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inf

h∈H(A1,A2)
α

∫∫
A1

(|hN |2 + |hT |2)
1

|h(z)|2
dz + β

∫∫
A1

|hN |2 + |hT |2

J(z, h)

1

|z|2
dz,6E H(A1,A2) $!1` A1 *1` A2 .j+��q1'P.h[. ��,*w�.fA'Py���S'P. <t [Iwaniec T, Onninen J. Hyperelastic deformations of smallest total energy [J].

Arch Rational Mech Anal, 2009, 194:927–986.] .wTtRC?/<�. qW, �A����1`L.m?3Y*�.fA}m/m?3�.fA}m.gq℄ m?A*�, m?3Y*�, m?3�, ODE

MR (2000) (�fu 30C75, 30C62'�efu O174.55��Y%| A�"Wi 1000-8314(2022)04-0387-12

§1 ���M4�L0_
A1 = {z : 1 6 |z| 6 r}, A1 = {w : 1 6 |w| 6 R}.nQ H(A1,A2) xi*��p0 h : A1 → A2 ����y7%, i!Q: ' |z| = 1 V, *

|h(z)| = r; ' |z| = r V, * |h(z)| = R.

Grötzsche�|l [2]
�-\6 L∞ ;-;��,��o�*S	2�VK(z, h)-&O, 5D
K(z, h) =











2(|hN |2 + |hT |
2)

J(z, h)
, IJ(z, h) > 0,

1, D7.

(1.1)

2005 ,, Astala /D [3] ��� L1 ;;��Y+2�V K(z, h) S	-&O. 0_ol>- L1 ;;�6z [4] D�x�. 7-l>- Lϕ ; (ϕ \�Kr918-),!�
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n D. h\, B	G [8] 
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388 d � - 	 A g 43 �7-0_K-&O, Y(eV�75~�k \S℄Z-. Q z = teiθ, 7&O h -��(.8�(�Æx
hN = ht, hT =

1

t
hθ. (1.2)

hz . hz !�[x
hz =

e−iθ

2
(hN − ihT ), hz =

eiθ

2
(hN + ihT ). (1.3)�jg!+)

2(|hz|
2 + |hz|

2) = |hN |2 + |hT |
2. (1.4)~��+

K(z, h) =
|hN |2 + |hT |

2

J(z, h)
. (1.5)

h - Jacobian ��Zx
J(z, h) = |hz |

2 − |hz |
2 = ℑ(hNhT ). (1.6)7 α, β > 0, h ∈ H(A1,A2), 4#l>�)�

E[h, h−1] = α

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz. (1.7)�B

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz =

∫∫

A2

(|fN |2 + |fT |
2)

J(ω, f)

1

|ω|2
dω (1.8)��, 5D f = h−1.6�zD, ~#s
�G�e�|l-"6�.v��

inf
h∈H(A1,A2)

α

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz. (1.9)zJz [1, 9] -=:, ~#+)�z-H�vS.v 1.1 7E"- h ∈ H(A1,A2), l>�)� E[h, h−1] -S	�6���R&O

h∗(te
iθ) = t

log R

log r eiθ (1.10)�=+, 6���L�M-;��e�&Ov�.�$!{N�z-vOvb�u.609u, ~#
�l>2X)�. 60Ju, ~#��l>-2�V. 6S\�u, >%�z-H�vS4� 1.1.

§2 p�bk�z6�uD, ~#sk l>2X)�-e�|l, i
inf

h∈H(A1,A2)
ε[h] = inf

h∈H(A1,A2)

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz. (2.1)
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§2.1 r�t� 
^n�~xQ h(z) = H(t)eiθ, z = teiθ, 5D H(t) \=-XV. 7!+)
ε[h] = 2π

∫ r

1

[(Ḣ(t)

H(t)

)2

t+
1

t

]

dt = 2π

∫ r

1

Λ(t,H, Ḣ)dt. (2.2)'"
∂Λ

∂H
= −

2Ḣ2(t)t

H3(t)
,

∂Λ

∂Ḣ
=

2Ḣ(t)t

H2(t)9
d

dt

( ∂Λ

∂Ḣ

)

