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§1 H�EÆ~U}9P-BDR	f�!)O�
)DV��f



iψt +∆ψ − γ

|x|αψ + ǫ|ψ|p−1ψ + |ψ|q−1ψ = 0, t > 0, x ∈ R
N ,

ψ(0, x) = ψ0,

(1.1)�m ψ=ψ(t, x) : [0, T )× RN →C D<�nDkd��N! 0 < T 6∞, N > 1, γ > 0,

0 < α < min{2, N}, ǫ ∈ {−1,+1}, 1 < p 6 1 + 4
N , 1 < q < N+2

(N−2)+

(= N = 1, 2 :,
N+2

(N−2)+ = ∞; = N > 3 :, (N − 2)+ = N − 2
)
.O
) (1.1) m, P-B γ

|x|α M�xZo�
89. = α = 1 :, 9\�BD[z
△− γ

|x| Y5�Mmq9Lhzb+D\�i [1−2]; = α = 2 :, [z △− γ
|x|2 Y5�E�:U`�S
��nz�h
� [3−8]; = 0 < α < 2 :, 5�[z △− γ

|x|α D.K�Y5!U Golenia � Mandich[9] B?D�}9�.WE
) (1.1), 4;�pqZN+'D�b}u. = 0 < α < min{2, N} :, 4B/
.K9��Cazenave[10] 5gpV��f (1.1) DN EO!; Li � Zhao[11] .KpO 1 < p < q 6 1 + 4
N , γ < 0 j2
v�;D5O!��A�O!�Matsui[12] O

1 < p < q = 1 + 4
N D$�
�B?pV��f (1.1) ��kn	�;D5O!��}Qi+ {. WE α = 2, Qin[13] O 1+ 4

N < p < q < N+2
N−2 , γ > − (N−2)2

4 D$℄
, `
pv�;D���O!�\��Cao[14] O2�03D2�.Kp 1 < p < 1+ 4
N 6 q < N+2
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)V��f;D℄h5O�	�D�%�/2
DN+wHeDo0.K+J, �1~ [15–25]. O(O�%�/D�03, .KYY5D2�abOknt=
	�;DQi+!k, /kn�m!�	�Y����oHF. %ZN+w�Y4O2
�TSp2�r.K, QhY!U~ [12, 17, 26–30]. Æ~16OÆB.KD�03, D2�abV��f (1.1) ;D	��/�	�;D�}Qi+!k.H�, �{/
9P-BD<	f�!)O�
)V��f;DQi+!k:



iψt +∆ψ − γ

|x|αψ + |ψ|q−1ψ = 0, t > 0, x ∈ R
N , 0 < α < min{2, N},

ψ(0, x) = ψ0.

(1.2)

Masaru F [31] � Dinh[32] k�xQ�i�f���z�, B?pV��f (1.2) Okn&t=$�
D;℄h5O�	�D�%�/. Li F [11] � Meng[33] i�.Kpv�;D�A�O!����O!. 2u, Matsui[27] b�p��kn	�;D5O!5�	�Y�. N�{R	f�!)O�
)V��f


iψt +∆ψ + ǫ|ψ|p−1ψ + |ψ|q−1ψ = 0, t > 0, x ∈ R

N ,

ψ(0, x) = ψ0

(1.3);D�}Qi+!k. = ǫ = +1 :, Tao F [34] O�=�n[+.KpV��f (1.3) ;DEO!5�	�;5O!. Soave[35] .KpW=Df�!sI
)D�^;5O!���}!k. Coz F [36] .KpO 1 < p < q = 1 + 4
N $�
, V��f (1.3) D��kn	�;��	�Y�. = ǫ = −1 :, Shu F [37] � Feng[17] .KpV��f (1.3) ;'N5O�	�D�%�/, Feng[17] B?pOknt=
	�;Dkn�m!FQi+!k.

Miao F [38−41] .Kp= q = 5 :;D%:+4E {.AER	f�!��P-B�D?�, 
) (1.1) D+U��Fo0!L9�, ;�
�.K3D�^�, z$0-W�D
^�qJ_.KV��f (1.1);DQi+!k.Æ~iiE.KV��f (1.1);℄h5O�	�D�%�/5�	�;D�}Qi+!k. s0w�/
: k�f�~ [10] 5gV��f (1.1) DN EO!, Nf� Glassey[42],

Weinstein[43] � Zhang[44] D
^, r>.;℄h5O�	�D,ij2. tO~ [21–22]D��, .KpV��f (1.1) O�mD	e�`x�D;℄h5O�	�D�%�/.��, 9
 Himidi F [26] � Feng[17] e.D
^, B?pV��f (1.1) 	�;Dkn�m!���oH5�	�Y�
=.

§2 I�L/Æ8r.2�w
a=. WE
) (1.1), O|)�n[+ H1(RN ) mO9/
�nb�:

E(ψ) :=

∫ (1
2
|∇ψ|2 + γ

2|x|α |ψ|
2 − ǫ

p+ 1
|ψ|p+1 − 1

q + 1
|ψ|q+1

)
dx. (2.1)tOr�D Hardy �F? [45]

∫ |ψ|2
|x|α dx 6

( 2

N − α

)α
‖ψ‖2−α2 ‖∇ψ‖α2 , (2.2)
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g�"*P�d*<ERj,"l 493B/
F*`N:
∫

|ψ|2dx+

∫
|∇ψ|2dx+

∫
γ|ψ|2
|x|α dx ≃

∫
|ψ|2dx+

∫
|∇ψ|2dx. (2.3)

Cazenave O~ [10] mr.pV��f (1.1) ;DN EO!.+5 2.1 6 ψ0 ∈ H1, 0 < α < min{2, N}, 1 < p < q < N+2
(N−2)+ , RB

(1) V��f (1.1) 2O5Oz2; ψ(t, x) ∈ C([0, T );H1), 0 < T 6 ∞. Ze T ���75O:+, �!��: 0� T = ∞ (℄h5O), 0� T <∞ !
lim
t→T

‖ψ‖H1 = ∞ (	�);

(2) W,8:+ t ∈ [0, T ), ψ(t, x) ��5
I
~:knI
 ∫
|ψ|2dx =

∫
|ψ0|2dx. (2.4)�nI


E(ψ) = E(ψ0). (2.5){p��#[D
�, r.
) (1.1) D|e
F?.+5 2.2 )6 ψ0 ∈ Σ := {ψ ∈ H1, |x|ψ ∈ L2}, ψ(t, x) DV��f (1.1) D;. y
J(t) :=

∫
|x|2|ψ|2dx,RB

J ′(t) = −4ℑ
∫
xψ∇ψdx�

J ′′(t) = 8

∫
|∇ψ|2dx+ 4γα

∫ |ψ|2
|x|α dx

− 4N(p− 1)ǫ

p+ 1

∫
|ψ|p+1dx− 4N(q − 1)

q + 1

∫
|ψ|q+1dx. (2.6)A (2.5)–(2.6), YB

J ′′(t) = 16E(ψ0) + (4γα− 8γ)

∫ |ψ|2
|x|α dx− [4N(p− 1)− 16]ǫ

p+ 1

∫
|ψ|p+1dx

− 4N(q − 1)− 16

q + 1

∫
|ψ|q+1dx. (2.7)tO|e
F?5� Glassey[42], Weinstein[43] � Zhang[44] D.K, r.
)V��f (1.1) ;	�D,ij2.+5 2.3 6 ψ(t, x) DV��f (1.1) D;. W,8 t ∈ [0, T ), 1
J ′′(t) < 0,RB

lim
t→T

‖ψ‖H1 = ∞ (	�).



