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TCBR AEZRARKR 72 W T P S A B 53 3, 72 Heisenberg A%, Virasoro
fREL. #l Heisenberg-Virasoro fRESFZEAEBR B R MY B P0G, 4 Heisenberg-
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B Hom-ZERBULEH. A SCHFFE ] LS Bl ik — 25 1 8 H b A 26 224080 11 Hom-ZE1R 4K
ZEf LA Sl Heisenberg-Virasoro fUEM H M 454, 7EACH, C BRREFIS, 2. 2 f1
N 43 JSR R B R AR . RN R TR, I AR (a1 == 1)) # e AE C L.

2 FEANHA

AT EBENF Hom-ZEREAFAME R DL S H Heisenberg-Virasoro fUELHY H R #4 FE.

FX 2.1 fEREHER C LRy i%EA], # Heisenberg-Virasoro fU% £ H —4 %
{Lma Ima Ca C/7 C/I | m e Z}, E?ﬁ/@ﬁﬂ?%%ﬁ

3 _

[Lm, Ln] = (TL — m)Lm+n + 5m+n70w0, (21)
[Lons In] = 0l in + Omsn.o(m? —m)C’, (2.2)
[Im, In] = 5m+n70mC”, (23)

[£,C)=[£,C")=[£,C"] =0, VYm,n€eZ. (2.4)

BAR, Virasoro fA# Vir= spanc{L,,,C | m € Z} & L WTRE. £ F 4 4epyr
b 2 = spane{lo, O, C.C"). B, £ H—NERE ZHK, £ = @ Lo, Boft £, =
spang{ L, Im} ® dpm ospanc{C,C’,C"}. e

& C[t,t7'] /& C _LE# Laurent ZIAEL i G K Clt,t7'] LS AR 4
D=tL M G=C{t"D" | me ZneN}, L

gD D = gt (3 (’Z) mi D3 (Zl)m-jD”Jr"l_j).
i—1 j=1

AW RERE G 8yl {t"t"D | m € Z} EMBIEFREL W L /JREER W K
ZHOYTK (™ — Lo, t™D — Ly,).

W21 3CHF5T T #ll Heisenberg-Virasoro fU¥ £ W45 SRR (W [7-13] %), X
[10] %5 T 41 Heisenberg-Virasoro fUEH H Rl # 8.

FIE 2.1 "0 # Heisenberg-Virasoro A% £ BE—HFM 7: L — L HHE M TRR:
7(Ln) = €a"Len + a”(en + d)Len + 0no(ec + d)C" + 5n,o§(c2 —d*)c”,

7(I,) = a"bly + 6n,0b[(1 — €)C" — (ec + ed)C"],
7(C) = eC — 24ecC’ — 12ec*C”,

7(C") = ebC" + ebeC”,

7(C") = eb?*C”, Vn € Z,

Hra,beC* ¢,deC, e {£1}.

TE3C [2] H, Hartwig EFF o-3F0F58 Witt /RERT Virasoro R AR FRIS AT, A
BT — 2 R I TFRA o-H1 Jacobi R ATAELE G REL FRZ 8 Hom-ZEUEL
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FM 227 —4 Hom-ZERE (L, o) hE—NIEGEEMRE (L, ) BE—MREFAS
o:L— L, ARWTRARA:

(1) [it,y] = —[y,x];
(2) [0($), [yv Z]] + [U(y)7 [Z, x]] + [U(Z), [ﬁvy]] =0,
Vz,y,z € L.

2.1 MBATHE Hom-ZEEL (L, 0) B, BRI 0 # 0. 24 o = id B, Hom-ZL%L
S 2RO, XA AR Hom-22AR8 (L, id) F FLi.
8 2.2 0 Virasoro /UL Vir FEE—IEFHFZ o : Vir — Vir #H M TER:
(L) = %a"L;m 4 5,1,0%0,
o(C) =kC, VnecZ,
Hi keZ*, acC.

FIH 2.3 Virasoro ¥ Vir EE— Hom-Z2UELE M (Vir, o) B2 T L, B

o =1d.

