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9
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1 M�I
1952�, Piatetski-Shapiro[1] ^s�P�Waring-GoldbachKC$�9:' c > 1 �1�6, ε HYV$�6. ! k 1bE�K�$�6 (t c oN), {�&-

|pc1 + pc2 + · · ·+ pck −N | < ε2r�=�$*6 N W:6 p1, p2, · · · , pk 1on$. HH��*8, � H(c) �/,#&5�&-on$�V$ k, Piatetski-Shapiro[1] ��
lim sup
c→∞

H(c)

c log c
6 4,e 1 < c < 3

2 , H(c) 6 5.

Laporta[2] ^s�oN7u-:E�&-$�9KC. >��2rd[=o$ T ∈

(N, 2N ], P��&-
|pc1 + pc2 − T | < ε2r:6 p1, p2, ε = T 1− 15

14c log8 T W 1 < c < 15
14 1on$.�:6 Pr �/�4o r:jÆ.(IPWÆT/ [3] ��� 1 < c < c′ = 1.0089 · · · ,-:E�&-

|pc + P c
r −N | < ε (1.1)2r�=�$*6 N W:6 p, �:6 Pr 1on$, �� ε = N1− c′

c � r = 10.�I�, L���ePlS. 1 1.1 ' 1 < c < c0. 2r�b�K�$*6 N , � ε = N
9
10 (1−

c0
c
) W Tr(N) �/-:E�&- (1.1) 2:6 p W�:6 Pr on$E6, {o

Tr(N) ≫
εN

2
c
−1

log2N
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180 7 ℄ � w A a 42 u�� r = 6 � 1 < c < c0 = 1.03074432 · · · .�IL�g' N 1�K�$*6, p 1:6, c 1
� 1 < c < c0 = 1.03074432 · · · $*6. m ∼ M �/ M < m 6 2M . m ≍ M �/�z�E��6 c1, c2, ,# c1M < m 6

c2M . >V O W>V ≪ v2^d}r c. [t] �/ t $�6=W ψ(t) = t− [t]− 1
2 .

2 KF+�M2L1 2.1 [4−5] ' A �/oR�6b, P �/oR:6b, P �/�4rP $:6b�
Ad = {a | a ∈ A , a ≡ 0(modd)}, P(q) = {p | p ∈ P, (p, q) = 1}.2r z > 2, �

P (z) =
∏

p<z,p∈P

p, S(A ;P, z) =
∑

a∈A ,(a,P (z))=1

1. S
(A1) |Ad| =

ω(d)
d

X + rd, µ(d) 6= 0, (d,P) = 1;

(A2)
∑

z16p<z2

ω(p)
p

= log log z2
log z1

+O
(

1
log z1

)

, z2 > z1 > 2,�� ω(d) 1�ZU6, 0 6 ω(p) < p, X > 1 t d MN, {
S(A ;P, z) > XV (z)

(

f(s) + O
( 1

log
1
3 D

))

−RD,

S(A ;P, z) 6 XV (z)
(

F (s) +O
( 1

log
1
3 D

))

+RD,��
s =

logD

log z
, RD =

∑

d<D,d|P (z)

|rd|,

V (z) = C(ω)
e−γ

log z

(

1 +O
( 1

log z

))

,

C(ω) =
∏

p

(

1−
ω(p)

p

)(

1−
1

p

)−1

,e f(s) W F (s) 
� P$�=G=<�:










F (s) =
2

s
, f(s) = 0, 0 < s 6 2,

(sF (s))′ = f(s− 1), (sf(s))′ = F (s− 1), s > 2.6�, L�o
F (s) =

2

s
, 1 6 s 6 3; f(s) =

2

s
log(s− 1), 2 6 s 6 4.L1 2.2 [6−7] �

xε < v 6 x, Q(v) =
∏

p<v

p,
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∑

x<n6y
(n,Q(v))=1

1 = w
( log x

log v

)y − x

log v
+O

( x

log2 x

)

,�� w(u) 
�P��=G=<�:










w(u) =
1

u
, 1 6 u 6 2,

(uw(u))′ = w(u − 1), u > 2.6�, L�o
w(u) 6

1

1.763
, u > 2.L1 2.3 [8] 2r�b H > 0, o

ψ(t) =
∑

0<|h|6H

a(h)e(ht) +O
(

∑

|h|6H

b(h)e(ht)
)

,�� a(h) ≪ |h|−1, b(h) ≪ H−1.

