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 � 2 	 � � 2iv F�I�S Gorenstein AC 9+Y( Db
gac(R) �{�9+Y(FS~g�(�F�I�S

Gorenstein AC sEY( Db
gacsg(R), �!jY(06ÆÆ℄ Gorenstein AC- C�L*?K!VPb����F�l+S� Gorenstein AC- C�r#?SIY(;sEY(?�&x	 F : GAC →

Db
sg(R). >{F~? F ?Æ�	 Gorenstein AC BY( Db

gacd
(R), �{l+�&A� Db

gacd
(R) ∼=

Db
gacsg(R).Z℄N Gorenstein AC 9+Y(�Gorenstein AC BY(�Gorenstein AC sEY(�SIY(
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§1 y � u
GorensteinB�b>k � Enochs� Jenda[1] ���Gorenstein B�b Goren-

stein ?G5)>�, (� [2–5]), �z4℄�wZB�
�RHX'�rDX'>JZu2/ (� [6–7]). 8�B�7� Gorenstein ��� Gorenstein B�b\��>?Gm.�JR�����u2 Gorenstein ?G5)� Bravo[8] ���� Gorenstein AC- B�b� Gorenstein AC- f�b>k�T℄
 P , GP , GAC ℄���B�b� GorensteinB�b�Gorenstein AC- B�b>H�3℄$` (GAC,GAC⊥) q"GÆ�->�eO��z�����"NR Gorenstein AC- B�bj+q��P
 Kb(R) � Db(R) ℄���-?YX'�-8*X'�
 Kb(P) ��B�bq">-?YX'���rDX' ) Verdier  Db
sg(R) := Db(R)/Kb(P), iX'C�� Buchweitz[6] MU�>ZP/��� Buchweitz HJ$`3��%w�

F : GP → Db
sg(R), q/ GP  Gorenstein B�bq">RHX'�
��D R- bJ\> Gorenstein B�K)�� F  �%��� Bergh[9] ��=z�'�%w�}>H�R Gorenstein AX' Db

defect(R) := Db
sg(R)/ImF (� [9–11]). �� Db

defect(R) = 07z/7�� R- bJ\> Gorenstein B�K)��/ Db
defect(R) LQR����

Gorenstein �'�>7I�$:�'mE>vU��PC�*��RGorenstein AC8*X'D∗
gac(R) := K∗(R)/

K∗
gac(R). #� Gorenstein 8*X'� Gorenstein ?G5)u2/UÆ>E
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Gorenstein AC 8*X' D∗

gac(R) J Gorenstein AC ?G5)>u2|9oR��>JZ���T℄=:R D∗
gac(R) >}fm.�zu2R4�8*X''�>vW� f+Z��r�℄>7Z/u:R2{E
�?��T℄�H�R Gorenstein AC rDX'

Db
gac(R)/Kb(GAC), 
 Db

gacsg(R) ���T℄$` Db
gacsg(R) = 0 7z/7O�� R- b

M J GAC-res.dimM < ∞.��PC-*/T℄$`� Gorenstein AC-B�bq">}>X' }i FrobeniusX'��z3��%w�}> F : GAC → Db
sg(R).   Buchweitz HJ� Gorenstein ACB�b�>}iFw�?��T℄$` F >`� Db

sg(R) / )^>��CU*/T℄H�R Gorenstein AC AX' Db
gacd(R) := Db

sg(R)/ImF . $`3��%�� Db
gacsg(R) ∼=

Db
gacd(R) � Db

gacd(R) ∼= K−,b(P)/K−, b
GAC

(P), q/ K
−, b
GAC

(P) ��?YX' K−,b(P) >>X'�
§2 \ G Y gX_k*�Pp{>}f��k����_k� T℄�b M 7E7_k · · · → 0 → M → 0 → · · · , q/ M �_k> 0 �0q�N,J 0. O��") n, X [n] ��_k X o� n iN,�� X [n]m = Xn+m� dmX[n] = (−1)ndn+m