=
2Ḧ(t)H(t)t+ 2Ḣ(t)H(t) − 4Ḣ2(t)t

H3(t)
. 8 Euler-Lagrange=�

∂Λ

∂H
=

d

dt

( ∂Λ

∂Ḣ

)

(2.3)^px
t
( Ḣ(t)

H(t)

)′

+
Ḣ(t)

H(t)
= 0. (2.4)=� (2.4) -nxx H(t) = C1t

C2 , ~8) H(1) = 1 . H(r) = R, +
H(t) = t

log R

log r . (2.5)$�
h(teiθ) = t

log R

log r eiθ. (2.6)

§2.2 n�aj~x^m$ 
6�	uD, ~#s>% (2.6) Zxl>2X)�-e�&O, i*G�4���.v 2.1 7E"- h ∈ H(A1,A2), l>2X)�
∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz-S	�6���R&O h∗(te

iθ) = t
log R

log r eiθ �=+. i
∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz >

∫∫

A1

(|h∗N |2 + |h∗T |
2)

1

|h∗(z)|2
dz. (2.7)6���L�M-;��S	�&Ov�.# � 1 > p > 0, 1 > q > 0, 7+)G��/Z:

|hN |2 + |hT |
2

|h(z)|2
>

(1− p2)|hN |2 + (1 − q2)|hT |
2 + 2pq|hN ||hT |

|h(z)|2
, (2.8)/W��'9}'

p|hN | = q|hT |.~#
�!��G;�.



390 d � - 	 A g 43 ���� log r 6 logR. = q = 1, 7 (2.8) ^px
|hN |2 + |hT |

2

|h(z)|2
>

(1− p2)|hN |2 + 2p|hN ||hT |

|h(z)|2
, (2.9)/W��'9}'

p|hN | = |hT |. (2.10)~��, )
J(z, h) = ℑ(hNhT ) 6 |hN ||hT |, |h|N 6 |hN |. (2.9), +)

|hN |2 + |hT |
2

|h(z)|2
>

(1− p2)|h|2N + 2pJ(z, h)

|h(z)|2
. (2.11)� p = log r

logR
, 7Ka�/Z��pV60_ A1 Kd�, +

∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz >

(

1−
log2 r

log2 R

)

∫∫

A1

|h|2N
|h(z)|2

dz + 2
log r

logR

∫∫

A1

J(z, h)

|h(z)|2
dz. (2.12)N� Hölder �/Z, +

(

∫∫

A1

|h|N
|z||h|

dz
)2

6

∫∫

A1

|h|2N
|h(z)|2

dz

∫∫

A1

1

|z|2
dz = 2π log r

∫∫

A1

|h|2N
|h(z)|2

dz. (2.13)$x
∫∫

A1

|h|N
|z||h|

dz = 2π

∫ r

1

1

|h|

∂|h|

∂t
dt = 2π

∫ R

1

dρ

ρ
= 2π logR, (2.14)�( (2.13)–(2.14), +

∫∫

A1

|h|2N
|h(z)|2

dz > 2π
log2 R

log r
. (2.15),$x

∫∫

A1

J(z, h)

|h(z)|2
dz =

∫∫

A2

1

|w|2
dw = 2π logR, (2.16)vZ (2.12), (2.15)–(2.16), +)

∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz > 2π logR

( log r

logR
+

logR

log r

)

. (2.17)�U�>?, '
h(teiθ) = t

log R

log r eiθ,!K�/Z/W6��.��d log r > logR. = p = 1, 7 (2.8) ^px
|hN |2 + |hT |

2

|h(z)|2
>

(1 − q2)|hT |
2 + 2q|hN ||hT |

|h(z)|2
>

(1 − q2)|hT |
2 + 2qJ(z, h)

|h(z)|2
. (2.18)
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log r

, 7Ka�/Z60_ A1 Kd�, +
∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz >

(

1−
log2 R

log2 r

)

