ 1

)
φ · qdx+

2

Rρ∗θ∗

∫

R3

n

n+ 1
q ·

( τ

κθ∗
∂tq +

1

κθ∗
q
)
dx

= −
2

Rρ∗θ∗

∫

R3

φ∇n · q

(n+ 1)2
dx+

τ

κRρ∗θ2∗

∫

R3

n

n+ 1

dq2

dt
dx+

2

κRρ∗θ2∗

∫

R3

nq2

n+ 1
dx

= −
2

Rρ∗θ∗

∫

R3

φ∇n · q

(n+ 1)2
dx+

τ

κRρ∗θ2∗

d

dt

∫

R3

nq2

n+ 1
dx

−
τ

κRρ∗θ2∗

∫

R3

F1 − div u

(n+ 1)2
q2dx+

2

κRρ∗θ2∗

∫

R3

nq2

n+ 1
dx

6
τ

κRρ∗θ2∗

d

dt

∫

R3

nq2

n+ 1
dx+ Cδ(‖∇φ‖2L2 + ‖q‖2L2). (3.14)L (3.9)–(3.14) T&>�, SQ

I3 6
τ

κRρ∗θ2∗

d

dt

∫

R3

nq2

n+ 1
dx+ Cδ(‖∇u‖2L2 + ‖∇φ‖2L2 + ‖∇H‖2L2 + ‖q‖2L2).L Ii (i = 1, 2, 3, 4) U�=JY (3.8) 4, uS

d

dt

(
‖n‖2L2 +

1

Rθ∗
‖u‖2L2 +

cV

R
‖φ‖2L2 + ‖H‖2L2 +

τ

κRρ∗θ2∗

∫

R3

q2dx
)
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+
2

κRρ∗θ2∗
‖q‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇u‖2L2 + 2ν‖∇H‖2L2

6 Cδ(‖∇n‖2L2 + ‖∇u‖2L2 + ‖∇2u‖2L2 + ‖∇φ‖2L2 + ‖∇H‖2L2 + ‖q‖2L2)

+
τ

κRρ∗θ2∗

d

dt

∫

R3

nq2

n+ 1
dx,Bl�=m (3.7) /�. �� 3.1 )�.PE�, LJ�B� (3.2)–(3.5) VU�QO��=.�v 3.2 � N > 3 ,'�. Aa (n, u, φ,H, q) ,B� (3.2)–(3.5) U`^VC HGq�= (3.6). �i� 0 6 t 6 T $ 0 < k 6 N , /�

d

dt

(
‖∇kn‖2L2 +

1

Rθ∗
‖∇ku‖2L2 +

cV

R
‖∇kφ‖2L2 + ‖∇kH‖2L2 +

τ

κRρ∗θ2∗

∫

R3

1

n+ 1
|∇kq|2dx

)

+
2

κRρ∗θ2∗
‖∇kq‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇k+1u‖2L2 + 2ν‖∇k+1H‖2L2

6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2 + ‖∇k+1H‖2L2 + ‖∇kq‖2L2). (3.15)� ir1K (3.2) P�
D ∇k, 1 6 k 6 N , uS




∂t∇
kn+∇kdiv u = ∇kF1,

1

Rθ∗
∂t∇

ku+∇k∇n+∇k∇φ =
1

Rθ∗ρ∗
∇kdivΨ(u) +∇kF2,

cV

R
∂t∇

kφ+∇kdiv u+
1

Rρ∗θ∗
∇kdiv q = ∇kF3,

∂t∇
kH − ν∇k∆H = ∇kF4,

τ

κRρ∗θ2∗
∂t∇

kq +
1

Rρ∗θ∗
∇∇kφ+

1

κRρ∗θ2∗
∇kq = 0.L_}r1KÆ 2(∇kn,∇ku,∇kφ,∇kH,∇kq) P L2 .6, N)w!6w, uS

d

dt

(
‖∇kn‖2L2 +

1

Rθ∗
‖∇ku‖2L2 +

cV

R
‖∇kφ‖2L2 + ‖∇kH‖2L2 +

τ

κRρ∗θ2∗
‖∇kq‖2L2

)

+
2

κRρ∗θ2∗
‖∇kq‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇k+1u‖2L2 + 2ν‖∇k+1H‖2L2

=

∫

R3

2∇kn∇kF1 + 2∇ku · ∇kF2 + 2∇kφ∇kF3 + 2∇kH · ∇kF4dx

, I5 + I6 + I7 + I8. (3.16)PE�, wA�=_}�Q. i� I5, �
I5 = −

∫

R3

2∇kn · [∇k(ndiv u) +∇k(u · ∇n)]dx, (3.17)�� Hölder $ Sobolev �Wm, �� 2.2 y8 (3.6), I5 U[ 1 Quy
�=XE:

−2

∫

R3

∇kn · ∇k(ndiv u)dx 6 C‖∇kn‖L2‖∇k(ndiv u)‖L2
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6 C‖∇kn‖L2(‖n‖L∞‖∇k+1u‖L2 + ‖∇kn‖L2‖∇u‖L∞)

6 C‖∇kn‖L2(‖n‖H2‖∇k+1u‖L2 + ‖∇kn‖L2‖u‖H3)

6 Cδ‖∇kn‖L2(‖∇k+1u‖L2 + ‖∇kn‖L2). (3.18)��Z, i� I5 4U[ 2 Q, �∫

R3

−2∇kn · ∇k(u · ∇n)dx

= −2

∫

R3

∇kn · [∇k(u · ∇n)− u · ∇∇kn]dx− 2

∫

R3

∇kn · [(u · ∇)∇kn]dx

6 C(‖[∇k, u]∇n‖L2‖∇kn‖L2 + ‖div u‖L∞‖∇kn‖2L2)

6 C
[
(‖∇u‖L∞‖∇kn‖L2 + ‖∇ku‖L6‖∇n‖L3)‖∇kn‖L2 + ‖div u‖L∞‖∇kn‖2L2

]

6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2). (3.19)��=m (3.18) $ (3.19) JY (3.17), SQ
I5 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2).i� I6, �

I6 = 2

∫

R3

−
∇ku

Rθ∗ρ∗
· ∇k

(ndivΨ(u)

n+ 1

)
−

∇ku

Rθ∗
· ∇k(u · ∇u) +∇ku · ∇k

( n∇n
n+ 1

)

−∇ku · ∇k
( φ∇n
n+ 1

)
+

∇ku

Rθ∗ρ∗
· ∇k

(curlH ×H

n+ 1

)
dx

, J6 + J7 + J8 + J9 + J10. (3.20),r�>H, a~
h(n) =

n

n+ 1
,	i�a�	 � Ψ(u) U�Em (1.2) y8w!6wÆm, J6 u
7X�W

J6 = −
2µ

Rθ∗ρ∗

∫

R3

∇ku · ∇k(h(n)∆u)dx −
2(µ+ λ)

