
l $ < � A m
2019, 40(4):349–360

DOI: 10.16205/j.cnki.cama.2019.0026}(	� Hardy-Sobolev ��,����|
Neumann w��%�����∗3561 4�22�$ h+&�%KC% Neumann Æ�B84�v, �? Ekeland �MI��Z-;�b.�M	qF, Y6%W�4)O�.�
{ Neumann �v, Æ�B8, Ekeland �MI�

MR (2000) 0��Æ 35B07, 35A10/���Æ O175.29�!y-� A�)x� 1000-8314(2019)04-0349-12

1 '�#���3g*�.$�43�u




−div(|x|−2a∇u)− µ
u

|x|2(1+a)
+ λu =

|u|q−2u

|x|bp , x ∈ Ω,

∂u

∂ν
= φ, x ∈ ∂Ω \ {0},

(1.1)Aa Ω e R
N (N > 3) aÆB C2 
� ∂Ω 3B��KG, 0 ∈ ∂Ω, 0 6 a <

√
µ, 0 6

µ < (
√
µ − a)2, µ

△
= (N−2)2

4 , λ e+C)3ak. a 6 b < a + 1, 2 < q 6 p, Aa
p = p(a, b)

△
= 2N

N−2(1+a−b) evN Hardy-Sobolev '�\kG p(a, a) = 2N
N−2 e Sobolev '�\k, ν �d
� ∂Ω 3.�}C�#, φ ∈ L2(∂Ω), <C ∀x ∈ Ω, φ(x) > 0 G φ 6≡ 0.�u (1.1) 3-��
e

−div(A(x)∇u) = g(x, u), (1.2)Aa A(x)eJO`k�G�;N7�8��. �u (1.2)eN%
T�7�3 Schrödinger3l�`BÆ3.U^ 2 < q < p, oJ���e$'�Q�`. <CB�KG Ω, erfZ, DV
H1(Ω, |x|−2a) →֒ Lq(Ω, |x|−bp) e�3, Aa H1(Ω, |x|−2a) e H1(Ω) 3q�yGEk�
‖u‖1

△
=

( ∫
Ω
(|x|−2a|∇u|2+ |u|2

) 1
2 . �>�LGC, 3X�3(N�a>
�. O�, / q = p`, PDV H1(Ω, |x|−2a) →֒ Lp(Ω, |x|bp), H1(Ω, |x|−2a) →֒ L2(Ω, |x|−2(1+a)) eJ�3. <	� 2018 < 10 L 20 Tg1.
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350 l $ < � A m 40 �CJ�'�\k3G�Wv�9, Brezis a Nirenberg N� [1] a%
$'�\k�u, s3| $�� Palais-Smale w{./ 0 ∈ Ω `, +##S%
#��u3�3(N�a>
� (z [2–4]). /�u (1.1)3J���e�|3H�`, Huang, Wu a Tang N� [2] a�>�LGCX5$V�3(N�a>
�. U^ 0 ∈ ∂Ω, d>#S%
#��u (z [5–11]). W N > 4 G
�N 03gL/eO3,N� [5] a, Ghoussouba Kang| $ H1
0 (Ω) at� Hardy-Sobolev�k. *}, / µ = a = 0, φ ≡ 0, N > 3 `, N� [5] a, ℄ w^
�N 0 83?�L/eV3, BÆ$/ λ > 0 `X�3(N�. / a = 0, φ(x) = α(x)u `, Shang a Tang %
$-B-�J���3�u (1.1), x_Ek+[H�a�LGC, s3g2$"SV�./�u (1.1) a µ = 0, a = b = 0 `,





−△u+ λu = |u|q−1u, x ∈ Ω,

∂u

∂ν
= φ, x ∈ ∂Ω \ {0},

(1.3)Aa 1 < q 6 2∗ − 1 = n+2
n−2 . Deng a Peng N� [12] aBÆ, (N-SV�k λ∗, W

λ ∈ (λ∗,+∞), PG� (1.3) (N"SV�, W λ = λ∗, PG�B-S�, W λ ∈ (−∞, λ∗),PG���. / φ ≡ 0 `, ��z� [13]. As�\��z� [14–17].�43 Caffarelli-Kohn-Nirenberg �5
<C�u (1.1) 3%
Bo
*3u> (z
[18]):

