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§1  �%&e*Æo m ∈ N, x = (x1, x2, · · · , xm) ∈ R
m
+ , ‖x‖ρ,m =

(

m
∑

i=1

x
ρ
i

)
1
ρ (ρ > 0), p > 1, α ∈ R, 91�\ Lebengue +
:

Lα
p (R

m
+ ) =

{

f(x) : ‖f‖p,α =
(

∫

R
m
+

‖x‖αρ,m|f(x)|p dx
)

1
p

< +∞
}

.g 1
p
+ 1

q
= 1 (p > 1), m,n ∈ N, ρ1 > 0, ρ2 > 0, x ∈ R

m
+ , y ∈ R

n
+, K(u, v) > 0. 6f8U�{ a, b, 3<\`{HD, )/1/�; t3 Hilbert �WtMÆ5t:

∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy 6M(a, b)‖f‖p,α(a,b)‖g‖q,β(a,b), (1.1)RU M(a, b), α(a, b), β(a, b) <vC(O�{ a, b ?Y3r{. -�7, =Bb0%[3(O�{ a, b, (1.1) 3�{4_ M(a, b) Æv�3, S?[-��93 a, b, M(a, b) �pv��{4_. 5e. m = n = 1, K(x, y) = 1
x+y
q, %[ a = b = 1

pq
,  )1/ 1934L Hardy IÆ [1] UPD3ZE Hilbert Æ5t:

∫ +∞

0

∫ +∞

0

f(x)g(y)

x+ y
dxdy <

π

sin(π
p
)
‖f‖p‖g‖q,RU3�{4_ π

sin(π
p
) v�3. IRi3$?Æ�U, N=Æ�3, �^��%[�(O�{ a, b, 1/:gQ"?��{4_3 Hilbert �Æ5t (� [2–17]). �L.Y�� 2020 M 10 G 14 dx0, 2021 M 11 G 24 dx0"PS.
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192 | ' M & A w 43 #B�(O�{�O3)�,[1:-93�℄ (� [18–20]), �ÆÆIL��℄3q l, N=IU$3 Hilbert �WtMÆ5t, �= a, b ��(O�{35���, 1/
a, b ��(O�{3N�HD, �$:�(O�{3%[��.g G(u, v)v λ�U$`{, λ1λ2 > 0,K� K(‖x‖ρ1,m, ‖y‖ρ2,n) = G(‖x‖λ1

ρ1,m
, ‖y‖λ2

ρ2,n
)�"?�{ {λ, λ1, λ2} 3IU$`{, �_IU$`{"?!T: g t > 0, K

K(t‖x‖ρ1,m, ‖y‖ρ2,n) = tλλ1K(‖x‖ρ1,m, t
−

λ1
λ2 ‖y‖ρ2,n),

K(‖x‖ρ1,m, t‖y‖ρ2,n) = tλλ2K(t
−

λ2
λ1 ‖x‖ρ1,m, ‖y‖ρ2,n).�Æ3�=#+</�A3gQ60.�� 1.1[21] o p1 > 0, ai > 0, αi > 0 (i = 1, 2, · · · , n), ψ(u) )�, K?

∫

· · ·

∫

n∑

i=1

(
xi
ai

)αi61;xi>0

ψ
(

n
∑

i=1

(xi

ai

)αi
)

x
p1−1
1 · · ·xpn−1

n dx1 · · ·dxn

=
a
p1

1 · · · apn
n Γ( p1

α1
) · · ·Γ( pn

αn
)

α1 · · ·αnΓ(
p1

α1
+ · · ·+ pn

αn
)

∫ 1

0

ψ(u)u
p1
α1

+···+ pn
αn

−1
du,RU Γ(t) v Gamma `{.3<60 1.1, ÆH1/�A360.�� 1.2 o ρ > 0, r > 0, ϕ(u) )�, x = (x1, x2, · · · , xn) ∈ R

n
+, K

∫

‖x‖ρ,n6r

ϕ(‖x‖ρ,n)du =
Γn( 1

ρ
)

ρn−1Γ(n
ρ
)

∫ r

0

ϕ(u)un−1 du,

∫

‖x‖ρ,n>r

ϕ(‖x‖ρ,n)du =
Γn( 1

ρ
)

