
2 � b � A Z
2020, 41(3):331–356

DOI: 10.16205/j.cnki.cama.2020.0024� v 
 &g � " L ? � } � iW 8 P � C � d℄ " � � � y Gn : { L ? � ' � �" q s ∗� � � 1Ym !
R?�n>qq~Gxlaj�:`X�=T loSa("�< ldL�xkoSao2*(A{�{a�n.℄CRa*�5: Lions Z2�qq�k��.℄ Ekeland "KT�_\�=s=T�PgK1�P8!
("z�~KdL>("�6 - ���<�zaj�:u2dL�u℄(1Ky6���805W�1<� j�:`X��n loS�=T�PgK1�qq�k��� Ekeland"�j�:u2
MR (2000) �\-E 93E20, 60H10	^*-E O232af��K Aa|�3 1000-8314(2020)03-0331-26

1 p � lVQ>i�9{E�9`<S\8nR`1X	;O��i�9X�MEu��QO7 	\.X`o��^&tBQ���i�\r�g`���0�59�#rCE��R9��h0��>�9�=>�H��
� Lasry = Lions[1] ~Æ?'r�`'Æ`1�X���&59\r��z�?����a=t10Jo`�xK�+AQ'��p�� Buckdahn, Djehiche, Li = Peng[2] Q 	'!I-`i�9K�^[?'r�`W�<S\��C —— i�9W�<S\��C�AQ`'�k4?O>`�[L$i�9_W�<S\��C�T` 	�6�� Buckdahn, Li = Peng[3]Q�gh�paV?i�9W�<S\��Cz`NQ℄'��^[?i�9`	y� Feynman-Kac("�Li[4]  9<r�� 	?��i�9W�<S\��Cz`NQ��p7?��i�9W�<S\��C=	y�eh	�,f\��C`'!X�Kk`,n��xi�9<S
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Bensoussan, Frehse = Yam[13], Buckdahn, Li, Peng = Rainer[14], Cardaliaguet, Delarue,

Lasry = Lions[15], Chassagneux, Crisan = Delarue[16].D'�T� Ji = Zhou[17] �H?Q}Fwk`<S�ko`'!(�K�^_�<S\��C`pp}F+w�'!U[�49 El Karoui, Peng = Quenez[18] ~Æ`pp~j���= Bielecki, Jin, Pliska= Zhou[19]  9`td���J!`�knR�t�	A'!HM`W�nR�49 Ekeland !�JS (m [20]), �[^[?Qpp}Fwk`
;�k`<S
OfJ0�Wei[21] Qi�9"jp�H?.9`�kK��%hE`%�Qa [21] owjnR`n1)'�z`l[�{(%z`�)�u�vb�<S\��m�CQAxCElM�g�F[��Q�!R�oXH�!`1X=Q��oXHQ t ��`T�y�Q\�u#o�Vqf X(t), �mf X(t− δ) = X(t) QY!�kr`i�flM7}[ t ��`U<>�<S\��m�C`
;�kK,��Ax�[� 	�0ma [22–27]. 
�Wen = Shi[28] ^[?=Q>pp}Fwk`<S\��m�Cwj`<S�kK`'!
OfJ0�+
Wen = Shi[28] -\ Lions[9] '��p���a 	=Q>pp}Fwk`'Æi�9_W�<S\��m�C�wj`'!
;�kK��M&4�eQ�HpT`i�9_W�<S�mnR�t�$h` u ∈ Uad[0, T ],



dXt = b(t,Πt, ut, PΠt

)dt+ σ(t,Πt, ut, PΠt
)dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0],
(1.1)




−dYt = f(t,Λt, ut, PΛt

)dt− ZtdWt, t ∈ [0, T ],

YT = Φ(XT , PXT
),

(1.2)\3 ϕt%h2Q [−δ, 0]`'!$h`:�:1
Πt = (Xt, At, Bt), Λt = (Xt, At, Bt, Yt,

Zt); Pξ $#<S!> ξ `�)� Uad[0, T ] `h2= b, σ, f `�Mh�0�e	w�{0 At %Q>$h�m δ > 0 ` X `�:� Bt %Q>$hi�01 ρ ` X `2℄,�
{X(t+ s) | s ∈ [−δ, 0]}. 
;K%
�H J(u(·)) +k� u(·) ∈ Uad; XT ∈ K, a.s., (1.3)\3 K % R

n o`'!U�[�if�:^
J(u(·)) := E

[ ∫ T

0

h(t,Λt, ut, PΛt
)dt+ ψ(XT , PXT

) + ℓ(Y0)
]
. (1.4)eQqMQ (σ, h) )'� (A,B, P(A,B)) -\m7�BQ\<ru#p 	/
;�kK`
OfJ0�<r.`<S
OfJ0 (mh0 4.3, h0 4.4) �aV�&49\'0Jx5z�?'!y�}JK='!�5 – �

;�y`i�9t1K��a>	fv%�uN`'��*q�Da [17, 28] {�t�i�9_�<S\��C`$
n1(�)'�z�z`�m�{sJ)'�AQ`�)�nJ�(�a [21],�knR (1.1)–(1.2) =if�: (1.4) `n1)'�z`�)�{(%l[f�L\'f&��h0 4.3 =h0 4.4 ��?a [21] o`w%x5�
D��H?'!�5 – �

;�y`i�9t1K�^[?\'i�9t1`o�℄��BNQ`�%Nn�



3 m ;�H j�:�noSa�PgK1℄6: 333�a	d�p�e}w~Æ? Lions Y1�'��<=Q�h��Qe	wo�Q}Fwk`J!�kK�t�	A'!�y`;HK�!��C�{5`!�(b"=<!
OfJ0Qe8wo�~Æ�egw9& 	'!y�}JK�eGw~Æ?'!�5 – �

;�yi�9t1K�&$E?\'i�9t1o�℄��B`�%Nn�
D'w$E_!xJ�{'�
2 w Æ � Q
2.1 Lions  UE B(Rd) $# R

d `'%| σ- S1�E P2(R
d) $# (Rd,B(Rd)) �>>w}v ∫

Rd |x|2ν(dx) < ∞ `�>�I3o	A`�k�h��k P2(R
d) ��CpT`

2-Wasserstein o>	
W2(ν1, ν2) = inf

{(∫

R2d

|x− y|2π(dxdy)
) 1

2

, π ∈ P2(R
2d) s

π(A× R
d) = ν1(A), π(R

d ×B) = ν2(B), ∀A,B ∈ B(Rd)
}
. (2.1)uQ~Æ'!h2Q P2(R

d) `:1 h `Y1��\3eQ/9 Lions[9] $E`h2 (P[0� Cardaliaguet[10] �Y`�e). n[&�-0�a [11]. '!:1 h :

P2(R
d) → R ��^Q ν0 ∈ P2(R

d) F�Y��5NQ'! ξ0 ∈ L2(F ;Rd), L� ν0 = Pξ0 , ^:1 h̃(ξ) := h(Pξ), ξ ∈ L2(F ;Rd) Qf ξ0 F% Fréchet �Y`�^NQ'!:�y�8� Dh̃(ξ0) : L
2(F ;Rd) → R (Dh̃(ξ0) ∈ L(L2(F ;Rd);R)),  ^t� η ∈ L2(F ;Rd), V

|η|L2 → 0 ��
h̃(ξ0 + η)− h̃(ξ0) = Dh̃(ξ0)(η) + o(|η|L2). (2.2)3^Dh̃(ξ0) ∈ L(L2(F ;Rd);R),= Riesz$#h0�b�NQ'!<S!> η0 ∈ L2(F ;Rd), ^ Dh̃(ξ0)(η) = E[η0 · η], ∀η ∈ L2(F ;Rd). Cardaliaguet [10] aV?NQ'!'%|:1

g0 : R
d → R, L� g0(ξ0) = η0, &saV?\!:1 g0 ��)'� ξ0 `�)�{(% ξ0���%Æ h̃ h2=TJ/� (2.2) �-t�	A

h(Pξ0+η)− h(Pη) = E[g0(ξ0) · η] + o(|η|L2), ∀η ∈ L2(F ;Rd).

Lions[9](Pm [10]) �\':1 g0(y), y ∈ R
d % f : P2(R

d) → R Q ν0 F`Y1�e^
∂νh(Pξ0 , y), ^ ∂νh(Pξ0 , y) = g0(y), y ∈ R

d.Q�a`"jo�eQ�%:1 h : P2(R
d) → R ,� P2(R

d) o`�>I:l�Y�^?lH?/�h� h̃ : L2(F ;Rd) → R Q L2(F ;Rd) % Fréchet �Y`�
2.2 .24;OE (Ω,F , P ) %'!Z�`�I�k�'! d- _`)*Oj W (= (W 1, · · · ,W d)) =

(Wt)t∈[0,T ] h2Q\'�k�no T %'!�0$h`;1�hh F∗ % F o'!�*Æ�`� σ- S1�&L�	
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(i) )*Oj W m7� F∗;

(ii) P2(R
d) = {Pξ, ξ ∈ L2(F∗;Rd)};

(iii) F∗ ⊃ N , \3 N %�> P - B�[)A`[��
F = {Ft}t∈[0,T ] $#= W �A`�lF�&� F∗ �Z�H�̂ Ft = σ{Bs, 0 6 s 6

t} ∨ F∗, t ∈ [0, T ].pT<!�k�g�9[�
M2

F
(0, T ;Rd) :=

{
ψ : [0, T ]× Ω → R

d
∣∣ (ψt)06t6T%'! F- &57C�L�

‖ψ‖2 = E
[

sup
06t6T

|ψt|2
]
< +∞

}
.