494 O�,���T�A � 46 R{pD2�U}V��f (1.1) D	��/, �r.~ [43] mD Gagliardo-Nirenberg�F?.+5 2.4 y 1 < s < N+2
(N−2)+ , WE,8 ψ ∈ H1,

‖ψ‖s+1
s+1 6 CGN (s)‖ψ‖s+1−N(s−1)

2
2 ‖∇ψ‖

N(s−1)
2

2 , (2.8)Ze
CGN (s) =

2(s+ 1)

N(s− 1)‖∇Qs‖s−1
2

,�m Qs D/
f�!sI
)D_�^;:

−∆Q+Q − |Q|s−1Q = 0. (2.9)k�,<#[, YB
CGN (s) =

2(s+ 1)

4− (N − 2)(s− 1)

[4− (N − 2)(s− 1)

N(s− 1)

]N(s−1)
4 1

‖Qs‖s−1
2

.2u, W
) (2.9) 1B?/
mq Pohozaev 
F?:
∫

|∇Qs|2dx =
N(s− 1)

2(s+ 1)

∫
|Qs|s+1dx, (2.10)

∫
|Qs|2dx =

[
1− N(s− 1)

2(s+ 1)

] ∫
|Qs|s+1dx, (2.11)!= s = 1 + 4

N :, B
∫

|∇Qs|2dx =
N

2

∫
|Qs|2dx. (2.12)7
_, b�O 1 < p 6 1+ 4

N , 1 < q < N+2
(N−2)+ `x�, V��f (1.1) ;D℄h5O�	�D$℄.A Gagliardo-Nirenberg �F?��}I
~YB, = 1 < p < q < 1 + 4

N :, V��f (1.1) D; ψ(t, x) D℄h5OD. tO~ [17] mD
^Y5B?, = 1 < p < q = 1+ 4
N ,

‖ψ0‖2 < ‖Qq‖2 :, �m Qq {f�!sI
) (2.9) D_�^;, V��f (1.1) D;
ψ(t, x) 1D℄h5OD. :2, Æ~g$U}O 1 < p 6 1 + 4

N < q < N+2
(N−2)+ $℄
	�;D�%�/.

§3 
 ǫ = +1 .��,)�H�O92q��b� I(ψ) := E(ψ) + 1
2‖ψ‖22. AÆf 2.4 YB, = s = p(q) :, y

Qp(Qq) Df�!sI
) (2.9) D_�^;.-� 1 1 < p < 1 + 2
N , 1 + 4

N < q < N+2
(N−2)+ .6

a1 =
‖ψ0‖p+1−N(p−1)

2

2r1r1‖∇Qp‖p−1
2

, a2 =
‖ψ0‖q+1−N(q−1)

2

2r2r2‖∇Qq‖q−1
2

,

D1 =
[r1(r2 − 1)‖∇Qp‖p−1

2

r2 − r1

]N
2
[r1(r2 − 1)‖∇Qp‖p−1

2

r2(1− r1)‖∇Qq‖q−1
2

] N(r1−1)

2(r2−r1)

,
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D̃1 =
[ (r2 − 1)‖∇Qp‖p−1

2

r2 − r1

]N
2
[ (r2 − 1)‖∇Qp‖p−1

2

(1− r1)‖∇Qq‖q−1
2

] N(r1−1)

2(r2−r1)�
K1 =

(r1 − 1)(r2 − 2)

2r1r2

[ r2 − 2

2(r2 − r1)r1a1

] 1
r1−1

, (3.1)Ze
0 < r1 =

N(p− 1)

2
< 1, r2 =

N(q − 1)

2
> 2, D1 < D̃1.H�r./
��z�.+5 3.1 6 q > 1 + 4

N , 1 < p < 1 + 2
N , B/
mq�
:

G1 := {ψ ∈ H1 : I(ψ) < K1, ‖ψ0‖2 < D1, ‖ψ‖2H1 < y1},

B1 := {ψ ∈ H1 : I(ψ) < K1, ‖ψ0‖2 < D1, ‖ψ‖2H1 > y1}.Ze y1 ��/
�ND�7dJ:

f1(y) :=
1

2
y − a1y

r1 − a2y
r2 . (3.2)Zmq�
{��z�: 1 ψ0 ∈ G1, WEV��f (1.1) D; ψ(t, x) 5O, RB ψ ∈ G1.WE B1 1m
YB.K H�, B/
y#:

‖ψ‖p+1−N(p−1)
2

2 ‖∇ψ‖
N(p−1)

2
2 6

(1
2

)N(p−1)
2 ‖ψ‖p+1−N(p−1)

2 ‖ψ‖N(p−1)
H1 , (3.3)

‖ψ‖q+1−N(q−1)
2

2 ‖∇ψ‖
N(q−1)

2
2 6

(1
2

)N(q−1)
2 ‖ψ‖q+1−N(q−1)

2 ‖ψ‖N(q−1)
H1 . (3.4)=� (2.8), �6 (3.3)–(3.4) ;0? I(ψ) m, R ∀t ∈ [0, T ),

I(ψ) >
1

2
‖ψ‖2H1 − a1‖ψ‖2r1H1 − a2‖ψ‖2r2H1 .)6 y = ‖ψ‖2H1 , y > 0, R ∀t ∈ [0, T ),

K1 > I(ψ) > f1(‖ψ‖2H1) = f1(y). (3.5)A (3.2) YB, f1(y) O (0,+∞) 3Dk(D. W f1(y) &>,  B
f ′
1(y) =

1

2
− a1r1y

r1−1 − a2r2y
r2−1,k��#Ya,= y → 0+ � y → +∞:, f ′

1(y) → −∞. W,8 y ∈ (0,+∞),B f ′′′
1 (y) < 0.:2, f ′′

1 (y) Bz2vJ
y∗ =

[a1r1(1− r1)

a2r2(r2 − 1)

] 1
r2−r1

.A)6 ‖ψ0‖2 < D̃1 Ya, f ′
1(y

∗) > 0 ! f ′
1(y) BmqvJ ỹ1 � y1, !�� ỹ1 ∈ (0, y∗),

y1 ∈ (y∗,+∞). k�<N!YB, ỹ1 � y1 i�D f1(y) O (0,+∞) 3Dz2��dJ��7dJ. NA ‖ψ0‖2 < D1, Y5r>. f1(y1) > f1(y
∗) > 0. 9
 (3.1), B

K1 < 0 < f1(y1).
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` ‖ψ(t)‖2H1 < y1._6 ‖ψ(t)‖2H1 < y1 �'g. AE ψ(t) }E t Dk(D, R2O5O t0 ∈ [0, T ), >B
‖ψ(t0)‖2H1 = y1,  B

f1(‖ψ(t0)‖2H1) = f1(y1) > K1,F (3.5) �Y. z G1 {��z�. m
Y` B1 1{��z�.EDA G1 � B1 D��!, Y5r>./
O
, V��f (1.1) D; ψ(t, x) ℄h5O�	�D�%�/.�$ 3.1 y 1 + 4
N < q < N+2

(N−2)+ , 1 < p < 1 + 2
N . 6 ỹ1 {
) f ′

1(y) = 0 DH2qvJ, RB
(1) = ψ0 ∈ G1 ∪ {0}, f1(ỹ1) < K1 :, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O;

(2) 1 ψ0 ∈ B1 ! |x|ψ0 ∈ L2, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.K (1) A)6 f1(ỹ1) < K1 Ya G1 Df[D. 1-d ψ0 ∈ G1 ∪ {0}, AE G1 D��z�, RV��f (1.1) D; ψ ∈ G1 ∪ {0}. EDB ‖ψ‖2H1 < y1. DAÆf 2.1 a, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O.