ρn−1Γ(n
ρ
)

∫ +∞

r

ϕ(u)un−1 du,

∫

R
n
+

ϕ(‖x‖ρ,n)du =
Γn( 1

ρ
)

ρn−1Γ(n
ρ
)

∫ +∞

0

ϕ(u)un−1 du.�� 1.3 o m,n ∈ N, ρ1 > 0, ρ2 > 0, 1
p
+ 1

q
= 1 (p > 1), G(u, v) v λ �U$KO)�`{, a, b ∈ R, x = (x1, x2, · · · , xm) ∈ R

m
+ , y = (y1, y2, · · · , yn) ∈ R

n
+, λ1λ2 > 0,

K(‖x‖ρ1,m, ‖y‖ρ2,n) = G(‖x‖λ1
ρ1,m

, ‖y‖λ2
ρ2,n

), F�
ω1(x) =

∫

R
n
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)‖y‖
−bp
ρ2,n

dy

=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)
‖x‖

λλ1−
λ1
λ2

(bp−n)
ρ1,m

∫ +∞

0

K(1, t)t−bp+n−1 dt,

ω2(y) =

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)‖x‖
−aq
ρ1,m

dx

=
Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)
‖y‖

λλ2−
λ2
λ1

(aq−m)
ρ2,n

∫ +∞

0

K(t, 1)t−aq+m−1 dt.) V!60 1.2, ?
ω1(x) =

Γn( 1
ρ2
)

ρn−1
2 Γ( n

ρ2
)

∫ +∞

0

K(‖x‖ρ1,m, u)u
−bp+n−1 du
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=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)
‖x‖λλ1

ρ1,m

∫ +∞

0

K(1, u‖x‖
−

λ1
λ2

ρ1,m)u−bp+n−1 du

=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)
‖x‖

λλ1−
λ1
λ2

(bp−n)
ρ1,m

∫ +∞

0

K(1, t)t−bp+n−1 dt.�0)P ω2(y) 3Y .

§2 3}n�j�pr���s� 2.1 o m,n ∈ N, ρ1 > 0, ρ2 > 0, 1
p
+ 1

q
= 1 (p > 1), a, b ∈ R, λ1λ2 > 0,

x = (x1, x2, · · · , xm) ∈ R
m
+ , y = (y1, y2, · · · , yn) ∈ R

n
+, G(u, v) v λ �U$KO)�`{,

K(‖x‖ρ1,m, ‖y‖ρ2,n) = G(‖x‖λ1
ρ1,m

, ‖y‖λ2
ρ2,n

), I (0,+∞) l|k!!? K(1, t) > 0, X
W1(b, p, n) =

∫ +∞

0

K(1, t)t−bp+n−1 dt,

W2(a, q,m) =

∫ +∞

0

K(t, 1)t−aq+m−1 dtw7, F�
(i) � α = λ1

[

λ+ n
λ2

+ p
(

a
λ1

− b
λ2

)]

, β = λ2
[

λ+ m
λ1

+ q
(

b
λ2

− a
λ1

)]

, K
∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy

6

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m)‖f‖p,α‖g‖q,β, (2.1)RU f ∈ Lα
p (R

m
+ ), g ∈ Lβ

q (R
n
+).

(ii) �;iU��5�:

(a) 1
λ1
aq + 1

λ2
bp = λ+ m

λ1
+ n

λ2
;

(b) 1
λ1
W1(b, p, n) =

1
λ2
W2(a, q,m);

(c) a, b v (2.1) 3�(O�{, z (2.1) 3�{4_�.) (i) V! Hölder Æ5tx60 1.3, ?
∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy

6

∫

R
n
+

∫

R
m
+

(‖x‖aρ1,m

‖y‖bρ2,n

|f(x)|
)( ‖y‖bρ2,n

‖x‖aρ1,m

|g(y)|
)

K(‖x‖ρ1,m, ‖y‖ρ2,n) dxdy

6

(

∫

R
m
+

‖x‖apρ1,m
|f(x)|pω1(x) dx

)
1
p
(

∫

R
n
+

‖y‖bqρ2,n
|g(y)|qω2(y) dy

)
1
q

=
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p
( Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m)