ZASCE L 7 7E . Heisenberg-Virasoro fCEH) H | 224, #1145 41l Heisenberg-Virasoro
RECEFTE B Hom-ZE %4514

3 3 Heisenberg-Virasoro {# £ B9BEEZ
AV EEHE T Z2ZAE W (O Heisenberg-Virasoro fCE1) #y H A1 Z5FF, M
—15-%]# Heisenberg-Virasoro fUEL £ B H [F] &5 3F.
5138 3.1 YW ML—FEFHFZ ¢ W - W HHH TR
o(Ly) = %a”Lkn +a"(en + d) Iy, (3.1)

o(l,) =a"bly,, Yné€lZ, (3.2)
HAr kecZ a,b,c,deC, a#0.

W BR, ¢ B—PEARE
RZ, %o ZZERB W WE— B R, RiEeE 2.2 RFEREH, Tk
1
@(In) = gndin, (34)

HkeZ*, acC* fu,gn€C, Vnel.
(i) & fr. EEE
@([Lma Ln]) = [@(Lm)a @(Ln)]a (3'5)
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BT
@([Lim, Ln]) = (n = m)(Lim+n)
=(n—m) (%am+"Lkm+kn + fm+nfkm+1m)
= (0= M)A L+ (0= ) T
(oL #lLa)] = [10™ Lian + fnTims 10" Li + fulin]
_ %WM[LW, Lin] + %am FulLioms Ton] + %a" FoulTerms Lion]
_ %am’L”(n — ) Lo+ @™ fou Dt — @10 fo T
= %(n —m)a™ " L igen + (@10 fr — a"m fin) Ikt kn,
Y& (3.5) A2
(1~ 1) fsn = ™ fo — " f (3.6)
TE (3.6) XHFHE m =1, 55
(n— 1) foss = nafu—a" fi. (3.7)
(3.7) RKAEFFBFBRLL (n — Dna ™, 15 2]
fovr __ fnh
na '~ n—Da®  n(n—Da’
Nii]
Fo = a(cn + d), (3.8)
HAr e, deC.
(i) T3 gn. EEE]
@([Lms In]) = [o(Lm), o(In)]; (3.9)
T
O([Lm, In]) = no(Im+n) = ngm+nlem+in,
(oL o(I)] = [ L + 0™ (e + d) i, g o]
_ %amgn[Lkm,Ikn] S
RE (3.9) A2
Gmtn = " gn, (3.10)
Ni]
gn = a"b. (3.11)

B (3.8) 2. (3.11) RAMBEA (3.3) &L (3.4) =, EIEIEE] (3.1) A (3.2) . it

FHIE.
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FIE 3.1 4 Heisenberg-Virasoro U L WE—IEFZHFE o AR TR

¢(Ln) = %anLkn +a"(en + d)Ign + dny0 2_4:20
+ 6n0(ck +d)C" + 5n,0§(c2 —d*Hc”, (3.12)
(1) = a"bly + 6,0b((1 — k)C" — (ke + kd)C"), (3.13)
©(C) = kC — 24kcC’ — 12kc*C", (3.14)
©(C") = kbC’ + kbeC”, (3.15)
o(C") = kb?*C", Vn€Z, (3.16)

HArkeZ, a,b,e,dc C, a+#0.

E % ¢ &4 Heisenberg-Virasoro fC&L £ fE—HEZ, m1513E 3.1 A1, 24 n # 0 B,

PlLn) = 10" Ly + " (en + ), (3.17)
o(In) = a"blym, Vn €7, (3.18)
HAr ke, a,bc,deC, a#0.
T EETE o 75 Lo LB
(i) 73 (Lo), ¢(C). EEE
P([L—m, Lm]) = [p(L-m), (Lm)]; (3.19)
T
(O(L ), (L] = {%a‘mL_km +a ™ (em + d) ], %a‘mL_km a ™ (em + d)
= %[L_km, L] + %(cm + d)[L_km Trm] + %(cm + ) [I_fm» L]

+ (—em+d)(em + A)[I—km, Lgm)
km — k3m3
12
(—em + d)(—=kmIo + (K*m? — km)C")