(2) A (2.7)–(2.8) � (3.3) YB, WE,8D t ∈ [0, T ), B
J ′′(t) < 4N(q − 1)I(ψ) + [8− 2N(q − 1)]‖ψ‖2H1 + 4N(q − p)a1‖ψ‖2r1H1 . (3.6)y

W1 = [8− 2N(q − 1)]y + 4N(q − p)a1y
r1 ,�m ‖ψ‖2H1 = y. W W1 }E y &>, YB

W ′
1(y) = 8− 2N(q − 1) + 4N(q − p)r1a1y

r1−1.A�#Ya, = y → 0+ :, W ′
1(y) → +∞; = y → +∞ :, W ′

1(y) → 8− 2N(q− 1) < 0. xu, W ′
1(y) O (0,+∞) Bz2vJ

y∗∗ =
[ N(q − 1)− 4

2N(q − p)r1a1

] 1
r1−1

.:2 W1(y) D�7d{
W1max =W1(y

∗∗) =
[2N(q − 1)− 8](1− r1)

r1

[ N(q − 1)− 4

2N(q − p)r1a1

] 1
r1−1

= −4N(q − 1)K1.:2, 1 ψ0 ∈ B1, \ B1 {��z�, RW,8D t ∈ [0, T ), ; ψ(t, x) ��
‖ψ(t)‖2H1 > y1, f1(‖ψ‖2H1) 6 I(ψ) < K1.N6539�;0? (3.6) m, YB

J ′′(t) < 4N(q − 1)K1 +W1max = 0.AÆf 2.3 YB, }EV��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.-� 2 p = 1+ 2
N , 1 + 4

N < q < N+2
(N−2)+ .n$�F$� 1 bX. H�, B/
y#:

‖ψ‖p+1
p+1 6

p+ 1

2

( ‖ψ‖2
‖∇Qp‖2

) 2
N ‖ψ‖2H1 (3.7)
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‖ψ‖q+1

q+1 6
2(q + 1)

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 . (3.8)=� (3.7)–(3.8), Y5rV.WE,8D t ∈ [0, T ),

I(ψ) >
1

2
‖ψ‖2H1 − 1

2

( ‖ψ‖2
‖∇Qp‖2

) 2
N ‖ψ‖2H1

− 2

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 .$
d1 =

( ‖ψ0‖2
‖∇Qp‖2

) 2
N

, d2 =
2

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ0‖q+1−N(q−1)
2 ,

K2 =
[N(q − 1)− 4]− [N(q − 1)− 2]d1

2N(q − 1)

[ 1− d1

N(q − 1)d2

] 2
N(q−1)−2

.)6 y = ‖ψ(t)‖2H1 , y > 0, RWE,8D t ∈ [0, T ), B I(ψ) > f2(y), �m
f2(y) :=

1

2
y − 1

2
d1y − d2y

N(q−1)
2 ,! f2(y) O (0,+∞) 3k(. 1 ‖ψ0‖

2
N

2 <
N(q−1)−4
N(q−1)−2‖∇Qp‖

2
N

2 , RB
d1 <

N(q − 1)− 4

N(q − 1)− 2
< 1.z f ′

2(y) O (0,+∞) Bz2vJ� 
y2 = [

1− d1

N(q − 1)d2
]

2
N(q−1)−2 .k�#[YB f2(y2) > K2, 4\AV��f (1.1) MY5xQ./
��z�:

G2 :=
{
ψ ∈ H1 : I(ψ) < K2, ‖ψ0‖

2
N

2 <
N(q − 1)− 4

N(q − 1)− 2
‖∇Qp‖

2
N

2 , ‖ψ‖2H1 < y2

}
,

B2 :=
{
ψ ∈ H1 : I(ψ) < K2, ‖ψ0‖

2
N

2 <
N(q − 1)− 4

N(q − 1)− 2
‖∇Qp‖

2
N

2 , ‖ψ‖2H1 > y2

}
.NA G2 � B2 D��!Y5B./
O
.�$ 3.2 y 1 + 4

N < q < N+2
(N−2)+ , p = 1 + 2

N , RB
(1) 1 ψ0 ∈ G2 ∪ {0}, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �D℄h5OD;

(2) 1 ψ0 ∈ B2 ! |x|ψ0 ∈ L2, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.K (1) /�-d ψ0 ∈ G2 ∪ {0}, AE G2 D��z�, RV��f (1.1) D; ψ ∈
G2 ∪ {0}. EDB ‖ψ‖2H1 < y2. DAÆf 2.1a, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞)�℄h5O.

(2) A (2.7)–(2.8) � (3.7) Ya, WE,8 t ∈ [0, T ), B
J ′′(t) 6 4N(q − 1)I(ψ) + {[2N(q − 1)− 4]d1 − 2N(q − 1) + 8} ‖ψ‖2H1 . (3.9)$

W2(y) = {[2N(q − 1)− 4]d1 − 2N(q − 1) + 8} y,
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W ′

2(y) = [2N(q − 1)− 4]d1 − 2N(q − 1) + 8 < 0,R W2(y) O (0,+∞) 3<NI-. /� ψ(t) DV��f (1.1) D;, !-d�� ψ0 ∈ B2,NA B2 D��!YB, WE,8D t ∈ [0, T ), ψ(t) ��
‖ψ(t)‖2H1 > y2, f2(‖ψ‖2H1) 6 I(ψ) < K2, W2(y) < W2(y2) = −4N(q − 1)K2.N6539�;0? (3.9) m, YB

J ′′(t) < 4N(q − 1)K2 +W2(y2) = 0.AÆf 2.3 YB, V��f (1.1) D;OB�:+ T > 0 	�.-� 3 1 + 2
N < p < 1 + 4

N , 1 + 4
N < q < N+2

(N−2)+ .bXG, B/
y#:

‖ψ‖p+1
p+1 6

2(p+ 1)

N(p− 1)‖∇Qp‖p−1
2

‖ψ‖p+1−
N(p−1)

2
2 ‖ψ‖

N(p−1)
2

H1 (3.10)�
‖ψ‖q+1

q+1 6
2(q + 1)

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 . (3.11)6 (3.10)–(3.11) ;0 I(ψ) mYB, WE,8 t ∈ [0, T ),

I(ψ) >
1

2
‖ψ‖2H1 − 2

N(p− 1)‖∇Qp‖p−1
2

‖ψ‖p+1−N(p−1)
2

2 ‖ψ‖
N(p−1)

2

H1

− 2

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 .$
a3 =

‖ψ0‖p+1−N(p−1)
2

2

r1‖∇Qp‖p−1
2

, a4 =
‖ψ0‖q+1−N(q−1)

2

2r2r2‖∇Qq‖q−1
2

,

K3 =
(r1 − 2)(r2 − 2)

2r1r2

(8r2 − 16

c2r1

) 2
r1−2

,

D2 =
[r1(r2 − 1)‖∇Qp‖p−1

2

2r2 − r1

] N(2r2−r1)

2r1r2+4(r2−r1)
[ 2r1(r2 − 1)‖∇Qp‖p−1

2

2r2r2(2− r1)‖∇Qq‖q−1
2

] N(r1−2)

2r1r2+4(r2−r1)

,

D̃2 =
[2(r2 − 1)‖∇Qp‖p−1

2

2r2 − r1

] N(2r2−r1)

2r1r2+4(r2−r1)
[ 4(r2 − 1)‖∇Qp‖p−1

2

2r2(2− r1)‖∇Qq‖q−1
2

] N(r1−2)

2r1r2+4(r2−r1)

,�m
1 < r1 =

N(p− 1)

2
< 2, r2 =

N(q − 1)

2
> 2, D2 < D̃2.)6 y = ‖ψ(t)‖2H1 , y > 0, RW,8 t ∈ [0, T ), B I(ψ) > f3(y), �m f3(y) O9{

f3(y) :=
1

2
y − a3y

r1
2 − a4y

r2 .k�#[, B/
9�:
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(1) f ′′
3 (y) = 0 Bz2vJ ỹ =

[ r1(2−r1)a3
4r2a4(r2−1)

] 2
2r2−r1 ;

(2) )6 ‖ψ0‖2 < D̃2, RB f ′
3(y3) > 0;

(3) f ′
3(y) = 0 BmqvJ, ${ ỹ3 ∈ (0, ỹ) � y3 ∈ (ỹ,+∞), !i�D f3(y) Dz2��dJ��7dJ;