∫∫

A1

|hθ|
2

|z|2|h(z)|2
dz

+ 2
logR

log r

∫∫

A1

J(z, h)

|h(z)|2
dz. (2.19)) Hölder �/Z+

(

∫∫

A1

|hθ|

|z|2|h(z)|
dz

)2

6

∫∫

A1

|hθ|
2

|z|2|h(z)|2
dz

∫∫

A1

1

|z|2
dz

= 2π log r

∫∫

A1

|hθ|
2

|z|2|h(z)|2
dz. (2.20)$x

2π log r = 2π

∫ r

1

dt

t
=

∫∫

A1

1

|z|
ℑ
hT

h
6

∫∫

A1

|hθ|

|z|2|h(z)|
dz, (2.21)vZ (2.20)–(2.21), ?

∫∫

A1

|hT |
2

|h(z)|2
dz =

∫∫

A1

|hθ|
2

|z|2|h(z)|2
dz > 2π log r. (2.22)$�, �/Z (2.19) ^px

∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz >

(

1−
log2 R

log2 r

)

2π log r + 2
logR

log r
2π logR

= 2π logR
( log r

logR
+

logR

log r

)

=

∫∫

A1

|h∗N |2 + |h∗T |
2

|h∗(z)|2
dz.4� 2.1 >%u�.

§3 p��\h�` L
1-w{
�l>2�V
K[f ] =

∫∫

A2

|fN |2 + |fT |
2

J(w, f)

1

|w|2
dw. (3.1)KZ-e�|l �6z [4, 4� 1] D�x�, %6�uD~#sb-z [9] -=:M��e�|l�L�->%.

§3.1 r�t� 
^n��[nQ f(ρeiϕ) = F (ρ)eiϕ, 5D F (ρ) x=-XV�!Q F (1) = 1, F (R) = r. 7
K[f ] = 2π

∫ R

1

Ḟ 2(ρ) + F 2(ρ)/ρ2

F (ρ)Ḟ (ρ)
dρ = 2π

∫ R

1

Υ(ρ,F, Ḟ)dρ. (3.2)'" Euler-Lagrange=�
∂Υ

∂F
=

d

dρ

(∂Υ

∂Ḟ

)

(3.3)
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ρḞ 2(ρ) = F (ρ)Ḟ (ρ) + ρF (ρ)F̈ (ρ). (3.4)�=�-nxx F (ρ) = C3ρ
C4 . ) F (1) = 1 . F (R) = r, '"

F (ρ) = ρ
log r

log R . (3.5)$�
f(ρeiϕ) = ρ

log r

log R eiϕ. (3.6)) 3.1 F (ρ) (q (3.5) ) \ H(t) (q (2.5) ) -+&O.

§3.2 n��[m$�Æ!�P-l>2�e�|l-4� �6z [4]D>%. 6�	uD, zJz [1] ->%=:, sM��4��L�->%.v 3.1 (q [4, 4� 1]) 7E"- f ∈ H(A1,A2), (3.1) Z-S	�6��&O
f∗(ρe

iϕ) = ρ
log r

log R eiϕ�=+. e�&O6���L�M-;��\v�-.# � 1 > a > 0, 1 > b > 0, 7��G��/Z,

|fN |2 + |fT |
2

J(w, f)

1

|w|2
>

(1− a2)|fN |2 + (1− b2)|fT |
2 + 2ab|fN ||fT |

J(w, f)

1

|w|2
. (3.7)~#��!��G;�k .��� log r > logR. = b = 1, 7 (3.7) ^px

|fN |2 + |fT |
2

J(w, f)

1

|w|2
>

(1− a2)|fN |2 + 2a|fN ||fT |

J(w, f)

1

|w|2

>
(1− a2)|fN |2 + 2aJ(w, f)

J(w, f)

1

|w|2
. (3.8)� a = logR

log r
, 7*

∫∫

A2

|fN |2 + |fT |
2

J(w, f)

dw

|w|2
>

(

1−
log2 R

log2 r

)

