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§1 % � !
1985 <� Yabuta P [1] b�T,S�/ θ % Calderón–Zygmund {k��# 1.1[1] Z θ h (0,+∞) W/FIF�\tD ∫ 1

0

θ(t)

t
dt < ∞. �6=P R

n ×

R
n\{(x, x) : x ∈ R

n} W/��\t K(x, y) h θ %`�SZ
(i) * x 6= y b� |K(x, y)| 6 C|x − y|−n, ?b C ��t�
(ii) * 2|x− z| 6 |x− y| b�

|K(x, y)−K(z, y)|+ |K(y, x)−K(y, z)| 6 C|x− y|−nθ
( |x− z|

|x− y|

)

.��){k T : Ψ(Rn) → Ψ′(Rn) h θ % Calderón–Zygmund {k�SZ
(iii) T :!��$ L2(Rn) ,?m\/E��){k�
(iv) 'P7N θ %`�e.<}E/ f ∈ C∞

c (Rn), �*
Tf(x) =

∫

Rn

K(x, y)f(y)dy, ∀x ∈ R
n\supp f,?b Ψ(Rn) h Schwartz\t%�C∞

c (Rn) � R
n W�E�\r/�G#�
\t���|Z T h7N Calderón–Zygmund {k� b h R

n W���n\t� b a T }^�/�ik6=S��
[b, T ]f(x) = b(x)Tf(x)− T (bf)(x).�Æ 2020 = 8 M 31 Qk-� 2021 = 6 M 27 Qk-+JM�
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202 u / = � A q 43 �	u6 [2] 0�, θ % Calderón–Zygmund {k=�)�ik/zJE�)��� [3]�.,PF��:� θ % Calderón–Zygmund {k/�W
.� 2008 <�-KE1 [4]�.,/o76��/ θ % Calderón–Zygmund {k�ik [b, T ] PzJ Lp ��W/E�)�?b b ∈ Lipβ,µ(R
n), µ ∈ A1(R

n). 2012 <�	g [5] 0�, Calderón–Zygmund {kPzJ Morrey ��W/7"�ikSv� 2015 <�6 H1 [6] <u%�ikPzJ Morrey ��W/;3F'�(,~�� Komori a Shirai[7] 6=,zJ Morrey ��
Lp,k(ω), �D0�,5aG�b7"f4{kPW"zJ��W/E�)����0�Gt#nG/�AE�)� [7] h�Y,zvJ Morrey �� Lp,k(ω1, ω2). �%#1 [8](B Marcinkiewicz nG{k µΩ I Lipschitz \t b ^�/�ik µΩ,b PzJ Lp ��W/E�)�.,, µΩ,b PzJ Morrey ��W/E�)�zJ Morrey���j�zJ
Lebesgue ��/7d�X'f�mWq0�Rt/C?�Æ�.,/o76��/ θ% Calderón–Zygmund {k�ikPzJ Morrey ��W/E�)�f4
Z�qS���Æ 1.1 Z b ∈ Lipβ(R

n), ωq ∈ A1(R
n), 0 < β < 1, 1 < p < n

β
, 1
q
= 1

p
− β

n
, 0 < k <

min
{

p
q
, pβ

n

}

. T h θ % Calderón–Zygmund {kD
∫ 1

0

θ(t)

t
| log t|dt < ∞,S�ik [b, T ] h$ Lp,k(ωp, ωq) , Lq, kq

p (ωq) /E�{k��Æ 1.2 Z b ∈ Lipβ(ω), ω ∈ A1(R
n), 0 < β < 1, 1

q
= 1

p
− β

n
, 1 < p < q < ∞, 0 < k < p

q
.

T h θ– % Calderón–Zygmund {kD
∫ 1

0

θ(t)

t
| log t|dt < ∞,S�ik [b, T ] h$ Lp,k(ω, ω1−q) , Lq, kq
p (ω1−q) /E�{k�Æ�B C "�gIf4�t�W/Y�t�D?^P��/�`�:�L����3hBx_ A ∼ B �g'P7NY�t C > 1, e.

1

C
6

A

B
6 C.