(4) )6 ‖ψ0‖2 < D2, RB f3(y3) > K3.3M9�mD (1) � (3) YeXÆf 3.1 D
^B?�ÆOr.9� (2) � (4) D�	`
�).K (2) {p`
��D��z�,Ze$0�j f ′
3(y) = 0 BmqvJ, AE f ′

3(y) O
(0, ỹ) 3<S, O [ỹ,+∞) 3<-, ! y → 0+ � y → +∞, f ′

3(y) → −∞, zg$ f ′
3(ỹ) > 0, 

f ′
3(ỹ) =

1

2
− a3.

r1

2
ỹ

r1
2 −1 − a4r2ỹ

r2−1 > 0,!
1

2
− a3.

r1

2
ỹ

r1
2 −1 − a4r2ỹ

r2−1

=
1

2
− a

2r2−2
2r2−r1

3 a
2−r1

2r2−r1

4 .
r1

2

[ r1(2 − r1)

4r2(r2 − 1)

] r1−2

2r2−r1

− a
2r2−2

2r2−r1
3 a

2−r1
2r2−r1
4 .r2

[ r1(2 − r1)

4r2(r2 − 1)

] 2(r2−1)
2r2−r1

=
1

2
− ‖ψ0‖

2r1r2+4(r2−r1)

N(2r2−r1)

L2

2r2 − r1

4(r2 − 1)‖∇Qq‖p−1
2

[2r2(2− r1)‖∇Qq‖q−1
2

4(r2 − 1)‖∇Qp‖p−1
2

] r1−2

2r2−r1
.AE f ′

3(ỹ) > 0, RB
‖ψ0‖L2 <

[2(r2 − 1)‖∇Qp‖p−1
2

2r2 − r1

] N(2r2−r1)

2r1r2+4(r2−r1)
[ 4(r2 − 1)‖∇Qp‖p−1

2

2r2(2− r1)‖∇Qq‖q−1
2

] N(r1−2)

2r1r2+4(r2−r1)

, ‖ψ0‖L2 < D̃2.

(4)A f3(y)<N!Ya, f3(ỹ) < f3(y3). {p��`
��z�,Ze$�j f3(y3) >

0, \ y3 Dd�(O, zY5�j f3(ỹ) > 0,  
f3(ỹ) =

1

2
ỹ − a3ỹ

r1
2 − a4ỹ

r2 = ỹ
(1
2
− a3ỹ

r1
2 −1 − a4ỹ

r2−1
)
> 0.AE y > 0, zg$` 1

2 − a3ỹ
r1
2 −1 − a4ỹ

r2−1 > 0. \
1

2
− a3ỹ

r1
2 −1 − a4ỹ

r2−1

=
1

2
− a

2r2−2
2r2−r1

3 a
2−r1

2r2−r1

4

[ r1(2− r1)

4r2(r2 − 1)

] r1−2
2r2−r1 − a

2r2−2
2r2−r1

3 a
2−r1

2r2−r1

4

[ r1(2− r1)

4r2(r2 − 1)

] 2(r2−1)
2r2−r1

=
1

2
− ‖ψ0‖

2r1r2+4(r2−r1)

N(2r2−r1)

L2

2r2 − r1

2r1(r2 − 1)‖∇Qp‖p−1
2

[2r2r2(2 − r1)‖∇Qq‖q−1
2

2r1(r2 − 1)‖∇Qp‖p−1
2

] r1−2
2r2−r1

.AE f3(ỹ) > 0, RB
‖ψ0‖L2 <

[r1(r2 − 1)‖∇Qp‖p−1
2

2r2 − r1

] N(2r2−r1)

2r1r2+4(r2−r1)
[ 2r1(r2 − 1)‖∇Qp‖p−1

2

2r2r2(2− r1)‖∇Qq‖q−1
2

] N(r1−2)

2r1r2+4(r2−r1)

, ‖ψ0‖L2 < D2. AE K3 < 0, z f3(y3) > K3.



500 O�,���T�A � 46 Rk�#[YB D2 < D̃2, zg$ ‖ψ0‖L2 < D2  Y.tO539��eXÆf 3.1 D`
V|, Y55g/
B}V��f (1.1) ;D��z�:

G3 := {ψ ∈ H1 : I(ψ) < K3, ‖ψ0‖2 < D2, ‖ψ‖2H1 < y3},

B3 := {ψ ∈ H1 : I(ψ) < K3, ‖ψ0‖2 < D2, ‖ψ‖2H1 > y3}.NtO G3 � B3 D��!, Y5B?/
9�,  	�;D�%�/.�$ 3.3 y 1 + 4
N < q < N+2

(N−2)+ , 1 +
2
N < p < 1 + 4

N , RB
(1) 1 ψ0 ∈ G3 ∪ {0}, f3(ỹ3) < K3, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O;

(2) 1 ψ0 ∈ B3 ! |x|ψ0 ∈ L2, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.K (1) A)6 f3(ỹ3) < K3 Ya G3 Df[D. 1-d ψ0 ∈ G3 ∪ {0}, AE G3 D��z�, RV��f (1.1) D; ψ ∈ G3 ∪ {0}. EDB ‖ψ‖2H1 < y3. DAÆf 2.1 a, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O.

(2) G�#[YB, WE,8D t ∈ [0, T ), B
J ′′(t) 6 4N(q − 1)I(ψ)− [2N(q − 1)− 8]‖ψ‖2H1 +

8(q − p)

(p− 1)‖∇Qp‖p−1
2

‖ψ‖p+1−N(p−1)
2

2 ‖ψ‖r1H1 .$
W3 = −[2N(q − 1)− 8]‖ψ‖2H1 +

8(q − p)

(p− 1)‖∇Qp‖p−1
2

‖ψ‖p+1−
N(p−1)

2
2 ‖ψ‖r1H1 ,

‖ψ‖2H1 = y, c2 =
8(q − p)

(p− 1)‖∇Qp‖p−1
2

‖ψ‖p+1−N(p−1)
2

2 .:2
W3(y) = −[2N(q − 1)− 8]y + c2y

r1
2 .W W3(y) }E y &>, YB

W ′
3(y) = 8− 2N(q − 1) +

r1

2
c2y

r1
2 −1.z W ′

3(y) O (0,+∞) <NI-, !Bz2vJ
z3 =

[8r2 − 16

c2r1

] 2
r1−2

.:2 W3(y) D�7d{
W3max =W3(z3) =

4(2− r1)(r2 − 2)

r1

(8r2 − 16

c2r1

) 2
r1−2

= −4N(q − 1)K3.6 ψ(t) {V��f (1.1) D;, =-d�� ψ0 ∈ B3, WE,8D t ∈ [0, T ), ; ψ(t) ��
‖ψ(t)‖2H1 > y3, f3(‖ψ(t)‖2H1) 6 I(ψ) < K3.:2

J ′′(t) < 4N(q − 1)K3 +W3max = 0.AÆf 2.3 B, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.
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N , 1 + 4

N < q < N+2
(N−2)+ .H�r./
y#:

‖ψ‖p+1
p+1 6

p+ 1

2

( ‖ψ0‖2
‖∇Qp‖2

) 4
N ‖ψ‖2H1 (3.12)�

‖ψ‖q+1
q+1 6

2(q + 1)

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 . (3.13)6 (3.12)–(3.13) ;0? I(ψ) m, YB
I(ψ) >

1

2
‖ψ‖2H1 − 1

2

( ‖ψ0‖2
‖∇Qp‖2

) 4
N ‖ψ‖2H1

− 2

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ‖q+1−N(q−1)
2 ‖ψ‖N(q−1)

H1 .$ y = ‖ψ(t)‖2H1 , y > 0, RWE,8D t ∈ [0, T ), B
I(ψ(t)) > f4(‖ψ‖2H1) = f4(y).Ze f4(y) O9{
f4(y) :=

