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u ∈ QPSH(Ω) ∩C0(Ω),

det
( ∂2u

∂qi∂qj

)
= 0, � Ω q,

u = ϕ, � ∂Ω �, (1.1)(N ϕ %C�� ∂Ω �7�bC7Rsy/.�q.<}+v1~, Vg[
m�Z�bC�.Y| 1.1 �� Ω ⊂ H
n %�b.;B�. �v+��b[7 C1,1 wa2�K:(A}7�*y/ ρ, � ρ %wa2�K:(A}y/, Ω = {ρ < 0} �� Ω q ∇ρ 6= 0,�� Ω %�b C1,1 K7warE� (�=C� 2.2).Y| 1.2 �y/ u ∈ QPSH(Ω)(�=C� 2.2),�vI�� v ∈ QPSH(Ω)E v 6 u� Ω 7mb1B�J�Q, F��G" v 6 u � Ω ��Q, �� u %�-7.�R [1] 8, Wan } Zhang .kWZi�b	7CL, \CL"W HQMA S�,7�bV��7C�.Yg 1.1 [1,DM 1.3] �� Ω ⊂ H

n %�b.;B��� u ∈ QPSH(Ω) %6�.7. oe, u %�-70�20�^7��ZE det
(

∂2u
∂qi∂qj

)
= 0.	S 2020 t 12 � 7 �)4, 2022 t 10 � 24 �)4p℄`.
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446 0 u t < A � 43 :O�CL 1.1, Vg*[��.kZi7k�.Yg 1.2 �� Ω ⊂ H
n %�b C1,1 72�warE�, ϕ ∈ C1,1(∂Ω). oeS�

(1.1) +�M�7, u ∈ C0,1(Ω) �� u E
‖u‖C0,1(Ω) 6 C = C(‖ρ‖C0,1(Ω), ‖ρ‖C1,1(Ω), ‖ϕ‖C1,1(∂Ω)). (1.2)'J, �v2�� ϕ ∈ C0(∂Ω), oe u � Ω �%Rs7.K4� Aleksandrov[2], Bremermann[3] �� Bedford-Taylor[4]x5w7 �Z7�l,

Alesker[5], Harvey-Lawson[6] 9ÆI2�/�4Z7:OAIT? (1.1) ~HW�{7x5. �N u ∈ QPSH(Ω), 7��v� 0 6 λ1[u] 6 · · · 6 λn[u] % u 72�/ Hessian 7>*4, oe Monge-Ampère S�
det

( ∂2u

∂qi∂qj

)
= 09��

λ1[u] = 0,� Monge-Ampère S�7<X/. R [6–8] Hz�v ϕ %Rs7, oe�S�,M���~%Rs7, �CL 1.2 8VgGsW\+v.46>�7%, ,�Zi 3.1 )7., O�E7SP4��p63S�7_',�n. �M, 0�� Ω % H
n 87/Q� B �, Vg��63�b�7 C

1,1
loc 7k�. Bedford-

Taylor �R [4] 8"WZ7�l (~���!R [9–10] 8"7g�/7��).V{(2� Monge-Ampère S�7:OAIT?




det
( ∂2u

∂qi∂qj

)
= f > 0, � Ω q,

u = ϕ, � ∂Ω � (1.3),7,�n~-V7+v. �� Ω ⊂ H
n %.7warE�, �v f ∈ C0(Ω) ��

ϕ ∈ C0(∂Ω),oe Alesker[7] 63WS� (1.3),7+�M�n. g3��, �v�� Ω = B% H
n 87/Q�, �� 0 < f ∈ C∞(Ω), ϕ ∈ C∞(∂Ω), Alesker ~63WM�r�72�K:(A},. �R [11] 8, Zhu GsWR [12] 7+v, I���7r�warE�, 863WM�7r�2�K:(A},. o�S� (1.3) �,7Fi3$, ��=R [6, 8,

13–17].:OAIIvF�%� Harvey-Lawson[6−8]��7. ZiVg�/
m�Z:OAIIv7C�. C�b���hN>GVi�7�� SHΩ 7�B� F (bYC��=Z�)). I�� C2 y/ u, � u � Ω �% F -(A}7�v Hess u(q) > 0 I�� q ∈ Ω F�Q. Vg"(b^uGs3 Ω N��7��Rs (��N USC) y/�. 
��Z USCy/7�'y/%��}7.Y| 1.3 � u : Ω → R∪ {−∞} (u 6≡ −∞) N USC y/. Vg� φ ∈ C∞(Ω) % u �
q >$7��' (Z�') y/, �v� q >7mb[�q u 6 φ (φ 6 u) � u(q) = φ(q).Y| 1.4 � USC y/ u % F -(A}7, �vI�� q ∈ Ω �� q >$7��'y/ φ, Vg

J2
q φ := (φ(q), φ(q),HessHφ(q)) ∈ Fq,(N Fq % F � q >$7v.