Rθ∗ρ∗

∫

R3

∇ku · ∇k(h(n)∇div u)dx

=
2µ

Rθ∗ρ∗

∫

R3

∇k+1u · ∇k−1(h(n)∆u)dx+
2(µ+ λ)

Rθ∗ρ∗

∫

R3

∇k+1u · ∇k−1(h(n)∇div u)dx

, K1 +K2.� Leibniz Æm$ Hölder �Wm, SQ
K1 =

2µ

Rθ∗ρ∗

∫

R3

∇k+1u · ∇k−1(h(n)∆u)dx

=
2µ

Rθ∗ρ∗

k−1∑

l=0

Cl
k−1

∫

R3

∇lh(n)∇k−l+1u · ∇k+1udx

6 C

k−1∑

l=0

‖∇lh(n)∇k−l+1u‖L2‖∇k+1u‖L2,<4mQmB� Cn
m = m!

n!(m−n)! . N 0 6 l 6
[
k−1
2

] f, wA���� 2.4 $�� 2.1, uS
‖∇lh(n)∇k−l+1u‖L2 6 C‖∇lh(n)‖L∞‖∇k−l+1u‖L2
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6 C‖∇ln‖L∞‖∇k−l+1u‖L2

6 C‖∇σ1n‖
1− l

k

L2 ‖∇kn‖
l
k

L2‖∇u‖
l
k

L2‖∇
k+1u‖

1− l
k

L2 , (3.21)<4-� σ1 = 3k
2(k−l) ∈

[
3
2 , 3

)
. N), ��� 2.1 $Gq�= (3.6), u*

‖∇σ1n‖
1− l

k

L2 6 Cδ1−
l
k , ‖∇u‖

l
k

L2 6 Cδ
l
k .L_}T�JY (3.21), N)�� Young �Wm, uS

‖∇lh(n)∇k−l+1u‖L2 6 Cδ(‖∇kn‖L2 + ‖∇k+1u‖L2). (3.22)N [
k−1
2

]
+ 1 6 l 6 k − 1 f, �
‖∇lh(n)∇k−l+1u‖L2 6 ‖∇lh(n)‖L6‖∇k−l+1u‖L3

6 C‖∇ln‖L6‖∇k−l+1u‖L3

6 C‖∇n‖
1− l

k−1

L2 ‖∇kn‖
l

k−1

L2 ‖∇σ2u‖
l

k−1

L2 ‖∇k+1u‖
1− l

k−1

L2

6 Cδ(‖∇kn‖L2 + ‖∇k+1u‖L2),<4 σ2 = k−1
2l + 2 ∈

[
5
2 , 3

)
. 
& (3.22), �
K1 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2).i� K2, {��sU�=/�. �?SQ
J6 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2). (3.23)i� J8, j���� J6 Uw�ro, "S

J8 = 2

∫

R3

∇ku · ∇k(h(n)∇n)dx

= −2

∫

R3

∇k+1u · ∇k−1(h(n)∇n)dx

= −2

k−1∑

l=0

Cl
k−1

∫

R3

∇lh(n)∇k−ln · ∇k+1u dx

6 C

k−1∑

l=0

‖∇lh(n)∇k−ln‖L2‖∇k+1u‖L2. (3.24)N 0 6 l 6
[
k−1
2

] f, �
‖∇lh(n)∇k−ln‖L2 6 C‖∇lh(n)‖L∞‖∇k−ln‖L2

6 C‖∇ln‖L∞‖∇k−ln‖L2

6 C‖∇σ3n‖
1− l

k

L2 ‖∇kn‖
l
k

L2‖n‖
l
k

L2‖∇
kn‖

1− l
k

L2

6 Cδ‖∇kn‖L2 , (3.25)<4 σ3 = 3k
2(k−l) ∈

[
3
2 , 3

]
. N [

k−1
2

]
+ 1 6 l 6 k − 1 f, �

‖∇lh(n)∇k−ln‖L2 6 ‖∇lh(n)‖L6‖∇k−ln‖L3

6 C‖∇ln‖L6‖∇k−ln‖L3
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6 C‖∇2n‖

1− l
k−2

L2 ‖∇kn‖
l

k−2

L2 ‖∇σ4n‖
l

k−2

L2 ‖∇kn‖
1− l

k−2

L2

6 Cδ‖∇kn‖L2 , (3.26)<4 σ4 = 2 + k−2
2l ∈

(
5
2 , 3

)
. T& (3.25)–(3.26), uS
J8 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2). (3.27)��, J9 u
�=XE:

J9 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2). (3.28)�� Hölder �Wm$�� 2.3, J7 $ J10 �XE�=:

J7 = −

∫

R3

2∇ku

Rθ∗
· ∇k(u · ∇u)dx

6 C‖∇ku‖L6‖∇k(u · ∇u)− u · ∇k+1u+ u · ∇k+1u‖
L

6
5

6 C‖∇ku‖L6(‖[∇k, u]∇u‖
L

6
5
+ ‖u · ∇k+1u‖

L
6
5
)

6 C‖∇ku‖L6(‖∇u‖
L

3
2
‖∇ku‖L6 + ‖∇ku‖L6‖∇u‖

L
3
2
+ ‖u‖L3‖∇k+1u‖L2)

6 C‖∇ku‖L6(‖∇k+1u
∥∥∥
L2
‖u‖

3
4

L2

∥∥∥∇2u‖
1
4

L2 + ‖u‖H1‖∇k+1u‖L2)

6 Cδ‖∇k+1u‖2L2 , (3.29)

J10 =

∫

R3

2∇ku

Rθ∗ρ∗
· ∇k

(curlH ×H

n+ 1

)
dx

6 C‖∇ku‖L6

(∥∥∥
[
∇k,

H

n+ 1

]
curlH

∥∥∥
L

6
5

+
∥∥∥ H

n+ 1
· ∇kcurlH

∥∥∥
L

6
5

)

6 C‖∇ku‖L6

(∥∥∥∇
( H

n+ 1

)∥∥∥
L

3
2

‖∇k−1curlH‖L6 +
∥∥∥∇k

( H

n+ 1

)∥∥∥
L2
‖curlH‖L3

+
∥∥∥ H

n+ 1

∥∥∥
L3
‖∇kcurlH‖L2

)

