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300 S � ( � A a 41 ~W� Hom-�$RrN. �mz���Cw��810X}P�$RB, Hom-�$RrN�* Heisenberg-Virasoro $R,0XrN. *�m<, C K�KDR#, Z�Z∗ W
N B�K4Rb���4RbW�E4Rb, W�,$R (���j) 51�* C B.

2 �R�o�qA�uD Hom-�$R,_�G)�* Heisenberg-Virasoro$R,IN:.Z~ 2.1 [7] PiDR# C B,���j, * Heisenberg-Virasoro $R L ��N_
{Lm, Im, C, C′, C′′ | m ∈ Z}, 4�L�uPtI:

[Lm, Ln] = (n−m)Lm+n + δm+n,0
(m3 −m)

12
C, (2.1)

[Lm, In] = nIm+n + δm+n,0(m
2 −m)C′, (2.2)

[Im, In] = δm+n,0mC′′, (2.3)

[L, C] = [L, C′] = [L, C′′] = 0, ∀m,n ∈ Z. (2.4)w;, Virasoro $R Vir= spanC{Lm, C | m ∈ Z} L L ,G$R. L � 4 j,<� Z = spanC{I0, C, C
′, C′′}. H, L ��JI;, Z-B�, L =

⊕

m∈Z

Lm, 0< Lm =

spanC{Lm, Im} ⊕ δm,0spanC{C,C
′, C′′}.E C[t, t−1] L C B, Laurent 8~I$R, f G i C[t, t−1] B,gBUG�$R. �

D = t d
dt , , G = C{tmDn | m ∈ Z, n ∈ N}, �L

[tmDn, tm1Dn1 ] = tm+m1

(

n
∑

i=1

(

n

i

)

mi
1D

n+n1−i −

n1
∑

j=1

(

n1

j

)

mjDn+n1−j
)

.� W i�$R G ,� {tm, tmD | m ∈ Z} F�,�G$R, , L ���PL W ,?<��. (tm → Im, tmD → Lm).
8�mz�* Heisenberg-Virasoro $R L ,rN!�KÆ� (m [7–13] .). m
[10] K��* Heisenberg-Virasoro$R,IN:.Zf 2.1 [10] * Heisenberg-Virasoro$R L ,=�IN τ : L → L 5��u�I:

τ(Ln) = εanLεn + an(cn+ d)Iεn + δn,0(εc+ d)C′ + δn,0
ε

2
(c2 − d2)C′′,

τ(In) = anbIεn + δn,0b[(1− ε)C′ − (εc+ εd)C′′],

τ(C) = εC − 24εcC′ − 12εc2C′′,

τ(C′) = εbC′ + εbcC′′,

τ(C′′) = εb2C′′, ∀n ∈ Z,0< a, b ∈ C∗, c, d ∈ C, ε ∈ {±1} .*m [2] <, Hartwig .�� σ-(Gz Witt $RW Virasoro$R,�
Æ�H, uD����L<6�W σ-* Jacobi .I,�rY$R, �9i Hom-�$R.



3 / ��' eny ��4 Hom-�%SsO 301Z~ 2.2 [2] �J Hom-�$R (L, σ) |L�J�rY$R (L, [, ]) ��J$R[
σ : L → L, 4�L�uPtI:

(1) [x, y] = −[y, x];

(2) [σ(x), [y, z]] + [σ(y), [z, x]] + [σ(z), [x, y]] = 0,

∀x, y, z ∈ L.� 2.1 'p ℄� Hom-�$R (L, σ) H, KiE σ 6= 0. ' σ = id H, Hom-�$R|La�,�$R, 2H�� Hom-�$R (L, id) i,:,.Zf 2.2 [5] Virasoro $R Vir B,=���I[ σ : Vir → Vir 5��u�I:

σ(Ln) =
1

k
anLkn + δn,0

1− k2

24k
C,

σ(C) = kC, ∀n ∈ Z,0< k ∈ Z∗, a ∈ C∗.Zf 2.3 [6] Virasoro $R Vir B,=� Hom-�$RrN (Vir, σ) 5L,:,, d
σ = id.�maU81*Heisenberg-Virasoro$R,I[℄,w9K�*Heisenberg-Virasoro$RBW�, Hom-�$RrN.