4 x Kqa %$f p�|)3� Monge-Ampère T 8�g?� 447I�. F , C� F 7:OAIIvN
F̃ :=∼ (−IntF ) = −(∼ IntF ). (1.4)K47, ��C� F̃ -(A}7^u.Y| 1.5 y/ u ∈ C0(Ω) ��N% F -A}7�v u % F -(A}7, �� −u %

F̃ -(A}7.Vg	}.kZ.7 F -(A}7(Sn.Yg 1.3 � Ω ⊂ H
n %�b.;B�, uk ∈ C2(Ω) % F -(A}y/��E

det
( ∂2uk

∂qi∂qj

)
= εk, (1.5)(N, 0 k → ∞ �, εk %= 3 0 7,/. ��v� C0 R/Z uk → u∞, oe u∞ %

F -A}7.Y| 1.6 (1) � u : Ω → R ∪ {−∞} (u 6≡ −∞) N USC y/. �vI�� q ∈ Ω ���� u � q >$7��'y/ φ, F
det

( ∂2φ

∂qi∂qj

)
> 0,�� u % HQMA(Hess u)n = 0 7"n(,.

(2) � u : Ω → R ∪ {+∞} NZ�Rsy/. �vI�� q ∈ Ω ���� u � q >$7Z�'y/ ψ, F
det

( ∂2ψ

∂qi∂qj
(q)

)
+
6 0,�� u % HQMA(Hess u)n = 0 7"n�,. (N, I����hN>7) A, �v A %�,C7, �� A+ = A, Y� A+ = 0.

(3) �y/ u %S� HQMA(Hess u)n = 0 7�b"n,, �v u �%"n�,, �%"n(,. >�7, "n,D%Rs7.F�, Vgx5W HQMA 7"n(,} F -(A}y/1�7oW, ��.kZi7CL.Yg 1.4 � Ω % H
n 7.;B�, � det

(
∂2u
∂qi∂qj

)
= 0 7"n(,�C% Ω �7

F -(A}y/. g3��, det
(

∂2u
∂qi∂qj

)
= 0 7"n,�C% Ω �7 F -A}y/.

§2 �M�m
Verbitsky[18] F��3W ∂J 5B. Ifb2�/ q ∈ H, Vg"y�I�Z7l":

q = x0 · 1 + x1 · i + x2 · j + x3 · k,(N {i, j,k} ⊂ H E2�/oW�� xα ∈ R. �w;D� H
n 8, � I, J,K %� i, j, kÆ2"7�Æ7Z+i.� {qi}

n−1
i=0 % H

n 87K�. � 7I
Z, Vg��" qi hI
qi = x4i · 1 + x4i+1 · i + x4i+2 · j + x4i+3 · k,(N xα ∈ R. �C�
zj = x2j + (−1)jx2j+1i, j = 0, · · · , 2n− 1,



448 0 u t < A � 43 :oe��63�b H
n �o�Z+i I 7i7
&K� qi = z2i + z2i+1j.I�� C2 7 H- 47y/ v, C� Dirac-Cauchy-Riemann 5B ∂

∂qα
N

∂v

∂qα
=

∂v

∂x4α
+ i

∂v

∂x4α+1
+ j

∂v

∂x4α+2
+ k

∂v

∂x4α+3
.C�972�/hL ∂

∂qβ
N

∂v

∂qβ
=

∂v

∂x4β
−

∂v

∂x4β+1
i−

∂v

∂x4β+2
j−

∂v

∂x4β+3
k.��{.�Z7I�oW

[ ∂

∂qβ
,
∂

∂qα

]
= 0.� Ω ⊂ H

n N.��, � Λp,qI (Ω) % (Ω, I) �7 (p, q) l"7dV*. Vg~�`D7�|G�#\*7r�(i7i�7D�.� ∂ } ∂ %o�Z+i I 7?RLX5B. ℄
∂J = J−1 ◦ ∂ ◦ J. (2.1)�N J : Λp,qI (Ω) → Λq,pI (Ω), 7�

∂J : Λp,qI (Ω) → Λp+1,q
I (Ω). (2.2)��.k

∂∂J = −∂J∂, ∂2J = 0.I�� C2 y/ u : Ω → R, 
∂u =

2n−1∑

i=0

(∂ziu)dzi, ∂u =

2n−1∑

i=0

(∂ziu)dzi,

∂Ju =

2n−1∑

i=0

(−1)i+1(∂z
i+(−1)i

u)dzi, ∂∂u =

2n−1∑

i,j=0

(∂zi∂zju)dzi ∧ dzj��
∂∂Ju =

2n−1∑

i,j=0

(−1)j+1(∂zi∂zj+(−1)j
u)dzi ∧ dzj .�l" ω ∈ Λ2p,0

I (Ω) % 7, �v
J ◦ ω = ω.� Λ2p,0

I,R (Ω) % (Ω, I) �7r� (2p, 0) l"7dV*. VgZi7�L.}g 2.1 [19,	M 0.5] � Ω ⊂ H
n %�b.;B�, oeI�� v ∈ C∞(Ω,R), 

∂∂Jv ∈ Λ2,0
I,R(Ω). � ∂∂Jv % v 72�/ Hessian.� SHΩ N Ω �7dV*, !6y���> q ∈ Ω $7℄PN�D� TqΩ �7��hN>l"i�7��. >�3�b2�S) A = (aij) �N��hN>, �v�2�hL7��Z aij = aji.C��b:�

τ : Λ2,0
I,R(Ω) → SHΩ, (2.3)



4 x Kqa %$f p�|)3� Monge-Ampère T 8�g?� 4499AG1, I�� Ω �7 dV� V , C�
τ(η)(V, V ) = η(V, V ◦ J).g3��, ��.k τ %�iUbdV*1�7Di (! [18–19]).^�VgG
m H

n � 4y/ Hessian7)7\J�bC�. I�� v ∈ C∞(Ω,R),7) (
∂2v

∂qi∂qj

)
∈ SHΩ %��hN>. g3��, O� (2.3) C�7 τ -Di, Vg

τ(∂∂Jv) = κ ·
( ∂2v

∂qi∂qj

)
(2.4)ImbtR��/ κ > 0 �Q. S�}!, VgB�t� κ = 1. �1�7<a8, ���}�e7�FZ, Vg"7) (

∂2v
∂qi∂qj

)
∈ SHΩ �N Hess v.O� (2.4), ��C�dV* Λ2,0

I,R(Ω) (} Λ2n,0
I,R (Ω)) 7,n.Y| 2.1 �l" η ∈ Λ2,0

I,R(Ω), � τ(η) > 0 (τ(η) > 0), �� η %wa, (,) 7. g3��, Vg�l" Θ ∈ Λ2n,0
I,R (Ω) %wa,7, �v

Θ = eφdz0 ∧ · · · ∧ dz2n−1Imb φ ∈ C∞(Ω,R) �Q.K4�Z7�l, Vg��C�2�(A}y/.Y| 2.2 �y/ v ∈ C2(Ω,R), � ∂∂Jv ∈ Λ2,0
I,R(Ω) %wa, (,) 7, �� v %wa2�(A}y/ (2�(A}y/). Vg�wa2�(A}y/7
A7i�7��N

QPSH(Ω).>�3I��7 4Rsy/, VgD|��=_(b^u (! [20, C�7.1]).C�b��hN>7), Moore[21] "WMoore mY"7k��,", Vg"y�I det(·) (! [22–24]). Z.�L��K�FZF%�:}7.}g 2.2 [20,Hb 4.6] � v : Ω → R %�br�7 4y/, �+��b5�H�P/7�/ cn > 0, !6
(∂∂Jv)n = cn det

( ∂2v

∂qi∂qj

)
dz0 ∧ dz1 ∧ · · · ∧ dz2n−1. (2.5)R [25, Lemma 1.4] 8"WZ.�L� Hermitian �lZ7.k. ���hN>7�lZ, VgD|~`47+v.}g 2.3 � Q %�b��hN>7), !6If�b�,C7��hN>7) H ,Vg det(Q+H) > 0. oe Q ~%�,C7.� I#� Q, Vg�U�� Q = diag{t1, · · · , tn}, ti ∈ R. �R [5, l?1.1.11], Vg