X . kHPi R- _k X � Y , Hom _kH�J HomR(X,Y ), C nit0℄%J HomR(X,Y )n =
∏

k∈Z

HomR(X
k, Y k+n), C n 0H℄ dn(fk) = (dk+n

Y fk −

(−1)nfk+1dkX)k∈Z, q/ f = (fk) ∈ HomR(X,Y )n._k5� f, g : X → Y �!J?Y� )3�}2 R-b?5 (sn : Xn → Y n−1)n∈Z,O�� n ∈ ZJ[B fn−gn = dn−1
Y sn+sn+1dnX ,
�� f ∼ g���_k5� f : X → Y�!Jh?q� )O�� n ∈ Z J Hn(f) : Hn(X) → Hn(Y )  ?q�kH_k5� f : X → Y , H�	�: Cone(f)  �X_k�C n 0t0℄%

Cone(f)n = Xn+1 ⊕ Yn, C n 0H℄ dnCone(f) =

(

−dn+1
X 0

fn+1 dnY

)

, n ∈ Z. O_k X , Dy-)N X6n �X�
· · · → Xn−2 dn−2

X−→ Xn−1 dn−1
X−→ Xn → 0 → 0 → · · · .DO�)N τ6nX �X�

· · · → Xn−2 dn−2
X−→ Xn−1 −→ Ker(dnX) → 0 → 0 → · · · .Om>>�H�_k>�y-)N��O�)N�

Verdier� � B  �%X' K >�%>X'�Verdier �H�J K/B := S−1K,q/ S  � B ~H>
�$VW�S />\i5� f : X → Y J �℄�>��H a/s,�� X
s

⇐= Z
a

−→ Y . � Q : K → K/B  4�
}>�4E
�Oa X �� ����5� f : X → Y �" f/idX .



2 p �;t W3C yw Gorenstein AC BY( 215!�%X' D >}>X' C  )^>� )[B�X<!�� D /5� f : X → Yg=z C />Oa℄,��zO���% X
f
→ Y → Z → X [1], q/ Z � C /�� X , YJ� C /�}i1F>M>3 �?YX'/2UG_kE"q)^>X'�v�)^>X'>nN}i2{[V!'J Rickard ;���%X' D >�%}>X' C  )^>7z/7 C /Oa>��(�_�� C / (� [12]).

Gorenstein AC- B�b� ! R- b M  Gorenstein B�>��y3�}iB�bq">#�qT� P • = · · · → P−1 → P 0 d0

→ P 1 → P 2 → · · · , O��B�b P , }> HomR(−, P ) E
��'qT��	&#���z M ∼= Kerd0. b N �!J FP∞ j>��y N 3�\�"B�b>B�℄,�! L  level, �yO�� FP∞ j� R-b
N J Tor1R(N,L) = 0. 
�_qT P • �}> HomR(−, L) E
��	&#���!b
M ∼= Ker d0  Gorenstein AC- B�>�Z����_>H�>& P ⊆ GAC ⊆ GP .�P [8]>& Gorenstein AC-B�b GAC  >,>���4 �|B�b>H�zv�D��[?5>�^���P [8]T℄&<��� R-bM J GAC-℄, · · · → X−n →

· · · → X0 → M → 0, |3 ,��_qT/\i X i J Gorenstein AC- B�>�z�}> HomR(G,−) E
��#��q/ G  Gorenstein AC- B�b�=zH.��'HJ>$`��=:��?Y����X GAC- ℄, I}>�T℄H�Rb M > GAC-℄,K) GAC-res.dimM ,  )3� z> GAC- ℄, 0 → X−n → · · · → X0 → M → 0>Cd") n > 0, �� z>#")�3���E� GAC-res.dimM = ∞.RHX'� �� A BsB�Oa>�SX'�O��OaM , N ,
 P(M,N)��1 M : N g�diB�Oa℄,>5�q">�S��H� A >RHX' A :=

A/P ,q/ A/>Oa3 A/>Oa�5�� HomA(M,N) := HomA(M,N)/P(M,N).X_
M �� R- bX'>RHX'�Z��M  �VX'��z M �M /?q�UOa7z/7 M  B�b>(�_�� X � Y J R- b���M / X ∼= Y 7z/73� C,D ∈ P , �=� R- bX'/ X ⊕ C ∼= Y ⊕D.