×
(

∫

R
m
+

‖x‖
ap+λλ1−

λ1
λ2

(bp−n)
ρ1,m |f(x)|p dx

)
1
p
(

∫

R
n
+

‖y‖
bq+λλ2−

λ2
λ1

(aq−m)
ρ2,n |g(y)|q dy

)
1
q

=
( Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m)‖f‖p,α‖g‖q,β.
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(ii) (a)⇒(b): o 1
λ1
aq + 1

λ2
bp = λ+ m

λ1
+ n

λ2
, K

W1(b, p, n) =

∫ +∞

0

K(t
−

λ2
λ1 , 1)tλλ2−bp+n−1 dt

=
λ1

λ2

∫ +∞

0

K(u, 1)u−
λ1
λ2

(λλ2−bp+n−1)−
λ1
λ2

−1 du

=
λ1

λ2

∫ +∞

0

K(u, 1)u−aq+m−1 du =
λ1

λ2
W2(a, q,m).X 1

λ1
W1(b, p, n) =

1
λ2
W2(a, q,m).

(a)⇒(c): o 1
λ1
aq+ 1

λ2
bp = λ+m

λ1
+ n

λ2
,K> (a)⇒(b))Q, 1

λ1
W1(b, p, n) =

1
λ2
W2(a, q,m),X α = apq −m, β = bpq − n, Bv (2.1) )n�

∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy

6

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p
(λ2

λ1

)
1
q

W1(b, p, n)‖f‖p,apq−m‖g‖q,bpq−n, (2.2)g (2.2) 3�{4_Æv�3, K'I�{ M0 > 0, s
M0 <

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p
(λ2

λ1

)
1
q

W1(b, p, n), (2.3)X< M0 [- (2.2) 3�{4_i, (2.2) �6.o ε > 0 x δ > 0 �M�, [
f(x) =







‖x‖
−apq−|λ1|ε

p
ρ1,m , ‖x‖ρ1,m > 1,

0, 0 < ‖x‖ρ1,m < 1,

g(y) =







‖y‖
−bpq−|λ2|ε

q
ρ2,n , ‖x‖ρ2,n > δ,

0, 0 < ‖x‖ρ2,n < δ,K>60 1.2, )1
‖f‖p,apq−m‖g‖q,bpq−n

=
(

∫

‖x‖ρ1,m>1

‖x‖−m−|λ1|ε
ρ1,m

dx
)

1
p
(

∫

‖y‖ρ2,n>δ

‖x‖−n−|λ2|ε
ρ2,n

dy
)

1
q

=
( Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
p
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
q 1

ε|λ1|
1
pλ2|

1
q

δ−
λ2ε

q ,

∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy

=

∫

‖x‖ρ1,m>1

‖x‖
−aq−

|λ1|ε

p
ρ1,m

(

∫

‖y‖ρ2,n>δ

K(‖x‖ρ1,m, ‖y‖ρ2,n)‖y‖
−bp−

|λ2|ε

q
ρ2,n

)

dx

=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

∫

‖x‖ρ1,m>1

‖x‖
−aq−

|λ1|ε

p
ρ1,m

(

∫ +∞

δ

K(‖x‖ρ1,m, u)u
−bp+n−1−

|λ2|ε
q du

)

dx
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=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

∫

‖x‖ρ1,m>1

‖x‖
λλ1−aq−

|λ1|ε
p

ρ1,m

(

∫ +∞

δ

K(1, u‖x‖
−

λ1
λ2

ρ1,m)u−bp+n−1−
|λ2|ε

q du
)

dx

=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

∫

‖x‖ρ1,m>1

‖x‖−m−|λ1|ε
ρ1,m

(

∫ +∞

δ‖x‖
−

λ1
λ2

ρ1,m

K(1, t)t−bp+n−1−
|λ2|ε

q dt
)

dx

>
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

∫

‖x‖ρ1,m>1

‖x‖−m−|λ1|ε
ρ1,m

dx

∫ +∞

δ

K(1, t)t−bp+n−1−
|λ2|ε

q dt

=
Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)
·

Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)
·

1

|λ1|ε

∫ +∞

δ

K(1, t)t−bp+n−1−
|λ2|ε

q dt.Bv)1
Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)
·

Γn( 1
ρ2
)