H2
F
(0, T ;Rd) :=

{
ψ : [0, T ]× Ω → R

d
∣∣ (ψt)06t6T%'! F- ���37C�L�

‖ψ‖2 = E

∫ T

0

|ψt|2dt <∞
}
.uQ~ÆW�<S\��m�Cz`NQ℄'��h� f : Ω × [0, T ] × R

n × R
n ×

R
n × R

n×d × P2(R
3n) → R

n, L�	
(H2.1) E

∫ T

0
|f(t, 0, 0, 0, 0, δ0)|2dt <∞, \3 δ0 %Q 3n- _B�>F` Dirac 3o�

(H2.2)(2km�) f % F- &5`=t� yi, ai, bi ∈ R
n, zi ∈ R

n×d, νi ∈ P2(R
3n), i =

1, 2,

|f(t, y1, a1, b1, z1, ν1)− f(t, y2, a2, b2, z2, ν2)|
6 L(|y1 − y2|+ |a1 − a2|+ |b1 − b2|+ ‖z1 − z2‖+W2(ν1, ν2)). 2.1 (i) 3^i�9W�<S\��C`n1)'�z`�)��-Q (H2.2) oh� f ,�3o ν %2km�`�.9��gu#� (H2.2)o`2km�h��a?i�9W�<S\��m�Cz`NQ℄'���5h� (H2.2) (A7�pT`i�9W�<S\��C (2.3) &�(NQ℄'z�ma [29, p.67] o�g<S\��C`�6�

(ii) h� (H2.1) = (H2.2) rQd#�8� f ,� (x, a, b, z, ν) %y�U<`�3I� (H2.1)= (H2.2) `�9Q�{�i�9W�<S\��m�C`z(M�V��5y�U<Nn(A7�pT�C (2.3) `z&�MQ [0, T ] ���V�0�a [29, p.66]o�g<S\��C`�6�oF 2.1 E ξ ∈ L2(FT ;R
n) =E ϕ·, φ· %<!$h`:�:1�Qh� (H2.1) =

(H2.2) p�t�*�` δ > 0, pT`i�9W�<S\��m�C




−dYt = f
(
t, Yt, Yt−δ,

∫ t

t−δ

e−ρ(t−s)Ysds, Zs, PΠt

)
dt− ZtdWt, t ∈ [0, T ],

YT = ξ, Yt = ϕt, Zt = φt, t ∈ [−δ, 0),
(2.3)noΠt = (Yt, Yt−δ,

∫ t

t−δ
e−ρ(t−s)Ysds),NQ℄'z (Y·, Z·) ∈ M2

F
(0, T ;Rn)×H2

F
(0, T ;Rn×d).~ ~Æ Banach �ko`�1	

‖ψ·‖2γ = E
[ ∫ T

−δ

eγr|ψr|2dr
]
, γ > 0.
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F
(−δ, T ;Rn+n×d), �H




Yt = ξ +

∫ T

t

f(πs, zs, Pπs
)ds−

∫ T

t

ZsdWs, t ∈ [0, T ],

Yt = ϕt, Zt = φt, t ∈ [−δ, 0),
(2.4)\3 πs = (ys, ys−δ,

∫ s

s−δ
e−ρ(s−r)yrdr). �C (2.4) %'!�g`W�<S\��C�BNQ℄'z (Y, Z). =I��-h2'!8� Γ : H2

F
(−δ, T : Rn+n×d) → H2

F
(−δ, T : Rn+n×d)L� Γ(y·, z·) = (Y·, Z·). up&aV8� ΓQ�1 ‖·‖γ p%'!�?8��h� (yi, zi) ∈

H2
F
(−δ, T ;Rn+n×d), i = 1, 2, =h2 (Y i, Zi) = Γ(yi, zi), i = 1, 2. qBQ`4e^

(∆Y,∆Z) = (Y 1 − Y 2, Z1 − Z2), (∆y,∆z) = (y1 − y2, z1 − z2).t eγs|∆Ys|2 59+J("��-^[
E
[ ∫ T

0

eγs
(γ
2
|∆Ys|2 + |∆Zs|2

)
ds

]

6
2

γ
E
[ ∫ T

0

eγs|f(s, π1
s , z

1
s , Pπ1

s
)− f(s, π2

s , z
2
s , Pπ2

s
)|2ds

]
, (2.5)\3 πi

s = (yis, y
i
s−δ,

∫ s

s−δ
e−ρ(s−r)yirdr), i = 1, 2.= f ,� (y, a, b, z, ν) %2km�:�`��b

E
[ ∫ T

0

eγs
(γ
2
|∆Ys|2 + |∆Zs|2

)
ds

]

6
10L2

γ
E
[ ∫ T

0

eγs
(
|∆ys|2 + |∆ys−δ|2 +

∣∣∣
∫ s

s−δ

e−ρ(s−r)∆yrdr
∣∣∣
2

+ |∆zs|2 +W2(Pπ1
s
, Pπ1

s
)2
)
ds

]
. (2.6)L1 W2(Pξ, Pη)

2 6 E|ξ − η|2, ξ, η ∈ L2(Ω,F , P ;Rn), �^
E
[ ∫ T

0

eγs
(γ
2
|∆Ys|2 + |∆Zs|2

)
ds

]

6
20L2

γ
E
[ ∫ T

0

eγs
(
|∆ys|2 + |∆ys−δ|2 +

∣∣∣
∫ s

s−δ

e−ρ(s−r)∆yrdr
∣∣∣
2

+ |∆zs|2
)
ds

]
. (2.7)�'+�{0[

E
[ ∫ T

0

eγs|∆ys−δ|2
]
6 eγδE

[ ∫ T

−δ

eγs|∆ys|2ds
]

(2.8)=
E
[ ∫ T

0

eγs
∣∣∣
∫ s

s−δ

e−ρ(s−r)∆yrdr
∣∣∣
2]

6
1− e−2ρδ

2ρ
eγδTE

[ ∫ T

−δ

eγs|∆ys|2ds
]
, (2.9)�b

E
[ ∫ T

0

eγs
(γ
2
|∆Ys|2 + |∆Zs|2

)
ds

]

6
20L2

γ

(
1 + eγδ +

1− e−2ρδ

2ρ
eγδT

)
E
[ ∫ T

−δ

eγs(|∆ys|2 + |∆zs|2)ds
]
. (2.10)



336 2 � b � A Z 41 �y γ = 1
δ
, �5 δ �*��S>

20L2

γ

(
1 + eγδ +

1− e−2ρδ

2ρ
eγδT

)
= 20L2δ

(
1 + e +

1− e−2ρδ

2ρ
eT

)
< 1,\0`� Γ %'!�?8��%Æ(jfh0��b (Y, Z) ∈ H2

F
(−δ, T : Rn+n×d). 
D�%Æ Burkholder-Davis-Gundy(b"=h� (H2.1), �-aV Y ∈ M2

F
(−δ, T ;Rn).

3  [ 0 T 6
3.1 xR!B�bZ��w*qaV?nR (1.1)–(1.2) %&h`�|D("HQ>�m=pp}Fwk`J!�kK�O7qi�9_W�<S\��m�Ct�	A<!HM`i�9W�<S\��m�C�eQqJ!`}F+wK|KA�k+wK�\$��-}y�g��F0\'K�h2Q [0, T ] `'!7C��^����k��5 u(·) %'! Ft- &5` R

n×d-f7C�sL� u(·) ∈ M2
F
(0, T ;Rn×d). 9 Uad[0, T ] $#�>����k�h�

(b, σ) : [0, T ]× R
n × R

n × R
n × R

n×d × P2(R
3n) → (Rn,Rn×d),

(f, h) : [0, T ]× R
n × R

n × R
n × R

m × R
m×d × R

n×d × P2(R
3n+m+m×d) → (Rm,R),

Φ : Rn × P2(R
n) → R

m, ψ : Rn × P2(R
n) → R, ℓ : Rm → RL�	

(H3.1) b, σ, f , h, Φ, ψ, ℓ,�#�`!>%:�`�&s,� (x, a, b, y, z, u, µ)%:��\`
t� t ∈ [0, T ], ut ∈ Uad[0, T ], E[|b(t, 0, 0, 0, ut, δ0)|2 + |σ(t, 0, 0, 0, ut, δ0)|2] <∞,\3 δ0 $#Q R
3n- _B�>F` Dirac 3o�

(H3.2) b, σ, f , Φ, h, ψ, ℓ ,� (x, a, b, y, z, u, µ) `Y1%>|`�n|e^ L > 0;

(bk, σk, fk, hk, ψk)(t, x, a, b, y, z, u, µ), k = x, a, b, y, z, u,� (x, a, b, y, z, µ)%2km�:�`�(bµ, σµ)(t, x, a, b, u, µ, y
′),(fµ, hµ)(t, x, a, b, y, z, u, µ, y

′), ψµ(x, µ, y
′),� (x, a, b, y, z, µ,

y′) %2km�:�`� 3.1 (i) (H3.2) o b, σ, f , Φ, h, ψ, ℓ ,� (x, a, b, y, z, u, µ) `Y1%>|`�0`�8� b, σ, f, Φ, h, ψ, ℓ ,�BQ#�`!>%2km�:�`�49\'xJ��-aV�C (1.1)–(1.2) z`NQ℄'��_�Q{ 2.1(i) �?/`��5O>\'h���C (1.1)–(1.2) z`NQ℄'�&�(A7�ma [29] o`�6�
(ii) pTe8wo`!��C (4.1) %'!z`y�i�9_W�<S\��C�B`n1% g, f,Φ (P[ b, f ,Φ) ,�n!>`Y1�^?^[�C (4.1) z`&h��eQ�%h� b, σ, f , Φ, h, ψ, ℓ ,� (x, a, b, y, z, u, µ) `Y1%>|`�.9�T`

(i), �5O>\'h���C (4.1) z`&h�&�f�p7�ma [29].