1

2
y − a5y − a6y

r2 ,�m
a5 =

‖ψ0‖
4
N

2

2‖∇Qp‖
4
N

2

, r2 > 2,

a6 =
2

2
N(q−1)

2 N(q − 1)‖∇Qq‖q−1
2

‖ψ0‖q+1−N(q−1)
2 .7B f4(y) O (0,+∞) k(, !B

f ′
4(y) =

1

2
− a5 − a6r2y

r2−1.xu, O)6 ‖ψ0‖2 < ‖∇Qp‖2 
, B a5 <
1
2 . �!�YB?, = y → 0+ :, f ′

4(y) > 0; =
y → +∞ :, f ′

4(y) → −∞ ! f ′
4(y) Bz2vJ,  

y4 =
( 1

2 − a5

a6r2

) 1
r2−1

.m:, k�#[YB f4(y4) > K4, �m
K4 =

[N(q − 1)− 4](‖∇Qp‖
4
N

2 − ‖ψ0‖
4
N

2 )

N(q − 1)‖∇Qp‖
4
N

2

[ (‖∇Qp‖
4
N

2 − ‖ψ0‖
4
N

2 )‖∇Qq‖q−1
2

‖ψ0‖q+1−N(q−1)
2 ‖∇Qp‖

4
N

2

] 2
N(q−1)−2

.~
539�, Y5xQ}EV��f (1.1) ;Dmq��z�:

G4 := {ψ ∈ H1 : I(ψ) < K4, ‖ψ0‖2 < ‖∇Qp‖2, ‖ψ‖2H1 < y4},

B4 := {ψ ∈ H1 : I(ψ) < K4, ‖ψ0‖2 < ‖∇Qp‖2, ‖ψ‖2H1 > y4}.NtO��z�DO9, Y5B?/
	�;D�%�/.�$ 3.4 y 1 + 4
N < q < N+2

(N−2)+ , p = 1 + 4
N , RB
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(1) 1 ψ0 ∈ G4 ∪ {0}, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O;

(2) 1 ψ0 ∈ B4 ! |x|ψ0 ∈ L2, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.K (1) /�-d ψ0 ∈ G4 ∪ {0}, AE G4 D��z�, RV��f (1.1) D; ψ ∈
G4 ∪ {0}. EDB ‖ψ‖2H1 < y4. DAÆf 2.1a, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞)�℄h5O.

(2) �E (3.12), YB
J ′′(t) 6 4N(q − 1)I(ψ) + [8− 2N(q − 1)]‖ψ‖2H1 + 2N(q − p)

( ‖ψ‖2
‖∇Qp‖2

) 4
N ‖ψ‖2H1 . (3.14)$

W4 = [8− 2N(q − 1)]‖ψ‖2H1 + 2N(q − p)
( ‖ψ‖2
‖∇Qp‖2

) 4
N ‖ψ‖2H1 . (3.15)6 ‖ψ‖2H1 = y, a7 = 2N(q − p)( ‖ψ‖2

‖∇Qp‖2
)

4
N , R

W4(y) = [8− 2N(q − 1) + a7]y, (3.16)m:, Oj2 ‖ψ‖2 < ‖∇Qp‖2 
, B
W ′

4(y) = 8− 2N(q − 1) + a7 < 0.:2, W4(y) O (0,+∞) <NI-. y ψ(t) DV��f (1.1) D;, NA)6 ψ0 ∈ B4 YB, WE,8D t ∈ [0, T ), ; ψ(t) ��
‖ψ(t)‖2H1 > y4, f4(‖ψ(t)‖2H1) 6 I(ψ) < K4, W4(‖ψ(t)‖2H1) < W4(y4) = −4N(q − 1)K4.:2, tO (3.14) B

J ′′(t) < 4N(q − 1)K4 +W4(y4) = 0.AÆf 2.3 YB, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.

§4 
 ǫ = −1 .��,)�Æ8hO.K= ǫ = −1 :, V��f (1.1) D; ψ(t, x) ℄h5O�	�D�%j2.{p70ab	��/j2, $0u8?�F? (2.8), = s = q :�y Qq {f�!sI
) (2.9) D_�^;.
), = 1 < p < q < 1 + 4
N :, }EV��f (1.1) gB℄h;. �$0`
, O

1 < p 6 1 + 4
N , 1 + 4

N 6 q < N+2
(N−2)+ D$�
, V��f (1.1) 	�;D5O!��%�/j2.H�, 6`x�jO 1 < p < q = 1 + 4

N �, U}V��f (1.1) 	�;5O!.�$ 4.1 y ψ0 ∈ H1. 1 1 < p < q = 1 + 4
N , E(ψ0) < 0, RBV��f (1.1) D;

ψ(t, x) OB�:+ T > 0 	�.K 1 1 < p < q = 1 + 4
N , 7B J(t) < J(0) + J ′(0)t + 8E(ψ0)t

2. D:{ E(ψ0) < 0,9�7`.7x, NU}2$�
V��f (1.1) 	�;D�%�/j2.
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N , RB

(1) 6 ψ0 ∈ H1, = ‖ψ0‖2 < ‖Qq‖2 :, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O;

(2) 6 ψ0 ∈ H1, 5O2q-d ψ0 �� ‖ψ0‖2 > ‖Qq‖2, >BV��f (1.1) D;
ψ(t, x) OB�:+ T > 0 	�.K (1) A (2.1), (2.8) YB

E(ψ) =

∫ (1
2
|∇ψ|2 + γ

2|x|α |ψ|
2 +

1

p+ 1
|ψ|p+1 − 1

q + 1
|ψ|q+1

)
dx

>
1

2

∫
|∇ψ|2dx+

∫
γ

2|x|α |ψ|
2dx− 1

2

( ‖ψ‖2
‖Qq‖2

) 4
N ‖∇ψ‖22, 

E(ψ) >
1

2

[
1−

( ‖ψ‖2
‖Qq‖2

) 4
N
]
‖∇ψ‖22 +

∫
γ

2|x|α |ψ|
2dx. (4.1)A)6 ‖ψ‖2 = ‖ψ0‖2 < ‖Qq‖2 Ya

‖∇ψ‖22 +
∫

γ

2|x|α |ψ|
2dx < C5, (4.2)�m C5 {2q_$N. zV��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O.

(2) y ψ0 = µλ
N
2 Qq(λx), �m µ > 1, RB ‖ψ0‖2 = µ‖Qq‖2 > ‖Qq‖2 ! Qq 6= 0. 9


(2.1) � (2.5), B
E(ψ0) =

1

2
µ2λ2

∫
|∇Qq|2dx+

1

2
µ2λα

∫
γ

|x|α |Qq|
2dx

+
1

p+ 1
µp+1λ

N(p+1)
2 −N

∫
|Qq|p+1dx− 1

q + 1
µq+1λ2

∫
|Qq|q+1dx.tO (2.11)–(2.12), YB

E(ψ0) =
N

4
λ2(µ2 − µ2+ 4

N )

∫
|Qq|2dx+

1

2
µ2λα

∫
γ

|x|α |Qq|
2dx

+
1

p+ 1
µp+1λ

N(p+1)
2 −N

∫
|Qq|p+1dx.AO
 4.1 a, g$` E(ψ0) < 0  Y. $

λ >

1
p+1µ

p+1λ
N(p+1)

2 −N−1

∫
|Qq|p+1dx+

1

2
µ2λα−1

∫
γ|Qq|2
|x|α dx

N
4 (µ

2+ 4
N − µ2)

∫
|Qq|2dx

,RB E(ψ0) < 0. zV��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.7x, U}O 1 < p 6 1 + 4
N < q < N+2

(N−2)+ 
D	��/j2.+5 4.1 y 1 < p 6 1 + 4
N < q < N+2

(N−2)+ , Y5g/
B}V��f (1.1) Dmq��z�:

G5 :=
{
ψ ∈ H1 : E(ψ) <

r2 − 2

2r2
y25 , ‖∇ψ‖2 < y5

}
,

B5 :=
{
ψ ∈ H1 : E(ψ) <

r2 − 2

2r2
y25 , ‖∇ψ‖2 > y5

}
,
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�ND�7dJ:

f5(y) :=
1

2
y2 − h1y

r2 , (4.3)�m
h1 =

2

4− (N − 2)(q − 1)