§3 s T z Gorenstein AC- l h f Q O M W L� }*/�T℄�� Gorenstein AC 8*X'>k�u2R4�8*X''�>vW���/�,�H�R Gorenstein AC rDX'�Rw 3.1 _k X �!J GAC- UG>� )O�� Gorenstein AC- B�b G F,�_k HomR(G,X) �� UG>� R- _k>5� f : X → Y �!J GAC- h?q� )O�� G ∈ GAC J HomR(G, f)  h?q�O� ∗ ∈ {blank,−, b}, T℄
��
K∗

ac(R) � K∗
gac(R) ℄����UG_k� GAC- UG_kq">?Y>X'�� 3.1 (1)�J P ⊆ GAC, 2� GAC-UG_k UG>�GAC -h?q h?q�Z�� K∗

ac(R)  K∗(R) >�>�%X'� K∗
gac(R)  K∗

ac(R) >�>�%X'�| 
K∗(R) >�>�%X'�
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(2) �P [13] &_k X  GAC- UG7z/7O��_k D ∈ K−(GAC) J

HomR(D,X)  UG>� K K−(GAC) ��� GAC q">�-_k>?YX'�����P [13] >& R- _k5� f : X → Y  GAC- h?q7z/7 HomR(G, f)  h?q�q/ G ∈ K−(GAC).Rw 3.2 [14] ^O� Gorenstein AC- B�b>8*X' D∗
gac(R) �H� z>

Verdier �
D∗

gac(R) := K∗(R)/K∗
gac(R),T℄!'J Gorenstein AC 8*X'�� 3.2 (1)����D∗

gac(R) #�X' (R-Mod, EGAC)>8*X'�� Neeman[12]O#�X'H�>��X�q/ EGAC  )� R- bX'/2 GAC- UG>M#�qT>H�
(2)��� levelbJ\>B�K)���P [8]>& GAC = GP ,/� Gorenstein

AC 8*X' D∗
gac(R) 3 Gorenstein 8*X' D∗

gp(R) (� [15]). � R  l5���
D∗

gac(R) � Ding[16] 8*X' }+>���� R- bJ\>B�K)�� GP =

GAC = P . /�� D∗
gac(R), D∗

gp(R) � D∗(R)  }z>�T℄
 Kb
ac(GAC) � Kb

gac(GAC) �� Gorenstein AC-B�bq">UG_k>-?YX'� GAC- UG_k>-?YX'�� �℄T℄=: Gorenstein AC -8*X'm.��'^v>}f�%���H� K−,gacb(GAC)  K−(GAC) >}>X'�X�
K−,gacb(GAC) :=

{

X ∈ K−(GAC)
3� n = n(X) ∈ Z, �=

Hi(Hom(G,X)) = 0, ∀i 6 n, ∀G ∈ GAC

}

.X_ Gorenstein AC 8*X'>��m. (� [14]).xb 3.1 [14] � R  ���X+Z"N�
(1) � X ∈ K−(GAC), Y ∈ K(R), �4�
}>�8*�?q F : HomK(R)(X,Y ) ∼=

HomDgac(R)(X,Y ), f → f/idX .

(2) D−
gac(R)  Dgac(R) >�%>X'�Db

gac(R)  D−
gac(R) >�%>X'�1R| Dgac(R) >�%>X'�

(3) R-Mod  Db
gac(R) >[>X'���,��"}> R-Mod→ Kb(R) → Db

gac(R) [1�>�
(4) O�� X ∈ Kb(R), 3�}> F : Kb(R) → K−,gacb(GAC) � GAC- h?q

ϕX : F (X) → X , �z� X � }>>�
(5) 3��%�� Db

gac(R) ∼= K−,gacb(GAC). 8�B�
O��b M , J GAC-

res.dimM < ∞ , � Db
gac(R) ∼= Kb(GAC).xb 3.2 [17] � D1 � D2 J �%X' C >�%>X'�D1  D2 >�%>X'�



2 p �;t W3C yw Gorenstein AC BY( 217� D2/D1  C/D1 >�%>X'��z3��%�� (C/D1)/(D2/D1) ∼= C/D2.ej 3.1 � R  ���3�XT�%���
Db

gac(R)/Kb
ac(GAC) ∼= Db(R).| #Y�T℄$`�%�� Kb

ac(GAC) ∼= Kb
ac(R)/Kb

gac(R). � G : Kb
ac(GAC) →

Kb
ac(R)/Kb

gac(R)  w�}> i : Kb
ac(GAC) → Kb

ac(R) �}> q : Kb
ac(R) → Kb

ac(R)/

Kb
gac(R) >�"}>��J Kb

ac(R)/Kb
gac(R)  Db

gac(R) = Kb(R)/Kb
gac(R) >�%>X'�=z�J 3.1(1) >& G  [1�>}>�O��_k X ∈ Kb

ac(R), ��J 3.1(4) &3� GAC- h?q P → X , q/ P ∈ K−,gacb(GAC). Z� P  UG>��J GAC v�[?5>� ^�>�2�O�� i ∈ Z, J ImdiP ∈ GAC. � K−,gacb(GAC) >H��3�") n, �=
Hi(HomR(G,P )) = 0, ∀i 6 n, ∀G ∈ GAC.�/3� GAC- h?q τ>nP → P ,  K>_k τ>nP  �X P >�O�)N�

· · · → 0 → Imdn−1 → Pn → Pn+1 → · · · → Pm → 0 → · · · .�J τ>nP ∈ Kb
ac(GAC), 1R� Db

gac(R)/ G(τ>nP ) =τ>n P ∼= P ∼= X ,�3 G )^�2� G  �%���q0���J 3.2 >=�%��
Db

gac(R)/Kb
ac(GAC) ∼= (Kb(R)/Kb

gac(R))/(Kb
ac(R)/Kb

gac(R))

∼= Kb(R)/Kb
ac(R)

= Db(R).T℄
 〈GAC〉 �� Db(R) >� GAC �">�%>X'���, 〈GAC〉  Db(R) >�| GAC >Cd�%>X'�ej 3.2 � R  ���X_>$E�
〈GAC〉 //

��

Db(R)

��
Kb(GAC)/Kb

ac(GAC) // K−,gacb(GAC)/Kb
ac(GAC) K>+o}> w�>�((}> �%��>�8�B�3��%��

Db(R)/〈GAC〉 ∼= Db
gac(R)/Kb(GAC).| ��J 3.1(5) �a: 3.1 >=�%��}> H : Db(R)

∼=
−→ K−,gacb(GAC)/

Kb
ac(GAC). �J 〈GAC〉  � GAC �"> Db(R) >�%>X'�2� H(〈GAC〉)  }i� GAC �"> K−,gacb(GAC)/Kb

ac(GAC) >�%>X'�T℄&< Kb(GAC)/Kb
ac(GAC) K−,gacb(GAC)/Kb

ac(GAC) >�%>X'��z � GAC �">��/ H(〈GAC〉) =



218 * s j : A � 43 8
Kb(GAC)/Kb

ac(GAC). Z�� 〈GAC〉 ∼= Kb(GAC)/Kb
ac(GAC).  z3�X_>�%���

Db(R)/〈GAC〉 ∼= (K−,gacb(GAC)/Kb
ac(GAC))/(Kb(GAC)/Kb

ac(GAC))

∼= K−,gacb(GAC)/Kb(GAC)

∼= Db
gac(R)/Kb(GAC).Rw 3.3 � R  ��^O� Gorenstein AC- B�b>rDX'�H�J�X>

Verdier �
Db

gacsg(R) := Db
gac(R)/Kb(GAC), KT℄|!J Gorenstein AC rDX'�� 3.3 (1)��J 3.1(5),T℄>=XTFX>�%��Db

gacsg (R) ∼= K−,gacb(GAC)/

Kb(GAC).

(2)
 R l5��� Gorenstein ACrDX' Db
gacsg(R)� DingrDX' Db

dpsg(R)

(� [18])  }+>�
 R  l5��z2o6bJ\B�K)�� GAC = GP , 1R Db
gacsg(R) � Gorenstein rDX' Db

gpsg(R)(� [10–11])  }+>�ej 3.3 � R  ��� Db
gacsg(R) = 0 7z/7O�� R- b M , J GAC-

res.dimM < ∞.| ��J 3.1(5) >&�O�� R- b M , 
 GAC-res.dimM < ∞, � Db
gac(R) ∼=

Kb(GAC). �/ Db
gacsg(R) = 0.W'�
 Db

gacsg(R) = 0, �z X  R-b��� Db
gacsg(R) / X = 0. L
 Db

gacsg(R)>H��3� Y ∈ Kb(GAC), �=� Db
gac(R) / X ∼= Y . � f/t : Y

t
⇐= Z

f
−→ X  

Db
gac(R) />?q�z t  GAC- h?q�� f  }i GAC- h?q��/3� GAC- h?q s : Y → Z, �= ts ∼ idY .  z fs : Y → X � Db

gac(R) / }i GAC- h?q�2� Hn(HomR(G, Y )) = 0, n 6= 0, G ∈ GAC. ���T℄>= Hn(Y ) = 0, n 6= 0. �
Y = 0 → Y −m → Y −m+1 → · · · → Y n−1 → Y n → 0, q/ m,n  \`")�T℄|DO�)N τ60Y �X_UG_k