0 6 det(Q+H) =
∑

I⊂{1,2,··· ,n}

(∏

i∈I

ti

)
· detMI(H), (2.6)(N H 7�B" MI(H) %���m|}Y|��� I 87m}Yi�7. >�3

detMI(H) > 0. ��,C��hN>7) H 7��n, Vg ti > 0, i = 1, 2, · · · , n.7�, Q %�,C7.Zi(b7
%�L%� Alesker .k7, 9�x52� Monge-Ampère S�,7M�n��:}7I�.



450 0 u t < A � 43 :Yg 2.1 [5,DM 2.2.1] � Ω ⊂ H
n %�b.��. �v u, v ∈ C0(Ω)∩QPSH(Ω) !6

det
( ∂2u

∂qi∂qj

)
> det

( ∂2v

∂qi∂qj

)
,oe u− v �. ∂Ω ��3F-4.

Harvey-Lawson [8] .kWZi7 F -(A}y/7��n7.Yg 2.2 [8,DM 2.6(C)] � F % SHΩ 7�B�, �v {uj} %= rY�7 uj F%
F -(A}y/, oe�_y/ u∞ = lim

j→∞
uj ~% F -(A}y/.

§3 �xd`W�j
§3.1 Yg 1.2 U�i� ����n, �� ϕ ∈ C1,1(Ω). Y�, I� ϕ ∈ C1,1(∂Ω), ℄ ϕ % ϕ � Ω �7A}yI, �

{
∆ϕ = 0, � Ω q,
ϕ = ϕ, � ∂Ω �.oe, Vg ϕ ∈ C1,1(Ω), �����}�e7�FZ, �" ϕ �I ϕ. .kXN�Z��: XzP *[�� Ω %r�7. ��br�7=!rY ϕ(k), !6� C1,1 R/Z,

ϕ(k) → ϕ. O� Zhu [11] 7<}+v, Vg��&3�Z:OAIT?7M�r�,7rY u(k),




u(k) ∈ QPSH(Ω) ∩ C∞(Ω),

det
( ∂2u(k)
∂qi∂qj

)
=

1

k
det

( ∂2ρ

∂qi∂qj

)
, � Ω q,

u(k) = ϕ(k), � ∂Ω �,�
‖u(k)‖C0,1(Ω) 6 C = C(‖ρ‖C0,1(Ω), ‖ρ‖C1,1(Ω), ‖ϕ

(k)‖C1,1(∂Ω)). (3.1)g3��, �N
det

(∂2u(k+1)

∂qi∂qj

)
6 det

( ∂2u(k)
∂qi∂qj

)�. ∂Ω �, Vg
u(k+1) = ϕ(k+1)

> ϕ(k) = u(k).O�
%�L, Vg05 u(k) %=! (.) 7rY. 7�, ��℄
u := lim

k→∞
u(k).e8 (3.1), Vg63W u 7,�n.XZP VgHz u %�-7. �e8CL 1.1, �0 u % (1.1) 7�,.



4 x Kqa %$f p�|)3� Monge-Ampère T 8�g?� 451� v ∈ QPSH(Ω), Imb Ω 71B� K, � Ω \K � v 6 u. ℄
v(k) := v +

ρ

k
1
n

− sup
∂Ω

(ϕ− ϕ(k)).>�3
det

( ∂2v(k)
∂qi∂qj

)
>

1

k
det

( ∂2ρ

∂qi∂qj

)
= det

( ∂2u(k)
∂qi∂qj

)
,���. ∂Ω �, �N v 6 u = ϕ, �

v(k) = v − sup
∂Ω

(ϕ− ϕ(k)) = ϕ− sup
∂Ω

(ϕ− ϕ(k)) 6 ϕ(k) = u(k).�
%CL, � Ω q, 
v(k) 6 u(k) 6 u(k+j).℄ j → ∞, �� Ω q, 

v(k) = v +
ρ

k
1
n

− sup
∂Ω

(ϕ− ϕ(k)) 6 u.�N ρ %[7� ϕ(k) %=!7y/rY, 7� v(k) ~%=!7y/rY.℄ k → ∞, Vg v 6 u � Ω q�Q. � v 7��n�0 u %�-7.XlP ���l. ℄ ϕ̃ := ϕ + Aρ, (N A > 0 %�bEj-7�/ (�H� Hess ρ} Hessϕ), !6 ϕ+Aρ ∈ QPSH(Ω). �=!7r�warE� Ωj , !6 Ω = ∪jΩj . �1~7<a, I�� j, Z.7:OAIT?F+�Rs, uj