(iii)QeQ`�io�+ (4.2)o�	;t%`�9�B`aVw%Q�n1 g, f,Φ

(P[ b, f,Φ) `'vE-W�"= g, f,Φ ,�n!>Y1`:���3I�h� (H3.2)
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λ
[Xξλ

t −X
ξ0

t ] =!��C (4.1) `z ∆Xt k`�/�*��\3 X
ξλ

· ({5d�Xξ0

· ) %Q> ξλ({5d�ξλ) ` (3.2) `z (mpT`40 3.1).oF 3.1 Qh� (H3.1), (H3.2) p�E ϕ Q [−δ, 0] % F0- �3`�&sL�
E
[

sup
t∈[−δ,0]

|ϕt|2
]
<∞,St��?` u ∈ Uad[0, T ], �C (1.1)–(1.2) NQ℄'z

(X·, Y·, Z·) ∈ M2
F
(−δ, T ;Rn)×M2

F
(−δ, T ;Rm)×H2

F
(−δ, T ;Rm×d).~ �H�k H2

F
(−δ, T ;Rn)  ‖ · ‖H2

F

`bi�1
‖h(·)‖H2

F
,γ = E

[ ∫ T

−δ

e−γτ |h(τ)|2dτ
] 1

2

, γ > 0.QI�1p�-&g� d59�?8�J0�t�?$h` x· ∈ H2
F
(−δ, T ;Rn), X· $#pT�g<S\��C`℄'z	{

dXt = b(t, πt, ut, Pπt
)dt+ σ(t, πt, ut, Pπt

)dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0],
(3.1)\3 πt = (xt, xt−δ,

∫ t

t−δ
e−ρ(t−s)xsds). =I�-h2'!8� Ψ : H2

F
(−δ, T ;Rn) →

H2
F
(−δ, T ;Rn). eQqMaV\!8� Ψ %�?`�^I�E X i := Ψ(xi), i = 1, 2,e ∆X = X1 −X2,∆x = x1 − x2. t e−γs|∆Xs|2, γ > 0 Q [0, T ] 59+J("�%Æ

b, σ `h�=$� W2(Pη1 , Pη2)2 6 E|η1 − η2|2, �b
(γ−1)E

∫ T

0

e−γt|∆Xt|2dt 6 16L2E

∫ T

0

e−γt
(
|∆xt|2+|∆xt−δ|2+

∣∣∣
∫ t

t−δ

e−ρ(t−s)∆xsds
∣∣∣
2)

dt.{0[
E

∫ T

0

e−γt|∆xt−δ|2dt 6 E

∫ T

−δ

e−γt|∆xt|2dt=
E
[ ∫ T

0

e−γt
∣∣∣
∫ t

t−δ

e−ρ(t−s)∆xsds
∣∣∣
2

dt
]

6 E
[ ∫ T

0

e−γt

∫ t

t−δ

e−2ρ(t−s)ds ·
∫ t

t−δ

|∆xs|2dsdt
]

6
1− e−2ρδ

2ρ
E
[ ∫ T

0

e−γt

∫ t

t−δ

|∆xs|2dsdt
]

6
1− e−2ρδ

2ρ
E
[ ∫ T

0

∫ t

t−δ

e−γs|∆xs|2dsdt
]

6
1− e−2ρδ

2ρ
TE

[ ∫ T

−δ

e−γs|∆xs|2ds
]
,�^

(γ − 1)E

∫ T

−δ

e−γt|∆Xt|2dt 6 16L2
(
2 +

1− e−2ρδ

2ρ
T
)
E

∫ T

−δ

e−γt|∆xt|2dt.



338 2 � b � A Z 41 �\�-4Vt�&V` γ, Ψ %'!� �?8���'+�%Æh� (H3.1), (H3.2) =
E
[

sup
t∈[−δ,0]

|ϕt|2
]
< ∞, �-^[ X ∈ M2

F
(−δ, T ;Rn). i��C (1.2) z`NQ℄'�Q$�-aV�a�� 3.2 Qpao�eQ�% 9�< At = Xt−δ, Bt =

∫ t

t−δ
e−ρ(t−r)Xrdr, δ > 0, ρ >

0; Πt = (Xt, At, Bt), Λt = (Xt, At, Bt, Yt, Zt).

3.2 /�!u5bZ^?F0
;�kK (1.1)–(1.4), eQ�H'!�y;HK�\'�yK`wjnR=<!HM`W�<S\��m�C)A�h�
(H3.3) NQ'! β > 0,  ^t��>` x, a, b ∈ R

n, u1, u2 ∈ R
n×d, µ ∈ P2(R

3n),

|σ(t, x, a, b, u1, µ)− σ(t, x, a, b, u2, µ)| > β|u1 − u2|.Qh� (H3.1), (H3.2) = (H3.3) p�t�?` (t, x, a, b, µ) ∈ [0, T ]× R
3n × P2(R

3n),8� u→ σ(t, x, a, b, u, µ) %L R
n×d [��`''8��$��

(i) 8� u→ σ(t, x, a, b, u, µ)%'!T��t��0` u, ũ ∈ R
n×d, %Æ (H3.3), �^

|σ(t, x, a, b, u, µ)− σ(t, x, a, b, ũ, µ)| > β|u− u| > 0.\0`� u→ σ(t, x, a, b, u, µ) %'!T��
(ii) 8� u → σ(t, x, a, b, u, µ) %'!3���5 σu(t, x, a, b, u, µ) ≡ 0, r|x5A7��5 σu(t, x, a, b, u, µ) &(�%B�(�'Æ��eQ�-h� σu(t, x, a, b, 0, µ) 6=

0, (t, x, a, b, µ) ∈ [0, T ]×R
n×R

n×R
n×P(R3n). uQh�T`xJ(_{�K�I4�

Rang(σ(t, x, a, b, u, µ)) 6= R
n×d. \0`�t��0` θ ∈Rang(σ(t, x, a, b, u, µ))⊥ = ε > 0,>

0 = 〈θ, σ(t, x, a, b, εu, µ)〉 = 〈θ, σu(t, x, a, b, 0, µ)εu+ o(ε)〉.E ε→ 0, �b 〈θ, σu(t, x, a, b, 0, µ)u〉 = 0. |{\Dh� σu(t, x, a, b, 0, µ) 6= 0 Mw�3{^[l[`x5�E θ ≡ σ(t, x, a, b, u, µ). e u = σ̂(t, x, a, b, θ, µ) ^ σ ,� u ``:1� (1.1) = (1.2)�-t	^
{
−dXt = g(t,Πt, θt, PΠt

)dt− θtdWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0],
(3.2)

{
−dYt = f(t,Λt, θt, PΛt

)dt− ZtdWt, t ∈ [0, T ],

YT = Φ(XT , PXT
),

(3.3)no g(t, π, θ, µ) = −b(t, π, σ̂(t, π, θ, µ), µ), f(t, λ, θ, µ) = f(t, λ, σ̂(t, π, θ, µ), µ), π = (x, a, b),

λ = (x, a, b, y, z).Q (3.2)–(3.3) o� θ �-��A�k�D'�T�%Æi�9_W�<S\��C`0J (m [16]), �Y θ bi��Ypp}F XT . \V�eQ�HpT`HW��mn
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−dXξ
t = g(t,Πξ

t , θ
ξ
t , PΠξ

t
)dt− θ

ξ
tdWt, t ∈ [0, T ],

X
ξ
T = ξ, X

ξ
t = f1

t , θ
ξ
t = f2

t , t ∈ [−δ, 0),
−dY ξ

t = f(t,Λξ
t , θ

ξ
t , PΛξ

t
)dt− Z

ξ
t dWt, t ∈ [0, T ],

Y
ξ
T = Φ(ξ, Pξ),

(3.4)\3 f1
· , f

2
· %<!$h`:�:1� 3.3 Q (3.4) o��k%'!<S!>�Byf�pT`�k

Θ = {ξ ∈ L2(Ω,FT , P ;R
n) | ξ ∈ K, a.s.}.%Æ40 2.1, �C (3.4) NQ℄'z ((Xξ, θξ), (Y ξ, Zξ)), sL� (Xξ, θξ) ∈ M2

F
(0, T ;

R
n)×H2

F
(0, T ;Rn×d) = (Y ξ, Zξ) ∈ M2

F
(0, T ;Rm)×H2

F
(0, T ;Rm×d). 3.4 �. (3.4) oe'!�C`z (X, θ) %=<!7C)A`�U%�%{0`% (3.4) n1o`3oF��)'� P(X,A,B), {(% Pθ.uQ�H'!�`�\[ ξ = Λξ

· �)`if�:
J(ξ) = E

[ ∫ T

0

h(t,Λξ
t , θ

ξ
t , PΛξ

t
)dt+ ψ(ξ, Pξ) + ℓ(Y ξ

0 )
]
. (3.5)Q/�:o<S!> ξ %'!�k�\3 h(t, λ, θ, µ) = h(t, λ, σ̂(t, π, θ, µ), µ) = π =

(x, a, b), λ = (x, a, b, y, z).%Æif�: (3.5) =nR (3.4), �y`;HK�-$/�p
�H J(ξ) +k� ξ ∈ Θ, Xξ
0 = a := ϕ0. (3.6) 3.5 �y`;HK (3.6) %'!�k+wK�\!KF0o&�}F+wK (1.1)–(1.4)&glT�pao�eQ�tF0�yK (3.6). r|�LJ!K (1.3)|KA�yK (3.6) MYj'!>��^D!Nn X
ξ
0 = a M!A'!wk� 3.6 g, f = h L�h� (H3.1)–(H3.2) o`{9Nn�

4 X 9 � � � z H
4.1 �,+�^? 	!��C�q~Æ Θ o`'!o>	t� ξ, ξ̃ ∈ Θ, d(ξ, ξ̃) = (E|ξ− ξ̃|2) 1

2 .r|� (Θ, d) %'!Z�`o>�k�E ξ0 %K (3.6) `
;�k�=� K %'!U[�t��?` ξ ∈ Θ, e ξλ = ξ0 + λ(ξ − ξ0), 0 6 λ 6 1, S ξλ ∈ Θ. e (3.4) Q> ξ = ξλ

({5d� ξ = ξ0) `z^ (Xξλ , θξ
λ

, Y ξλ , Zξλ) ({5d� (Xξ0 , θξ
0

, Y ξ0 , Zξ0)).E (Ω̃, F̃ , P̃ ) %�I�k (Ω,F , P ) `'!�k�&Eh2Q�k (Ω̃, F̃ , P̃ ) `<S!> ξ̃ %h2Q�k (Ω,F , P ) <S!> ξ `'!�k�^ P̃
ξ̃
= Pξ. l[ Ẽ[·] ��t
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−d∆Xt = (gξ
0

x (t)∆Xt + gξ
0

a (t)∆At + g
ξ0

b (t)∆Bt + g
ξ0

θ (t)∆θt

+Ẽ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt + (gµ)2(t, Π̃
ξ0

t )∆̃At + (gµ)3(t, Π̃
ξ0

t )∆̃Bt])dt

−∆θtdWt, t ∈ [0, T ],

∆XT = ξ − ξ0, ∆Xt = 0, ∆θt = 0, t ∈ [−δ, 0);
−d∆Yt = (f ξ0

x (t)∆Xt + f ξ0

a (t)∆At + f
ξ0

b (t)∆Bt + f ξ0

y (t)∆Yt + f ξ0

z (t)∆Zt

+f ξ0

θ (t)∆θt + Ẽ[(fµ)1(t, Λ̃
ξ0

t )∆̃Xt + (fµ)2(t, Λ̃
ξ0

t )∆̃At

+(fµ)3(t, Λ̃
ξ0

t )∆̃Bt + (fµ)4(t, Λ̃
ξ0

t )∆̃Y t

+(fµ)5(t, Λ̃
ξ0

t )∆̃Zt])dt−∆ZtdWt, t ∈ [0, T ],

∆YT = Φx(ξ
0, Pξ0)(ξ − ξ0) + Ẽ[Φµ(ξ

0, Pξ0 , ξ̃
0)(ξ̃ − ξ̃0)],

∆Yt = 0, ∆Zt = 0, t ∈ [−δ, 0),

(4.1)

no
g
ξ0

l (t) =
∂g

∂l
(t,Πξ0

t , θ
ξ0

t , PΠξ0

t

), l = x, a, b, θ;

gµ(t, Π̃
ξ0

t ) =
∂g

∂µ
(t, Π̃ξ0

t , PΠξ0

t

,Πξ0

t , θ
ξ0

t );

f
ξ0

k (t) =
∂f

∂k
(t,Λξ0

t , θ
ξ0

t , PΛξ0

t

), k = x, a, b, y, z, θ;