§2 ' w , ���G(�l��Y�W6=sx_��4/ Ap J&.qRhD Muckenhoupt[9]P0� Hardy-Littlewood o(\t/zJ Lp E�b��/�J ω h_6=P R
n WFI/���n\t� B = B(x0, rB) �gb$�3 x0, 	�� rB /H��<P</

λ > 0, λB = B(x0, λrB). x B / Lebesgue �:� |B| :s B /zJ�:� ω(B), ?b
ω(B) =

∫

B

ω(x)dx.

Ap s A(p, q) � Muckenhoupt \t%�6=S���# 2.1[9] (1) � ω ∈ Ap(1 < p < ∞), SZ'P�t C > 0, e.<P</H� B, E
( 1

|B|

∫

B

ω(x)dx
)( 1

|B|

∫

B

ω(x)−
1

p−1dx
)p−1

6 C.

(2) � ω ∈ A1, SZ
1

|B|

∫

B

ω(x)dx 6 C essinf
x∈B

ω(x).
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A∞ =
⋃

1<p<∞

Ap.

(3) � ω ∈ A(p, q), 1 < p < q, V'P�t C > 0, e.<P</H� B, E
( 1

|B|

∫

B

ω(x)qdx
)

1
q
( 1

|B|

∫

B

ω(x)−p′

dx
)

1

p′

6 C.7NJ\t ω oG; Hölder % RHr, SZ'P�t r > 1 a C > 0, e.
( 1

|B|

∫

B

ω(x)rdx
)

1
r

6 C
( 1

|B|

∫

B

ω(x)dx
)< R

n b2NH� B 9�*�x ω ∈ RHr.�# 2.2 [10] (1) Z 1 6 p < ∞, 0 < β < 1, 7N���n\t b(x) ��P��
Lippβ(R

n) b�SZ'P�t C > 0, e.
‖b‖Lipp

β
(Rn) = sup

B

1

|B|
β
n

( 1

|B|

∫

B

|b(x)− bB|
pdx

)
1
p

6 C.

(2) Z ω h7NJ\t� 1 6 p < ∞, 0 < β < 1, 7N���n\t b(x) oGzJ
Lipschitz ���x� b ∈ Lippβ(ω), SZ'P�t C > 0, e.

sup
B

1

ω(B)
β
n

( 1

ω(B)

∫

B

|b(x)− bB|
pω(x)1−pdx

)
1
p

6 C.W' bB = 1
|B|

∫

B
b(x)dx, WM�I�}E/ B ⊂ R

n, Wfb C /q!���� b /
Lippβ(ω) Bt�x� ‖b‖Lipp

β
(ω).D [10], SZ ω ∈ A1, S ‖b‖Lipp

β
(ω)(1 < p < ∞) I ‖b‖Lipβ(ω) h1}/��D�B��x Lippβ(ω) � Lipβ(ω), ?Bt� ‖ · ‖Lipβ(ω).�# 2.3 [5] Z f h7N���n\t� Hardy–Littlewood o({k M a Sharpo(\t M ♯ 6=S��

M(f)(x) = sup
x∈B

1

|B|

∫

B

|f(y)|dy, M ♯(f)(x) = sup
x∈B

1

|B|

∫

B

|f(y)− fB|dy,?b fB = 1
|B|

∫

B
|f(y)|dy.<G 0 < β < n, r > 1, 6=Gt#o({k Mβ,r �

Mβ,r(f)(x) = sup
x∈B

( 1

|B|1−
βr
n

∫

B

|f(y)|rdy
)

1
r

.qe�6=zJ Morrey ����DP IÆ�W/9℄
Z��# 2.4 [7] Z 1 6 p < ∞, 0 < k < 1 :s ω h7NJ\t�zJ Morrey ��
Lp,k(ω) 6=S��

Lp,k(ω) = {f ∈ L
p
loc(ω) : ‖f‖Lp,k(ω) < ∞},?b

‖f‖Lp,k(ω) = sup
B

( 1

ω(B)k

∫

B

|f(x)|pω(x)dx
)

1
p

,�DWM�hWG R
n b}E/H� B "I/�



204 u / = � A q 43 ��# 2.5 [7] Z 1 6 p < ∞, 0 < k < 1 D ω1 a ω2 hJ\t�zvJ Morrey ��
Lp,k(ω1, ω2) 6=S��

Lp,k(ω1, ω2) = {f ∈ L
p
loc(ω1) : ‖f‖Lp,k(ω1,ω2) < ∞},?b

‖f‖Lp,k(ω1,ω2) = sup
B

( 1

ω2(B)k

∫

B

|f(x)|pω1(x)dx
)

1
p

.V ω1 = ω2 = ω, S Lp,k(ω1, ω2) = Lp,k(ω).�3"�q�57"�&�WPe/Z7b�lB,�$Æ 2.1 [8] Z ω ∈ Ap, p > 1, S�5
.�*�
(1) ω /ov��:���t'P�t C > 0, e.

ω(2B) 6 Cω(B).7�2�<P</ λ > 1, E
ω(λB) 6 Cλnpω(B).

(2) ω /o;v��:���t'P�t C > 1, e.
ω(2B) > Cω(B).

(3) ω /o; Hölder �1f�t'P�t r > 1, e. ω ∈ RHr.$Æ 2.2 [11] Z ω ∈ RHr D r > 1, 91'P�t C > 0, e.<P<��r E ⊂ B,E
ω(E)

ω(B)
6 C

( |E|

|B|

)
r−1

r

.$Æ 2.3 [10] Z ω ∈ A1, b ∈ Lipβ(ω), 0 < β < 1, x ∈ B, S
(1) |b2jB − bB| 6 Cjω(x)‖b‖Lipβ(ω)ω(2

jB)
β
n .

(2) sup
B

|b(x) − bB| 6 C‖b‖Lipβ(ω)ω(B)1+
β
n |B|−1.$Æ 2.4 [8] V ω ∈ A1, S< r > 1 sPH� B, E

(

∫

B

ω(x)−
r′

r dx
)

1

r′

6 C
|B|

ω(B)
1
r

.��2�V ωp ∈ A1, S< p > 1, E
(

∫

2j+1B

ωp(x)−
p′

p dx
)

1

p′

6 C
|2j+1B|

ωp(2j+1B)
1
p

,t
(

∫

2j+1B

ω(x)−p′

dx
)

1

p′

6 C|2j+1B|ωp(2j+1B)−
1
p .$Æ 2.5 [5, 12] Z s > 1, 1 6 p < ∞ s As

p = {ω : ωs ∈ Ap}, S
As

p = A1+ p−1

s
∩RHs.��2�

As
1 = A1 ∩RHs.



2 > �&$ s+_ θ & Calderón–Zygmund |l�jlQ{K Morrey  �X0F* 205$Æ 2.6 [5, 13−14] (1) Z 0 < β < 1, S<P</ 1 6 p < ∞, 'P7N�<�t
C > 0, e.

‖b‖Lipp

β
6 C‖b‖Lipβ

.

(2) Z 0 < β < 1, ω ∈ A1, S<P</ 1 6 p < ∞, 'P7N�<�t C > 0, e.
‖b‖Lipp

β
(ω) 6 C‖b‖Lipβ(ω).

§3 � � 1.1 ~ + ��3B Sharp o(\tSv/D�"Z7��V [16] b/x��<G 0 < δ < 1,6= δ-Sharp o({k� M
♯
δ(f) = M ♯(|f |δ)

1
δ , Wh Stein[17] P / Sharp o({k M ♯/�'�hx Mδ(f) = M(|f |δ)

1
δ . �Z76& 1.1, 4B,�57"�&�$Æ 3.1 [5] Z 0 < δ < 1, 1 < p < ∞ s 0 < k < 1. SZ u, v ∈ A∞, S

‖Mδ(f)‖Lp,k(u,v) 6 C‖M ♯
δ (f)‖Lp,k(u,v).<G}Ee.r�fk�E�^/\t f "w9�*���2�* u = v = ω a ω ∈ A∞b�E

‖Mδ(f)‖Lp,k(ω) 6 C‖M ♯
δ (f)‖Lp,k(ω).$Æ 3.2 [5] Z 0 < β < n, 1 < p < n

β
, 1
q
= 1

p
− β

n
s ωq ∈ A1, S<G27N 0 < k < p

qa 1 < r < p, E
‖Mβ,r(f)‖

L
q,

kq
p (ωq)