3 !2Q4: .8-#�
γ =

1

c
, X = Nγ , ε = X

9
10 (c−c0), η =

1

1000
(c0 − c), Y = X2−c0−η.,h

A = {n | (N − pc − ε)γ < n 6 (N − pc + ε)γ , X1−η < p 6 2X1−η},

P = {p | p > 2}.
(3.1)' Ad = {n ∈ A | n ≡ 0(modd)}, {

|Ad| =
∑

p∼X1−η

([ (N − pc + ε)γ

d

]

−
[ (N − pc − ε)γ

d

])

=
ω(d)

d
X + rd, (3.2)�� ω(d) ≡ 1,

X =
∑

p∼X1−η

((N − pc + ε)γ − (N − pc − ε)γ)

≍ εNγ−1(π(2X1−η)− π(X1−η))

≍ X2−c0−η log−1X =
Y

logX
, (3.3)

rd =
∑

p∼X1−η

(

ψ
( (N − pc − ε)γ

d

)

− ψ
( (N − pc + ε)γ

d

))

. (3.4)
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Si =

∑

p∼X1−η

ψ
( (N − pc + iε)γ

d

)

, i = +,−.L�	ax	 S+.� H = dXc0−1+η, {nl� 2.3, L�# 
S+ ≪

X2−c0−2η

d
+

∑

16h6H

|S(h)|

h
, (3.5)��

S(h) =
∑

p∼X1−η

e
( (N − pc + ε)γ

d
h
)

.� ℓ =
[

3 γ
η

]

. n?~I-, L�# ( g pc

N
= O(N−η)),

(N + ε− pc)γ = (N + ε)γ
(

1−
pc

N + ε

)γ

= (N + ε)γ
(

1−
γpc

N + ε
+

ℓ
∑

j=2

cj(γ)
pjc

(N + ε)j
+O(N−ℓη−η)

)

= (N + ε)γ − γ(N + ε)γ−1pc +

ℓ
∑

j=2

cj(γ)(N + ε)γ−jpjc

+O(Nγ−ℓη−η).j6L�# 
S(h) ≪ |S1(h)|+ 1, (3.6)��

S1(h) =
∑

p∼X1−η

e
(

upc +

ℓ
∑

j=2

ujp
jc
)

,

u =
γh(N + ε)γ−1

d
, uj = −

hcj(γ)(N + ε)γ−j

d
,

ℓ
∑

j=2

ujp
jc = O(upcN−η).� g(t) =

ℓ
∑

j=2

ujt
jc, f(t) = utc + g(t) W F = hNγ−η

d
, L�# f(p) ≍ F . kP|L�a� P�C.5= 3.1 2r 1 < c < c0, � α = 447−407c0−1000η

354(2−c0−η) , {o
Si =

∑

p∼X1−η

ψ
((N − pc + iε)γ

d

)

≪
Y X−η

d
, i = +,−,�� 1 6 d 6 Y α.
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4 6> 3.1 �Q4L1 4.1 [3] ' am 1?6\��
�
∑

m∼M1

|am|2 ≪M1 log
2AM1, A > 0.! M1 ≪ X3−2c0−3η

d2 ,M1N1 ≍ X1−η, {o
SI =

∑

m∼M1

am
∑

n∼N1

e(u(mn)c + g(mn)) ≪
Y X−η

d
.L1 4.2 [8] ' am W bn 1�E?6\��
�

∑

m∼M1

|am|2 ≪M1 log
2AM1,

∑

n∼N1

|bn|
4 ≪ N1 log

4B N1, A > 0, B > 0.! d2X2c0−2+3η ≪ N1 ≪ min
(

FX2−2c0−2η, X
5−4c0−5η

d4 , X
411−318c0−411η

9

F
53
9 d

318
9

)