(∫

RN

|u|p
|x|bp dx

) 2
p

6 Ca,b

∫

RN

|x|−2a|∇u|2 dx, (1.4)Aa −∞ < a <
√
µ, a 6 b 6 a+ 1, p = 2N

N−2(1+a−b) . W (1.4) a3 b = a+ 1 G p = 2, P�43vN Hardy �5
� (z [8]):
∫

RN

|u|2
|x|2(1+a)

dx 6
1

(
√
µ− a)2

∫

RN

|x|−2a|∇u|2 dx, u ∈ C∞
0 (RN ). (1.5)k4�5
 (1.4) a (1.5)<CB�KG Ω ,� . V
vN Hardy�5
 (1.5) a� [14,:� 2.1] �Z, <CR43 λ > 0 a u ∈ H1(Ω, |x|−2a), (N�k C̃ := C(N,Ω, λ, a) > 0,1s

∫

Ω

|u|2
|x|2(1+a)

dx 6 C̃

∫

Ω

(|x|−2a|∇u|2 + λ|u|2)dx.+
T ∗ = inf

{
C̃

∣∣∣
∫

Ω

|u|2
|x|2(1+a)

dx 6 C̃

∫

Ω

(|x|−2a|∇u|2 + λ|u|2)dx, ∀ u ∈ H1(Ω, |x|−2a)
}
.<CR43 0 6 µ < µ∗, Aa µ∗ △

= min{(√µ− a)2, T ∗}, (N�k C > 0, 1s
‖u‖ △

=
( ∫

Ω

(
|x|−2a|∇u|2 − µ

|u|2
|x|2(1+a)

+ λu2
)
dx

) 1
2

> C
( ∫

Ω

(
|x|−2a|∇u|2 + u2

)
dx

) 1
2

.��, ‖ · ‖ e H1(Ω, |x|−2a) a3Ek�GEEk ‖u‖1 5x.��3g*�0U�.�� 1.1 w^ N > 3, 0 6 a <
√
µ, 0 6 µ < (

√
µ− a)2, a 6 b < a+ 1, λ > 0, P(NV�k λ∗, / ‖φ‖L2(∂Ω) 6 λ∗ `, �u (1.1) B-S��k�V� uλ ∈ H1(Ω).



4 � [(< ~�& KC% Neumann B8Æ�4?��v 351�� 1.2 w^ a 6 b < a+1, λ > 0, 
� ∂Ω N 0 "3?�L/+C), P(N�k
λ∗ > 0, / ‖φ‖L2(∂Ω) 6 λ∗ `, W1s�
3R-w{:

(i) 2 < q < p, N > 3, 0 6 a <
√
µ, 0 6 µ < (

√
µ− a)2;

(ii) q = p, N > 5, 0 6 a <
√
µ−1
2 , 0 6 µ < min{T ∗, (

√
µ− a)2 − (1 + a)2};

(iii) q = p, N > 4, 0 6 a 6

√
µ−1
2 , µ = (

√
µ− a)2 − (1 + a)2 G µ < T ∗;

(iv) q = p, N > 3+2a, 0 6 a 6

√
µ−1
2 , (

√
µ−a)2−(1+a)2 6 µ < min

{
T ∗, (

√
µ−a)2− 1

4

}
.�u (1.1) _℄B"SV�.1 1.1 �33o��JC� [6–7], ">����.$-B Hardy-Sobolev '�\k3�3(N��u, <CvN Hardy-Sobolev '�\k, �uWvNM.���XU�: N7 2 �, �3�> Ekeland �LH� (z [20]), g2$7-S��k�V�. 7 3 �g*X5$�u (1.1) 37ASV�3(N�, �33GCe?0F`

(z [1]) aY,:�.