[4− (N − 2)(q − 1)

N(q − 1)

]N(q−1)
4 ‖ψ0‖q+1−N(q−1)

2
2

‖Qq‖q−1
2

, r2 =
N(q − 1)

2
> 2.K H�`
 G5 {��z�.f� (2.5) YB, E(ψ0) = E(ψ) < r2−2

2r2
y25 . 
` ‖∇ψ‖2 < y5. A (2.1) YB

E(ψ) =
1

2

∫
|∇ψ|2dx+

1

2

∫
γ|ψ|2
|x|α dx+

1

p+ 1

∫
|ψ|p+1dx− 1

q + 1

∫
|ψ|q+1dx

>
1

2

∫
|∇ψ|2dx− 1

q + 1

∫
|ψ|q+1dx.A (2.8) YB

E(ψ) >
1

2
‖∇ψ‖22 − h1‖∇ψ‖r22 . (4.4)$ ‖∇ψ‖2 = y, RB

f5(y) =
1

2
y2 − h1y

r2 , f ′
5(y) = y − h1r2y

r2−1.:2, f5(y) Bz2�7dJ y5 := ( 1
h1r2

)
1

r2−2 , !
f5max =

r2 − 2

2r2
y25 . (4.5)A)6 E(ψ) < r2−2

2r2
y25 YB

1

2
‖∇ψ‖22 − h1‖∇ψ‖r22 6 E(ψ) <

r2 − 2

2r2
y25 . (4.6)ÆO, $`
 ‖∇ψ‖2 < y5. _65O t0 ∈ (0, T ), >B ‖∇ψ(t0)‖2 = y5. A (4.6) Ya,

r2−2
2r2

y25 <
r2−2
2r2

y25 , �Y. z ‖∇ψ‖2 < y5, R G5 {��z�. m
Y`, B5 1{��z�.A��z�DO9, Y5B.	�;D�%�/.�$ 4.3 y 1 < p 6 1 + 4
N < q < N+2

(N−2)+ , RB
(1) 1 ψ0 ∈ G5 ∪ {0}, V��f (1.1) D; ψ(t, x) O t ∈ [0,+∞) �℄h5O;

(2) 1 ψ0 ∈ B5 ! |x|ψ0 ∈ L2, V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�.K (1) /�-d ψ0 ∈ G5 ∪ {0}, AE G5 D��z�, RV��f (1.1) D; ψ ∈
G5 ∪{0}. EDB ‖∇ψ‖2 < y5. DAÆf 2.1a, V��f (1.1)D; ψ(t, x) O t ∈ [0,+∞)�℄h5O.

(2) A (2.1), (2.5) � (2.7), YB
J ′′(t) = 16E(ψ0) + (4γα− 8γ)

∫ |ψ|2
|x|α dx+

4N(p− 1)− 16

p+ 1

∫
|ψ|p+1dx

− 4N(q − 1)− 16

q + 1

∫
|ψ|q+1dx

= 16E(ψ0) + (4γα− 8γ)

∫ |ψ|2
|x|α dx+

4N(p− 1)− 16

p+ 1

∫
|ψ|p+1dx
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+ [4N(q − 1)− 16]
[
E(ψ0)−

1

2

∫
|∇ψ|2dx− γ

2

∫ |ψ|2
|x|α dx− 1

p+ 1

∫
|ψ|p+1dx

]

= 4N(q − 1)E(ψ0)− [2N(q − 1)− 8]

∫
|∇ψ|2dx+

4N(p− q)

p+ 1

∫
|ψ|p+1dx

− [2N(q − 1)− 4α]

∫
γ|ψ|2
|x|α dx

6 4N(q − 1)E(ψ0)− [2N(q − 1)− 8]

∫
|∇ψ|2dx.D:{ ψ0 ∈ B5, E(ψ0) <

r2−2
2r2

y25 ,
∫
|∇ψ|2dx > y25 , RB

J ′′(t) < 4N(q − 1)
r2 − 2

2r2
y25 − [2N(q − 1)− 8]y25 = 0. (4.7) `V��f (1.1) D;OB�:+ T > 0 	�. v'O
`
.OO
 4.2 D�e
, Æ~6D2�b�V��f (1.1) 	�;Ot=knmE:D�}Qi+!k.

§5 �,��O&�PBAE�mÆ��Mpf�!�_℄D$�, :2Æ8hO.KV��f (1.1) 	�;Dkn�m!. s0f� Himidi � Keraani[26] D.K,  �GKD!�9�jDf�!sI
)D�^;Z�B�:ZD	�;. tO~ [26], ?4/
A Profilei;
�B?DF	B!9�.G$ 5.1 6 {ψn}∞n=1 { H1 D2qB=r, >B
lim sup
n→∞

‖∇ψn‖2 6M, lim sup
n→∞

‖ψn‖2+ 4
N

> m > 0,��, 5O W ∈ H1 � {xn}∞n=1 ⊂ RN , >BWE {ψn}∞n=1 Dzr (-${ {ψn}∞n=1), B
ψn(x+ xn)⇀W 2FlE H1,!
‖W‖2 >

( N

N + 2

)N
4 mN/2+1

MN/2
‖Q‖2.Ze�5��Q := Qq {f�!sI
) (2.9) D_�^;.7x, r.V��f (1.1) 	�;Dkn�m!��m�.�$ 5.1 6 ψ {V��f (1.1) D	�;, 1 < p < q = 1 + 4

N . $ b(t) > 0 {,8�N, ��= t→ T :, b(t)‖∇ψ‖2 → ∞, 4\5O2q x(t) ∈ RN , >B
lim
t→T

∫

|x−x(t)|6b(t)

|ψ(t, x)|2dx >

∫
Q2dx. (5.1)v( GT, = b(t) 6 1

‖∇ψ(t)‖1−θ
2

(0 < θ < 1) :, V��f (1.1) 	�;Dkn�m�{
1

‖∇ψ(t)‖1−θ
2

. 
) lim
t→T

b(t) = 0.
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ρ(n) =

‖∇Q‖2
‖∇ψ(tn, x)‖2

, vn = ρ
N
2
n ψ(tn, ρnx),�m {tn}∞n=1 D2qNr, �� tn → T , ρn := ρ(tn) � vn(x) := v(tn, x). zWE {vn}∞n=1,B

‖vn‖2 = ‖ψ(tn)‖2 = ‖ψ0‖2, ‖∇vn‖2 = ρn‖∇ψ(tn)‖2 = ‖∇Q‖2. (5.2)O9
A(vn) :=

1

2

∫
|∇vn(x)|2dx− 1

q + 1

∫
|vn(x)|q+1dx,RB

A(vn) = ρ2n

(1
2

∫
|∇ψ(tn, x)|2dx− 1

q + 1

∫
|ψ(tn, x)|q+1dx

)

= ρ2n

(
E0 −

1

p+ 1

∫
|ψ(tn, x)|p+1dx− γ

2

∫ |ψ(tn, x)|2
|x|α dx

)
.7x, tO Gagliardo-Nirenberg�F?∫

|ψ(x)|p+1dx 6 C1‖ψ‖p+1−N(p−1)
2

2 ‖∇ψ‖
N(p−1)

2
25�r�D Hardy �F?

∫ |ψ|2
|x|α dx 6 C2‖∇ψ‖α2 ,Y5rV.

|A(vn)| 6 ρ2n

(
|E0|+

γ

2

∫ |ψ(tn, x)|2
|x|α dx+

1

p+ 1

∫
|ψ(tn, x)|p+1dx

)

6
|E0|‖∇Q‖22
‖∇ψ(tn)‖22

+ C̃2
‖∇Q‖22

‖∇ψ(tn)‖2−α2

+ C̃1
‖∇Q‖22

‖∇ψ(tn)‖2−
N(p−1)

2
2

→ 0, n→ ∞.D2�G, B ∫
|vn(x)|q+1dx→ N + 2

N
‖∇Q‖22. (5.3)$ m2+ 4

N = N+2
N ‖∇Q‖22, M = ‖∇Q‖2. O;
 5.1, 5O W ∈ H1, {xn}∞n=1 ⊂ RN , >BWEzr {vn}∞n=1, B
vn(x + xn) = ρ

N
2
n ψ(tn, ρn(x+ xn))⇀W 2FlE H1, (5.4)!