6 C‖∇ku‖L6

(
‖∇k+1H‖L2

∥∥∥ H

n+ 1

∥∥∥
3
4

L2

∥∥∥∇2
( H

n+ 1

)∥∥∥
1
4

L2

+ δ
∥∥∥∇k

( H

n+ 1

)∥∥∥
L2

+ δ‖∇kcurlH‖L2

)

6 C‖∇k+1u‖L2

[
δ
(∥∥∥ 1

n+ 1

∥∥∥
L4
‖∇kH‖L4 +

∥∥∥∇k
( 1

n+ 1

)∥∥∥
L2
‖H‖L∞

)
+ δ‖∇k+1H‖L2

]

6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇k+1H‖2L2). (3.30)
& (3.27)–(3.30) y8 (3.23), u"7
I6 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2 + ‖∇k+1H‖2L2).0� (3.5), uL I7 \_XEwV:

I7 =

∫

R3

{2ν∇kφ

Rθ∗ρ∗
· ∇k

( |curlH |2

n+ 1

)
+

2∇kφ

Rθ∗ρ∗
· ∇k

(Ψ(u) : ∇u

n+ 1

)
−

2cV
R

∇kφ · ∇k(u · ∇φ)

+
2∇kφ

Rθ∗ρ∗
· ∇k

(ndiv q
n+ 1

)
− 2∇kφ · ∇k(φdiv u)

}
dx

, J11 + J12 + J13 + J14 + J15. (3.31)
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‖∇k(|∇H |2)‖L2 6 C‖∇H‖L∞‖∇k+1H‖L2

6 C‖∇H‖H2‖∇k+1H‖L2

6 Cδ‖∇k+1H‖L2.��_}T�, uL J11 �=XE:

J11 =

∫

R3

2ν∇kφ

Rθ∗ρ∗
·
[
∇k

( |curlH |2

n+ 1

)
−

∇k(|curlH |2)

n+ 1

]
dx+

∫

R3

2ν∇kφ

Rθ∗ρ∗
·
∇k(|curlH |2)

n+ 1
dx

6 C‖∇kφ‖L2

∥∥∥
[
∇k,

1

n+ 1

]
(|curlH |2)

∥∥∥
L2

+ C‖∇kφ‖L2

∥∥∥∇
k(|curlH |2)

n+ 1

∥∥∥
L2

6 C‖∇kφ‖L2

(
‖∇n‖L3‖∇k−1(|curlH |2)‖L6 + ‖∇H‖2L∞

∥∥∥∇k
( 1

n+ 1

)∥∥∥
L2

+
∥∥∥ 1

n+ 1

∥∥∥
L∞

‖∇k(|curlH |2)‖L2

)

6 Cδ‖∇kφ‖L2(‖∇k(|curlH |2)‖L2 + ‖∇kn‖L2 + ‖∇k+1H‖L2)

6 Cδ(‖∇kn‖2L2 + ‖∇kφ‖2L2 + ‖∇k+1H‖2L2). (3.32)��uS
J12 6 Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2), (3.33)

J13 6 Cδ(‖∇k+1u‖2L2 + ‖∇kφ‖2L2). (3.34)N), �� (3.2) 4U[ 1 �Wm$[ 4 �Wm, SQ
J14 =

2

Rθ∗ρ∗

∫

R3

∇kφ ·
[
∇k

(ndiv q
n+ 1

)
−

n

n+ 1
∇kdiv q

]
dx+

2

Rθ∗ρ∗

∫

R3

∇kφ ·
n∇kdiv q

n+ 1
dx

6 C‖∇kφ‖L2‖[∇k, h(n)]div q‖L2 −
2

Rθ∗ρ∗

∫

R3

n

n+ 1
∇∇kφ · ∇kq dx

−
2

Rθ∗ρ∗

∫

R3

∇
( n

n+ 1

)
∇kφ · ∇kq dx

6 C‖∇kφ‖L2(‖∇h(n)‖L∞‖∇k−1div q‖L2 + ‖∇kh(n)‖L2‖div q‖L∞)

+
2

Rθ∗ρ∗

∫

R3

n

n+ 1
∇k

(τ∂tq
κθ∗

+
q

κθ∗

)
∇kq dx+ C‖∇n‖L∞‖∇kφ‖L2‖∇kq‖L2

6 Cδ(‖∇kn‖2L2 + ‖∇kφ‖2L2 + ‖∇kq‖2L2) +
τ

κRρ∗θ2∗

d

dt

∫

R3

n

n+ 1
|∇kq|2dx

−
τ

κRρ∗θ2∗

∫

R3

|∇kq|2
nt

(n+ 1)2
dx+

2

κRρ∗θ2∗

∫

R3

n

n+ 1
|∇kq|2dx

6 Cδ(‖∇kn‖2L2 + ‖∇kφ‖2L2 + ‖∇kq‖2L2) +
τ

κRρ∗θ2∗

d

dt

∫

R3

n

n+ 1
|∇kq|2dx

−
τ

κRρ∗θ2∗

∫

R3

|∇kq|2
F1 − div u

(n+ 1)2
dx+ Cδ‖∇kq‖2L2

6
τ

κRρ∗θ2∗

d

dt

∫

R3

n

n+ 1
|∇kq|2dx+ Cδ(‖∇kn‖2L2 + ‖∇kφ‖2L2 + ‖∇kq‖2L2). (3.35)
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�=,
J15 6 C‖∇kφ‖L2‖∇k(φdiv u)‖L2

6 C‖∇kφ‖L2(‖φ‖L∞‖∇kdiv u‖L2 + ‖∇kφ‖L2‖div u‖L∞)

6 Cδ(‖∇k+1u‖2L2 + ‖∇kφ‖2L2). (3.36)L (3.32)–(3.36) JY (3.31), SQ
I7 6

τ

κRρ∗θ2∗

d

dt

∫

R3

n

n+ 1
|∇kq|2dx

+ Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2 + ‖∇k+1H‖2L2 + ‖∇kq‖2L2).i� I8, j�Æ�= J7 ��Uro, uS
I8 =

∫

R3

2∇kH · ∇k(H · ∇u − u · ∇H −Hdiv u)dx

6 Cδ(‖∇k+1u‖2L2 + ‖∇k+1H‖2L2).�?, 
& I5–I8 U�=m�"S
d

dt

(
‖∇kn‖2L2 +

1

Rθ∗
‖∇ku‖2L2 +

cV

R
‖∇kφ‖2L2 + ‖∇kH‖2L2 +

τ

κRρ∗θ2∗
‖∇kq‖2L2

)

+
2

κRρ∗θ2∗
‖∇kq‖2L2 +

2(2µ+ λ)