2 �� 1.1 �+�G� (1.1) 3;#F`e
I(u) =

1

2

(∫

Ω

(
|x|−2a|∇u|2 − µ

|u|2
|x|2(1+a)

+ λ|u|2
)
dx

)
− 1

q

∫

Ω

(u+)q

|x|bp dx−
∫

∂Ω

φudσ,Aa u+ = max{u, 0}, u ∈ H1(Ω, |x|−2a), σ e ∂Ω 3�4�;. 3Z I ∈ C1(H1(Ω, |x|−2a),

R). W u ∈ H1(Ω, |x|−2a)����u (1.1)3X�,/G�/<CR43 v ∈ H1(Ω, |x|−2a),1s
〈I ′(u), v〉 =

∫

Ω

(
|x|−2a∇u · ∇v − µ

uv

|x|2(1+a)
+ λuv

)
dx−

∫

Ω

(u+)q−1v

|x|bp dx−
∫

∂Ω

φvdσ.<C 0 6 µ < (µ− a)2, h�95t�vN Hardy-Sobolev �k,

Sa,b,µ(Ω) = inf
u∈H1

0 (Ω,|x|−2a)\{0}

∫
Ω
(|x|−2a|∇u|2 − µ u2

|x|2(1+a) ) dx

(
∫
Ω

|u|p
|x|bp dx)

2
p

. (2.1)1Z Sa,b,µ := Sa,b,µ(R
N ) 3*0`ke

Uε =
(2εpβ2)

1
p−2

|x|γ(ε+ |x|(p−2)β)
2

p−2

, ∀ε > 0,Aa β
△
=

√
(
√
µ− a)2 − µ, γ =

√
µ− a− β. *}, Uε e�u

−div(|x|−2a∇u)− µ
u

|x|2(1+a)
=

|u|p−2u

|x|bp , x ∈ R
N\{0}3�, G1s

∫

RN

(
|x|−2a|∇Uε|2 − µ

|Uε|2
|x|2(1+a)

)
dx =

∫

RN

|Uε|p
|x|bp dx = S

p
p−2

a,b,µ. (2.2)

(1) H := H(Ω, |x|−2a);

(2) H−1 e H 3<=�y;

(3) C h Ci(i = 0, 1, 2, 3, · · · ) �d�z3V�k. O(t), o(t) L��d/ t → 0+`, |O(t)| 6 Ct,
o(t)
t

→ 0.



352 l $ < � A m 40 ��� 1.1 ~*� X5GCa� [7] a39� 1 3X5�p. �:SG�, �3U!-SX5_�. A Hardy-Sobolev �5
, j9�a Hölder �5
�Z
I(u) =

1

2
‖u‖2 − 1

q

∫

Ω

(u+)q

|x|bp dx−
∫

∂Ω

φ(x)udσ

>
1

2
‖u‖2 − C1‖u‖q − C2‖φ‖L2(∂Ω)‖u‖,Aa C1 > 0, C2 > 0. A Young �5
�Z

C2‖φ‖L2(∂Ω)‖u‖ 6
‖φ‖2

L2(∂Ω)‖u‖2

2ε
+

εC2
2

2
,Aa ε > 0 eR43. Ce, / ‖φ‖2

L2(∂Ω) <
ε
2 `, �320

I(u) >
1

2
‖u‖2 − C1‖u‖q − C2‖φ‖L2(∂Ω)‖u‖

>

(1
2
−

‖φ‖2
L2(∂Ω)

2ε

)
‖u‖2 − C1‖u‖q −

εC2
2

2

>
1

4
‖u‖2 − C1‖u‖q −

εC2
2

2
.<C q > 2, / ε  L�`, (N ρ > 0, b2

I(u) > 0, ‖u‖ = ρ, Iλ(u) > −C3, ‖u‖ 6 ρ,

C3 > 0. *},

I(tu) =
t2

2
‖u‖2 − tq

q

∫

Ω

(u+)q

|x|bp dx− t

∫

∂Ω

φ(x)udσ

6
t2

2
‖u‖2 − t

∫

∂Ω

φ(x)u dσ.AC ϕ(x) > 0 G ϕ(x) 6≡ 0, P(N v ∈ H (
U v ≡ 1) 1s ∫
∂Ω

φ(x)v dσ > 0. '�, (N
t0 > 0, 1s ‖t0v‖ < ρ G I(t0v) < 0. + u0 = t0v ∈ H , Iλ(u0) < 0, P

inf
u∈Bρ(0)

Iλ(u) < 0 < inf
u∈∂Bρ(0)