6 C‖f‖Lp,k(ωp,ωq).$Æ 3.3 [5, 7] Z 0 < β < n, 1 < p < n
β
, 1
q
= 1

p
− β

n
, 0 < k < p

q
:s ω ∈ A(p, q), 91

Mβ,1 h$ Lp,k(ωp, ωq) , Lq, kq
p (ωq) E�/�$Æ 3.4 [15] (1) Z T h θ % Calderón–Zygmund {k�

(1) SZ 1 < p < ∞ D ω ∈ Ap, S'P�t C > 0, e.
‖Tf‖Lp(ω) 6 C‖f‖Lp(ω).

(2) < ω ∈ A1, 'P�t C > 0, e.<P< λ > 0, E
ω({x ∈ R

n : |Tf(x)| > λ}) 6
C

λ
‖f‖L1(ω).$Æ 3.5 Z 0 < β < n, 1 < p < n

β
, 1
q
= 1

p
− β

n
s ωq ∈ A1, S<G27N 0 < k < βp

n
,E

‖T (f)‖Lp,k(ωp,ωq) 6 C‖f‖Lp,k(ωp,ωq).* V67NH� B = B(x0, rB) ⊂ R
n, < f sG� f = fχ2B + fχ(2B)C := f1 + f2.

1

ωq(B)
k
p

(

∫

B

|Tf(x)|pω(x)pdx
)

1
p

6
1

ωq(B)
k
p

(

∫

B

|Tf1(x)|
pω(x)pdx

)
1
p

+
1

ωq(B)
k
p

(

∫

B

|Tf2(x)|
pω(x)pdx

)
1
p
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= J1 + J2.? ωq ∈ A1, 1 < p < q, SE ωp ∈ A1, Gh ωp ∈ Ap. ?"Q��& 3.4 a�& 2.1 �.

J1 6 C
1

ωq(B)
k
p

(

∫

2B

|f(x)|pω(x)pdx
)

1
p

6 C‖f‖Lp,k(ωp,ωq)

ωq(2B)
k
p

ωq(B)
k
p

. (3.1)�5Sv J2. h<,* x ∈ B s y ∈ (2B)c b�E |y − x| ∼ |y − x0|. D Hölder �1fa�& 2.4 �.
|Tf2(x)| 6 C

∫

(2B)c

|f(y)|

|x− y|n
dy.

6 C

∞
∑

j=1

1

|2j+1B|

∫

2j+1B

|f(y)|ω(y)ω−1(y)dy.

6 C

∞
∑

j=1

1

|2j+1B|

(

∫

2j+1B

ω(y)−p′

dy
)

1

p′
(

∫

2j+1B

|f(y)|pω(y)pdy
)

1
p

6 C

∞
∑

j=1

1

|2j+1B|
|2j+1B|ωp(2j+1B)−

1
p

(

∫

2j+1B

|f(y)|pω(y)pdy
)

1
p

6 C‖f‖Lp,k(ωp,ωq)

∞
∑

j=1

ωq(2j+1B)
k
p

ωp(2j+1B)
1
p

.U
J2 =

1

ωq(B)
k
p

(

∫

B

|Tf2(x)|
pω(x)pdx

)
1
p

6 C‖f‖Lp,k(ωp,ωq)

∞
∑

j=1

ωp(B)
1
p

ωp(2j+1B)
1
p

ωq(2j+1B)
k
p

ωq(B)
k
p

.DG ωq ∈ A1, SQ��& 2.2, �.
C

|B|

|2j+1B|
6

ωq(B)

ωq(2j+1B)
.?� q

p
> 1 s (ωp)

q
p = ωq ∈ A1, D�& 2.5 �℄ ωp ∈ RH q

p
. OQ��& 2.2, .