Rθ∗ρ∗
‖∇k+1u‖2L2 + 2ν‖∇k+1H‖2L2

6
τ

κRρ∗θ2∗

d

dt

∫

R3

n

n+ 1
|∇kq|2dx

+ Cδ(‖∇kn‖2L2 + ‖∇k+1u‖2L2 + ‖∇kφ‖2L2 + ‖∇k+1H‖2L2 + ‖∇kq‖2L2),#|0A (3.15) /�. �� 3.2 )�.3��� 3.1–3.2 y8 δ USa, uSE})�.{� 3.1 � N > 3 ,'�. Aa (n, u, φ,H, q) qB� (3.2)–(3.5) U`^V� HGqAa (3.6). �N 0 6 t 6 T f, /�
d

dt

(
‖(n, u, φ,H)‖2L2 +

∫

R3

1

1 + n
q2dx

)
+ C(‖q‖2L2 + ‖∇u‖2L2 + ‖∇H‖2L2)

6 Cδ(‖∇n‖2L2 + ‖∇2u‖2L2 + ‖∇φ‖2L2), (3.37)

d

dt

(
‖∇k(n, u, φ,H)‖2L2 +

∫

R3

1

1 + n
|∇kq|2dx

)
+ C(‖∇kq‖2L2 + ‖∇k+1u‖2L2 + ‖∇k+1H‖2L2)

6 Cδ(‖∇kn‖2L2 + ‖∇kφ‖2L2), k = 1, · · · , N. (3.38))� 3.1 4x`�}�f u $=+ H U!℄�=. PE�UT>q"O7$f n $3f φ U!℄�=.�v 3.3 � N > 3 ,'�. Aa (n, u, φ,H, q) ,B� (3.2)–(3.5) U`^V� HGqAa (3.6). �N 0 6 t 6 T C 0 6 k 6 N − 1 f, �E}�=:

d

dt

∫

R3

∇ku · ∇k+1n dx+
Rθ∗

2
‖∇k+1n‖2L2
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6 C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2). (3.39)� P�
D ∇k, 0 6 k 6 N − 1, Qr1K (3.2) 4U[ 2 �Wm_, SQ
1

Rθ∗
∂t∇

ku+∇∇kn+∇∇kφ =
1

Rθ∗ρ∗
∇kdivΨ(u) +

1

Rθ∗
∇kF2.L_}r1Æ ∇k+1n P L2 .6, uS

1

Rθ∗

d

dt

∫

R3

∇ku · ∇k+1n dx+ ‖∇k+1n‖2L2

=

∫

R3

( 1

Rθ∗ρ∗
∇kdivΨ(u)−∇k+1φ

)
· ∇k+1n dx+

1

Rθ∗

∫

R3

∇k+1n · ∇kF2 dx

+
1

Rθ∗

∫

R3

∇ku ·
[
∇k+1(u · ∇n) +∇k+1(ndiv u) +∇k+1div u

]
dx

, O1 +O2 +O3.�� ε-Young �Wm, iT|U ε, O1 uPXE�=:

O1 6 C(‖∇k+2u‖L2 + ‖∇k+1φ‖L2)‖∇k+1n‖L2

6 ε‖∇k+1n‖2L2 + Cε(‖∇
k+2u‖2L2 + ‖∇k+1φ‖2L2). (3.40)N)j������ 3.2 4i I6 Uw�ro, SQ

O2 6 Cδ(‖∇k+1n‖2L2 + ‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2). (3.41)i� O3, �w!6w, uS
O3 6

∣∣∣C
∫

R3

∇k+1u · [∇k+1(un) +∇k+1u]dx
∣∣∣

6 C‖∇k+1u‖L2(‖u‖L∞‖∇k+1n‖L2 + ‖n‖L∞‖∇k+1u‖L2) + C‖∇k+1u‖2L2

6 Cδ(‖∇k+1n‖2L2 + ‖∇k+1u‖2L2) + C‖∇k+1u‖2L2. (3.42)T& (3.40)–(3.42), u"7
1

Rθ∗

d

dt

∫

R3

∇ku · ∇k+1n dx+ ‖∇k+1n‖2L2

6 (ε+ Cδ)‖∇k+1n‖2L2 + C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2).� δ $ ε USa, uj ε+ Cδ 6 1
2 , �qSQ

1

Rθ∗

d

dt

∫

R3

∇ku · ∇k+1n dx+
1

2
‖∇k+1n‖2L2

6 C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2).�v 3.4 � N > 3 ,'�. Aa (n, u, φ,H, q) ,B� (3.2)–(3.5) U`^V� HGqAa (3.6). �N 0 6 t 6 T C 0 6 k 6 N − 1 f, ��=XE:

d

dt

∫

R3

∇kq · ∇k+1φ dx+
κθ∗

2τ
‖∇k+1φ‖2L2

6 Cδ(‖∇k+1n‖2L2 + ‖∇k+1H‖2L2)

+ C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇kq‖2L2 + ‖∇k+1q‖2L2). (3.43)
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D ∇k, 0 6 k 6 N − 1, Qr1K (3.2) 4U[ 5 �Wm_, SQ
τ

κRρ∗θ2∗
∂t∇

kq +
1

Rρ∗θ∗
∇k+1φ+

1

κRρ∗θ2∗
∇kq = 0.L_}r1Æ ∇k+1φ P L2 .6, uS

τ

κRρ∗θ2∗

d

dt

∫

R3

∇kq · ∇k+1φ dx+
1

Rρ∗θ∗
‖∇k+1φ‖2L2

=
τ

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1φt dx−
1

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1φ dx

=
τ

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1F3dx−
τ

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1
( div q

cV ρ∗θ∗
+
Rdiv u

cV

)
dx

−
1

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1φ dx

, O4 +O5 +O6. (3.44)j������ 3.2 )(�14i I7 Uw�ro, uySQ
O4 6

∣∣∣ τ

κRρ∗θ2∗

d

dt

∫

R3

{ν∇k+1q

cV ρ∗θ∗
· ∇k

( |curlH |2

n+ 1

)
+

∇k+1q

cV ρ∗θ∗
· ∇k

(Ψ(u) : ∇u

n+ 1

)

−∇k+1q · ∇k(u · ∇φ) +
∇k+1q

cV ρ∗θ∗
· ∇k

(ndiv q
n+ 1

)
−
R

cV
∇k+1q · ∇k(φdiv u)