Iλ(u).N Bρ(0) \=> Ekeland �LH�, P(Nk�f!& {un} ⊂ Bρ(0), 1s
Iλ(un) 6 inf

u∈Bρ(0)
+
1

n
, Iλ(v) > Iλ(un)−

1

n
‖v − un‖, v ∈ Bρ(0).r2

‖I ′(un)‖ → 0, I(un) → cλ, n → ∞,Aa cλ e Iλ(u) N Bρ(0) \3k�[. �n
 Bρ(0) a {un}4�o(N uλ ∈ Bρ(0) ⊂ Ha-Sq!& (�HSt� {un}), 1s




un ⇀ uλ N H a,

un → uλ pe""N Ω a,

un → uλ N Lr(Ω) a, 1 < r < p.<CR43 ω ∈ H , < 〈I ′(un), ω〉 Mk�, / n → ∞ `,
∫

Ω

(
|x|−2a∇uλ · ∇ω − µ

uλω

|x|2(1+a)
+ λuλω − (u+

λ )
q−1ω

|x|bp
)
dx−

∫

∂Ω

φ(x)ωdσ = 0,



4 � [(< ~�& KC% Neumann B8Æ�4?��v 353'�, uλ e I 3'�8. t�6,

0 = 〈I ′(uλ), u
−
λ 〉 = −

∫

Ω

(
|∇u−

λ |2 − µ
|u−

λ |2
|x|2 + λ|u−

λ |2
)
dx−

∫

∂Ω

φ(x)u−
λ dσ,Aa u−

λ = max{−uλ, 0}. / 0 6 µ < µ∗, 3Z
0 = −‖u−

λ ‖2 −
∫

∂Ω

φ(x)u−
λ dσ = −

(
‖u−

λ ‖2 +
∫

∂Ω

φ(x)u−
λ dσ

)
.A φ(x) > 0 a u−

λ > 0 �Z ‖u−
λ ‖ = 0. Ce u−

λ ≡ 0, '� uλ > 0. V
k+[H��Z
uλ(x) > 0 <C x ∈ Ω.

3 �� 1.2 �+�N7 2 �, �31	X5$7-SV�3(N�. ~��, }X5�u (1.1) 37ASV�3(N�, + u = uλ + w, '�\C w 3G���



−△w − µ
w

|x|2(1+a)
+ λw =

(uλ + w)q−1

|x|bp − u
q
λ

|x|s , x ∈ Ω,

∂v

∂ν
= 0, x ∈ ∂Ω \ {0}.

(3.1)<=3;#F`e
J(w) =

1

2
‖w‖2 − 1

q

∫

Ω

( (uλ + w+)q

|x|bp − u
q
λ

|x|bp − q
u
q−1
λ w+

|x|bp
)
dx.1Z J N H a3'�8a�u (3.1) 3�--<=. '�, W w ∈ H1(Ω), w 6≡ 0 e J 3'�8, P� w e (3.1) 3�. ‖w−‖2 = −〈J ′(w), w−〉 = 0 4�o w = w+ > 0. V
Ek+[H��Z w > 0. '�, u = uλ +w e�u (1.1) 37ASV�. �3}>DXCX57AS�3(N�, w^ J N H a(N�-� w = 0.&� 3.1 w = 0 e J 3�-��k�.* <CR43 v ∈ H , P w = w+ − w−. rq�Z

J(w) =
1

2
‖w−‖2 + I(uλ + w+)− I(uλ). (3.2)9� uλ e I N H a3��k�, '�, / ‖w‖ sY�`,

J(w) >
1

2
‖w−‖2.&� 3.2 w^ 2 < q 6 p G9� 1.2 3w{� . <CR43 c ∈ R, + {wn} e J3 (PS)c !&, P!& {wn} N H aB�.* <CR43 c ∈ R, w^ {wn} e J 3 (PS)c, o

J(wn) → c, J ′(wn) → 0N H−1a,'�
J(wn) = c+ o(1), 〈J ′(wn), uλ + w+

n 〉 = o(1)‖uλ + w+
n ‖. (3.3)�
 I �*
, J a (3.3) �Z

〈J ′(wn), uλ + w+
n 〉 = −〈w−

n , uλ〉+ 〈I ′(uλ + w+
n ), uλ + w+

n 〉 = o(1)‖uλ + w+
n ‖.
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(3.2) 4�o

J(wn)−
1

2
〈J(wn), uλ + w+

n 〉

=
1

2
‖w−

n ‖2 +
1

2
〈w−

n , uλ〉+ I(uλ + w+
n )−

1

2
〈I(uλ + w+

n ), uλ + w+
n 〉 − I(uλ)