Y ′ = 0 → Ker(d0Y ) → Y 0 → · · · → Y n−1 → Y n → 0.Z�� Ker(d0Y ) ∈ GAC. �J i :τ60 Y → Y  }i GAC- h?q�2� fsi :τ60 Y → X GAC- h?q� z3�UG_k
0 → Y −m → Y −m+1 → · · · → Y −1 → Ker(d0Y ) → X → 0.�/ X \> Gorenstein AC B�K)�ej 3.4 � R  ��
 Db

sg(R) = 0, � Db
gacsg(R) = 0.| 425&Db

sg(R) = 07z/7�� R-b\>B�K)��J P ⊆ GAC,2�O�� R-bM , GAC-res.dimM < ∞� zqB�K)��a: 3.3>& Db
gacsg(R) = 0.
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§4 Gorenstein AC- l h f Q p S W LRw 4.1 [19] � A  �VX'�� A />� - ��O (i, p)   z>5�O�
A′ i

→ A
p
→ A′′, q/ i  p >�� p  i >���� A /�� - ��Oq">H��J

E , �yO5� i F,�3�5� p �= (i, p) ∈ E , !5� i J admissible- 6�H.B�
admissible- [>OmBH��X' A �>#�+q)>3  z� - ��O>H��?qX^��z[B�XpJ�

[E0] O��Oa A ∈ A, ��5� 1A J admissible- 6�
[E0op] O��Oa A ∈ A, ��5� 1A J admissible- [�
[E1] admissible- 6>Hv��" ^�>�
[E1op] admissible- [>Hv��" ^�>�
[E2] admissible- 6v<��5�>F*3��z|�"R admissible- 6�
[E2op] admissible- [v<��5�>E�3��z|�"R admissible- [�#�X'3 ��VX' A � A �>#�+q E q">O (A, E), q/ E >�/|�!JM#�T�!#�X' Frobenius >��y4BsQ>B�Oa�BsQ>f�Oa��zB�Oa�f�Oa }+>��P [20] / Happel HJT℄&<�

Frobenius X'>RHX' �%X'�xb 4.1 (GAC, E)  #�X'� K E  �_J� GAC />M#�T�| T℄��;* [E0] "N�X_*px$q3pJ�O� [E1op], � f : P1 → P2 � g : P2 → P3 J � GAC /> admissible- [�����OM#�T 0 → Ker(gf) → P1
gf
→ P3 → 0 F,��J GAC v�[5�>� ^�>�2� Ker(gf) ∈ GAC.O� [E1], � 0 → P0

i
→ P1 → P2 → 0 � 0 → P1

j
→ P ′

1 → P ′′
1 → 0 J&� E . T℄=:XTF*E�

0

��

0

��
0 // P0

i // P1
//

j

��

P2
//

��

0

0 // P0
ji

// P ′
1

��

// P ′
2

��

// 0

P ′′
1

��

P ′′
1

��
0 0
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′′
1 ∈ GAC, GAC v�D�^��2� P ′

2 ∈ GAC. t 0 → P0
ji
→ P ′

1 → P ′
2 → 0 ∈ E .O� [E2op], � f : P2 → P3  � GAC /> admissible- [� g : P ′

2 → P3  � GAC/>��5��T℄=:XTE�E��zCTl&� E :

0 // P1
// X //

��

P ′
2

//

g

��

0

0 // P1
// P2

f
// P3

// 0�J P1, P
′
2 ∈ GAC, 2� X ∈ GAC. 1R 0 → P1 → X → P ′

2 → 0 ∈ E .OmB�T℄>�$` [E2]. a:=$�xb 4.2 (GAC, E)  Frobenius X'�0R�RHX' GAC  �%X'�| �J P ⊆ GAC,P ⊆ ⊥GAC, �z P ⊆ GAC⊥, 2� P  GAC />^OB� - f�Oa�L
 Gorenstein AC- B�b>H�T℄&<�O�� X ∈ GAC, 3�#�qT
0 → X → P1 → G1 → 0 ∈ E � 0 → G2 → P2 → X → 0 ∈ E , �= P1, P2 ∈ P . 1R GACBsQ>B�Oa�BsQ>f�Oa� z (GAC, E)  Frobenius X'�0}��>=qRHX' GAC  �%X'�X_T℄�uP [21] / ∂- }>>H��� (Θ, E)  #�X'� C  �%X'��V}> F : Θ −→ C �!J ∂- }>��yO��M#�qT� X

i
→ Y

d
→ Z ∈ E , J3�5� ω(i,d) : F (Z) → F (X)[1], �=XTqT ��%�

F (X)
F (i)