}
dx

∣∣∣

6 Cδ(‖∇k+1n‖2L2 + ‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2

+ ‖∇k+1H‖2L2 + ‖∇k+1q‖2L2). (3.45)��w!6w, �
O5 =

τ

κRρ∗θ2∗

∫

R3

∇k+1q · ∇k
( div q

cV ρ∗θ∗
+
Rdiv u

cV

)
dx

6
τ

cV κRρ2∗θ
3
∗

‖∇k+1q‖2L2 +
τ

cV κρ∗θ2∗
‖∇k+1q‖L2‖∇k+1u‖L2

6 C(‖∇k+1u‖2L2 + ‖∇k+1q‖2L2). (3.46)M), O6 u
�=XE:

O6 = −
1

κRρ∗θ2∗

∫

R3

∇kq · ∇k+1φ dx

6
1

κRρ∗θ2∗
‖∇kq‖L2‖∇k+1φ‖L2

6
1

Rρ∗θ∗

( 1

κ2θ2∗
‖∇kq‖2L2 +

1

4
‖∇k+1φ‖2L2

)
. (3.47)L (3.45)–(3.47) JY (3.44), SQ

τ

κRρ∗θ2∗

d

dt

∫

R3

∇kq · ∇k+1φ dx+
1

Rρ∗θ∗
‖∇k+1φ‖2L2

6 Cδ(‖∇k+1n‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2)

+ C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1q‖2L2)

+
1

Rρ∗θ∗

( 1

κ2θ2∗
‖∇kq‖2L2 +

1

4
‖∇k+1φ‖2L2

)
,



4 ; ��# ;�t '�p l	�H℄S;PVvlÆ MHD s2LWV�G� 481�� δ USa, 9u"7 (3.43). )�.0?, x`2S���:)UGq�=. I��uyJ� Cauchy 8� (1.6)–(1.8) VU'�C�a, #�qa� 1.1 U[ 1 !w.bv1.1 a 1 We^�z � β 0y (3.39) �L�ST�?Q (3.43) _, uS
d

dt

{
β

∫

R3

∇ku · ∇k+1n dx+

∫

R3

∇kq · ∇k+1φ dx
}
+
βRθ∗

2
‖∇k+1n‖2L2 +

κθ∗

2τ
‖∇k+1φ‖2L2

6 Cβ(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇k+1φ‖2L2 + ‖∇k+1H‖2L2)

+ C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇kq‖2L2 + ‖∇k+1q‖2L2)

+ Cδ(‖∇k+1n‖2L2 + ‖∇k+1H‖2L2).gI β rNS, jS Cβ 6 κθ∗
4τ C Cδ 6 βRθ∗

4 , \lB_mu"7
d

dt

{
β

∫

R3

∇ku · ∇k+1n dx+

∫

R3

∇kq · ∇k+1φ dx
}
+
βRθ∗

4
‖∇k+1n‖2L2 +

κθ∗

4τ
‖∇k+1φ‖2L2

6 C(‖∇k+1u‖2L2 + ‖∇k+2u‖2L2 + ‖∇kq‖2L2 + ‖∇k+1q‖2L2) + Cδ‖∇k+1H‖2L2. (3.48)� 1 6 m 6 N , 0 6 ℓ 6 m− 1. L�=m (3.48) �� k B ℓ Q m− 1 F$, SQ
d

dt

{m−1∑

k=ℓ

(
β

∫

R3

∇ku · ∇k+1n dx+

∫

R3

∇kq · ∇k+1φ dx
)}

+ C1

m∑

k=ℓ+1

(‖∇kn‖2L2 + ‖∇kφ‖2L2)

6 C2

( m+1∑

k=ℓ+1

‖∇ku‖2L2 +

m∑

k=ℓ

‖∇kq‖2L2

)
+ C3δ

m∑

k=ℓ+1

‖∇kH‖2L2, (3.49)<4 C1, C2, C3 eqÆ t :�U(-�. L)� 3.1 4U�=m (3.37)–(3.38) �� k B
ℓ Q m F$, ��� δ USa, uy"S

d

dt

{ m∑

k=ℓ

(
‖∇k(n, u, φ,H)‖2L2 +

∫

R3

1

1 + n
|∇kq|2dx

)}

+ C4

( m+1∑

k=ℓ+1

‖∇ku‖2L2 +

m+1∑

k=ℓ+1

‖∇kH‖2L2 +

m∑

k=ℓ

‖∇kq‖2L2

)

6 C5δ

m∑

k=ℓ+1

(‖∇kn‖2L2 + ‖∇kφ‖2L2), (3.50)<4 C4 $ C5 o,ÆfC:�U(-�. � 2C5δ
C1
0y (3.49), �L�ST�Æ (3.50) N?, SQ

d

dt

{ m∑

k=ℓ

(
‖∇k(n, u, φ,H)‖2L2 +

∫

R3

1

1 + n
|∇kq|2dx

)

+
2C5δ

C1

m−1∑

k=ℓ

(
β

∫

R3

∇ku · ∇k+1n dx+

∫

R3

∇kq · ∇k+1φ dx
)}
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+ C5δ

m∑

k=ℓ+1

(‖∇kn‖2L2 + ‖∇kφ‖2L2)

+
(
C4 −

2C2C5δ

C1

)( m+1∑

k=ℓ+1

‖∇ku‖2L2 +
m∑

k=ℓ

‖∇kq‖2L2

)

+
(
C4 −

2C3C5δ
2

C1

) m∑

k=ℓ+1

‖∇kH‖2L2 + C4‖∇
m+1H‖2L2 6 0.�� δ USa, C�(-� C, jS

d

dt

m∑

k=ℓ

‖∇k(n, u, φ,H, q)‖2L2

+ C
( m∑

k=ℓ+1

‖∇k(n, φ)‖2L2 +
m+1∑

k=ℓ+1

‖∇k(u,H)‖2L2 +
m∑

k=ℓ

‖∇kq‖2L2

)
6 0. (3.51)a~

Em
ℓ (t) =

m∑

k=ℓ

‖∇k(n, u, φ,H, q)(t)‖2L2 = ‖∇ℓ(n, u, φ,H, q)‖2Hm−ℓ ,�?, �Wm (3.51) uW,
d

dt
Em
ℓ (t) + C(‖∇ℓ+1(n, φ)‖2Hm−ℓ−1 + ‖∇ℓ+1(u,H)‖2Hm−ℓ + ‖∇ℓq‖2Hm−ℓ) 6 0. (3.52)	i (1.9) $ (3.1), u*

‖(n0, u0, φ0, H0, q0)‖H3 6 Cǫ0. (3.53)� (3.52) 4� ℓ = 0, m = 3. N)iN�U�Wm��fC t ∈ [0, T ) 6w, ��� (3.53),"S
‖(n, u, φ,H, q)(t)‖2H3 + C