,M1N1 ≍ X1−η, {o
SII =

∑

m∼M1

am
∑

n∼N1

bne(u(mn)
c + g(mn)) ≪

Y X−η

d
.QzL��&5�C 3.1. n (3.5)–(3.6), 	a�

S1(h) =
∑

p∼X1−η

e
(

upc +

ℓ
∑

j=2

ujp
jc
)

≪
Y X−η

d
,{o

S1(h) = S∗
1 (h) +O(X

1−η
2 ),��

S∗
1 (h) =

∑

t∼X1−η

Λ(t)e
(

utc +

ℓ
∑

j=2

ujt
jc
)

.�
T =

X3−2c0−3η

d2
, U = d2X2c0−2+3η,

E = min
(

FX2−2c0−2η,
X5−4c0−5η

d4
,
X

411−318c0−411η

9

F
53
9 d

318
9

)

,{zL�g'$DhPY�f_�
TE > X, X/T > (2X)

1
13 , U2 < E.�m Heath-Brown’sZ&- (k = 13), L�ye� S∗
1 (h) W� O(log26X) E�6W$Y-

S∗∗
1 (h) =

∑

X1−η<n1n2···n2662X1−η

Lj<nj62Lj

a1(n1)a2(n2) · · ·a26(n26)

× e
(

u(n1n2 · · ·n26)
c +

ℓ
∑

j=2

uj(n1n2 · · ·n26)
jc
)

,
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aj(nj) =















logn1, j = 1,

1, 1 < j 6 13,

µ(nj), 14 6 j 6 26,

X1−η ≪

26
∏

j=1

Lj ≪ X1−η, Lj > 1,

Lj ≪ (2X1−η)
1
13 , 14 6 j 6 26,�� µ(n) �/ Möbius U6.	a�

S∗∗
1 (h) ≪

Y X−η

d
. (4.1)7H 1 !2r�E j, o Lj ≫ X1−η/T , {L�o 1 6 j 6 13. � m =

∏

i6=j

ni, n =

nj,M1 =
∏

i6=j

Li, N1 = Lj, { S∗∗
1 (h) J��W SI, ~`nl� 4.1 # (4.1).7H 2 !2r�E j, U ≪ Lj < X1−η/T ≪ E. � m =

∏

i6=j

ni, n = nj , { S∗∗
1 (h) J��W SII, ~`nl� 4.2 # (4.1).7H 3 !2r=o 1 6 j 6 26, o Lj ≪ U . �1b�Z, L�yeg' L1 6 L2 6

· · · 6 L26. � l �/�V$�6, ,#
l

∏

j=1

Lj ≫ U,{o 1 < j < 26 W
U ≪

l
∏

j=1

Lj = Ll

l−1
∏

j=1

Lj ≪ U2 ≪ E.� n = n1n2 · · ·nl, m = nl+1 · · ·n26. j6 S∗∗
1 (h) J��W SII, ~`nl� 4.2 # 

(4.1).=e�C 3.1 ye�&�"��{# .

5 !2 1.1 �Q4z�1, L��ml� 2.1 �$$9W�C 3.1 |�,� 1.1. �
D = Y α, z = D

1
2.64 , P (z) =

∏

2<p<z

p.L�x	 P-Æ:

S(A ;P, z)−
∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

S(Ap1···pr
;P(p1 · · · pr−1), pr)

= Ω− Ω(r).