‖W‖2 > ‖Q‖2. (5.5)u8?
b(tn)

ρn
=
b(tn)‖∇ψ(tn)‖2

‖∇Q‖2
→ ∞, n→ ∞,
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lim inf
n→∞

∫

|x|6C

|vn(t, x+ xn)|2dx = lim inf
n→∞

∫

|x|6C

ρNn |ψ(tn, ρnx+ xn)|2dx

= lim inf
n→∞

∫

|x−xn|6Cρn

|ψ(tn, x)|2dx

6 lim inf
n→∞

sup
y∈RN

∫

|x−y|6Cρn

|ψ(tn, x)|2dx

6 lim inf
n→∞

sup
y∈RN

∫

|x−y|6b(tn)

|ψ(tn, x)|2dx.A (5.4) B
lim inf
n→∞

∫

|x|6C

|vn(t, x+ xn)|2dx >

∫

|x|6C

|W (x)|2dx, ∀C > 0,D2�G, B
lim inf
n→∞

sup
y∈RN

∫

|x−y|6b(tn)

|ψ(tn, x)|2dx >

∫
|W (x)|2dx.:{Nr {tn}∞n=1 D,8!, B

lim inf
t→T

sup
y∈RN

∫

|x−y|6b(t)

|ψ(t, x)|2dx >

∫
|W (x)|2dx. (5.6)�#B?, ∀t ∈ [0, T ), �N

f(y) :=

∫

|x−y|6b(t)

|ψ(t, x)|2dxO y ∈ RN �Dk(D, != |y| → +∞ :, B f(y) → 0. z5O2q�N x(t) ∈ RN , >B ∀t ∈ [0, T ), B
sup
y∈RN

∫

|x−y|6b(t)

|ψ(t, x)|2dx =

∫

|x−x(t)|6b(t)

|ψ(t, x)|2dx.N9
 (5.5)–(5.6), YB (5.1).7
_b�V��f (1.1) 	�;O	�:ZmEDF	�m!k,  |ψ(t, x)|2 O	�:ZmEFlE2q δ-�N, !	�;Dkn�mO2J1.�$ 5.2 y
ψ0 ∈ Σ, 1 < p < 1 +

4

N
, q = 1 +

4

N
.1V��f (1.1) D; ψ(t, x) OB�:+ T > 0 	�, ! ‖ψ0‖2 = ‖Q‖2, R5O y0 ∈ RN ,>B

|ψ(t, x)|2 → ‖Q‖22δy0 (5.7)Oi�89
'g.K AO
 5.1 YB, ∀a > 0, B
lim inf
t→T

∫

|x−x(t)|<a

|ψ(t, x)|2dx > ‖Q‖22.
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knI
~ ‖ψ(t)‖22 = ‖ψ0‖22 = ‖Q‖22, Y5rV., ∀a > 0,

lim inf
t→T

∫

|x−x(t)|<a

|ψ(t, x)|2dx = ‖Q‖22.D2�G, B
|ψ(t, x+ x(t))|2 → ‖Q‖22δx=0. (5.8)f� (2.8), ∀β > 0, ∀θ(x): RN 7→ R, YB

A(eiβθψ) >
1

2

∫
|∇(eiβθψ)|2dx

(
1− ‖ψ‖q−1

2

‖Q‖q−1
2

)
= 0.:2

0 6 A(eiβθψ) =
β2

2

∫
|ψ|2|∇θ|2dx− βℑ

∫
ψ∇ψ · ∇θdx +A(ψ),4\B

∣∣∣ℑ
∫
ψ∇ψ · ∇θdx

∣∣∣ 6
(
2A(ψ)

∫
|∇θ|2|ψ|2dx

) 1
2

. (5.9)WE,8D j = 1, 2, · · · , N , tO (5.9) �
A(ψ(t)) 6 E(ψ(t)) = E(ψ0),Y5rV.

∣∣∣ d
dt

∫
|ψ(t, x)|2xjdx

∣∣∣ =
∣∣∣2ℑ

∫
ψ∇ψ∇xjdx

∣∣∣

6 2
(
2E(ψ)

∫
|∇xj |2|ψ|2dx

) 1
2

6 C, 
∣∣∣ d
dt

∫
|ψ(t, x)|2xjdx

∣∣∣ 6 C. (5.10)O (5.10) m�W t �i, YB ∫
|ψ(t, x)|2xjdx 6 Ct.y ts, tr ∈ (0, T ) {,8mqNr, >���

lim
s→∞

ts = lim
r→∞

tr = T,RB
∣∣∣
∫

|ψ(ts, x)|2xjdx−
∫

|ψ(tr , x)|2xjdx
∣∣∣ 6 C|ts − tr| → 0, s, r → ∞.AV�FlwR, Ya

lim
t→T

∫
|ψ(t, x)|2xjdx 5O, ∀j = 1, 2, · · · , N.y
y0 = ‖Q‖−2

2 lim
t→T

∫
|ψ(t, x)|2xdx,
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lim
t→T

∫
|ψ(t, x)|2xdx = y0‖Q‖22. (5.11)\AÆf 2.2 YB, J ′′(t) < 16E(ψ0). z5O2q$N c1, >B∫
|x|2|ψ(t, x)|2dx 6 c1.D2�G, B∫

|x|2|ψ(t, x+ x(t))|2dx 6

∫
|x+ x(t)|2|ψ(t, x+ x(t))|2dx+ |x(t)|2

∫
|ψ(t, x+ x(t))|2dx

6 c1 + |x(t)|2‖ψ0‖22, ∫
|x|2|ψ(t, x+ x(t))|2dx 6 c1 + |x(t)|2‖ψ0‖22. (5.12)NtO (5.8) YB

lim sup
t→T

|x(t)|2‖Q‖22 = lim sup
t→T

∫

|x|61

|x+ x(t)|2|ψ(t, x+ x(t))|2dx

6

∫

RN

|x|2|ψ(t, x)|2dx

6 c1.:2
lim sup
t→T

|x(t)| 6
√
c1

‖Q‖2
. (5.13)9
 (5.12)–(5.13), B

lim sup
t→T

∫
|x|2|ψ(t, x+ x(t))|2dx 6 C.z ∀ε > 0, 5O M0 =M0(ε), >B

lim sup
t→T

∣∣∣
∫

|x|>M0

x|ψ(t, x + x(t))|2dx
∣∣∣ 6 C

M0
< ε.tO (5.8) YB

lim sup
t→T

∣∣∣
∫

|ψ(t, x)|2xdx− x(t)‖Q‖22
∣∣∣ = lim sup

t→T

∣∣∣
∫

|ψ(t, x)|2(x− x(t))dx
∣∣∣

6 lim sup
t→T

∣∣∣
∫

|x|6M0

|ψ(t, x+ x(t))|2xdx
∣∣∣ + ε

6 ε.N9
 (5.11), B lim
t→T

x(t) = y0. :2
lim sup
t→T

∫
|ψ(t, x)|2xdx = ‖Q‖22y0,!

|ψ(t, x)|2 → ‖Q‖22δy0 , t→ TOi�89
'g.
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§6 �,���>7!tOH 5 8D9�, Æ86D2�b�V��f (1.1) 	�;D�� {.H�, AknI
 (2.4) Ya, V��f (1.1) D	�; ψ(t, x) O L2 [+mB=, EDB ψ(t, x) O L2 [+5O2��. �EZ2A<�Y5B.5
9�.�$ 6.1 y ψ0 ∈ Σ, ! ψ(t, x) ∈ C([0, T );H1) D�W=DV��f (1.1) D	�;.= t→ T :, y L { ψ(t, x) O L2 [+mD2��JD�
, RWE,8D W ∈ L, B