∫ t

0

[‖∇(n, φ)(r)‖2H2 + ‖∇(u,H)(r)‖2H3 + ‖q(r)‖2H3 ]dr

6 ‖(n0, u0, φ0, H0, q0)‖
2
H3

6 Cǫ20. (3.54)�� ǫ0 USa, B (3.54) u\v "O7
‖(n, u, φ,H, q)(t)‖H3 6

δ

2
,#ex��GqAa (3.6). N), ���fa�)ro$f!C�aT� (a� 3.1), euSQ Cauchy 8� (1.6)–(1.8) `^VUKfraa. M), � (3.52) 4U ℓ = 0, m = N ,N)��fC6w, uS

‖(n, u, φ,H, q)(t)‖2HN + C

∫ t

0

[‖∇(n, φ)(r)‖2HN−1 + ‖∇(u,H)(r)‖2HN + ‖q(r)‖2HN ]dr

6 C‖(n0, u0, φ0, H0, q0)‖
2
HN , (3.55)
& (3.1), �9� (1.10). 0?, a� 1.1 U[ 1 !w)�.
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§4 p`�k�mgjÆS1	�n
N5kP
z�*�| Sobolev wCf, Cauchy 8� (1.6)–(1.8) VUfC�F�=.wG,dt)(N5kP
 (n0, u0, φ0, H0, q0)∈Ḣ
−s(R3), s∈

(
0, 32

)f,V (n, u, φ,H, q)�~| Sobolev wC4U�Xa.�v 4.1 Aa (n, u, φ,H, q) ,B� (3.2)–(3.5) U`^V� HGqAa (3.6), ,!N s ∈
(
0, 12

] f, uS
d

dt
‖Λ−s(n, u, φ,H, q)‖2L2 + ‖∇Λ−s(u,H)‖2L2 + ‖Λ−sq‖2L2

6 C(‖∇(n, u, φ,H)‖2H1 + ‖∇q‖2L2)‖Λ−s(n, u, φ,H, q)‖L2 . (4.1)N s ∈
(
1
2 ,

3
2

) f, uS
d

dt
‖Λ−s(n, u, φ,H, q)‖2L2 + ‖∇Λ−s(u,H)‖2L2 + ‖Λ−sq‖2L2

6 C{‖(n, u, φ,H)‖
s−1

2

L2 (‖∇(n, φ,H, q)‖L2 + ‖∇u‖H1)
5
2
−s

+ ‖∇(u,H)‖2H1}‖Λ−s(n, u, φ,H, q)‖L2. (4.2)� ir1K (3.2) P�
D Λ−s, N)Æ 2Λ−s(n, u, φ,H, q) P L2 .6, ���w!6w, uS
d

dt

(
‖Λ−sn‖2L2 +

1

Rθ∗
‖Λ−su‖2L2 +

cV

R
‖Λ−sφ‖2L2 + ‖Λ−sH‖2L2 +

τ

κRρ∗θ2∗
‖Λ−sq2‖2L2

)

+
2(2µ+ λ)

Rθ∗ρ∗
‖∇Λ−su‖2L2 + 2ν‖∇Λ−sH‖2L2 +

2

κRρ∗θ2∗
‖Λ−sq‖2L2

=

∫

R3

(2Λ−sn Λ−sF1 + 2Λ−su · Λ−sF2 + 2Λ−sφ Λ−sF3 + 2Λ−sH · Λ−sF4)dx

, Q1 +Q2 +Q3 +Q4. (4.3)9#L���� 2.6 �=uMaQ Qi (i = 1, 2, 3, 4), ,?edtK2 s ∈
(
0, 32

)
. wG, N s ∈ (0, 12 ] f, � 1 < 6

3+2s < 2 $ 3
s
> 6, ���� 2.6 $ 2.1 y8 Hölder $ Young�Wm, uS

Q1 6 C(‖Λ−s(u · ∇n)‖L2 + ‖Λ−s(ndiv u)‖L2)‖Λ−sn‖L2

6 C(‖u · ∇n‖
L

6
2s+3

+ ‖ndiv u‖
L

6
2s+3

)‖Λ−sn‖L2

6 C(‖u‖
L

3
s
‖∇n‖L2 + ‖n‖

L
3
s
‖div u‖L2)‖Λ−sn‖L2

6 C(‖∇u‖
1
2
+s

L2 ‖∇2u‖
1
2
−s

L2 ‖∇n‖L2 + ‖∇n‖
1
2
+s

L2 ‖∇2n‖
1
2
−s

L2 ‖∇u‖L2)‖Λ−sn‖L2

6 C(‖∇u‖2H1 + ‖∇n‖2L2 + ‖∇n‖2H1 + ‖∇u‖2L2)‖Λ−sn‖L2

6 C(‖∇n‖2H1 + ‖∇u‖2H1)‖Λ−sn‖L2.



484 ��i�2�r�A 7 46 m��, uS Q2, Q3 $ Q4 U_X,
Q2 6 C(‖∇n‖2H1 + ‖∇u‖2H1 + ‖∇φ‖2H1 + ‖∇H‖2H1)‖Λ−su‖L2,

Q3 6 C(‖∇n‖2H1 + ‖∇u‖2H1 + ‖∇φ‖2H1 + ‖∇H‖2H1 + ‖∇q‖2L2)‖Λ−sφ‖L2 ,

Q4 6 C(‖∇u‖2H1 + ‖∇H‖2H1)‖Λ−sH‖L2.
& Qi (i = 1, 2, 3, 4) U�=u*, N s ∈ (0, 12 ] f, �
d

dt

(
‖Λ−sn‖2L2 +

1

Rθ∗
‖Λ−su‖2L2 +

cV

R
‖Λ−sφ‖2L2 + ‖Λ−sH‖2L2 +

τ

κRρ∗θ2∗
‖Λ−sq2‖2L2

)

+
2(2µ+ λ)

Rθ∗ρ∗
‖∇Λ−su‖2L2 + 2ν‖∇Λ−sH‖2L2 +

2

κRρ∗θ2∗
‖Λ−sq‖2L2

6 C[‖∇(n, u, φ,H)‖2H1 + ‖∇q‖2L2]‖Λ−s(n, u, φ,H, q)‖L2 , (4.4)#e|0A (4.1) /�.<A, N s ∈
(
1
2 ,

3
2

) f, � 1 < 6
3+2s < 2 $ 2 < 3

s
< 6. �#6D|E, (4.3) U
hQ

Q1 uy
�=,
Q1 6 C(‖Λ−s(u · ∇n)‖L2 + ‖Λ−s(ndiv u)‖L2)‖Λ−sn‖L2

6 C(‖u · ∇n‖
L

6
2s+3

+ ‖ndiv u‖
L

6
2s+3

)‖Λ−sn‖L2

6 C(‖u‖
L

3
s
‖∇n‖L2 + ‖n‖

L
3
s
‖div u‖L2)‖Λ−sn‖L2

6 C(‖u‖
s− 1

2

L2 ‖∇u‖
3
2
−s

L2 ‖∇n‖L2 + ‖n‖
s− 1

2

L2 ‖∇n‖
3
2
−s

L2 ‖∇u‖L2)‖Λ−sn‖L2.��uS
Q2 6 C[‖u‖

s− 1
2

L2 ‖∇u‖
5
2
−s

L2 + ‖H‖
s− 1

2

L2 ‖∇H‖
5
2
−s

L2 + ‖n‖
s− 1

2

L2 ‖∇n‖
3
2
−s

L2 (‖∇n‖L2 + ‖∇2u‖L2)