∂µf(t, Λ̃
ξ0

t ) =
∂f

∂µ
(t,Λξ0

t , θ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t ),

(φµ)l =
((∂φ

∂µ

)
(l−1)×n+1

,
(∂φ
∂µ

)
(l−1)×n+2

, · · · ,
(∂φ
∂µ

)
(l−1)×n+n

)
, l = 1, 2, 3, φ = g, f, h;

(φµ)4 =
((∂φ

∂µ

)
3n+1

,
(∂φ
∂µ

)
3n+2

, · · · ,
(∂φ
∂µ

)
3n+m

)
, φ = f, h;

(φµ)5 =
((∂φ

∂µ

)
3n+m+1

,
(∂φ
∂µ

)
3n+m+2

, · · · ,
(∂φ
∂µ

)
3n+m+m

)
, φ = f, h;

(
∂φ
∂µ

)
3n+m+k

, k = 1, 2, · · · ,m % d- _�>� 4.1 h2BU�k (Ω,F , P )⊗(Ω̃, F̃ , P̃ ) = (Ω,F , P )⊗(Ω,F , P ). t��k (Ω,F , P )`<S!> ξ, h2 ξ̃(ω̃, ω) := ξ(ω̃), (ω̃, ω) ∈ Ω̃×Ω = Ω×Ω, \$�-qh2Q�k Ω`<S!>"Y[�k Ω̃×Ω �3I�t��?` η ∈ L2(Ω× Ω̃,F ⊗ F̃ , P × P̃ ), !> η(·, ω) : Ω → R .� L2(Ω,F , P ), B`l[�-�ZpT�";
Ẽ[η(·, ω)] =

∫

Ω

η(ω̃, ω)P (dω̃).L{�^
E[Ẽ[η]] = E[Ẽ[η(·, ω)]] =

∫

Ω

Ẽ[η(·, ω)]P (dω).uQE ΓΥλ
t = 1

λ
[Υξλ

t −Υξ0

t ]−∆Υt, Υ = X,A,B, Y, Z, θ. pT`40$E? 1
λ
[Υξλ

t −
Υξ0

t ] = ∆Υ k`,n�
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lim
λ→0

sup
06t6T

E[|ΓΥλ
t |2] = 0, Υ = X,Y,

lim
λ→0

E
[ ∫ T

0

|ΓGλ
t |2dt

]
= 0, G = θ, Z.

(4.2)~ %Æ (3.4) = (4.1), �b




−dΓXλ
t =

1

λ
[g(t,Πξλ

t , θ
ξλ

t , P
Πξλ

t

)− g(t,Πξ0

t , θ
ξ0

t , PΠξ0

t

)− λ(gξ
0

x (t)∆Xt

+gξ
0

a (t)∆At + g
ξ0

b (t)∆Bt + g
ξ0

θ (t)∆θt + Ẽ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt

+(gµ)2(t, Π̃
ξ0

t )∆̃At + (gµ)3(t, Π̃
ξ0

t )∆̃Bt])]dt− Γθλt dWt, t ∈ [0, T ],

ΓXλ
T = 0, ΓXλ

t = 0, Γθλt = 0, t ∈ [−δ, 0).

(4.3){0[ Υξλ

t − Υξ0

t = λ(ΓΥλ
t +∆Υt), Υ = X,A,B, θ, =L1 f : P2(R

d) → R ,�3oY1`h2�>
g(t,Πξλ

t , θ
ξλ

t , P
Πξλ

t

)− g(t,Πξ0

t , θ
ξ0

t , PΠξ0

t

)

= λ

∫ 1

0

gρ,λx (t)(ΓXλ
t +∆Xt) + gρ,λa (t)(ΓAλ

t +∆At) + g
ρ,λ
b (t)(ΓBλ

t +∆Bt)

+ g
ρ,λ
θ (t)(Γθλt +∆θt)dρ+ λ

∫ 1

0

Ẽ[(gρ,λµ )1(t, Π̃
ρ,λ
t )(Γ̃X

λ

t + ∆̃Xt)

+ (gρ,λµ )2(t, Π̃
ρ,λ
t )(Γ̃A

λ

t + ∆̃At) + (gρ,λµ )3(t, Π̃
ρ,λ
t )(Γ̃B

λ

t + ∆̃Bt)]dρ,no g
ρ,λ
k (t) = ∂g

∂k
(t,Πρ,λ

t , θ
ρ,λ
t , PΠρ,λ

t
), k = x, a, b, θ; gρ,λµ (t, Π̃ρ,λ

t ) = ∂g
∂µ

(t, Π̃ρ,λ
t , PΠρ,λ

t
,Πρ,λ

t ,

θ
ρ,λ
t ); F ρ,λ

t = F
ξ0

t + ρ(F ξλ

t − F
ξ0

t ), F = X,A,B, θ; Πρ,λ
t = (Xρ,λ

t , A
ρ,λ
t , B

ρ,λ
t ); (gρ,λµ )k, k =

1, 2, 3 .9� (4.1) $E�3{
1

λ
[g(t,Πξλ

t , θ
ξλ

t , P
Πξλ

t

)− g(t,Πξ0

t , θ
ξ0

t , PΠξ0

t

)− λ(gξ
0

x (t)∆Xt + gξ
0

a (t)∆At + g
ξ0

b (t)∆Bt

+ g
ξ0

θ (t)∆θt + Ẽ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt + (gµ)2(t, Π̃
ξ0

t )∆̃At + (gµ)3(t, Π̃
ξ0

t )∆̃Bt])]

= Θλ
x(t)ΓX

λ
t +Θλ

a(t)ΓA
λ
t +Θλ

b (t)ΓB
λ
t +Θλ

θ (t)Γθ
λ
t + Ξλ(t)

+

∫ 1

0

Ẽ[(gρ,λµ )1(t, Π̃
ρ,λ
t )Γ̃X

λ

t + (gρ,λµ )2(t, Π̃
ρ,λ
t )Γ̃A

λ

t + (gρ,λµ )3(t, Π̃
ρ,λ
t )Γ̃B

λ

t ]dρ.no Θλ
k(t) =

∫ 1

0
g
ρ,λ
k (t)dρ, k = x, a, b, θ, =

Ξλ(t) = (Θλ
x(t)− gξ

0

x (t))∆Xt + (Θλ
a(t)− gξ

0

a (t))∆At + (Θλ
b (t)− g

ξ0

b (t))∆Bt

+ (Θλ
θ (t)− g

ξ0

θ (t))∆θt +

∫ 1

0

Ẽ[((gρ,λµ )1(t, Π̃
ρ,λ
t )− (gµ)1(t, Π̃

ξ0

t ))∆̃Xt

+ ((gρ,λµ )2(t, Π̃
ρ,λ
t )− (gµ)2(t, Π̃

ξ0

t ))∆̃At + ((gρ,λµ )3(t, Π̃
ρ,λ
t )− (gµ)3(t, Π̃

ξ0

t ))∆̃Bt].
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−dΓXλ
t =

(
Θλ

x(t)ΓX
λ
t +Θλ

a(t)ΓA
λ
t +Θλ

b (t)ΓB
λ
t +Θλ

θ (t)Γθ
λ
t + Ξλ(t)

+

∫ 1

0

Ẽ[(gρ,λµ )1(t, Π̃
ρ,λ
t )Γ̃X

λ

t + (gρ,λµ )2(t, Π̃
ρ,λ
t )Γ̃A

λ

t

+(gρ,λµ )3(t, Π̃
ρ,λ
t )Γ̃B

λ

t ]dρ
)
dt− Γθλt dWt, t ∈ [0, T ],

ΓXλ
T = 0, ΓXλ

t = 0, Γθλt = 0, t ∈ [−δ, 0).

(4.4)t eβs|ΓXλ
s |2, β > 0 59+J("�L 0 [ T U��|Dyl[�= gx, ga, gb, gθ, gµ`>|��/b

E
[ ∫ T

0

eβs(β|ΓXλ
s |2 + |Γθλs |2)ds

]

= E
[ ∫ T

0

2eβs
〈
ΓXλ

s ,Θ
λ
x(s)ΓX

λ
s +Θλ

a(s)ΓA
λ
s +Θλ

b (s)ΓB
λ
s +Θλ

θ (s)Γθ
λ
t + Ξλ(s)

+

∫ 1

0

Ẽ[(gρ,λµ )1(s, Π̃
ρ,λ
s )Γ̃X

λ

s + (gρ,λµ )2(s, Π̃
ρ,λ
s )Γ̃A

λ

s + (gρ,λµ )3(s, Π̃
ρ,λ
s )Γ̃B

λ

s ]dρ
〉
ds

]

6 (1 + 4L+ 10L2)E

∫ T

0

eβs|ΓXλ
s |2ds+

1

2
E

∫ T

0

eβs|Γθλs |2ds+ E

∫ T

0

eβs|Ξλ(s)|2ds

+ E

∫ T

0

eβs|ΓAλ
s |2ds+ E

∫ T

0

eβs|ΓBλ
s |2ds

6

(
2 + 4L+ 10L2 +

1− e−2ρδ

2ρ
T
)
E

∫ T

0

eβs|ΓXλ
s |2ds+

1

2
E

∫ T

0

eβs|Γθλs |2ds

+ E

∫ T

0

eβs|Ξλ(s)|2ds.y β = 2 + 4L+ 10L2 + 1−e−2ρδ

2ρ T + 1
2 , S>

E
[ ∫ T

0

eβs(|ΓXλ
s |2 + |Γθλs |2)ds

]
6 CE

∫ T

0

eβs|Ξλ(s)|2ds,no C )'� L, T, β, δ, ρ. PJt eβs|ΓXλ
s |2 59+J("�= Burkholder-Davis-Gundy(b"��b