1
3 (kaLo +

1
- - C’) + —(em -+ d)(kmo + (Km? + km)C")
1

k
( em + d)(em + d)(—kmC")

_1.2,,,3
- k Lo + 2dmlIy + #C + 2(ckm? + dm)C’ + (km® — d*km)C",
3
m—m
P([L-m, Lim]) = 2mp(Lo) + ¢(0),

12
RYE (3.19) 5, 551

2 —k
TmL0 +2dmly + mTc + 2(ckm?® + dm)C’ + (Pkm? — d®km)C"

m—m
12

= 2my(Lo) + o(C). (3.20)
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4 (3.20) Xt m = 1, 155
_ 1.2
¢(Lo) = %Lo +dly + %c + (ck +d)C" + %(c% — d*k)C".
¥ (3.21) K EMLE] (3.20) Ko, AL fRI5Z]
©0(C) = kC — 24ckC’ — 12%kC".
(it) 5 ©(lo), p(C"). EEZ]

O([L—m; Im]) = [p(L—m), p(In)],

HT
1
[(Lm), p(I)] = [Ea_mL_km +a™(—cm + d)_gm, ambfkm}
1
= Eb[L—kma Ikm] + (—cm + d)b[—[—kma Ik'm]

= %b(km]o + (K*m? + km)C") + (—em + d)b(—km)C”
= bmlIy + (kbm? 4+ bm)C’ + (kbem? — kbdm)C”,
P([Lom, Im]) = mp(Lo) + (m? +m)p(C"),
R (3.23) K, TG
bmIy + (kbm? + bm)C’ + (kbem? — kbdm)C" = mep(Io) + (m? +m)p(C").
4 (3.24) Kt m = —1, 155
@(lo) = by + (—kb + b)C" + (—kbe — kbd)C".
¥ (3.25) A BIRE (3.24) 3K, AL TRSE]
o(C") = kbC' 4 kbeC".
(ili) 5 o(C"). EEEF]
(I, I-m]) = [p(Im), e(I-m)];
A
me(C") = [p(Im), p(I-m)]-
4 (3.28) Xt m = 1, TEAHE
PC) = (0o I1)] = . T1]) = [abl T 1] = Wl 1] = RPC.

4 % Heisenberg-Virasoro X% £ L Hom-FER L

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

AT FEE 45 . Heisenberg-Virasoro A% £ E Hom-Z2REZEH, BIEIHe T .On

1 Heisenberg-Virasoro {3 W = Hom-ZSACE 4544
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EHE 4.1 MFIEH ORI Heisenberg-Virasoro {3 W, 15 (W, o) J2—4 Hom-2Z=
%
o(Ln) = Ly, + dI,,,
o(l,) =1, Vnez,
b d e C. ik, 2B W EFEAEIRT LR Hom-ZEA 45
W HEIE 3L A, W ERARFS o FUTERA:
o(Ly) = %a”L,m +a"(en + d) In,
o(I,) =a"bly,, VneZzZ,
HArkeZ, a,b,e,dc C, a+#0.
HA W BZREL BrUSHERER r, s,t € Z, o-H Jacobi ZER A K
[0(Lr), [Ls, Le]] + [0(Ls), [Le, Lr]] + [o(Le), [Lr, Ls]] = 0, (4.1)
[0(Ly), [Ls, Ie]] + [0(Ls), e, Le]] + [0(1t), [Ly, Ls]] = 0, (4.2)
[0(Ly), s, Ie]] + [0(Ls), e, Le]] + [0(Lt), [Lyr, 15]] = 0, (4.3)
[o(L), s, Ie]] + [o(Ls), [T1; Io]] + [o(L2), [T, 15]] = O, (4.4)

He
[0(L,), [Ls, Li)] = [%ML,W a"(er + d) s (t — 8) Dose

= —a"(t — 8)[Lir, Lstt] + a" (t — 8)(er + &) [Lir, Ts+t]

1
= —ar(t — S)(S +t— kT)LkT+s+thr+s+t — arkr(t — S)(CT + d)IkT+s+t

k

= %ar (t* — 8% — krt 4+ krs) Lyt o1t
—a"k(er*t +drt — cr®s — drs)Ipry st (4.5)