∫∫

A2

|fN |2

J(w, f)

dw

|w|2
+ 2

logR

log r

∫∫

A2

dw

|w|2
. (3.9)$x

2π log r = 2π

∫ r

1

dt

t
= 2π

∫ R

1

1

|f |

∂|f |

∂ρ
dρ (3.10)9*

∂|f |

∂ρ
6

∣

∣

∣

∂f

∂ρ

∣

∣

∣
, (3.11)'"

2π log r 6 2π

∫ R

1

1

|f |

∣

∣

∣

∂f

∂ρ

∣

∣

∣
dρ = 2π

∫ R

1

|fN |

|f |
dρ =

∫∫

A2

|fN |

|f |

dw

|w|
. (3.12)
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(

∫∫

A2

|fN |

|f |

dw

|w|

)2

=
(

∫∫

A2

|fN |
√

J(w, f)

1

|w|

√

J(w, f)

|f |
dw

)2

6

∫∫

A2

|fN |2

J(w, f)

1

|w|2
dw

∫∫

A2

J(w, f)

|f |2
dw

=

∫∫

A2

|fN |2

J(w, f)

1

|w|2
dw

∫∫

A1

dz

|z|2

= 2π log r

∫∫

A2

|fN |2

J(w, f)

1

|w|2
dw. (3.13)vZ (3.12) X (3.13), ?

2π log r 6

∫∫

A2

|fN |2

J(w, f)

dw

|w|2
. (3.14)N� (3.14) .

∫∫

A2

1

|w|2
dw = 2π logR, (3.15)'", (3.9) ^px

∫∫

A2

|fN |2 + |fT |
2

J(w, f)

1

|w|2
dw > 2π logR

( log r

logR
+

logR

log r

)

. (3.16)��=$, ' f∗(ρe
iϕ) = ρ

log r

log R eiϕ V, Ka�/Z-/W6��. i
∫∫

A2

|fN |2 + |fT |
2

J(w, f)

1

|w|2
dw >

∫∫

A2

|f∗N |2 + |f∗T |
2

J(w, f∗)

1

|w|2
dw. (3.17)��d log r 6 logR. = a = 1, 7 (3.7) ^px

|fN |2 + |fT |
2

J(w, f)

1

|w|2
>

(1− b2)|fT |
2 + 2bJ(w, f)

J(w, f)

1

|w|2
. (3.18)= b = log r

logR
, 7 (3.18) 60_ A2 Kd�, +

∫∫

A2

|fN |2 + |fT |
2

J(w, f)

dw

|w|2
>

(

1−
log2 r

log2 R

)

∫∫

A2

|fT |
2

J(w, f)

dw

|w|2
+ 2

log r

logR

∫∫

A2

dw

|w|2
. (3.19)�B

2π logR = 2π

∫ R

1

dρ

ρ
=

∫∫

A2

1

|w|
ℑ
fT
f
dw 6

∫∫

A2

|fT |

|f |

dw

|w|
. (3.20)) Hölder �/Z+

(

∫∫

A2

|fT |

|f |

dw

|w|

)2

6

∫∫

A2

|fT |
2

J(w, f)

1

|w|2
dw

∫∫

A2

J(w, f)

|f |2
dw

= 2π log r

∫∫

A2

|fT |
2

J(w, f)

1

|w|2
dw. (3.21)) (3.20)–(3.21), +

2π
log2 R

log r
6

∫∫

A2

|fT |
2

J(w, f)

1

|w|2
dw. (3.22)
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∫∫

A2

|fN |2 + |fT |
2

J(w, f)

1

|w|2
dw > 2π logR

( log r

logR
+

logR

log r

)

.$�
∫∫

A2

|fN |2 + |fT |
2

J(w, f)

1

|w|2
dw >

∫∫

A2

|f∗N |2 + |f∗T |
2

J(w, f∗)

1

|w|2
dw.4� 3.1 >%u�.