E
[

sup
06t6T

|ΓXλ
s |2 +

∫ T

0

|Γθλs |2)ds
]
6 CE

∫ T

0

|Ξλ(s)|2ds.{0[ gx, ga, gb, gθ = gµ %>|`�&s,� (x, a, b, θ, µ, y′) :��=-� �k(;h0��-^[
lim
λ→0

E

∫ T

0

|Ξλ(t)|2dt = 0.\�aV? (4.2) o`q<!x5� (4.2) o`�Bx5�-.9aV�
4.2 �,�$S��w9& 	{5`!�(b"�B% 	<S
OfJ0`'!t%'��
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;�k ξ0 =D!`}Fwk a (mK (3.6)). E ε %'!�0`_;1�~Æ'!8�
Qε(ξ) = {|Xξ

0 − a|2 + (max(0, ℓ(Y ξ
0 )− ℓ(Y ξ0

0 ) + E[ψ(ξ, Pξ)− ψ(ξ0, Pξ0)] + ε))2} 1
2 ,no (Xξ

0 , Y
ξ
0 )({5d� (Xξ0

0 , Y
ξ0

0 )) %�C (3.4) Q>ppf ξ({5d� ξ0) Q 0 ��`z�\'8�_�yeQ59 Ekeland !�JS^[!�(b"� 4.2 59a [14] o40 3.1 ~Æ`�"�b�t� ξ1, ξ2 ∈ L2(FT ;R
n),

E
[

sup
06t6T

|Xξ1
t −X

ξ2
t |2 +

∫ T

0

|θξ1t − θ
ξ2
t |2dt

]
6 CE|ξ1 − ξ2|2=

E
[

sup
06t6T

|Y ξ1
t − Y

ξ2
t |2 +

∫ T

0

|Zξ1
t − Z

ξ2
t |2dt

]
6 CE|ξ1 − ξ2|2.T`+=h� (H3.1) #� |Xξ

0 − a|2, ℓ(Y ξ
0 ) = ψ(ξ, Pξ) �^ ξ `�:%:�`�%F 4.1 Qh� (H3.1)–(H3.3) p�E ξ0 %K (3.6) `
;z�SNQ L1 ∈ R

n=	��1 L0, L� L0 + |L1| 6= 0,  ^t��0` ξ ∈ K, pT`!�(b"A7	
〈L1,∆X0〉+ L0〈ℓy(Y ξ0

0 ),∆Y0〉+ L0E[〈ψx(ξ
0, Pξ0), ξ − ξ0〉

+ Ẽ[〈ψµ(ξ0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]] > 0. (4.5)~ r|� Qε(·) ,� Θ :��&L�
Qε(ξ

0) = ε, Qε(ξ) > 0, ∀ξ ∈ Θ = Qε(ξ
0) 6 inf

ξ∈Θ
Qε(ξ) + ε.= Ekeland !�JS�b�NQ ξε ∈ Θ, L�	

(i) Qε(ξ
ε) 6 Qε(ξ

0);

(ii) d(ξε, ξ0) 6
√
ε; (4.6)

(iii) Qε(ξ) +
√
εd(ξ, ξε) > Qε(ξ

ε), ξ ∈ Θ.9 (Xξλ,ε

, Y ξλ,ε

, Zξλ,ε

, θξ
λ,ε

) ({5d� (Xξε , Y ξε , Zξε , θξ
ε

)) $# (3.4) Q> ξλ,ε :=

ξε + λ(ξ − ξε), 0 6 λ 6 1 ({5d� ξε) `z�E (∆Xε,∆Y ε,∆Zε,∆θε) % (4.1) Q>01 ξ0 = ξε `z�= (4.6)(iii) �^
Qε(ξ

λ,ε)−Qε(ξ
ε) +

√
εd(ξλ,ε, ξε) > 0. (4.7)%Æ40 4.1 o`.9J/��b

lim
λ→0

sup
06t6T

E
[ 1
λ
(Xξλ,ε

t −X
ξε

t )−∆Xε
t

]
= 0,

lim
λ→0

sup
06t6T

E
[ 1
λ
(Y ξλ,ε

t − Y
ξε

t )−∆Y ε
t

]
= 0.

(4.8)3I�%Æ (4.8), > P -a.s.

X
ξλ,ε

0 −X
ξε

0 = λ∆Xε
0 + o(λ), Y

ξλ,ε

0 − Y
ξε

0 = λ∆Y ε
0 + o(λ). (4.9)



344 2 � b � A Z 41 �%Æ (4.9) `e'!b"�/b
|Xξλ,ε

0 − a|2 − |Xξε

0 − a|2 = 2λ〈Xξε

0 − a,∆Xε
0〉+ o(λ). (4.10)%Æ (4.9) `e}!b"= ψµ `2km�:���^[

|ℓ(Y ξλ,ε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξλ,ε, Pξλ,ε)− ψ(ξ0, Pξ0)] + ε|2

− |ℓ(Y ξε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξε, Pξε)− ψ(ξ0, Pξ0)] + ε|2

= 2λ(ℓ(Y ξε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξε, Pξε)− ψ(ξ0, Pξ0)] + ε)·
(〈ℓy(Y ξε

0 ),∆Y ξε

0 〉+ E[ψx(ξ
ε, Pξε)(ξ − ξε)

+ Ẽ[ψµ(ξ
ε, Pξε , ξ̃

ε)(ξ̃ − ξ̃ε)]]) + o(λ). (4.11)pT�H<ru#�ND 1 NQY! λ0 > 0,  ^t� λ ∈ (0, λ0),

ℓ(Y ξλ,ε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξλ,ε, Pξλ,ε)− ψ(ξ0, Pξ0)] + ε > 0.= ℓ(Y ·
0 ) = ψ(·, P·) �^ ξ �:`:����b

ℓ(Y ξε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξε, Pξε)− ψ(ξ0, Pξ0)] > 0.3{�Q\ru#p�
lim
λ→0

1

λ

(
Qε(ξ

λ,ε)−Qε(ξ
ε)
)

= lim
λ→0

1

Qε(ξλ,ε) +Qε(ξε)
· Q

2
ε(ξ

λ,ε)−Q2
ε(ξ

ε)

λ

=
1

Qε(ξε)
{〈Xξε

0 − a,∆Xε
0〉+

(
〈ℓy(Y ξε

0 ),∆Y ε
0 〉+ E[〈ψx(ξ

ε, Pξε), ξ − ξε〉

+ Ẽ[〈ψµ(ξ
ε, Pξε , ξ̃

ε), ξ̃ − ξ̃ε〉]]
)
· (ℓ(Y ξε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξε, Pξε)− ψ(ξ0, Pξ0)] + ε)}
= 〈Lε

1,∆X
ε
0〉+ Lε

0〈ℓy(Y ξε

0 ),∆Y ε
0 〉+ Lε

0E[〈ψx(ξ
ε, Pξε), ξ − ξε〉

+ Ẽ[〈ψµ(ξ
ε, Pξε , ξ̃

ε), ξ̃ − ξ̃ε〉]],no
Lε
1 =

X
ξε

0 − a

Qε(ξε)
, Lε

0 =
1

Qε(ξε)

(
ℓ(Y ξε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξε, Pξε)− ψ(ξ0, Pξ0)] + ε
)
> 0.L{�%Æ (4.7) �^

〈Lε
1,∆X

ε
0〉+ Lε

0〈ℓy(Y ξε

0 ),∆Y ε
0 〉+ Lε

0E[〈ψx(ξ
ε, Pξε), ξ − ξε〉

+ Ẽ[〈ψµ(ξ
ε, Pξε , ξ̃

ε), ξ̃ − ξ̃ε〉]] > −√
ε
(
E[|ξ − ξε|2]

) 1
2 . (4.12)ND 2 NQ'!_`�A λn L� λn → 0,  ^

ℓ(Y ξλn,ε

0 )− ℓ(Y ξ0

0 ) + E[ψ(ξλn,ε, Pξλn,ε)− ψ(ξ0, Pξ0)] + ε 6 0.�y n �*O�\NO7 Qε(·) `h2�eQb℄ Qε(ξ
λn,ε) = |Xξλn,ε

0 − a|. {0[ Qε(·)%:�`�3I� Qε(ξ
ε) = |Xξε

0 − a|. Q\ru#p�
lim
n→∞

Qε(ξ
λn,ε)−Qε(ξ

ε)

λn
=

〈Xξε

0 − a,∆Xε
0〉

Qε(ξε)
. (4.13)



3 m ;�H j�:�noSa�PgK1℄6: 345.9�u# 1, %Æ (4.13) = (4.7), �^
〈Lε

1,∆X
ε
0〉 > −√

ε
(
E|ξ − ξε|2

) 1
2 , (4.14)no

Lε
0 = 0, Lε

1 =
X

ξε

0 − a

Qε(ξε)
. (4.15)fJ/[ru#�lNQ Lε

0 > 0 = Lε
1 ∈ R

d L� |Lε
0|2 + |Lε

1|2 = 1,  ^ (4.12) A7�%Æ/�i�Q$�-^['!(;��A (Lε
0, L

ε
1). eB`Xw^ (L0, L1). D'!�T�.9�{ 4.2, �bV ε → 0 �� ∆Xε

0 → ∆X0, ∆Y ε
0 → ∆Y0. �'+�%Æ$�

d(ξε, ξ0) 6
√
ε �-WYEV ε→ 0 �� Y

ξε

0 → Y
ξ0

0 . Q (4.12) = (4.14) o�E ε→ 0, �^[Hl`!�(b"��5 h(t, x, a, b, y, z, θ, µ) 6= 0, pT`!�(b"�|>��%F 4.2 Qh� (H3.1)–(H3.3) p�E ξ0 %K (3.6) `
;z�SNQ L1 ∈ R
n=	��1 L0 ∈ R, L� L0 + |L1| 6= 0,  ^t��0` ξ ∈ K,

〈L1,∆X0〉+ L0〈ℓy(Y ξ0

0 ),∆Y0〉+ L0E[〈ψx(ξ
0, Pξ0), ξ − ξ0〉

+ Ẽ[〈ψµ(ξ0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]]