‖W‖22 6 ‖ψ0‖22 − ‖Q‖22. (6.1)K )6 {tn}+∞
n=1 D,8D:+&r, != n→ +∞ :, tn → T . $

ψn = ψ(tn, x), b(tn) =
1

‖∇ψn‖1−θ2

,�m 0 < θ < 1. EDAO
 5.1 YB, WE,8D η > 0, B > 0, = n ,i7:, B∫

|x−y(tn)|<B

|ψn|2dx >

∫
Q2dx− η. (6.2)DAO
 5.2 Ya, |y(tn)| DB=D. :2, Y)65O {yn}+∞

n=1 Dzr (-${ {yn}+∞
n=1),>B= n→ +∞ :, 0� y(tn) → 0, 0�5O y ∈ RN , >B y(tn) → y.u8?, = n→ +∞, y(tn) → 0 :, W,8D M > 0, B

ψn ⇀W 2FlE L2(|x| >M),R ∫

|x|>M

|W |2dx 6 lim inf
n→+∞

∫

|x|>M

|ψn|2dx

= lim inf
n→+∞

(∫
|ψn|2dx−

∫

|x|<M

|ψn|2dx
)

= ‖ψ0‖22 − lim sup
n→+∞

∫

|x|<M

|ψn|2dx

6 ‖ψ0‖22 − ‖Q‖22 + η.y η → 0, M → 0, YB (6.1) 'g. 1= n → +∞ :, 5O y ∈ RN , >B yn → y, RWE,8D M1 > 0, B
ψn ⇀W 2FlE L2(|x− y| >M1).EDB ∫

|x−y|>M1

|W |2dx 6 lim inf
n→+∞

∫

|x−y|>M1

|ψn|2dx

= lim inf
n→+∞

(∫
|ψn|2dx−

∫

|x−y|<M1

|ψn|2dx
)

= ‖ψ0‖22 − lim sup
n→+∞

∫

|x−y|<M1

|ψn|2dx

6 ‖ψ0‖22 − ‖Q‖22 + η,y η → 0, M1 → 0, YB (6.1) 'g. `�.
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) (2.9) �^;, 9
�i
[F+U��!�, Y5B?V��f (1.1) DQt=kn	�;D��oH.�$ 6.2 y
ψ0 ∈ H1, 1 < p < q = 1 +

4

N
.)6 ‖ψ0‖2 = ‖Q‖2, !V��f (1.1) D;OB�:+ T > 0 	�, R5O x(t) ∈ RN ,

θ(t) ∈ [0, 2π), >B
ρ

N
2 (t)ψ(t, ρ(t)(x + x(t)))eiθ(t) → Q �FlE H1, t→ T, (6.3)Ze ρ(t) = ‖∇Q‖2

‖∇ψ(t)‖2
.K OO
 5.1 m, B ‖W‖2 > ‖Q‖2. AEO L2 m, vn ⇀W , RB

‖W‖2 6 lim inf
n→∞

‖vn‖2 = ‖ψ0‖2 = ‖Q‖2, B
lim
n→∞

‖vn‖2 = ‖W‖2 = ‖Q‖2,R
vn(x+ xn) →W (x) �FlE L2, n→ ∞.:{ ‖∇vn(x+ xn)‖2 B=, YB
vn(x+ xn) →W �FlE Lq+1, n→ ∞.H 2 �, `
 vn(x+ xn) →W �FlE H1. H�, $0/
y#:

0 = lim
n→∞

A(vn)

=
1

2

∫
|∇Q|2dx− 1

q + 1
lim
n→∞

∫
|vn(x)|q+1dx

=
1

2

∫
|∇Q|2dx− 1

q + 1

∫
|W (x)|q+1dx.:2, A (2.8) Y5rV.

1

2

∫
|∇Q|2dx =

1

q + 1

∫
|W (x)|q+1dx 6

1

2

‖W‖q−1
2

‖Q‖q−1
2

‖∇W‖22

=
1

2
‖∇W‖22.x2
�, A (5.2) Y5B?

‖∇W‖2 6 lim inf
n→∞

‖∇vn(x + xn)‖2 = ‖∇Q‖2.RB ‖W‖H1 = ‖Q‖H1 �
vn(x+ xn) →W �FlE H1, n→ ∞.D2�G, B

A(W ) =
1

2

∫
|∇W (x)|2dx− 1

q + 1

∫
|W (x)|q+1dx = 0.
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‖W‖2 = ‖Q‖2, ‖∇W‖2 = ‖∇Q‖2, A(W ) = 0.tO�^;D�i
[,  B
W (x) = eiθQ(x+ x0), 5O θ ∈ [0, 2π), x0 ∈ R

N�
ρ

N
2
n ψ(tn, ρn(x+ x0)) → eiθQ(x+ x0) �FlE H1, n→ ∞.AE {tn}∞n=1 D,8!Ya, 5Omq�N x(t) ∈ RN � θ(t) ∈ [0, 2π), >B
ρ

N
2 (t)eiθ(t)ψ(t, ρ(t)(x + x(t))) → Q �FlE H1, t→ T.

§7 �,3'; OÆ8m, f�~ [17] D
^r.V��f (1.1) D	�;Ot=kn:D	�Y�
=.�$ 7.1 )6 ψ0 ∈ Σ, 1 < p < q = 1+ 4
N . 1V��f (1.1) D;OB�:+ T > 0	�, �!B

‖ψ0‖2 = ‖Q‖2,R5O2q$N D > 0, >B
‖∇ψ(t)‖2 >

D

T − t
, ∀t ∈ [0, T ). (7.1)K y g ∈ C∞

0 (RN ) {2qflJ��N, ��= |x| < 1 :, B
g(x) := g(|x|) = |x|2,!W,8D x ∈ RN , B
|∇g(x)|2 6 Cg(x).

∀h > 0, O9
gh(x) := h2g

(x
h

)
, Gh(t) :=

∫
gh(x− y0)|ψ(t, x)|2dx,Ze y0 OO
 5.2 4r.O9.f� (5.9), ∀t ∈ [0, T ), YB

∣∣∣ d
dt
Gh(t)

∣∣∣ = 4
∣∣∣ℑ

∫
ψ∇ψ · (x− y0)dx

∣∣∣

= 2
∣∣∣ℑ

∫
ψ∇ψ · ∇gh(x− y0)dx

∣∣∣

6

(
8E0

∫
|ψ(t, x)|2|∇gh(x− y0)|2dx

) 1
2

6 C
√
Gh(t).m�}E t �i, B? ∀t ∈ [0, T ),

|
√
Gh(t)−

√
Gh(tn)| 6 C|t− tn|. (7.2)
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Gh(tn) → ‖Q‖22gh(0) = 0, tn → T.:2, O (7.2) m, y tn → T , B

Gh(t) 6 C(T − t)2.2u, WE2q|OD t ∈ [0, T ), = h→ ∞ :, �#?∫
|x− y0|2|ψ(t, x)|2dx 6 C(T − t)2.N9
/
�F? [43]

(∫
|ψ(t, x)|2dx

)2

6

( ∫
|x− y0|2|ψ(t, x)|2dx

)( ∫
|∇ψ(t, x)|2dx

)
,YB	�Y�
=

‖∇ψ(t)‖2 >
D

T − t
, ∀t ∈ [0, T ).	�"�9�<
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Abstract This paper considers the double power nonlinear Schrödinger equation with

slowly decaying potential possessing multiple physical backgrounds. The invariant manifolds

and sharp thresholds are constructed by analyzing the variational characteristics of the

corresponding nonlinear elliptic equation, mass conservation and energy conservation and

the different range of power exponents. Furthermore, the authors investigate the dynamical

properties of blow-up solutions in the critical mass, including mass concentration, limiting

profile and rate of blow-up solutions based on relevant compactness lemmas.
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