ωp(B)

ωp(2j+1B)
6 C

( |B|

|2j+1B|

)1− q
p

.}:
J2 6 C‖f‖Lp,k(ωp,ωq)

∞
∑

j=1

( |B|

|2j+1B|

)
1
p
− 1

q
(2j+1|B|

|B|

)
k
p

6 C‖f‖Lp,k(ωp,ωq)

∞
∑

j=1

(2jn)
k
p
− β

n

6 C‖f‖Lp,k(ωp,ωq). (3.2)
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n
, �Svf (3.1) a (3.2) 
d�NeOWG}E/H� B ⊂ R

n IWM���3���,�& 3.5 /Z7�$Æ 3.6 Z 0 < δ < 1, 0 < β < 1 s b ∈ Lipβ(R
n). T h θ % Calderón–Zygmund {kD ∫ 1

0

θ(t)

t
| log t|dt < ∞, S<G}E r > 1 a}E/ x ∈ Rn, E

M
♯
δ([b, T ]f)(x) 6 C‖b‖Lipβ

(Mβ,r(Tf)(x) +Mβ,r(f)(x) +Mβ,1(f)(x)).* <P<P6/ x ∈ R
n, V67N
[3 x /H� B = B(x0, rB), ?b B =

B(x0, rB) �gb$�3 x0, 	�� rB /H��� f G�� f = f1 + f2, ?b f1 = fχ2B,?b χ2B �g 2B /�X\t� f2 = fχ(2B)c . GhE
[b, T ]f(x) = (b(x)− b2B)Tf(x)− T ((b− b2B)f)(x).?� 0 < δ < 1, U<P<�t c, E

( 1

|B|

∫

B

∣

∣

∣
|[b, T ]f(y)|δ − |c|δ

∣

∣

∣
dy

)
1
δ

6

( 1

|B|

∫

B

|[b, T ]f(y)− c|δdy
)

1
δ

6 C
( 1

|B|

∫

B

|(b(y)− b2B)Tf(y)|
δdy

)
1
δ

+ C
( 1

|B|

∫

B

|T (b− b2B)f1(y)|
δdy

)
1
δ

+ C
( 1

|B|

∫

B

|T (b− b2B)f2(y) + c|δdy
)

1
δ

= I + II + III.�5�G�Sv27��l��D Hölder �1fa�& 2.6, �.
I 6 C

1

|B|

∫

B

|(b(y)− b2B)Tf(y)|dy

6 C
1

|2B|

∫

2B

|(b(y)− b2B)Tf(y)|dy

6 C
1

|B|

(

∫

B

|b(y)− b2B|
r′dy

)
1

r′
(

∫

B

|Tf(y)|rdy
)

1
r

6 C‖b‖Lipβ

( 1

|B|1−
βr
n

∫

B

|Tf(y)|rdy
)

1
r

6 C‖b‖Lipβ
Mβ,r(Tf)(x). (3.3)(B Kolmogorov�1f� Hölder �1fa�& 2.6, .,

II 6 C
1

|B|

∫

2B

|(b(y)− b2B)f(y)|dy

6 C‖b‖Lipβ
Mβ,r(f)(x). (3.4)�Svqe7��I c = −T ((b − b2B)f2)(x0), * y ∈ B, z ∈ (2B)c b�E 2|y − x0| 6

|y − z| ∼ |x0 − z|. Gh.,
III 6 C

1

|B|

∫

B

|T ((b− b2B)f2)(y)− T ((b− b2B)f2)(x0)|dy

6 C
1

|B|

∫

B

(

∫

(2B)c
|K(y, z)−K(x0, z)||b(z)− b2B||f(z)|dz

)

dy
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6 C

1

|B|

∫

B

(

∞
∑

j=1

∫

2j+1B\2jB

θ
( |y − x0|

|z − y|

)

|z − y|−n|b(z)− b2B||f(z)|dz
)

dy

6 C
1

|B|

∫

B

(

∞
∑

j=1

∫

2j+1B\2jB

θ(2−j)
1

|2j+1B|
|b(z)− b2B||f(z)|dz

)

dy

6 C

∞
∑

j=1

θ(2−j)

|2j+1B|

∫

2j+1B

|b(z)− b2j+1B ||f(z)|dz

+ C

∞
∑

j=1

θ(2−j)

|2j+1B|

∫

2j+1B

|b2j+1B − b2B||f(z)|dz

= IV + V.� II /Sv��35:� 
IV 6 C‖b‖Lipβ

Mβ,r(f)(x)

∞
∑

j=1

θ(2−j)