+ L0E

∫ T

0

(〈hξ0x (t),∆Xt〉+ 〈hξ0a (t),∆At〉+ 〈hξ
0

b (t),∆Bt〉+ 〈hξ
0

θ (t),∆θt〉

+ 〈hξ0y (t),∆Yt〉+ 〈hξ0z (t),∆Zt〉)dt

+ L0EẼ

∫ T

0

(〈(hµ)1(t, Λ̃ξ0

t ), ∆̃Xt〉+ 〈(hµ)2(t, Λ̃ξ0

t ), ∆̃At〉+ 〈(hµ)3(t, Λ̃ξ0

t ), ∆̃Bt〉

+ 〈(hµ)4(t, Λ̃ξ0

t ), ∆̃Y t〉+ 〈(hµ)5(t, Λ̃ξ0

t ), ∆̃Zt〉)dt > 0, (4.16)no h
ξ0
k (t) = ∂h

∂k
(t,Λξ0

t , θ
ξ0

t , PΛξ0

t

), k = x, a, b, θ, y, z; (hµ)k, k = 1, 2, 3, 4, 5 Q (4.1) o$E�
4.3 ���xF I�w 	<S
OfJ0�*qh29Sv:1�E p = (p1, p2, p3), pi ∈ R

n, i =

1, 2, 3, =t� t ∈ [0, T ], x, a, b ∈ R
n, θ ∈ R

n×d, y ∈ R
n, z ∈ R

n×d, p ∈ R
3n, q ∈ R

n,

µ ∈ P2(R
3n), ν ∈ P2(R

n+n×d), h2
H(t, x, a, b, θ, y, z, p, q, µ, ν)

= 〈p1, g(t, x, a, b, θ, µ)〉 − 〈p3, x− e−ρδa− ρb〉
+ 〈q, f(t, x, a, b, y, z, θ, µ, ν)〉+ L0h(t, x, a, b, θ, y, z, µ, ν). (4.17)�H�<�C



dp1t = (Hξ0

x (t) + Ẽ[(H̃ξ0
µ )1(t)])dt+H

ξ0
θ (t)dWt, t ∈ [0, T ],

p10 = L1,
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dp2t = (Hξ0

a (t) + Ẽ[(H̃ξ0
µ )2(t)])dt, t ∈ [0, T ],

p20 = 0,



dp3t = (Hξ0

b (t) + Ẽ[(H̃ξ0
µ )3(t)])dt, t ∈ [0, T ],

p30 = 0,



dqt = (Hξ0

y (t) + Ẽ[(H̃ξ0

ν )1(t)])dt+ (Hξ0

z (t) + Ẽ[(H̃ξ0

ν )2(t)])dWt, t ∈ [0, T ],

q0 = L0ℓy(Y
ξ0

0 ),

(4.18)

no H
ξ0

l (t) % H(t,Λξ0

t , θ
ξ0

t , pt, qt, PΠξ0

t

, P
(Y ξ0

t ,Z
ξ0

t )
) ,� l, l = x, a, b, θ, y, z `fY1


(H̃ξ0

µ )k, k = 1, 2, 3 �%$#,� µ `q n !!>�ok n !!>=
D n !!>`fY1�^ (H̃ξ0

µ )k(t) := (gµ)k(t,Π
ξ0

t , PΠξ0

t

, Π̃ξ0

t , θ̃
ξ0

t )⊤p̃1t + (fµ)k(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )⊤q̃t +

L0(hµ)k(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t ).

(H̃ξ0

ν )j(t), j = 1, 2 �-.90z�%F 4.3 h� (H3.1)–(H3.3) A7��5 p2t = 0, t ∈ [0, T ], p3T = 0, SNQY!
L1 ∈ R

n = L0 > 0, L� |L1|+ |L0| 6= 0,  ^t��0` ξ ∈ K,

E[〈p1T +Φx(ξ
0, Pξ0)qT + L0ψx(ξ

0, Pξ0) + Ẽ[Φµ(ξ
0, Pξ0 , ξ̃0)q̃T

+ L0ψµ(ξ
0, Pξ0 , ξ̃0)], ξ − ξ0〉] > 0. (4.19)~ t

〈∆Xt, p
1
t 〉+ 〈∆At, p

2
t 〉+ 〈∆Bt, p

3
t 〉+ 〈∆Yt, qt〉,59+J("�&{0[ dBt = (Xt − ρBt − e−ρδAt)dt (m [22, 40 2.1]), �^

d(〈∆Xt, p
1
t 〉+ 〈∆At, p

2
t 〉+ 〈∆Bt, p

3
t 〉+ 〈∆Yt, qt〉)

= L0(〈hξ
0

x (t),∆Xt〉+ 〈hξ0a (t),∆At〉+ 〈hξ
0

b (t),∆Bt〉+ 〈hξ
0

θ (t),∆θt〉

+ 〈hξ0y (t),∆Yt〉+ 〈hξ0z (t),∆Zt〉) + L0Ẽ[〈(hµ)1(t, Λ̃ξ0

t ), ∆̃Xt〉

+ 〈(hµ)2(t, Λ̃ξ0

t ), ∆̃At〉+ 〈(hµ)3(t, Λ̃ξ0

t ), ∆̃Bt〉+ 〈(hν)1(t, Λ̃ξ0

t ), ∆̃Y t〉

+ 〈(hν)2(t, Λ̃ξ0

t ), ∆̃Zt〉] + p2td∆At +G1(t)dt+ {· · · }dWt, (4.20)no
G1(t) = ∆XtẼ[(gµ)1(t,Π

ξ0

t , PΠξ0

t

, Π̃ξ0

t , θ̃
ξ0

t )p̃1t + (fµ)1(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

+ ∆AtẼ[(gµ)2(t,Π
ξ0

t , PΠξ0

t

, Π̃ξ0

t , θ̃
ξ0

t )p̃1t + (fµ)2(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

+ ∆BtẼ[(gµ)3(t,Π
ξ0

t , PΠξ0

t

, Π̃ξ0

t , θ̃
ξ0

t )p̃1t + (fµ)3(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

− p1t Ẽ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt + (gµ)2(t, Π̃
ξ0

t )∆̃At + (gµ)3(t, Π̃
ξ0

t )∆̃Bt]

+ ∆YtẼ[(fν)1(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t] + ∆ZtẼ[(fν)2(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

− qtẼ[(fµ)1(t, Λ̃
ξ0

t )∆̃Xt + (fµ)2(t, Λ̃
ξ0

t )∆̃At + (fµ)3(t, Λ̃
ξ0

t )∆̃Bt
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+ (fν)1(t, Λ̃
ξ0

t )∆̃Y t + (fν)2(t, Λ̃
ξ0

t )∆̃Zt]. (4.21) 4.1 =$� P̃
X̃

ξ0

t

= P
X

ξ0

t

#�
E[∆XtẼ[(gµ)1(t, Π̃

ξ0

t )p̃t]] = E[ptẼ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt]].\r��Q$&9�; (4.21) `�B~�3I
E

∫ T

0

G1(t)dt = 0. (4.22)= (4.20), (4.16) =h� p2t = 0, t ∈ [0, T ], P -a.s. = p3T = 0, P -a.s., �^
E[〈p1

T
+ Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0), ξ − ξ0〉

+ Ẽ[〈Φµ(ξ
0, Pξ0 , ξ̃0)qT + L0ψµ(ξ

0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]] > 0. (4.23)L{� (4.19) ^a�
4.4 V7���xF IIQ��w�eQ�H
;�kK (3.4)–(3.6) `'rI-u#�^ (3.5) o`:1 hm7� (A·, B·) =BQ`�)�Q\ru#p�(4.16) !^t��0` ξ ∈ K,

〈L1,∆X0〉+ L0〈ℓy(Y ξ0

0 ),∆Y0〉+ L0E[〈ψx(ξ
0, Pξ0), ξ − ξ0〉+ Ẽ[〈ψµ(ξ0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]]

+ L0E

∫ T

0

(〈hξ0x (t),∆Xt〉+ 〈hξ
0

θ (t),∆θt〉+ 〈hξ0y (t),∆Yt〉+ 〈hξ0z (t),∆Zt〉)dt

+ L0EẼ

∫ T

0

(〈(hµ)1(t, Λ̃ξ0

t ), ∆̃Xt〉+ 〈(hµ)4(t, Λ̃ξ0

t ), ∆̃Y t〉

+ 〈(hµ)5(t, Λ̃ξ0

t ), ∆̃Zt〉)dt > 0. (4.24)h29Sv:1	t� t ∈ [0, T ], x, a, b ∈ R
n, θ ∈ R

n×d, y ∈ R
m, z ∈ R

m×d, p ∈
R

n, q ∈ R
m, µ1, µ2, µ3 ∈ P2(R

n), ν1 ∈ P2(R
m), ν2 ∈ P2(R

m×d),

H(t, x, a, b, θ, y, z, p, q, µ1, µ2, µ3, ν1, ν2)

= 〈p, g(t, x, a, b, θ, µ1, µ2, µ3)〉 + 〈q, f(t, x, a, b, y, z, θ, µ1, µ2, µ3, ν1, ν2)〉
+ L0h(t, x, y, z, θ, µ1, ν1, ν2).^? 	K (3.4)–(3.6) `
OfJ0�*q~ÆpT`�<�C�B%='!>q`i�9<S\��C='!i�9<S\��C)A	





dpt =
{
Hξ0

x (t) + EFt [Hξ0

a (t+ δ)] + EFt

[
eρt

∫ t+δ

t

e−ρsH
ξ0

b (s)ds
]
+ Ẽ

[
(H̃ξ0

µ )1(t)

+EFt [(H̃ξ0

µ )2(t+ δ)] + EFt

[
eρt

∫ t+δ

t

e−ρs(H̃ξ0

µ )3(s)ds
]]}

dt

+Hξ0

θ (t)dWt, t ∈ [0, T ],

p0 = L1, pt = 0, t ∈ (T, T + δ];

dqt = {Hξ0

y (t) + Ẽ[(H̃ξ0

ν )1(t)]}dt+ {Hξ0

z (t) + Ẽ[(H̃ξ0

ν )2(t)]}dWt, t ∈ [0, T ],

q0 = L0ℓy(Y
ξ0

0 ), qt = 0, t ∈ (T, T + δ].