3 l Heisenberg-Virasoro Xq L Y	ur�qOv81��$R W (q<�* Heisenberg-Virasoro $R) ,I[℄,  9w��+)* Heisenberg-Virasoro$R L ,I[℄.�f 3.1 �$R W =���I[ ϕ : W → W 5��u�I:

ϕ(Ln) =
1

k
anLkn + an(cn+ d)Ikn, (3.1)

ϕ(In) = anbIkn, ∀n ∈ Z, (3.2)0< k ∈ Z
∗, a, b, c, d ∈ C, a 6= 0.� w;, ϕ L�J�$R[.<9, E σ L�$R W ,=�I[, L}1Æ 2.2 l&)U, �E

ϕ(Ln) =
1

k
anLkn + fnIkn, (3.3)

ϕ(In) = gnIkn, (3.4)0< k ∈ Z
∗, a ∈ C

∗, fn, gn ∈ C, ∀n ∈ Z.

(i) eU fn. E�)
ϕ([Lm, Ln]) = [ϕ(Lm), ϕ(Ln)], (3.5)
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ϕ([Lm, Ln]) = (n−m)ϕ(Lm+n)

= (n−m)
(1

k
am+nLkm+kn + fm+nIkm+kn

)

=
1

k
(n−m)am+nLkm+kn + (n−m)fm+nIkm+kn,

[ϕ(Lm), ϕ(Ln)] =
[1

k
amLkm + fmIkm,

1

k
anLkn + fnIkn

]

=
1

k2
am+n[Lkm, Lkn] +

1

k
amfn[Lkm, Ikn] +

1

k
anfm[Ikm, Lkn]

=
1

k
am+n(n−m)Lkm+kn + amnfnIkm+kn − anmfmIkm+kn

=
1

k
(n−m)am+nLkm+kn + (amnfn − anmfm)Ikm+kn,L} (3.5) I+)
(n−m)fm+n = amnfn − anmfm. (3.6)* (3.6) I<7 m = 1, +)

(n− 1)fn+1 = nafn − anf1. (3.7)

(3.7) IO��	�� (n− 1)nan+1, +)
fn+1

nan+1
=

fn

(n− 1)an
−

f1

n(n− 1)a
, 9

fn = an(cn+ d), (3.8)0< c, d ∈ C.

(ii) eU gn. E�)
ϕ([Lm, In]) = [ϕ(Lm), ϕ(In)], (3.9)� 

ϕ([Lm, In]) = nϕ(Im+n) = ngm+nIkm+kn,

[ϕ(Lm), ϕ(In)] =
[ 1

k
amLkm + am(cm+ d)Ikn, gnIkn

]

=
1

k
amgn[Lkm, Ikn] = amngnIkm+kn.L} (3.9) I+)
gm+n = amgn, (3.10) 9

gn = anb. (3.11)o (3.8) I�(3.11) IB$A (3.3) I�(3.4) I, d�+) (3.1) IW (3.2) I. r�+6.



3 / ��' eny ��4 Hom-�%SsO 303Zf 3.1 * Heisenberg-Virasoro$R L ,=���I[ ϕ 5��u�I:

ϕ(Ln) =
1

k
anLkn + an(cn+ d)Ikn + δn,0

1− k2

24k
C

+ δn,0(ck + d)C′ + δn,0
k

2
(c2 − d2)C′′, (3.12)

ϕ(In) = anbIkn + δn,0b((1− k)C′ − (kc+ kd)C′′), (3.13)

ϕ(C) = kC − 24kcC′ − 12kc2C′′, (3.14)

ϕ(C′) = kbC′ + kbcC′′, (3.15)

ϕ(C′′) = kb2C′′, ∀n ∈ Z, (3.16)0< k ∈ Z∗, a, b, c, d ∈ C, a 6= 0.� E ϕ L* Heisenberg-Virasoro$R L ,=�I[, ��Æ 3.1 8, ' n 6= 0 H,

ϕ(Ln) =
1

k
anLkn + an(cn+ d)Ikn, (3.17)

ϕ(In) = anbIkn, ∀n ∈ Z, (3.18)0< k ∈ Z∗, a, b, c, d ∈ C, a 6= 0.u"A�eU ϕ * L0 B,�.

(i) eU ϕ(L0), ϕ(C). E�)
ϕ([L−m, Lm]) = [ϕ(L−m), ϕ(Lm)], (3.19)� 

[ϕ(L−m), ϕ(Lm)] =
[1

k
a−mL−km + a−m(cm+ d)I−km,

1

k
a−mL−km + a−m(cm+ d)I−km

]

=
1

k2
[L−km, Lkm] +

1

k
(cm+ d)[L−km, Ikm] +

1

k
(cm+ d)[I−km, Lkm]

+ (−cm+ d)(cm+ d)[I−km, Ikm]

=
1

k2

(

2kmL0 +
km− k3m3

12
C′

)

+
1

k
(cm+ d)(kmI0 + (k2m2 + km)C′)

−
1

k
(−cm+ d)(−kmI0 + (k2m2 − km)C′)

+ (−cm+ d)(cm+ d)(−kmC′′)