uj ∈ QPSH(Ωj) ∩ C
0(Ωj),

det
( ∂2u(j)
∂qi∂qj

)
= 0, � Ωj q,

uj = ϕ̃, � ∂Ωj �.� uj > ϕ̃, �'
det

( ∂2u(j)
∂qi∂qj

)
= det

(∂2u(j+1)

∂qi∂qj

)�
uj+1 > ϕ̃ = uj � ∂Ωj �.�(�
%�L, Vg05 uj D|~%=!rY. ���}�e7�FZ, Vg��

u := lim
j→∞

uj ..k u %�-7SPD<O�K4. ℄ v ∈ QPSH(Ωj) � v 6 u � Ωj 7mb1B�J�Q. I�� ε > 0, F+�Ej-7,+/ jε ∈ N (2�H� ε), !6� Ωj 7mb1B�J, v − ε 6 uj I77 j > jε F�Q. �<O�, Vg v − ε 6 uj � Ωj ��Q. ℄
j → ∞, ε→ 0, Vg v 6 u. �', u � Ω �%�-7.

§3.2 Yg 1.3 U�i� XzP VgHz −u∞ % F̃ -(A}y/. �v�%, oe+�> q0 ∈ Ω ��
−u∞ � q0 ∈ Ω $7�'y/ φ, !6 φ E −HessHφ(q0) > 0. 7�, Vg��+�,/
δ > 0, !6

HessHφ 6 −δI.



452 0 u t < A � 43 :(N I % H
n �7/Q7).℄ U %�x q0 7�bfZ�. C�bf7,/ ε, +��/ δε > 0, !6�.

∂U �,

−u∞ − φ− ε|q|2 6 −δε. (3.2)� k ∈ N !X-, !6
(−uk − φ− ε|q|2)(q0) > −

δε

4
, (3.3)�� ∂U �

−uk − φ− ε|q|2 6
3δε
4
. (3.4)7�, y/ −uk − φ− ε|q|2 6��bwaq��-4> qk ∈ U . � qk $, Vg

HessHuk > −HessH(φ+ ε|q|2) > (δ − ε)I. (3.5)℄ ε > 0 !Xf, !6 δ − ε > δ
2 > 0, (} (1.5) "7 εk → 0 dJ. �', −u∞ % Ω �7 F̃ -(A}y/.XZP e8CL 2.2, Vg05 u∞ �C% F -(A}y/. �', u∞ % F -A}y/.

§3.3 Yg 1.4 U�i� XzP ℄ u % HQMA 7"n(,, nC��> q̂ ∈ Ω. � φ % u � q̂ >$7�'y/, ���hN>7) HessHφ(q̂) E det
(

∂2φ
∂qi∂qj

)
(q̂) > 0.I���,C��hN>7) Q, VgC��b u7i�'y/ φ+

∑
(qi−q̂i)Qij(qj−

q̂j), �
det

( ∂2φ

∂qi∂qj
+Qij

)
(q̂) > 0.��L 2.3, Vg05 HessHφ(q̂) %�,C7. �N φ } q̂ 7��n, 7� u % F -(A}y/.XZP Q1, �� u % F -(A}y/. nC q̂ ∈ Ω �� u � q̂ >$7�'y/ ψ,Vg HessHψ(q̂) > 0. 7�, �"n,7��Z, det

(
∂2ψ
∂qi∂qj

)
(q̂) > 0 � HessHu > 0.<ObHz���:OAIIv7C�3&63.Q � e � r � t
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Abstract In this paper, the authors consider the regularity of Dirichlet problem for homo-

geneous quaternionic Monge-Ampère equations in the quaternionic space H
n. The authors

firstly derive a priori Lipschitz estimates when the strictly pseudoconvex domain and the

boundary condition satisfy the C1,1 regularity. Secondly, the authors consider a convergence

result of the quaternionic Monge-Ampère operators. Finally, the authors study the relations

between the viscosity subsolutions of homogeneous quaternionic Monge-Ampère equations

and F -subharmonic functions.
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