2 � �#℄ NBS pO�;7%8v.;F�'. 185�&5-ÆL��" Ω �/ A �u:t P (z) \:$E6, f� Ω(r) �/ A �$u:t P (z) \:��4o r + 1 :jÆ$E6, j� Ω− Ω(r) �/ A �$u:t P (z) \:��4o r E:jÆ$E6, =e
Tr(N) > S(A ;P, z)−

∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

S(Ap1···pr
;P(p1 · · · pr−1), pr)

= Ω− Ω(r). (5.1)

(i) Me Ω $Pp.L�o
C(ω) =

∏

p

(

1−
ω(p)

p

)(

1−
1

p

)−1

= 2, (5.2)

V (z) = C(ω)
e−γ

log z

(

1 +O
( 1

log z

))

=
2e−γ

log z

(

1 +O
( 1

log z

))

, (5.3)

RD =
∑

d<D,d|P (z)

|rd| = o
( Y

logD

)

, (5.4)�� (5.4) yn�C 3.1 # . qnl� 2.1, (3.1)–(3.4) W (5.2)–(5.4), # 
Ω > XV (z)

(

f
( logD

log z

)

+O
( 1

log
1
3 D

))

−RD

=
(

log 1.64 +O
( 1

log
1
3 D

)) 4Y

logD logX
. (5.5)

(ii) Me Ω(r) $&p.L�o
Ω(r) =

∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

∑

X1−η<p62X1−η

N−(p1···prn)c−ε)γ<p6(N−(p1···prn)c+ε)γ

p0|n⇒p0>pr

1.�
M

(r) = {m | m ∈ A ,m = p1 · · · prn, p | n⇒ p > pr, z 6 p1 6 · · · 6 pr},

B
(r) = {l | (N −mc − ε)γ < l 6 (N −mc + ε)γ ,m ∈ M

(6)},{o
Ω(r) = S(B(r);P, (2X1−η)

1
2 ) 6 S(B(r);P, D

1
2 ). (5.6)�

X (r) ≍
∑

m∈M (r)

((N −mc + ε)γ − (N −mc − ε)γ),

r
(r)
d =

∑

m∈M (r)

(

ψ
( (N −mc − ε)γ

d

)

− ψ
( (N −mc + ε)γ

d

))

.
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R

(r)
D =

∑

d<D,d|P (z)

|r
(6)
d | = o

( Y

logD

)

. (5.7)nl� 2.2, :6,�W=W�W, L�# 
X (r) ≍

∑

X1−η<p1···prn62X1−η

z6p16···6pr
p|n⇒p>pr

((N − (p1 · · · prn)
c + ε)γ

− (N − (p1 · · · prn)
c − ε)γ)

≍ εNγ−1X−cη
∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

(p1p2 · · · pr
X

)c

×
∑

X
p1p2···pr

<n6 2X
p1p2···pr

p|n⇒p>pr

nc

= εNγ−1X−cη
∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

(p1p2 · · · pr
X

)c

×
(

∫ 2X
p1p2···pr

X
p1p2···pr

ucw
( log X

p1p2···pr

log pr

) du

log pr

+O
( Xc+1

(p1p2 · · · pr)c+1 log2 X
p1p2···pr

))

≍
(

1 +O
( 1

logX

))

εNγ−1X1−cη

×
∑

z6p16···6pr<
(

2X
p1···pr−1

) 1
2

1

p1p2 · · · pr log pr
w
( log X

p1p2···pr

log pr

)

=
(

1 +O
( 1

logX

)) crY

logX
, (5.8)��

cr =

∫

dt1
t1

∫

dt2
t2

· · ·

∫

dtr−1

tr−1

∫

log z
log X

6t16···6tr<
1−t1−···−tr−1

2

w
(1− t1 − · · · − tr

tr

)dtr
t2r
.nl� 2.1, (5.2)–(5.3) W (5.7)–(5.8), # 

S(B(r);P, D
1
2 ) 6 X (r)V (D

1
2 )
(

F (2) +O
( 1

log
1
3 D

))

+R
(r)
D

=
(

1 +O
( 1

log
1
3 D

)) 4crY

logD logX
. (5.9)

(iii) ,� 1.1 $�.