=
2m

k
L0 + 2dmI0 +

m− k2m3

12k
C + 2(ckm3 + dm)C′ + (c2km3 − d2km)C′′,

ϕ([L−m, Lm]) = 2mϕ(L0) +
m−m3

12
ϕ(C),L} (3.19) I, +)

2m

k
L0 + 2dmI0 +

m− k2m3

12k
C + 2(ckm3 + dm)C′ + (c2km3 − d2km)C′′

= 2mϕ(L0) +
m−m3

12
ϕ(C). (3.20)
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ϕ(L0) =

1

k
L0 + dI0 +

1− k2

24k
C + (ck + d)C′ +

1

2
(c2k − d2k)C′′. (3.21)o (3.21) I^$) (3.20) I<, \l+)

ϕ(C) = kC − 24ckC′ − 12c2kC′′. (3.22)

(ii) eU ϕ(I0), ϕ(C
′). E�)

ϕ([L−m, Im]) = [ϕ(L−m), ϕ(Im)], (3.23)� 
[ϕ(L−m), ϕ(Im)] =

[ 1

k
a−mL−km + a−m(−cm+ d)I−km, ambIkm

]

=
1

k
b[L−km, Ikm] + (−cm+ d)b[I−km, Ikm]

=
1

k
b(kmI0 + (k2m2 + km)C′) + (−cm+ d)b(−km)C′′

= bmI0 + (kbm2 + bm)C′ + (kbcm2 − kbdm)C′′,

ϕ([L−m, Im]) = mϕ(I0) + (m2 +m)ϕ(C′),L} (3.23) I,  L+)
bmI0 + (kbm2 + bm)C′ + (kbcm2 − kbdm)C′′ = mϕ(I0) + (m2 +m)ϕ(C′). (3.24)� (3.24) I< m = −1, +)

ϕ(I0) = bI0 + (−kb+ b)C′ + (−kbc− kbd)C′′. (3.25)o (3.25) I^$) (3.24) I, \l+)
ϕ(C′) = kbC′ + kbcC′′. (3.26)

(iii) eU ϕ(C′′). E�)
ϕ([Im, I−m]) = [ϕ(Im), ϕ(I−m)], (3.27)d
mϕ(C′′) = [ϕ(Im), ϕ(I−m)]. (3.28)� (3.28) I< m = 1,  L+)

ϕ(C′′) = [ϕ(I1), ϕ(I−1)] = ϕ([I1, I−1]) =
[

abIk,
b

a
I−k

]

= b2[Ik, I−k] = kb2C′′. (3.29)r�+6.

4 l Heisenberg-Virasoro Xq L n Hom-hXq^�qA�K�* Heisenberg-Virasoro$R L B Hom-�$RrN, Ov℄�q<�,* Heisenberg-Virasoro$R W B Hom-�$RrN.



3 / ��' eny ��4 Hom-�%SsO 305Zf 4.1 6 q<�,* Heisenberg-Virasoro$R W , �T (W,σ) L�J Hom-�$R, ,
σ(Ln) = Ln + dIn,

σ(In) = In, ∀n ∈ Z,0< d ∈ C. �|LT, �$R W B!*�,:, Hom-�$RrN.� ��Æ 3.1 8, W ,��I[ σ ��u�I:

σ(Ln) =
1

k
anLkn + an(cn+ d)Ikn,

σ(In) = anbIkn, ∀n ∈ Z,0< k ∈ Z∗, a, b, c, d ∈ C, a 6= 0.�i W L�$R, W�6=�, r, s, t ∈ Z, σ-* Jacobi .I
i
[σ(Lr), [Ls, Lt]] + [σ(Ls), [Lt, Lr]] + [σ(Lt), [Lr, Ls]] = 0, (4.1)

[σ(Lr), [Ls, It]] + [σ(Ls), [It, Lr]] + [σ(It), [Lr, Ls]] = 0, (4.2)

[σ(Lr), [Is, It]] + [σ(Is), [It, Lr]] + [σ(It), [Lr, Is]] = 0, (4.3)

[σ(Ir), [Is, It]] + [σ(Is), [It, Ir]] + [σ(It), [Ir , Is]] = 0, (4.4)0<
[σ(Lr), [Ls, Lt]] =

[1

k
arLkr + ar(cr + d)Ikr , (t− s)Ls+t

]

=
1

k
ar(t− s)[Lkr, Ls+t] + ar(t− s)(cr + d)[Ikr , Is+t]

=
1

k
ar(t− s)(s+ t− kr)Lkr+s+tLkr+s+t − arkr(t− s)(cr + d)Ikr+s+t

=
1

k
ar(t2 − s2 − krt+ krs)Lkr+s+t

− ark(cr2t+ drt − cr2s− drs)Ikr+s+t , (4.5)