ρn−1
2 Γ( n

ρ2
)
·

1

|λ1|

∫ +∞

δ

K(1, t)t−bp+n−1−
|λ2|ε

q dt

6M0

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
p
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
q 1

|λ1|
1
p |λ2|

1
q

δ−
λ2ε

q .�< ε→ 0+, H< δ → 0+, ZB$v�, ?
( Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p
(λ2

λ1

)
1
q

W1(b, p, n) 6M0.LC (2.3) ?>, X (2.1) 3�{4_v�3, z a, b v�(O�{.

(c)⇒(a): o (2.1)3�{4_v�3.� c = 1
λ1
aq+ 1

λ2
bp−

(

λ+ m
λ1

+ n
λ2

)

, a1 = a− λ1c
pq

,

b1 = b− λ2c
pq

, K 1
λ1
a1q +

1
λ2
b1p = λ+ m

λ1
+ n

λ2
, X

α = λ1

[

λ+
n

λ2
+ p

( a

λ1
−

b

λ2

)]

= λ1

[

λ+
n

λ2
+ p(

a1

λ1
−
b1

λ2
)
]

= α1,

β = λ2

[

λ+
m

λ1
+ q

( b

λ2
−

a

λ1

)]

= λ2

[

λ+
m

λ1
+ q

( b1

λ2
−
a1

λ1

)]

= β1.A�
A =

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p

,K (2.1) )5�7��
∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy

6 AW
1
p

1 (b, p, n)W
1
q

2 (a, q,m)‖f‖p,α1
‖g‖q,β1

.A4���})1
W2(a, q,m) =

∫ +∞

0

K(t, 1)t−aq+m−1 dt =

∫ +∞

0

K(1, t
−

λ1
λ2 )tλλ1−aq+m−1 dt

=
λ2

λ1

∫ +∞

0

K(1, u)u−bn+n−1+λ2c du =
λ2

λ1

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt,X (2.1) �-�5�B
∫

R
n
+

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x)g(y) dxdy
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6 AW

1
p

1 (b, p, n)
(λ2

λ1

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt
)

1
q

‖f‖p,α1
‖g‖q,β1

. (2.4)V!�o)Q, (2.4) 3��{4_v
A
(λ2

λ1

)
1
q

W
1
p

1 (b, p, n)
(

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt
)

1
q

= A
(λ2

λ1

)
1
q
(

∫ +∞

0

K(1, t)t−bp+n−1 dt
)

1
p
(

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt
)

1
q

.HV! 1
λ1
a1q +

1
λ2
b1p = λ+ m

λ1
+ n

λ2
x (a)⇒(c) 3PD, )Q (2.4) 3��{4_v

AW
1
p

1 (b1, p, n)W
1
q

2 (a1, q,m)

= A
(λ2

λ1

)
1
q

W1(b1, p, n)

= A
(λ2

λ1

)
1
q

∫ +∞

0

K(1, t)t−b1p+n−1 dt

= A
(λ2

λ1

)
1
q

∫ +∞

0

K(1, t)t−bp+n−1+
λ2c

q dt.&�
∫ +∞

0

K(1, t)t−bp+n−1+
λ2c

q dt

=
(

∫ +∞

0

K(1, t)t−bp+n−1 dt
)

1
p
(

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt
)

1
q

. (2.5)N=`{ 1 e t
λ2c

q , 3< Hölder Æ5t, ?
∫ +∞

0

K(1, t)t−bp+n−1+
λ2c

q dt

=

∫ +∞

0

1 · t
λ2c

q K(1, t)t−bp+n−1 dt

6

(

∫ +∞

0

1pK(1, t)t−bp+n−1 dt
)

1
p
(

∫ +∞

0

tλ2cK(1, t)t−bn+n−1 dt
)

1
q

=
(

∫ +∞

0

K(1, t)t−bp+n−1 dt
)

1
p
(

∫ +∞

0

K(1, t)t−bn+n−1+λ2c dt
)

1
q

. (2.6)> (2.5) Q (2.6) [5b, V! Hölder Æ5t[5b3��, 1 tλ2c = �{, X c = 0, z
1
λ1
aq + 1

λ2
bp = λ+ m

λ1
+ n

λ2
.