+ ‖φ‖
s− 1

2

L2 ‖∇φ‖
3
2
−s

L2 ‖∇n‖L2]‖Λ−su‖L2,

Q3 6 C(‖∇H‖
s+ 1

2

L2 ‖∇2H‖
3
2
−s

L2 + ‖∇u‖
s+ 1

2

L2 ‖∇2u‖
3
2
−s

L2 + ‖n‖
s− 1

2

L2 ‖∇n‖
3
2
−s

L2 ‖∇q‖L2

+ ‖u‖
s− 1

2

L2 ‖∇u‖
3
2
−s

L2 ‖∇φ‖L2 + ‖φ‖
s− 1

2

L2 ‖∇φ‖
3
2
−s

L2 ‖∇u‖L2)‖Λ−sφ‖L2 ,

Q4 6 C(‖H‖
s− 1

2

L2 ‖∇H‖
3
2
−s

L2 ‖∇u‖L2 + ‖u‖
s− 1

2

L2 ‖∇u‖
3
2
−s

L2 ‖∇H‖L2)‖Λ−sH‖L2 .�_}�� Qi (i = 1, 2, 3, 4) U�=uS, N s ∈ (12 ,
3
2 ) f,

d

dt

(
‖Λ−sn‖2L2 +

1

Rθ∗
‖Λ−su‖2L2 +

cV

R
‖Λ−sφ‖2L2 + ‖Λ−sH‖2L2 +

τ

κRρ∗θ2∗
‖Λ−sq2‖2L2

)

+
2(2µ+ λ)

Rθ∗ρ∗
‖∇Λ−su‖2L2 + 2ν‖∇Λ−sH‖2L2 +

2

κRρ∗θ2∗
‖Λ−sq‖2L2

6 C{‖n‖
s− 1

2

L2 ‖∇n‖
3
2
−s

L2 (‖∇n‖L2 + ‖∇u‖H1 + ‖∇q‖L2)

+ ‖u‖
s−1

2

L2 ‖∇u‖
3
2
−s

L2 (‖∇n‖L2 + ‖∇u‖L2 + ‖∇φ‖L2 + ‖∇H‖L2)

+ ‖φ‖
s− 1

2

L2 ‖∇φ‖
3
2
−s

L2 (‖∇n‖L2 + ‖∇u‖L2)

+ ‖H‖
s− 1

2

L2 ‖∇H‖
3
2
−s

L2 (‖∇u‖L2 + ‖∇H‖L2)
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+ ‖∇u‖
s+ 1

2

L2 ‖∇2u‖
3
2
−s

L2 + ‖∇H‖
s+ 1

2

L2 ‖∇2H‖
3
2
−s

L2 }‖Λ−s(n, u, φ,H, q)‖L2

6 C{‖(n, u, φ,H)‖
s− 1

2

L2 (‖∇(n, φ,H, q)‖L2 + ‖∇u‖H1)
5
2
−s

+ ‖∇u‖2H1 + ‖∇H‖2H1}‖Λ−s(n, u, φ,H, q)‖L2,�qSQ (4.2). )�.)(�B� (3.2)–(3.5) V�| Sobolev wCU�Xa), euyn
< L2 p�UM�fC�F�, #u(qa� 1.1 U[ 2 !w.W.bv1.1 a 2 We^�z a~
A0 = ‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖Ḣ−s , B0 = ‖(ρ0 − ρ∗, u0, θ0 − θ∗, H0, q0)‖HN .N s ∈

(
0, 12

] f, � Grönwall �Wm$ (3.55), SQ
‖Λ−s(n, u, φ,H, q)‖L2 6 ‖Λ−s(n0, u0, φ0, H0, q0)‖L2

+ C

∫ t

0

(‖∇(n, u, φ,H)(r)‖2H1 + ‖∇q(r)‖2L2)dr

6 ‖Λ−s(n0, u0, φ0, H0, q0)‖L2 + Cǫ20

6 C(A0 + ǫ20)

6 CA0. (4.5)N ℓ = 1, 2, · · · , N − 1 f, ��� 2.5 u*
‖∇ℓ+1f‖L2 > C‖Λ−sf‖

− 1
ℓ+s

L2 ‖∇ℓf‖
1+ 1

ℓ+s

L2 .3�#voh��� (4.5), �
‖∇ℓ+1n‖2L2 + ‖∇ℓ+1u‖2L2 + ‖∇ℓ+1φ‖2L2 + ‖∇ℓ+1H‖2L2 + ‖∇ℓq‖2L2

> CA
− 2

l+s

0 (‖∇ℓn‖2L2 + ‖∇ℓu‖2L2 + ‖∇ℓφ‖2L2 + ‖∇ℓH‖2L2 + ‖∇ℓq‖2L2)1+
1

ℓ+s .\l, N ℓ = 1, 2, · · · , N − 1 f, uS
‖∇ℓ+1n‖2HN−ℓ−1 + ‖∇ℓ+1u‖2HN−ℓ + ‖∇ℓ+1φ‖2HN−ℓ−1 + ‖∇ℓ+1H‖2HN−ℓ + ‖∇ℓq‖2HN−ℓ

> CA
− 2

ℓ+s

0 (‖∇ℓn‖2HN−ℓ + ‖∇ℓu‖2HN−ℓ + ‖∇ℓφ‖2HN−ℓ

+ ‖∇ℓH‖2HN−ℓ + ‖∇ℓq‖2HN−ℓ)
1+ 1

ℓ+s . (4.6)�� (4.6), uB (3.52) 4"7, N m = N f, �
d

dt
EN
ℓ (t) + CA

− 2
l+s

0 (EN
ℓ (t))1+

1
ℓ+s 6 0.,PFV_}�WmSQ

EN
ℓ (t) 6 C(A2

0 + EN
ℓ (0))(1 + t)−(ℓ+s)