6 C‖b‖Lipβ
Mβ,r(f)(x). (3.5)"!B,,

∞
∑

j=1

θ(2−j) 6
∞
∑

j=1

jθ(2−j) 6

∫ 1

0

θ(t)

t
| log t|dt < ∞.Q��& 2.6, R;1Z

|b2j+1B − b2B| 6 C‖b‖Lipβ
j|2j+1B|

β
n .U

V 6 C‖b‖Lipβ

∞
∑

j=1

jθ(2−j)|2j+1B|
β
n

1

|2j+1B|

∫

2j+1B

|f(z)|dz

6 C‖b‖Lipβ
Mβ,1(f)(x)

∞
∑

j=1

jθ(2−j)

6 C‖b‖Lipβ
Mβ,1(f)(x). (3.6)�Æ 1.1 |*� <G 0 < β < 1 s 1 < p < n

β
, �3�U,7Ndt r, e.

1 < r < p. (B�& 3.1 a�& 3.6, �.
‖[b, T ]f‖

L
q,

kq
p (ωq)

6 C‖M ♯
δ([b, T ]f)‖

L
q,

kq
p (ωq)

6 C‖b‖Lipβ
(‖Mβ,r(Tf)‖

L
q,

kq
p (ωq)

+ ‖Mβ,r(f)‖
L

q,
kq
p (ωq)

+ ‖Mβ,1(f)‖
L

q,
kq
p (ωq)

).DG ωq ∈ A1, S ω ∈ A(p, q). D9℄�� 0 < k < min
{

p
q
, pβ

n

}

, SQ��& 3.2, �& 3.5a�& 3.3, �3.,
‖[b, T ]f‖

L
q,

kq
p (ωq)

6 C‖b‖Lipβ
(‖Tf‖Lp,k(ωp,ωq) + ‖f‖Lp,k(ωp,ωq))
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6 C‖b‖Lipβ
‖f‖Lp,k(ωp,ωq).W3���,6& 1.1 /Z7�

§4 � � 1.2 ~ + ��Z76& 1.2, ,4S��&�$Æ 4.1[4] Z b ∈ Lipβ(ω), ω ∈ A1, 0 < β < 1, 1
q
= 1

p
− β

n
, 1 < p < q < ∞, T h θ %

Calderón–Zygmund {kD
∫ 1

0

θ(t)

t
| log t|dt < ∞,S�ik [b, T ] h$ Lp(ω) , Lq(ω1−q) /E�{k��Æ 1.2 |*� V67NH� B = B(x0, rB) ⊂ R

n, < f sG� f = f1 + f2, ?b
f1 = fχ2B D χ2B �g 2B /�X\t� f2 = fχ(2B)c . GhE

( 1

ω1−q(B)
kq
p

∫

B

|[b, T ]f(x)|qω(x)1−qdx
)

1
q

=
1

ω1−q(B)
k
p

(

∫

B

|[b, T ]f(x)|qω(x)1−qdx
)

1
q

6
1

ω1−q(B)
k
p

(

∫

B

|[b, T ]f1(x)|
qω(x)1−qdx

)
1
q

+
1

ω1−q(B)
k
p

(

∫

B

|[b, T ]f2(x)|
qω(x)1−qdx

)
1
q

= K1 +K2.D ω ∈ A1 �℄ ω1−q ∈ Aq, $>(B�& 4.1 a�& 2.1, �.
K1 6 C

1

ω1−q(B)
k
p

(

∫

2B

|f(x)|pω(x)dx
)

1
p

6 C
1

ω1−q(B)
k
p

(ω1−q(2B)k

ω1−q(2B)k

∫

2B

|f(x)|pω(x)dx
)

1
p

6 C
ω1−q(2B)

k
p

ω1−q(B)
k
p

‖f‖Lp,k(ω,ω1−q)