(b)⇒(a): o 1
λ1
W1(b, p, n) =

1
λ2
W2(a, q,m), K

∫ +∞

0

K(1, t)t−bp+n−1 dt =W1(b, p, n) =
λ1

λ2
W2(a, q,m)

=
λ1

λ2

∫ +∞

0

K(t, 1)t−aq+m−1 dt =
λ1

λ2

∫ +∞

0

K(1, t−
λ1
λ2 )tλλ1−aq+m−1 dt

=

∫ +∞

0

K(1, u)uλ2(
1
λ1

aq−λ− m
λ1

)−1 du.o λ2
(

1
λ1
aq − λ − m

λ1

)

− 1 − (−bp + n − 1) = c0,
1
r
+ 1

s
= 1 (0 < r < 1, s < 0), V!K�
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Hölder Æ5t, ?
∫ +∞

0

K(1, t)t−bp+n−1 dt

=

∫ +∞

0

tc0K(1, t)t−bp+n−1 dt

>

(

∫ +∞

0

1rK(1, t)t−bp+n−1 dt
)

1
r
(

∫ +∞

0

tsc0K(1, t)t−bp+n−1 dt
)

1
s

.>BI (0,+∞) l|k!!? K(1, t) > 0, )Q ∫ +∞

0 K(1, t)t−bp+n−1 dt > 0, X)1
∫ +∞

0

K(1, t)t−bp+n−1 dt >

∫ +∞

0

tsc0K(1, t)t−bp+n−1 dt.g c0 > 0, K sc0 < 0, #q?
∫ +∞

0

K(1, t)t−bp+n−1 dt

>

∫ 1
2

0

tsc0K(1, t)t−bp+n−1 dt

>

(1

2

)sc0
∫ 1

2

0

K(1, t)t−bp+n−1 dt→ +∞ (s→ −∞),LC ∫ +∞

0
K(1, t)t−bp+n−1 dt w7�?>.g c0 < 0, K sc0 > 0, X)1

∫ +∞

0

K(1, t)t−bp+n−1 dt

>

∫ +∞

2

tsc0K(1, t)t−bp+n−1 dt

> 2sc0
∫ +∞

2

K(1, t)t−bp+n−1 dt→ +∞ (s→ −∞),LC ∫ +∞

0 K(1, t)t−bp+n−1 dt w7�?>.bl1/ c0 = 0,z λ2(
1
λ1
aq−λ−m

λ1
)−1 = −bp+n−1,Bv? 1

λ1
aq+ 1

λ2
bp = λ+m

λ1
+ n

λ2
.0 2.1 < ∆ = 1

λ1
aq+ 1

λ2
bp− (λ+ m

λ1
+ n

λ2
), K>90 1 Q.X�. ∆ = 0 q, a, b v

(2.1) 3�(O�{. �i�# ∆ � a, b v (2.1) 3�(O�{N�t.

§3 '�1��,p"$91WtM}_ T :

T (f)(y) =

∫

R
m
+

K(‖x‖ρ1,m, ‖y‖ρ2,n)f(x) dx. (3.1)V! Hilbert �Æ5t3q�0=, (1.1) 5�B}_ T 3Æ5t: ‖T (f)‖p,β(a,b)(1−p) 6

M(a, b)‖f‖p,α(a,b). BvV!90 2.1 )1�;90.s� 3.1 o m,n ∈ N, ρ1 > 0, ρ2 > 0, 1
p
+ 1

q
= 1 (p > 1), λ1λ2 > 0, a, b ∈ R,

x = (x1, x2, · · · , xm) ∈ R
m
+ , y = (y1, y2, · · · , yn) ∈ R

n
+, G(u, v) v λ �U$KO)�`{,
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K(‖x‖ρ1,m, ‖y‖ρ2,n) = G(‖x‖λ1