6 C(A0 +B0)
2(1 + t)−(ℓ+s).�?, N s ∈

(
0, 12

] C ℓ = 1, 2, · · · , N − 1 f, uS
‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−

ℓ+s
2 . (4.7)
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(
0, 12

] f, ���� 2.5 $_m, u"7
‖(n, u, φ,H, q)(t)‖L2 6 C‖∇(n, u, φ,H, q)‖

s
1+s

L2 ‖Λ−s(n, u, φ,H, q)‖
1

1+s

L2

6 C(A0 +B0)(1 + t)−
s
2 . (4.8)N ℓ = 0 C s = 0 f, 	i (3.55), uS

‖(n, u, φ,H, q)(t)‖HN 6 C‖(n0, u0, φ0, H0, q0)‖HN 6 CB0 6 C(A0 +B0). (4.9)
&�=m (4.7)–(4.9) uS, N s ∈ [0, 12 ], ℓ = 0, 1, 2, · · · , N − 1 f, �
‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−

ℓ+s
2 . (4.10)PE�, w� s ∈

(
1
2 ,

3
2

)UD^.dt>|Uq, s ∈
[
0, 12

]f��Uw�ro�/���~D^. Lqi�T|U s′ ∈ [0, s],�� Ḣ−s∩L2 ⊂ Ḣ−s′ , �?,� (n0, u0, φ0, H0, q0) ∈

Ḣ− 1
2 . �q, ,P�� (4.10) �I s = 1

2 uS�F�XE:

‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
ℓ
2
− 1

4 , ℓ = 0, 1, 2, · · · , N − 1. (4.11)a η ,v�SU(-�, uL s ∈
(
1
2 ,

3
2

) w/ s ∈
(
1
2 , 1 − η

] $ s ∈
(
1 − η, 32

) Æ!w. N
s ∈

(
1
2 , 1− η

] f, �� (4.11), (3.54) y8 ǫ0 USa, � (4.2) u"S
‖Λ−s(n, u, φ,H, q)‖L2

6 ‖Λ−s(n0, u0, φ0, H0, q0)‖L2 + C

∫ t

0

{‖∇(u,H)(r)‖2H1

+ ‖(n, u, φ,H)‖
s− 1

2

L2 [‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1 ]
5
2
−s}dr

6 A0 + C

∫ t

0

‖∇(u,H)(r)‖2H1dr

+ C(A0 +B0)

∫ t

0

(1 + r)−1+ s
2 [‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1 ]dr

6 A0 + Cǫ20 + C(A0 +B0)
[ ∫ t

0

(1 + r)−2+sdr
] 1

2

·
[ ∫ t

0

(‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1 )2dr
] 1

2

6 A0 + Cǫ20 + C(A0 +B0)ǫ0

6 CA0. (4.12)N), 7{N s ∈
(
0, 12

] f"O7 (4.7) U�1, uySQN s ∈
(
1
2 , 1− η

] f, VfC�F�XE:

‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
ℓ+s
2 , ℓ = 1, 2, · · · , N − 1. (4.13)N s ∈

(
1− η, 32

) f, i�T|v� s′ ∈ [0, s], �� Ḣ−s ∩ L2 ⊂ Ḣ−s′ , �y�
(n0, u0, φ0, H0, q0) ∈ Ḣ−1+η.�?, ,P� (4.13) 4I s = 1− η, uS

‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
ℓ+1−η

2 , ℓ = 1, 2, · · · , N − 1. (4.14)
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‖Λ−s(n, u, φ,H, q)‖L2

6 ‖Λ−s(n0, u0, φ0, H0, q0)‖L2

+ C

∫ t

0

{‖∇(u,H)(r)‖2H1 + ‖(n, u, φ,H)‖
s− 1

2

L2 (‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1)
5
2
−s}dr

6 A0 + C

∫ t

0

‖∇(u,H)(r)‖2H1dr

+ C(A0 +B0)

∫ t

0

(1 + r)−
5
4
+ s+η

2 (‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1)dr

6 A0 + Cǫ20 + C(A0 +B0)
[ ∫ t

0

(1 + r)−
5
2
+s+ηdr

] 1
2

·
[ ∫ t

0

(‖∇(n, φ,H, q)(r)‖L2 + ‖∇u(r)‖H1 )2dr
] 1

2

6 A0 + Cǫ20 + C(A0 +B0)ǫ0

6 CA0. (4.15)�?, N s ∈
(
1− η, 32

)
, ℓ = 0, 1, 2, · · · , N − 1 f, V�XEUfC�F�:

‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−
l+s
2 . (4.16)
&�=m (4.10), (4.13) $ (4.16) uS, N s ∈

[
0, 32

) f, VUfC�F�,
‖∇ℓ(n, u, φ,H, q)(t)‖HN−ℓ 6 C(A0 +B0)(1 + t)−

ℓ+s
2 , ℓ = 0, 1, 2, · · · , N − 1. (4.17)M), \v �� ‖∇ℓq‖L2 UfC�F�. � (3.2) 4U[ 5 �r1V7R� q U�Em,

q(x, t) = e−
t
τ q0 −

κθ∗

τ

∫ t

0

e−
t−r
τ ∇φ(x, r)dr.	i (4.17), N 0 6 ℓ 6 N − 2 f, �

‖∇ℓq(t)‖HN−ℓ 6 Ce−
t
τ ‖∇ℓq0‖HN−ℓ +

κθ∗

τ

∫ t

0

e−
t−r
τ ‖∇ℓ+1φ(x, r)‖HN−ℓ−1dr

6 CB0e
− t

τ + C(A0 +B0)

∫ t

0

e−
t−r
τ (1 + r)−

ℓ+1+s
2 dr

6 C(A0 +B0)(1 + t)−
ℓ+s+1

2 . (4.18)
& (4.17)–(4.18) e&/�a� 1.1 [ 2 !w)(.X�s�
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Abstract In this paper, the authors investigate the global well-posedness and large-time

behavior of the compressible MHD equations with Cattaneo’s heat conduction law. Com-

pared to the classical Fourier’s heat conduction law, Cattaneo’s law yields the hyperbolic
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equations governing heat flux and temperature. This implies that heat propagation occurs

at a finite rate, aligning more closely with natural phenomena. Under the assumption of

small initial perturbation, the authors rigorously establish the global existence of classical

solution to the system and obtain the optimal time-decay rates of the higher-order spatial

derivatives of the solution. Furthermore, the authors observe that the heat flux exhibits

a faster time-decay rate compared to the density, velocity, temperature and magnetic field

due to the damping structure in Cattaneo’s law.

Keywords Compressible MHD equations, Cattaneo’s heat conduction law,

Global existence, Large-time behavior, Optimal time-decay rates
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