[σ(Ls), [Lt, Lr]] =
1

k
as(r2 − t2 − krs+ kst)Lks+t+r

− ask(crs2 + drs− cs2t− dst)Iks+t+r , (4.6)

[σ(Lt), [Lr, Ls]] =
1

k
at(s2 − r2 − kst+ krt)Lkt+r+s

− atk(cst2 + dst− crt2 − drt)Ikt+r+s, (4.7)

[σ(Lr), [Ls, It]] =
[1

k
arLkr + ar(cr + d)Ikr , tIs+t

]

=
1

k
ar(st+ t2)Ikr+s+t, (4.8)

[σ(Ls), [It, Lr]] =
[1

k
asLks + as(cs+ d)Iks,−tIr+t

]

= −
1

k
as(rt+ t2)Iks+t+r , (4.9)

[σ(It), [Lr, Ls]] = [atbIkt, (s− r)Lr+s] = atbkt(r − s)Ikt+r+s, (4.10)

[σ(Lr), [Is, It]] =
[1

k
arLkr + ar(cr + d)Ikr , 0

]

= 0, (4.11)

[σ(Is), [It, Lr]] = [asbIks,−tIr+t] = −asbt[Iks, Ir+t] = 0, (4.12)
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[σ(It), [Lr, Is]] = [atbIkt, sIr+s] = atbs[Ikt, Ir+s] = 0, (4.13)

[σ(Ir), [Is, It]] = [σ(Is), [It, Ir]] = [σ(It), [Ir, Is]] = 0. (4.14)o (4.5)–(4.14) I$A (4.1)–(4.4) I, � r, s, t L=�4R, ^07 r = 1, s = 2, t = 3,, (4.1) IW (4.2) I
i
1

k
a(5− k)Lk+5 +

1

k
a2(4k − 8)L2k+4 +

1

k
a3(3− 3k)L3k+3

− a(c+ d)kIk+5 + 4a2(2c+ d)kI2k+4 − 3a3(3c+ d)kI3k+3 = 0,

15a

k
Ik+5 +

12a2

k
I2k+4 + 3a3bkI3k+3 = 0.� k ∈ Z∗, Li, Ii(i ∈ Z) L_$, ,�� k = 1. H+)

(4a− 4a2)L6 + [−a(c+ d) + 4a2(2c+ d)− 3a3(3c+ d)]I6 = 0,

(15a− 12a2 − 3a3b)I6 = 0,�|L














4a− 4a2 = 0,

−a(c+ d) + 4a2(2c+ d)− 3a3(3c+ d) = 0,

15a− 12a2 − 3a3b = 0.� a 6= 0, p +) a = 1, b = 1, c = 0, ��
σ(Ln) = Ln + dIn,

σ(In) = In, ∀n ∈ Z,0< d ∈ C.wi 4.1 6 * Heisenberg-Virasoro$R L, �T (L, σ) L�J Hom-�$R, ,
σ(Ln) = Ln + dIn + δn,0dC

′ − δn,0
d2

2
C′′,

σ(In) = In − δn,0dC
′′,

σ(C) = C,

σ(C′) = C′,

σ(C′′) = C′′, ∀n ∈ Z,0< d ∈ C. �|LT, * Heisenberg-Virasoro$RB!*�,:, Hom-�$RrN.� �1Æ 3.1 8, L ,��I[ σ ;��u�I:

σ(Ln) =
1

k
anLkn + an(cn+ d)Ikn + δn,0

1− k2

24k
C

+ δn,0(ck + d)C′ + δn,0
k

2
(c2 − d2)C′′,

σ(In) = anbIkn + δn,0b((1− k)C′ − (kc+ kd)C′′),

σ(C) = kC − 24kcC′ − 12kc2C′′,
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σ(C′) = kbC′ + kbcC′′,

σ(C′′) = kb2C′′, ∀n ∈ Z,0< k ∈ Z∗, a, b, c, d ∈ C, a 6= 0.L}1Æ 4.1 +) k = 1, a = 1, b = 1, c = 0,  9+)* Heisenberg-Virasoro $RB�,:, Hom-�$RrN. U � d � x � z
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Abstract Hom-Lie algebra is an anticommutative algebra with a multiplication such that

the Hom-Jacobi identity holds. The twisted Heisenberg-Virasoro algebra L is the universal

central extension of the Lie algebra W of differential operators of order at most one, which is

connected with certain moduli spaces of curves. This paper mainly determines all Hom-Lie

algebra structures on the twisted Heisenberg-Virasoro algebra L and gets some nontrivial

Hom-Lie algebra structures on L.
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