§4 p�	�z6�uD~#sk l>�)� (1.7) �>%4� 1.1.

§4.1 r�t� 
^n��~x*�$nQ h(teiθ) = H(t)eiθ, z = teiθ, 7
E[h, h−1] = α

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz.^px

E[h, h−1] = 2π

∫ r

1

α
[( Ḣ(t)

H(t)

)2

t+
1

t

]

+ β
[ Ḣ(t)

H(t)
+

H(t)

Ḣ(t)t2

]

dt. (4.1)

(4.1) - Euler-Lagrange=�x
β

H2(t)

t3Ḣ3(t)

[ Ḣ(t)

H(t)
+ t

( Ḣ(t)

H(t)

)′]

= −α
1

H(t)

[Ḣ(t)

H(t)
+ t

(Ḣ(t)

H(t)

)′]

. (4.2)'
Ḣ(t)

H(t)
+ t

(Ḣ(t)

H(t)

)′

= 0 (4.3)V, x+ H(t) = t
log R

log r . '
Ḣ(t)

H(t)
+ t

(Ḣ(t)

H(t)

)′

6= 0 (4.4)V, 7 (4.2) ^px
−

1

t3
=

α

β

( Ḣ(t)

H(t)

)3

, (4.5)�x+ H(t) = t
log R

log r . $�
h(teiθ) = t

log R

log r eiθ. (4.6)

§4.2 #}v 1.1# � 1 > p > 0, 1 > q > 0, 1 > a > 0, 1 > b > 0, $x
J(z, h) = ℑ(hNhT ) 6 |hN ||hT |. (4.7)
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α
|hN |2 + |hT |

2

|h|2
+ β

|hN |2 + |hT |
2

J(z, h)

1

|z|2

> α
(1 − p2)|hN |2 + (1− q2)|hT |

2 + 2pq|hN ||hT |

|h|2

+ β
(1 − a2)|hN |2 + (1− b2)|hT |

2 + 2ab|hN ||hT |

J(z, h)

1

|z|2

> α
(1 − p2)|hN |2 + (1− q2)|hT |

2 + 2pqJ(z, h)

|h|2

+ β
(1 − a2)|hN |2 + (1− b2)|hT |

2 + 2abJ(z, h)

J(z, h)

1

|z|2
. (4.8)~#���G;�>%.��� logR > log r. = q = 1, b = 1, ) (4.8) ?

E[h, h−1]

= α

∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz

> α(1 − p2)

∫∫

A1

|hN |2

|h|2
dz + 2pα

∫∫

A1

J(z, h)

|h|2
dz

+ β(1 − a2)

∫∫

A1

|hN |2

J(z, h)

1

|z|2
dz + 2αβ

∫∫

A1

1

|z|2
dz, (4.9)N� (2.15) . (2.16) ?

∫∫

A1

|h|2N
|h(z)|2

dz > 2π
log2 R

log r
(4.10)9

∫∫

A1

J(z, h)

|h(z)|2
dz =

∫∫

A2

1

|w|2
dw = 2π logR. (4.11)$x

2π logR = 2π

∫ R

1

dρ

ρ
= 2π

∫ r

1

1

|h|

∂|h|

∂t
dt (4.12).

∂|h|

∂t
6

∣

∣

∣

∂h

∂t

∣

∣

∣
, (4.13)i!

2π logR 6 2π

∫ r

1

1

|h|

∣

∣

∣

∂h

∂t

∣

∣

∣
dt = 2π

∫ r

1

|hN |

|h|
dt =

∫∫

A1

|hN |

|h|

dz

|z|
. (4.14)
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(

∫∫

A1

|hN |

|h|

dz

|z|

)2

=
(

∫∫

A1

|hN |
√

J(z, h)

1

|z|

√

J(z, h)

|h|
dz

)2

6

∫∫

A1

|hN |2

J(z, h)

1

|z|2
dz

∫∫

A1

J(z, h)

|h|2
dz

=

∫∫

A1

|hN |2

J(z, h)