[0(Ls), [Le, L)) = %GS(T‘Q — 1% — krs + kst) Lyst4r
— a®k(crs® + drs — cst — dst) Iysy s, (4.6)

[0(L¢), [Ly, L)) = %at(s2 — 1% — kst 4 krt) Lyt oy s
— a'k(cst? 4+ dst — crt? — drt) I prys, (4.7)
(0(Lo), (Lo, 1] = %JL,W Fa(er + d) i, 1] = %ar(st ) s, (4.8)
(0(Ls), [y, L] = :%QSL,M + a®(cs + d) Is, _tLﬂH} - _%asw ) g tirs (4.9)
[0(1;), Ly, Ls]] = [a*bIxs, (5 — 1) Loy ] = a'bkt(r — 8)Ixsirss, (4.10)
(o (Lo), (L, 1] = %JL,W T (er + )T, 0] =0, (4.11)
[0(L,), (1, Lo]] = [a°bIs, —tTrre] = —a®bt[Ts, Iose] = O, (4.12)
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[0(It), [Lr, I]] = [a'blgt, sIry 5] = a'bs[Ipe, Iry 5] = 0, (4.13)
lo(1r), [Ls; It]] = [o(Ls), [It, I]] = [o(Lt), [Ir, Is]] = 0. (4.14)

W (4.5)-(4.14) ALN (4.1)—(4.4) R, BIF r,s, ¢ BAFEBEL BRI r=1,s =2, =3,

M (4.1) AT (4.2) AR

%a( k) Liys + 2@ (4k — 8) Lo s + ;a (3 — 3k) Lass

—a(c+ d)kIyys + 4a*(2c + d)kIzys — 303 (3¢ + d)kIzpy3 = 0,

15a 12a2
le+5 + 3 —— Dopya + 3agbklsii3 = 0.

T k€ Z*, Li, L;(i € Z) ZF&TC, WA k= 1. AR5
(4a — 4a®)Le + [—a(c + d) + 4a*(2¢ + d) — 3a® (3¢ + d)]I = 0,
(15a — 12a* — 3a3b)Is = 0,

ik &
da — 4a®> =0,
—a(c+d) + 4a*(2c+ d) — 3a®(3c +d) = 0,
15a — 12a® — 3a3b = 0.
BT a0, HAMEE a=10=1,c=0, FHlt
o(Ly) = L, + dI,,
o(Iy) = In, ¥neZ,

HrrdeC.
#Ei® 4.1 X T4 Heisenberg-Virasoro {81 £, 412R (£, 0) Z—1 Hom-Z={EL, M
o(Ly) = Lyp + dI, + 6,,0dC" — 6, d;C”,
o(I) = I — dn0dC",
o(C) =0,
o(C) =",
o(C") =C", Vnel,

H d e C. W2, #l Heisenberg-Virasoro AU EF-7EIE - LAY Hom-ZER 5454,
1—k?

1
O'(Ln):EanLkn_Fa (Cn+d>Ikn+5n0 24k c

+ 5n,0(01€ + d)OI + 571,0;(02 _ d2)OH7
o(I,) =a"bl, + §n70b((1 _ k)Cl ~ (ke + kd)c//)7
U(C) = kC — 24kcC’ — 12]%20//7



3 3

SRERER EICE X R Hom-ZUHEEH 307

o(C") = kbC" + kbeC",
o(C") = kb*C", Vn €7,

HArkeZ, a,b,e,dc C, a+#0.

WEECH 4183 k=1,a=1,b=1,c =0, N\ Heisenberg-Virasoro & I

AEF LY Hom-ZEE 2544
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Abstract Hom-Lie algebra is an anticommutative algebra with a multiplication such that
the Hom-Jacobi identity holds. The twisted Heisenberg-Virasoro algebra L is the universal
central extension of the Lie algebra W of differential operators of order at most one, which is
connected with certain moduli spaces of curves. This paper mainly determines all Hom-Lie
algebra structures on the twisted Heisenberg-Virasoro algebra £ and gets some nontrivial

Hom-Lie algebra structures on L.
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