(4.25)



348 2 � b � A Z 41 �/�Co>qi�9<S\��Cz`NQ℄'�`aV.9��gu#p>q<S\��C`aV�ma [30].eQ>�px5�%F 4.4 h� (H3.1)–(H3.3)A7�E ξ0 %K (3.4)–(3.6)`
;z�9 (Xξ0 , θξ
0

,

Y ξ0 , Zξ0)$# (3.4)Q> ξ = ξ0 `z�SNQY! L1 ∈ R
n = L0 > 0,L� |L1|+ |L0| 6= 0, ^t��0` ξ ∈ K,

E[〈p
T
+Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0) + Ẽ[Φµ(ξ

0, Pξ0 , ξ̃0)q̃T

+ L0ψµ(ξ
0, Pξ0 , ξ̃0)], ξ − ξ0〉] > 0. (4.26)~ t 〈∆Xt, pt〉+ 〈∆Yt, qt〉 59+J("��^

d(〈∆Xt, pt〉+ 〈∆Yt, qt〉)

= L0(〈hξ
0

x (t),∆Xt〉+ 〈hξ
0

θ (t),∆θt〉+ 〈hξ0y (t),∆Yt〉+ 〈hξ0z (t),∆Zt〉)

+ L0Ẽ[〈(hµ)1(t, Λ̃ξ0

t ), ∆̃Xt〉+ 〈(hν)1(t, Λ̃ξ0

t ), ∆̃Y t〉+ 〈(hν)2(t, Λ̃ξ0

t ), ∆̃Zt〉]
+G2(t)dt+ {· · · }dWt, (4.27)no

G2(t) = ∆XtẼ[(gµ)1(t,Π
ξ0

t , PΠξ0

t

, Π̃ξ0

t , θ̃
ξ0

t )p̃t + (fµ)1(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

+ ∆XtẼ[EFt [(gµ)2(t+ δ,Πξ0

t+δ, PΠξ0

t+δ

, Π̃ξ0

t+δ, θ̃
ξ0

t+δ)p̃t+δ

+ (fµ)2(t+ δ,Λξ0

t+δ, PΛξ0

t+δ

, Λ̃ξ0

t+δ, θ̃
ξ0

t+δ)q̃t+δ]]

+ ∆XtẼ
[
EFt

[
eρt

∫ t+δ

t

e−ρs((gµ)3(s,Π
ξ0

s , PΠξ0
s
, Π̃ξ0

s , θ̃
ξ0

s )p̃s

+ (fµ)3(s,Λ
ξ0

s , PΛξ0
s
, Λ̃ξ0

s , θ̃
ξ0

s )q̃s)ds
]]

− ptẼ[(gµ)1(t, Π̃
ξ0

t )∆̃Xt + (gµ)2(t, Π̃
ξ0

t )∆̃At + (gµ)3(t, Π̃
ξ0

t )∆̃Bt]

+ ∆YtẼ[(fν)1(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t] + ∆ZtẼ[(fν)2(t,Λ
ξ0

t , PΛξ0

t

, Λ̃ξ0

t , θ̃
ξ0

t )q̃t]

− qtẼ[(fµ)1(t, Λ̃
ξ0

t )∆̃Xt + (fµ)2(t, Λ̃
ξ0

t )∆̃At + (fµ)3(t, Λ̃
ξ0

t )∆̃Bt + (fν)1(t, Λ̃
ξ0

t )∆̃Y t

+ (fν)2(t, Λ̃
ξ0

t )∆̃Zt], (4.28)= (gµ)k(t, Π̃
ξ0

t ), (lµ)k(t, Λ̃
ξ0

t ), (lν)j(t, Λ̃
ξ0

t ), l = f, h, k = 1, 2, 3, j = 1, 2 Q (4.1) o$E�Q"o*qQ [0, T ] U��|Dyl[��b
E[〈p

T
+Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0), ξ − ξ0〉+ Ẽ[〈Φµ(ξ

0, Pξ0 , ξ̃0)qT

+ L0ψµ(ξ
0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]]

= 〈L1,∆X0〉+ L0〈ℓy(Y ξ0

0 ),∆Y0〉+ L0E[〈ψx(ξ
0, Pξ0), ξ − ξ0〉

+ Ẽ[〈ψµ(ξ0, Pξ0 , ξ̃0), ξ̃ − ξ̃0〉]] + L0E

∫ T

0

(〈hξ0x (t),∆Xt〉+ 〈hξ0y (t),∆Yt〉

+ 〈hξ0z (t),∆Zt〉)dt+ L0EẼ
[ ∫ T

0

(〈(hµ)1(t, Λ̃ξ0

t ), ∆̃Xt〉+ 〈(hν)1(t, Λ̃ξ0

t ), ∆̃Y t〉
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+ 〈(hν)2(t, Λ̃ξ0

t ), ∆̃Zt〉)dt
]
+ E

∫ T

0

G2(t)dt.3^ E
∫ T

0 G2(t)dt = 0, = (4.24) �^Hlx5 (4.26). 4.3 (4.26)'ÆH?a [21]`x5�$���5�>`n1m7��m~ (a, b),&s�>`n1O7U�`Æ")'�'!3o�\NeQ`x5�MXHAa [21] `xJ��M&4�h� b(t, x, u, µ) = b̂(t, x, u,
∫
R
ϕ(x)µ(dx)), \3 ϕ : Rd → R %'!�3:1� σ, f,Φ, h �-.9h2�Q\ru#p (4.26) �M!An1)'�l[`��� 4.4 $�� (4.26) #Et��>` ξ ∈ K,

〈p
T
+Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0) + Ẽ[Φµ(ξ

0, Pξ0 , ξ̃0)q̃T

+ L0ψµ(ξ
0, Pξ0 , ξ̃0)], ξ − ξ0〉 > 0, a.s.pT`WJ�--'r&ge-`�"z' (4.26). 9 ∂K $# K `�|�h2

Ω∗ := {ω ∈ Ω | ξ0(ω) ∈ ∂K}._I 4.1 h� (H3.1)–(H3.3) A7�St�P'! ξ ∈ K,

〈p
T
+Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0) + Ẽ[Φµ(ξ

0, Pξ0 , ξ̃0)q̃T

+ L0ψµ(ξ
0, Pξ0 , ξ̃0)], ξ − ξ0〉 > 0, a.s. Q Ω∗ =

p
T
+Φx(ξ

0, Pξ0)qT + L0ψx(ξ
0, Pξ0) + Ẽ[Φµ(ξ

0, Pξ0 , ξ̃0)q̃T

+ L0ψµ(ξ
0, Pξ0 , ξ̃0)] = 0, a.s. Q Ωc

∗ .
5 h k ) �  [�w59y�}JK&7/qT`
OfJ0�^?l �E m = n = d = 1, h2 Xt :=

∫ t

t−δ
e−ρ(t−s)Xsds, ρ > 0. �HpTQ�m~`i�9_W�<S\��C	





dXt = (A1Xt +A2ut +A3h(E[g(Xt)]))dt + (B1Xt−δ +B2ut

+B3h(E[g(Xt−δ)]))dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0];
−dYt = (C1Xt + C2Yt + C3Zt + C4ut + C5h(E[g(Xt)]) + C6h(E[g(Yt)])

+C7h(E[g(Zt)]))dt− ZtdWt, t ∈ [0, T ],

YT = D1XT +D2h(E[g(XT )]),

(5.1)\3 ϕ· %'!:��3:1L� E
[

sup
t∈[−δ,0]

|ϕt|2
]
< ∞; Ai, Bi, Ci, Di %$h`�1s

B2 6= 0; g, h : R → R %�>Y1l>|`}J:��\:1�Qpp}Fwk`�kK%
�H J(u(·)) := 1

2
E[K1X

2
T +K2h(E[g(XT )]) +K3Y

2
0 ]+k� u(·) ∈ Uad, XT ∈ R

+, a.s., (5.2)
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−dXt =
(A2B1

B2
Xt−δ −A1Xt −

A2

B2
θt +

A2B3

B2
h(E[g(Xt−δ)])

−A3h(E[g(Xt)])
)
dt− θtdWt, t ∈ [0, T ],

XT = ξ, Xt = ϕt, t ∈ [−δ, 0);
−dYt =

(
− B1C4

B2
Xt−δ + C1Xt +

C4

B2
θt + C2Yt + C3Zt −

C4B3

B2
h(E[g(Xt−δ)])

+C5h(E[g(Xt)]) + C6h(E[g(Yt)]) + C7h(E[g(Zt)])
)
dt

−ZtdWt, t ∈ [0, T ],

YT = D1ξ +D2h(E[g(ξ)]).

(5.3)

%ÆT`�C�J!`�kK�-	ApT`�y;HK
�H J(ξ) :=
1

2
E[K1ξ

2 +K2h(E[g(ξ)]) +K3Y
2
0 ]+k� ξ ∈ R

+, X
ξ
0 = a := ϕ0. (5.4)E µ = (µ1, µ2, µ3), ν = (ν1, ν2), µi ∈ P2(R), i = 1, 2, 3, νj ∈ P2(R), j = 1, 2, h2

H(t, x, a, b, θ, y, z, p, q, µ, ν) = p
(A2B1

B2
a−A1b−

A2

B2
θ +

A2B3

B2
µ2 −A3µ3

)

+ q
(
− B1C4

B2
a+ C1b+

C4

B2
θ + C2y + C3z −

C4B3

B2
µ2 + C5µ3 + C6ν1 + C7ν2

)
.E ξ0 % (5.4) `
;z�=h0 4.1 �b�NQ L0 > 0 = L1 ∈ R L� |L0|+ |L1| 6= 0,  ^!�(b" (4.5) A7��H�<�C





dpt =
{
EFt

[A2B1

B2
pt+δ −

B1C4

B2
qt+δ

]

+EFt

[
eρt

∫ t+δ

t

e−ρs(−A1p(s) + C1q(s))ds
]

+ẼEFt

[(A2B3

B2
p̃(t+ δ)− C4B3

B2
q̃(t+ δ)

)
h′(E[g(Xt+δ)])g

′(X̃t+δ)
]

+ẼEFt

[
eρt

∫ t+δ

t

e−ρs(−A3p̃(s) + C5q̃(s))h
′(E[g(Xs)])g

′(X̃s)ds
]}

dt

+
(
− A2

B2
pt +

C4

B2
qt

)
dWt, t ∈ [0, T ],

p0 = L1, pt = 0, t ∈ (T, T + δ];

dqt = (C2qt + Ẽ[C6q̃th
′(E[g(Yt)]g

′(Ỹt)])dt

+(C3qt + Ẽ[C7q̃th
′(E[g(Zt])g

′(Z̃t)])dWt, t ∈ [0, T ],

q0 = K3L0Y0,

(5.5)

\3 (Y ξ0 , Zξ0) % (5.3) Q> ξ = ξ0 `z�
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(
p

T
+D1qT + L0K1ξ

0 + Ẽ
[(
D2q̃T +

1

2
L0K2

)
h′(E[g(ξ0)])g′(ξ̃0)

])
(ξ − ξ0) > 0, a.s., (5.6)no (p, q) % (5.5) `z��'+�E Ω∗ := {ω ∈ Ω| ξ0(ω) = 0}, S

p
T
+D1qT + L0K1ξ

0 + Ẽ
[(
D2q̃T +

1

2
L0K2

)
h′(E[g(ξ0)])g′(ξ̃0)

]
= 0, a.s. Q Ωc

∗ =
p

T
+D1qT + Ẽ

[(
D2q̃T +

1

2
L0K2

)
h′(E[g(ξ0)])g′(ξ̃0)

]
> 0, a.s. Q Ω∗ .