6 C‖f‖Lp,k(ω,ω1−q).�P"Sv K2.

|[b, T ]f2(x)| =
∣

∣

∣

∫

Rn

K(x, y)(b(x)− b(y))f2(y)dy
∣

∣

∣

6

∫

(2B)c
|K(x, y)(b(x) − b(y))f(y)|dy

6 C

∞
∑

j=1

∫

2j+1B\2jB

1

|x− y|n
|b(x)− b(y)||f(y)|dy

6 C

∞
∑

j=1

1

|2j+1B|

∫

2j+1B

|b(x)− b(y)||f(y)|dy
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6 C

∞
∑

j=1

1

|2j+1B|

∫

2j+1B

|b(y)− b2j+1B||f(y)|dy

+ C

∞
∑

j=1

1

|2j+1B|

∫

2j+1B

|b(x)− b2j+1B ||f(y)|dy

= K21 +K22. (4.1)l�Sv K21, * y ∈ 2j+1B b�D�& 2.3 ℄
|b(y)− b2j+1B| 6 C‖b‖Lipβ(ω)ω(2

j+1B)1+
β
n

1

|2j+1B|
.O(B�& 2.4 �� 

K21 6 C‖b‖Lipβ(ω)

∞
∑

j=1

1

|2j+1B|
ω(2j+1B)1+

β
n

1

|2j+1B|

∫

2j+1B

|f(y)|ω(y)
1
pω(y)−

1
p dy

6 C

∞
∑

j=1

1

|2j+1B|
ω(2j+1B)1+

β
n

1

|2j+1B|

(

∫

2j+1B

|f(y)|pω(y)dy
)

1
p
(

∫

2j+1B

ω(y)−
p′

p dy
)

1

p′

6 C

∞
∑

j=1

1

|2j+1B|2
ω(2j+1B)1+

β
nω1−q(2j+1B)

k
p ‖f‖Lp,k(ω,ω1−q)

|2j+1B|

ω(2j+1B)
1
p

= C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

1

|2j+1B|

ω1−q(2j+1B)
k
p

ω(2j+1B)
1
q
−1

. (4.2)%yG K21 /Sv�E
K22 6 C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

1

|2j+1B|

ω1−q(2j+1B)
k
p

ω(2j+1B)
1
q
−1

. (4.3)D ω ∈ A1, .
1

|2j+1B|

∫

2j+1B

ω(x)dx 6 Cω(x), a.e.U
ω1−q(2j+1B) =

∫

2j+1B

ω(x)1−qdx =

∫

2j+1B

ω(x)
1

ω(x)q
dx

6 C
( |2j+1B|

ω(2j+1B)

)q

ω(2j+1B) = C
|2j+1B|q

ω(2j+1B)q−1
.}:

1

|2j+1B|ω(2j+1B)
1
q
−1

6 C
1

ω1−q(2j+1B)
1
q

. (4.4)?"D (4.1)–(4.4), �.
K2 =

1

ω1−q(B)
k
p

(

∫

B

|[b, T ]f2(x)|
qω(x)1−qdx

)
1
q

6 C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

1

ω1−q(B)
k
p

1

|2j+1B|

ω1−q(2j+1B)
k
p

ω(2j+1B)
1
q
−1

(

∫

B

ω(x)1−qdx
)

1
q
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= C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

ω1−q(2j+1B)
k
p

ω1−q(B)
k
p

1

|2j+1B|

ω1−q(B)
1
q

ω(2j+1B)
1
q
−1

6 C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

ω1−q(2j+1B)
k
p

ω1−q(B)
k
p

ω1−q(B)
1
q

ω1−q(2j+1B)
1
q

6 C‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

ω1−q(B)
1
q
− k

p

ω1−q(2j+1B)
1
q
− k

p

.D ω1−q ∈ Aq s�& 2.1–2.2 ℄'P r > 1, e.
ω1−q(B)

ω1−q(2j+1B)
6 C

( |B|

|2j+1B|

)1− 1
r

.$>
K2 6 C‖b‖Lipβ(ω)‖f‖Lp,k(ω,ω1−q)

∞
∑

j=1

( 1

2jn

)(1− 1
r
)( 1

q
− k

p
)

6 C‖f‖Lp,k(ω,ω1−q).�3���,6& 1.2 /Z7�.� K#℄Liy/�Y<��z � � � � � �
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Abstract Let T be a θ-type Calderón–Zygmund operator. In this paper, the authors will

use sharp maximal function estimates to show some boundedness properties of commutators

[b, T ] on weighted Morrey spaces under appropriate conditions on the weight ω, where b

belong to Lipschitz spaces and weighted Lipschitz spaces.
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