// F (Y )
F (d)

// F (Z)
ω(i,d)

// F (X)[1].���5� ω  ��>��3 ,�k*PiM#�qT'�>5��X�
X

i //

f

��

Y

g

��

d // Z

h

��
X ′ i′ // Y ′ d′

// Z ′T℄X_��%'�>�%��
F (X)

F (i)
//

F (f)

��

F (Y )

F (g)

��

F (d)
// F (Z)

F (h)

��

ω(i,d)
// F (X)[1]

F (f)[1]

��
F (X ′)

F (i′)
// F (Y ′)

F (d′)
// F (Z ′)

ω(i′,d′)
// F (X ′)[1]ej 4.1 O����J3��%w�}>

F : GAC −→ Db
sg(R), KH�O�� G ∈ GAC, F (G) = G ∈ Db(R)/Kb(P), G  7_k���,� (P •,d)  � Gorenstein AC-B�b G ~H>#�qT�F (G) = P •

60 ∈ K−,b(P)/Kb(P) ∼= Db
sg(R).



2 p �;t W3C yw Gorenstein AC BY( 221| Z�3�w�}> i : GAC −→ Db(R). � q : Db(R) −→ Db
sg(R) = Db(R)/Kb(P) }>�
 F ′ = qi : GAC −→ Db

sg(R) ���"}>�� F ′  [1�}>��P [10]�P [22] T℄��=: F ′ �8[1�}> F : GAC −→ Db
sg(R). Z�� F ′  }i ∂- }>�T℄9�: F ′ �B�b�JU� z�P [21] >= F  }i�%}>�JR$` Buchweitz HJ>iHJ��P [23] /��RD?Y>k��P [23–24]T℄&<�UY DUY�?Y�� D?Y���?�vD?Y>}f��m.�X2T�xb 4.3 [24] � P,Q ∈ K−,b(P), �XTa:"N�

(1) � f : P → Q  D?Y	���O�� n ≪ 0 �8>	� fn : Ker dnP → Ker dnQJ>�=zdiB�b℄,�
(2) � f : P → Q  D?Y����O�� n ≪ 0 �8>	� fn : Ker dnP → Ker dnQ� M / ?q (M �� R-Mod >RHX').

(3) � f : P → Q  _kO	��� Cone(f) ∈ Kb(P) 7z/7 f  D?Y���xb 4.4 � X ∈ K−,b(P), � X ∈ ImF ⊆ Db
sg(R) 7z/7 Ker dnX ∈ GAC, n ≪ 0, K>}> F  a: 4.1 /*[>�| � X ∈ ImF , �3� G ∈ GAC, �= F (G) ∼= X &� Db

sg(R). L
 Gorenstein

AC- B�b>H��T℄=:#�qT
P • := · · · → P−1 → P 0 d0

P•

−→ P 1 → P 2 → · · · ,q/ Ker d0P•
∼= G. L
 F >H��>= F (G) = P •

60. �/� Db
sg(R) /� P •

60
∼= X . z�℄�

X
f

⇐= Z
s

=⇒ P •
60,q/ Z ∈ K−,b(P), Cone(f) ∈ Kb(P), Cone(s) ∈ Kb(P). ��J 4.3(2),(3) =: f � s  D?Y���O�� n ≪ 0, � M /� Ker dnX

∼= Ker dnP• . 1R3� U � V � R- bX'/�= Ker dnX ⊕ U ∼= Ker dnP• ⊕ V . �J Ker dnP• ∈ GAC � GAC v�(�_^��2� Ker dnX ∈ GAC.�� X := · · · → Xn−1 → Xn → · · · → Xm−1 → Xm → 0 → · · · , � K−,b(P) /��zO�� n ≪ 0, J Ker dnX ∈ GAC. 3�D>O�)N
τ6nX : · · · → Xn−2 → Xn−1 → Ker dnX → 0 #�qT�q/O�� m 6 n, J KerdmX ∈ GAC. � Gorenstein AC- B�b KerdnX>H�>=XT#�qT�

P• := · · · // Xn−2 // Xn−1

$$ $$I
II

II
II

II
// Pn // · · · // P 0 // P 1 // · · ·

Ker dn
X

-
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222 * s j : A � 43 8Z�� Ker d0P• ∈ GAC � F (Ker d0P•) = P •
60.  z X ′ := 0 → Xn → Xn+1 → · · · →

Xm−1 → Xm → 0 � P ′ := 0 → Pn → Pn+1 → · · · → P 0 → 0 � Kb(P) /�L
rDX'>H�&< X ′ ∼= P ′ ∼= 0 ∈ Db
sg(R). �/� Db

sg(R) /�>= X ∼= X6n−1
∼= P •

60
. 1R

X ∼= F (Ker d0P•) ∈ ImF .ej 4.2 ImF  Db
sg(R) >)^>X'�| � G ∈ GAC, (P •, d)  � G ∈ GAC >H�~H>#�qT�� F (G) = P •

60. ��� Db
sg(R) /� P •

60
∼= Q⊕ L,  K Q,L ∈ K−,b(P). ��J 4.4 >$`H.�T℄��=:O�� n ≪ 0, � M /J Ker dnP•

∼= Ker dnQ⊕L
∼= Ker dnQ ⊕ Ker dnL. �/3�?q

KerdnP• ⊕ U ∼= Ker dnQ ⊕Ker dnL ⊕ V , q/ U, V ∈ P . �J Ker dnP• ∈ GAC, Ker dnQ, Ker dnL� GAC /�L
�J 4.4 & Q,L ∈ ImF .

§5 Gorenstein AC ` W LRw 5.1 � R  ���� Gorenstein AC AX'�H�J�X> Verdier �
Db

gacd(R) := Db
sg(R)/ImF, K> F  a: 4.1 />>}>�� 5.1 (1) Z���%�� Db

gacd(R) ∼= (K−,b(P)/Kb(P))/ImF .

(2)
\i levelb\>B�K)���P [8]>= GAC = GP ,/�Gorenstein ACAX' Db
gacd(R) 3 �P [11] H�> Gorenstein AX' Db

defect(R).ej 5.1 � F : GAC → Db
sg(R)  a: 4.1 />�%w�}>��
ImF = 〈GAC〉/Kb(P).8�B�T℄�%�� Db

gacd(R) ∼= Db(R)/〈GAC〉.| Z�� 〈GAC〉/Kb(P)  Db(R)/Kb(P) /� GAC �">�%>X'� KT℄� GAC />Oa;E"7_k��a: 4.2 >&� ImF  Db
sg(R) /�| GAC >�L>�%>X'��/ 〈GAC〉/Kb(P) ⊆ ImF . � F >H�>= ImF ⊆ 〈GAC〉/Kb(P).�/ ImF = 〈GAC〉/Kb(P).  z3�XT�%���

Db
gacd(R) = Db

sg(R)/ImF ∼= (Db(R)/Kb(P))/(〈GAC〉/Kb(P))

∼= Db(R)/〈GAC〉.Rb 5.1 O��� R, J3��%��
Db

gacsg(R) ∼= Db
gacd(R).
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Db

gacsg(R) = Db
gac(R)/Kb(GAC)

∼= Db(R)/〈GAC〉

∼= Db
gacd(R). KC}i�%���a: 3.2 >=�CTi�%���a: 5.1 >=�H� K−,b(P) >}>X' K

−, b
GAC(P) �X�

K
−, b
GAC(P) :=

{

X ∈ K−,b(P)
3� n ∈ Z, �= Hm(X) = 0

∀m 6 n,�z Kerdn ∈ GAC

}

.X_ �℄T℄#=zHJk�k* Gorenstein AC AX'>}i2{?	�Rb 5.2 O��� R, 3��%���
Db

gacd(R) ∼= K−,b(P)/K−, b
GAC(P).JR$`�_>HJ�T℄k*RX_Pi�J�xb 5.1 � f : X → Y  K−,b(P) />?Y����z X ∈ K