2 � �#℄ NBS pO�;7%8v.;F�'. 187n (5.1), (5.5)–(5.6) W (5.9), o
Tr(N) >

(

log 1.64− cr +O
( 1

log
1
3 D

)) 4Y

logD logX

≫
εN

2
c
−1

log2N
. (5.10)n-Æ (5.10), ,�#�.�	*, 2r 1 < c < 1.03074432 · · · , Gtl� 2.2 �$ w(u) $Z
W_=y<, L�# (f Tj = t1 + · · ·+ tj)

c6 6

∫ 1
7

1
34

dt1
t1

∫

1−t1
6

t1

dt2
t2

∫

1−T2
5

t2

dt3
t3

∫

1−T3
4

t3

dt4
t4

∫

1−T4
3

t4

dt5
t5

∫

1−T5
2

t5

w
(1− T6

t6

)dt6
t26

6
1

1.763

∫ 1
8

1
34

dt1
t1

∫

1−t1
7

t1

dt2
t2

∫

1−T2
6

t2

dt3
t3

∫

1−T3
5

t3

dt4
t4

∫

1−T4
4

t4

dt5
t5

∫

1−T5
3

t5

dt6
t26

+

∫ 1
8

1
34

dt1
t1

∫

1−t1
7

t1

dt2
t2

∫

1−T2
6

t2

dt3
t3

∫

1−T3
5

t3

dt4
t4

∫

1−T4
4

t4

dt5
t5

∫

1−T5
2

1−T5
3

dt6
t6(1− T6)

+

∫ 1
8

1
34

dt1
t1

∫

1−t1
7

t1

dt2
t2

∫

1−T2
6

t2

dt3
t3

∫

1−T3
5

t3

dt4
t4

∫

1−T4
3

1−T4
4

dt5
t5

∫

1−T5
2

t5

dt6
t6(1− T6)

+

∫ 1
8

1
34

dt1
t1

∫

1−t1
7

t1

dt2
t2

∫

1−T2
6

t2

dt3
t3

∫

1−T3
4

1−T3
5

dt4
t4

∫

1−T4
3

t4

dt5
t5

∫

1−T5
2

t5

dt6
t6(1− T6)

+

∫ 1
8

1
34

dt1
t1

∫

1−t1
7

t1

dt2
t2

∫

1−T2
5

1−T2
6

dt3
t3

∫

1−T3
4

t3

dt4
t4

∫

1−T4
3

t4

dt5
t5

∫

1−T5
2

t5

dt6
t6(1− T6)

+

∫ 1
8

1
34

dt1
t1

∫

1−t1
6

1−t1
7

dt2
t2

∫

1−T2
5

t2

dt3
t3

∫

1−T3
4

t3

dt4
t4

∫

1−T4
3

t4

dt5
t5

∫

1−T5
2

t5

dt6
t6(1− T6)

+

∫ 1
7

1
8

dt1
t1

∫

1−t1
6

t1

dt2
t2

∫

1−T2
5

t2

dt3
t3

∫

1−T3
4

t3

dt4
t4

∫

1−T4
3

t4

dt5
t5

∫

1−T5
2

t5

dt6
t6(1− T6)

6 0.246962+ 0.165603+ 0.067772+ 0.012540+ 0.001158+ 0.000052 + 0.000001

< 0.494089. (5.11)n (5.11), o
T6(N) >

(

log 1.64− c6 +O
( 1

log
1
3 D

)) 4Y

logD logX

>
4Y

103 logD logX
≫

εN
2
c
−1

log2N
.SG �|2)C�B�$�R$ii(�Xg.� � / � B � D
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Abstract Let Pr denote an almost-prime with at most r prime factors, counted according

to multiplicity. In this paper it is proved that for any sufficiently large real number N and

1 < c < c0, the inequality |pc + P c
r − N | < N

9
10 (1−

c0
c
) is solvable in a prime p and an

almost-prime Pr. In particular for 1 < c < c0 = 1.03074432 · · · , the authors have r = 6.

This result constitutes an improvement upon that of W. G. Zhai and X. D. Cao.
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