ρ1,m
, ‖y‖λ2

ρ2,n
), I (0,+∞) l|k!!? K(1, t) > 0, X

W1(b, p, n) =

∫ +∞

0

K(1, t)t−bp+n−1 dt < +∞,

W2(a, q,m) =

∫ +∞

0

K(t, 1)t−aq+m−1 dt < +∞.}_ T e (3.1) �91, F�
(i) � α = λ1

[

λ+ n
λ2

+ p
(

a
λ1

− b
λ2

)]

, β = λ2
[

λ+ m
λ1

+ q
(

b
λ2

− a
λ1

)]

, K T v Lα
p (R

m
+ ) /

L
β(1−p)
p (Rn

+) 3?�}_, X T 3}_F{
‖T ‖ 6

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m).

(ii) �;iU��5�:

(a) 1
λ1
aq + 1

λ2
bp = λ+ m

λ1
+ n

λ2
;

(b) 1
λ1
W1(b, p, n) =

1
λ2
W2(a, q,m);

(c) T : Lα
p (R

m
+ ) → L

β(1−p)
p (Rn

+) ?�X}_F{
‖T ‖ =

( Γm( 1
ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m).� 3.1 o m,n ∈ N, ρ1 > 0, ρ2 > 0, 1
p
+ 1

q
= 1 (p > 1), λ1 > 0, λ2 > 0, x =

(x1, x2, · · · , xm) ∈ R
m
+ , y = (y1, y2, · · · , yn) ∈ R

n
+, K.X�. m

λ1q
+ n

λ2p
= 1 q, tM}_

T :

T (f)(y) =

∫

R
m
+

ln
(

‖x‖λ1
ρ1,m

‖y‖
λ2
ρ2,n

)

‖x‖λ1
ρ1,m − ‖y‖λ2

ρ2,n

f(x) dxv Lp(R
m
+ ) / Lp(R

n
+) 3?�}_, X T 3}_F{

‖T ‖ =
( Γm( 1

ρ1
)

ρm−1
1 Γ(m

ρ1
)

)
1
q
( Γn( 1

ρ2
)

ρn−1
2 Γ( n

ρ2
)

)
1
p 1

λ
1
q

1 λ
1
p

2

B2
( m

λ1q
,
n

λ2p

)

.) � K(‖x‖ρ1,m, ‖y‖ρ2,n) = G(‖x‖λ1
ρ1,m

, ‖y‖λ2
ρ2,n

), RU
G(u, v) =

ln(u
v
)

u − v
, u > 0, v > 0,K G(u, v) v λ = −1 �U$KO`{.[ a = m

pq
, b = n

pq
, K 1

λ1
aq + 1

λ2
bp = λ + m

λ1
+ n

λ2
5�B m

λ1q
+ n

λ2p
= 1, X.X�.

m
λ1q

+ n
λ2p

= 1 q, a, b v�(O�{, �. m
λ1q

+ n
λ2p

= 1 q, ? α = λ1
[

λ+ n
λ2

+ p
(

a
λ1

−
b
λ2

)]

= 0, β = λ2
[

λ+ m
λ1

+ q
(

b
λ2

− a
λ1

)]

= 0,

W
1
p

1 (b, p, n)W
1
q

2 (a, q,m) =
(λ1

λ2

)
1
p

W2(a, q,m)

=
(λ1

λ2

)
1
p

∫ +∞

0

K(t, 1)t−aq+m−1 dt

=
(λ1

λ2

)
1
p

∫ +∞

0

ln(tλ1)

tλ1 − 1
t−

m
p
+m−1 dt
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=
1

λ
1
q

1 λ
1
p

2

∫ +∞

0

lnu

u− 1
u

m
λ1q

−1
du

=
1

λ
1
q

1 λ
1
p

2

B2
( m

λ1q
, 1−

m

λ1q

)

=
1

λ
1
q

1 λ
1
p

2

B2
( m

λ1q
,
n

λ2p

)
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Abstract By using the weight function method, the optimal matching parameter conditions

for Hilbert-type multiple integral inequality with quasi-homogeneous kernel are discussed,

several equivalence conditions for optimal matching are obtained, and the formula for the

expression of the best constant factor of the inequality is obtained. Finally, their applications

to the theory of singular integral operator are discussed.
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