−, b
GAC

(P), � Y ∈

K
−, b
GAC

(P). ��,�K
−, b
GAC

(P) v� K−,b(P) />?q ^�>�| �J X ∈ K
−, b
GAC

(P),  z�H�3� n ∈ Z, �=O�� m 6 n,J Hm(X) = 0�z Ker dnX ∈ GAC. 425&?Y�� h?q��/�O�� m 6 n =: Hm(Y ) = 0.L
�J 4.3(2) T℄&<�O�� n ≪ 0, Ker dnX
∼= Ker dnY &�M.  z3� R- bX'/>?q Ker dnX ⊕ P ∼= Ker dnY ⊕Q, q/ P,Q ∈ P . �J KerdnX ∈ GAC, GAC v�(�_^��2� Ker dnY ∈ GAC. �/ Y ∈ K

−, b
GAC

(P).xb 5.2 K
−, b
GAC(P)  K−,b(P) >�>X'�| #YT℄$` K

−, b
GAC(P) O	�: ^�>�� X,Y ∈ K

−, b
GAC(P), �3�") n, �=O�� m 6 n, J Hm(X) = Hm(Y ) = 0,�z KerdnX ,KerdnY ∈ GAC. �� f : X → Y _kO	��T℄=:X_>$E�

τ6nX

f ′

��

· · · // Xn−2

fn−2

��

dn−2
X // Xn−1

dn−1
X //

fn−1

��

KerdnX
//

fn

��

0

τ6nY · · · // Y n−2 // Y n−1 // Ker dnY
// 0 K>	� fn : Ker dnX → KerdnY  � fn : Xn → Y n�8>�T℄&< τ6nX , τ6nY  UG_k�z4℄>\i�J Gorenstein AC-B�b�O�� m 6 n−3,J dmCone(f ′) =

dmCone(f), � Ker dn−3
Cone(f ′)  Gorenstein AC- B�b�2� Cone(f) ∈ K

−, b
GAC(P).q0� K

−, b
GAC

(P) v�o�}>^���/ K
−, b
GAC

(P)  K−,b(P) >�%>X'��J GAC v�(�_^��2� K
−, b
GAC(P)  K−,b(P) >�>X'�



224 * s j : A � 43 8[�T℄9�$`�_>HJ�Rb 5.2 P|d � F : K−,b(P) → Db(R)  �%��}>�#Y�T℄$`
F (K−, b

GAC
(P)) = 〈GAC〉. �� X ∈ K

−, b
GAC

(P), 3�") n, �=O�� m 6 n, J
Hm(X) = 0, �z Ker dnX ∈ GAC. T℄<XX_� Gorenstein AC- B�bq">-_k�

X1 := 0 // Ker dnX
// Xn // Xn+1 // · · · .Z��3�h?q X → X1.  z�8*X'/ F (X) = X ∼= X1 ∈ 〈GAC〉. �/�

F (K−, b
GAC

(P)) ⊆ 〈GAC〉.WzF�L
�J 5.2T℄&<�K−, b
GAC(P) K−,b(P)>�>X'�1R F (K−, b

GAC(P)) Db(R)>�>X'�� X ∈ GAC. � Gorenstein AC-B�b>H��3�#�qT P •,�= Ker d0P•
∼= X , T℄<XqDy-)N P •

60. Z�� P •
60 ∈ K

−, b
GAC(P), �z� Db(R)/ F (P •

60)
∼= Kerd0P•

∼= X . �/� 〈GAC〉 ⊆ F (K−, b
GAC

(P)). t F (K−, b
GAC

(P)) = 〈GAC〉. ���>7ZT℄>=X_>$E�
Kb(P) // K−, b

GAC(P) //

��

K−,b(P)

��
Kb(P) // 〈GAC〉 // Db(R)q/+o D��w�}>�(( D���%��}>�1RX_>�%���
K−,b(P)/K−, b

GAC(P) ∼= Db(R)/〈GAC〉

∼= Db
gacd(R), K>CTi�%���a: 5.1 =:�~t E�eh�g�9o>�xna���J � ^ � n � q
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Abstract The authors introduce the Gorenstein AC derived categoryDgac(R) and compare

it with the derived category. Then the Gorenstein AC singularity category Db
gacsg(R) is

defined since its vanishing implies the finiteness of the Gorenstein AC-projective resolution

dimension of any R-module. They give a triangle-embedding functor F : GAC → Db
sg(R),

from the stable category of Gorenstein AC-projective modules to the bounded singular

category. the Gorenstein AC defect category Db
gacd(R) is defined as the quotient of F.

Moreover, it is proved that Db
gacd(R) is triangle-equivalent to Db

gacsg(R).
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gory, Gorenstein AC defect category, Stable category
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