6 M � � ( � # r t�w 	Q>�m=pp}Fwk`�5 - �

;�y`i�9t1K�^[?\'i�9t1`o�℄��BNQ`�%Nn�h�'!�5�T��5Yr5h�&_LoO^L��E Xt, kt, ct > 0 �%$#�5� t ��`��� t ��`+j9= t ��`�
I�Q 1928a�Ramsey [31] ~Æ?pT`X&U/\'nR
dXt

dt
= f(Xt, kt)− ct. (6.1)|{Qu�u#o�T��hM>�s=�m�3I� Chen = Wu [23] q/X"YApT`Æ"	



dXt = [f(Xt−δ, kt)− ct]dt+ σ(Xt−δ)dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0],
(6.2)\3 δ > 0 %�m�k
 ϕ· ∈ C[−δ, 0] %$h`D!�5
 W %'! 1- _`#�)*Oj�Q�wo�eQqTXW0[{5`i�9t1�h�8� f i, σi, hi L� (H3.1)= (H3.2). �H N !�=��hhe i !�5�7�}Fj9nR�p	




dX i

t = (f i(Ai
t, B

i
t , k

i
t, ν

N
t )− cit)dt+ σi(Ai

t, B
i
t , c

i
t)dW

i
t , t ∈ [0, T ],

X i
t = ϕi

t, t ∈ [−δ, 0],
(6.3)\3 Ai(t) = X i

t−δ, δ > 0; Bi
t =

∫ t

t−δ
e−ρ(t−s)X i(s)ds, ρ > 0; νNt = 1

N

N∑
i=1

δXi
t
, δx $#Q xF` Dirac 3o
 W i, i = 1, 2, · · · , N %m7`)*Oj�eQwh X i

T .� R o`�U[ Ki.t�e i!�5��K%O7�yA /D`�
I cit > 0
OHpT`$u�:	
J i(ci) = E

[ ∫ T

0

hi(t, Ai
t, B

i
t, c

i
t, ν

N
t )dt+X i

T

]
, 1 6 i 6 N. (6.4)h�\!t1%t�`�^ f i = f, ci = c, σi = σ, hi = h, ϕi = ϕ, ki = k, Ki = Km7� i. E N → +∞, %Æ Lasry = Lions [1] `6| (&�-0�a [32]), �-O7�
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dXt = (f(At, Bt, kt, PXt

)− ct)dt+ σ(At, Bt, ct)dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0].
(6.5){5d�nif:1^

J(c) = E
[ ∫ T

0

h(t, At, Bt, ct, PXt
)dt+XT

]
. (6.6)^?^[
OfJ0`�{Æ"�h� f(a, b, k, PX) = Lk(a + b) + ψ(E[ϕ(X)]),

h(t, a, b, c, PX) = e−rt c
γ

γ
+ ψ(E[ϕ(X)]), no<S!> X .� L1(Ω,F, P ); ψ, ϕ : R →

R, ϕ : R → R %�>>|Y1`}J:��\:1
 L, k %<!;1
 r %C4I

γ ∈ (0, 1), 1 − γ %�5�{t`�s#z�n[�-0�a [23, 33] on1 f, h m7��)`u#�up&Q<ru#p~ÆeQ`
OfJ0�ND 1 σ m7� (a, b). Q\ru#p�/`
;�
K�-	A

{
dXt = (Lk(At +Bt)− ct + ψ(E[ϕ(Xt)]))dt+ σ(At, Bt, ct)dWt, t ∈ [0, T ],

Xt = ϕt, t ∈ [−δ, 0],
(6.7)no XT ∈ K, =if:1

J(c·) = E
[ ∫ T

0

(
e−rt c

γ
t

γ
+ ψ(E[ϕ(Xt)])

)
dt+XT

]
. (6.8)E θ = σ(a, b, c) = c = σ̂(a, b, θ), no σ̂ % σ ,� c `:1�SK (6.7)–(6.8) !A



−dXt = −(Lk(At +Bt)− σ̂(At, Bt, θt) + ψ(E[ϕ(Xt)]))dt − θtdWt, t ∈ [0, T ],

XT = ξ, Xt = ϕt, t ∈ [−δ, 0)
(6.9)=

J(ξ) = E
[ ∫ T

0

(
e−rt 1

γ
σ̂(At, Bt, θt)

γ + ψ(E[ϕ(Xt)])
)
dt+XT

]
. (6.10)h� (X0

· , c
0
· ) %K (6.7)–(6.8) 
;t�E σ̂ξ0(t) = σ̂(Aξ0

t , B
ξ0

t , θ
ξ0

t ). 9 σ̂
ξ0

l (t) =
∂σ̂
∂l
(Aξ0

t , B
ξ0

t , θ
ξ0

t ), l = a, b, θ, $# σ̂ ,� l `fY1�E (p1· , p
2
· , p

3
· ) %pT�<�C`z	 




dp1t = (−p3t − ψ′(E[ϕ(Xξ0
t )])E[(L0 − p1t )ϕ

′(Xξ0
t )])dt

+(p1t σ̂
ξ0

θ (t) + L0e
−rt(σ̂ξ0 (t))γ−1σ̂

ξ0

θ (t))dWt, t ∈ [0, T ],

p10 = L1,
{
dp2t = (−Lkp1t + e−ρδp3t + σ̂ξ0

a (t)p1t + L0e
−rt(σ̂ξ0 (t))γ−1σ̂ξ0

a (t))dt, t ∈ [0, T ],

p20 = 0,
{
dp3t = (−Lkp1t + ρp3t + σ̂

ξ0

b (t)p1t + L0e
−rt(σ̂ξ0(t))γ−1σ̂

ξ0

b (t))dt, t ∈ [0, T ],

p30 = 0,no;1 L0 = L1 Qh0 4.1 o$E�



3 m ;�H j�:�noSa�PgK1℄6: 353�5 p2t = 0, t ∈ [0, T ]= p3T = 0, %Æh0 4.3 �^�t� ξ0 = X0
T = Ω∗ = {ω ∈ Ω |

ξ0(ω) ∈ ∂K}, 


(p1T + L0 + L0E[h(ξ0)])(ξ − ξ0) > 0, Q Ω∗ ,
(p1T + L0 + L0E[h(ξ0)])(ξ − ξ0) = 0, Q Ωc

∗ . (6.11)ND 2 σ m7� (a, b). Q\ru#p�(6.9) = (6.10) �-	A


−dXt = −(Lk(At +Bt)− σ̂(θt) + +ψ(E[ϕ(Xt)]))dt− θtdWt, t ∈ [0, T ],

XT = ξ, Xt = ϕt, t ∈ [−δ, 0),
(6.12)=

J(ξ) = E
[ ∫ T

0

(
e−rt 1

γ
σ̂(θt, PXt

)γ + ψ(E[ϕ(Xt)])
)
dt+XT

]
. (6.13)�HpT>q`<S\��C




dpt =
(
− Lk

(
EFt [p(t+ δ) + eρt

∫ t+δ

t

e−ρsp(s)ds]
)

−ψ′(E[ϕ(Xξ0
t )])E[(L0 − pt)ϕ

′(Xξ0
t )]

)
dt

+(ptσ̂θ(θ
ξ0

t ) + L0e
−rt(σ̂(θξ

0

t ))γ−1σ̂θ(θ
ξ0

t ))dWt, t ∈ [0, T ],

p0 = L1, pt = 0, t ∈ (T, T + δ].

(6.14)=h0 4.4, �b 


(p1T + L0 + L0E[h(ξ0)])(ξ − ξ0) > 0, Q Ω∗ ,
(p1T + L0 + L0E[h(ξ0)])(ξ − ξ0) = 0, Q Ωc

∗ , (6.15)no p· % (6.15) `z�
7 = J k Æ >�a 	?Q>�m=ppwk`i�9_W��knR`<S
OfJ0�>_!�`I^�%hE	*q�}F�C='!Q�m`i�9_W�<S\��C��F�B`n1(U)'�z�z`�m�{s&)'�BQ`�)�{,`�<�C`)R&(%,>'�`i�W0�$���5 σ )'� (A·, B·) =BQ�)��<�C%=<!i�9<S\��C=<!;\��C)A�|{��5 σ m7�BQ��<�C='!>q`i�9<S\��C='!i�9<S\��C)A�U%fJ[r�<�Cl(Q�uN`av�nJ�Du>`'�{��ma [17, 21], QeQ`'�o$
n1(�)'�z=�k�{s&)'�z`�m=�m~`�)�Q�/I^�eQ`xJD Wen = Shi [28], Elsanosi, Øksandal = Sulem [22], Chen = Wu [23] >rx`(Q�LYrCo&4��a'ÆH?a [17, 21, 28] `xJ�
D��^7/�59�eQ 	?'!�5 - �

;�y`i�9t1K�O7,O^`0Jx5�$E?\'i�9t1`o�℄��B��j t���\�W,,�`�E��$�
�
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Abstract This paper concerns a stochastic optimal control problem of a mean-field forward-

backward control system with delay and terminal state constraints. The coefficients of dri-

ving system depend on the solution, delay of the solution and all of their laws. Making use

of the Lions’ derivative, terminal perturbation approach and Ekeland’s variational principle,

two stochastic maximum principles involving law are obtained. As applications of the theo-

retical results, a linear-quadratic problem and a mean-field game of production-consumption

choice optimization problem are investigated.
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