1

|z|2
dz

∫∫

A2

dw

|w|2

= 2π logR

∫∫

A1

|hN |2

J(z, h)

1

|z|2
dz. (4.15)N� (4.14)–(4.15), +

2π logR 6

∫∫

A1

|hN |2

J(z, h)

1

|z|2
dz. (4.16)) (4.10)–(4.11) . (4.16) ?, �/Z (4.9) ^x

E[h, h−1] > 2πα(1 − p2)
log2 R

log r
+ 4παp logR+ 2πβ(1 − a2) logR+ 4πβa log r. (4.17)=

p = a =
log r

logR
, (4.18)'" (4.17) 	x

E[h, h−1] > 2πα logR
( log r

logR
+

logR

log r

)

+ 2πα log r
( log r

logR
+

logR

log r

)

= E[h∗, h
−1
∗

]. (4.19)��d logR 6 log r. 6 (4.8) D= p = 1, a = 1, 7
E[h, h−1] = α

∫∫

A1

|hN |2 + |hT |
2

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz

> α(1 − q2)

∫∫

A1

|hT |
2

|h|2
dz + 2qα

∫∫

A1

J(z, h)

|h|2
dz

+ β(1 − b2)

∫∫

A1

|hT |
2

J(z, h)

1

|z|2
dz + 2bβ

∫∫

A1

1

|z|2
dz. (4.20)) (2.16) . (2.22), ?

∫∫

A1

J(z, h)

|h(z)|2
dz =

∫∫

A2

1

|w|2
dw = 2π logR (4.21)X

∫∫

A1

|hT |
2

|h(z)|2
dz =

∫∫

A1

|hθ|
2

|z|2|h(z)|2
dz > 2π log r. (4.22)$x

2π log r = 2π

∫ r

1

dt

t
=

∫∫

A1

1

|z|
ℑ
hT

h
dz 6

∫∫

A1

|hT |

|h|

dz

|z|
, (4.23)
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∫∫

A1

|hT |

|h|

dz

|z|

)2

6

∫∫

A1

|hT |
2

J(z, h)

1

|z|2
dz

∫∫

A1

J(z, h)

|h|2
dz

= 2π logR

∫∫

A1

|hT |
2

J(z, h)

1

|z|2
dz. (4.24)) (4.23)–(4.24), +

2π
log2 r

logR
6

∫∫

A1

|hT |
2

J(z, h)

1

|z|2
dz. (4.25)vZ (4.21)–(4.22) . (4.25), �/Z (4.20) ^px

E[h, h−1] > 2πα(1− q2) log r + 4παq logR+ 2πβ(1 − b2) log r + 4πβb log r. (4.26)=
q = b =

logR

log r
, (4.27)'" (4.26) 	x

E[h, h−1] > 2πα logR
( log r

logR
+

logR

log r

)

+ 2πβ log r
( log r

logR
+

logR

log r

)

= E[h∗, h
−1
∗

]. (4.28)v��->%.4� 2.1 az [4] D4� 1 ->%�p. 4� 1.1 >%u�.&� FF�TILk7�Ir-O�T4.Z � s � � � �
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Abstract In this paper, the authors mainly study the following extremal problem for total

weighted energy

inf
h∈H(A1,A2)

α

∫∫

A1

(|hN |2 + |hT |
2)

1

|h(z)|2
dz + β

∫∫

A1

|hN |2 + |hT |
2

J(z, h)

1

|z|2
dz,

where the class H(A1,A2) consists of orientation preserving homeomorphisms between annuli

A1 and A2. They get that the unique extremal mapping is a certain radial mapping. This

extends the result of [Iwaniec, T. and Onninen, J., Hyperelastic deformations of smallest

total energy, Arch. Rational Mech. Anal., 2009, vol. 194, pp. 927–986] to non-Euclidean

version. Meanwhile, they also consider the extremal problems for weighted harmonic energy

and weighted distortion on annuli, respectively.

Keywords Total weighted energy, Weighted harmonic energy, Weighted

distortion, ODE
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