6 c+ o(1) + o(1)‖uλ + w+
n ‖.��

1

2
‖w−

n ‖2 +
1

2
〈w−

n , uλ〉+
(1
2
− 1

q

) ∫

Ω

(uλ + w+
n )

q

|x|bp dx 6 c+ 1 + o(1)‖uλ + w+
n ‖+ I(uλ),Ce ∫

Ω

(uλ + w+
n )

q

|x|bp dx 6 C4‖w−
n ‖+ C5 + o(1)‖uλ + w+

n ‖,Aa C4 = N−s
2−s

‖uλ‖, C5 = 2(N−s)
2−s

(c+ 1 + Iλ(uλ)). j9�a (3.2) �5
1

2
‖w−

n ‖2 +
1

2
(‖uλ‖ − ‖w+

n ‖)2

6
1

2
‖w−

n ‖2 +
1

2
‖uλ + w+

n ‖2

=
1

q

∫

Ω

(uλ + w+
n )

q

|x|bp dx+

∫

∂Ω

φ(x)(uλ + w+
n )dσ + J(wn) + I(uλ)

6 C6‖w−
n ‖+ C7 + C8‖uλ + w+

n ‖+ o(1)‖uλ + w+
n ‖,Aa C6 = C4

q
, C7 = C5

q
+ c + o(1)‖wn‖ + I(uλ), C8 = C9‖φ‖L2(∂Ω), C9 > 0 G7AS�5
=>$ Poincaré�5
. 9� ‖w−

n ‖2 + ‖w+
n ‖2 = ‖wn‖2, '�

‖wn‖2 − C10‖w+
n ‖ − C11‖w−

n ‖ 6 C12 + o(1)‖uλ + w+
n ‖,Aa C10 = 2‖uλ‖+ 2C8, C11 = 2C6, C12 = 2C7 + 2C8‖uλ‖ − ‖uλ‖2. ��

‖wn‖2 − C13‖wn‖ − C12 6 o(1)‖uλ + w+
n ‖,Aa C13 = C10 + C11. 9# {wn} N H aeB�3.<CR43 c ∈ R, :� 3.2 �5 (PS)c !& {wn} N H aeB�3. r2, (N-Sq!& (�HSt� {wn}) a w0, 1s






wn ⇀ w0 N Ha,

wn → w0 pe""N Ωa,

wn → w0 N Lγ(Ω, |x|bp)a, 1 < γ < p,

wn → w0 N Lγ(Ω)a, 1 < γ < 2∗.

(3.4)&� 3.3 w^ 2 < q < p. <CR43 c ∈ R
N , + {wn}e J 3 (PS)c !&, P {wn}N H aB-Sf!q&, o J 1s (PS)c w{.* A (3.4) �Z, (N {wn} 3q!& (�HSt� {wn}), b2 wn → w0, +

vn := wn − w0, 3X vn → 0 N Lq(Ω, |x|bp) a. �
 (3.4) a Brezis-Leib :��Z, /
n → ∞ `,

o(1) = 〈J(vn), vn〉 =
∫

Ω

(
|∇vn|2 − µ

|vn|2
|x|2(1+a)

)
dx+ o(1),

∫

Ω

|vn|2 dx → 0.



4 � [(< ~�& KC% Neumann B8Æ�4?��v 355r2, / n → ∞ `, vn → 0 N H a. '�, wn → w0 N H a.&� 3.4 W q = p. <CR43 c < p−2
4p S

p
p−2

a,b,µ, + {wn} e J 3 (PS)c !& L, W
w = 0 e Jλ 3�-3'�8, P wn → 0 N H a.* M!& {wn} ⊂ H1(Ω) 1s

J(wn) → c <
p− 2

4p
S

p
p−2

a,b,µ, J ′(wn) → 0 N H−1a. (3.5)

Brezis-Leib :�a (3.5) �5 w0 ∈ H1(Ω) e J 3'�8. w^w{n5 w0 = 0. ~��,�3}X5 wn → 0 N H a. A Brezis-Lieb :�, (3.3) a (3.5), �Z
J(wn) =

1

2

∫

Ω

(
|∇wn|2 − µ

|wn|2
|x|2(1+a)

)
dx− 1

p

∫

Ω

|w+
n |p

|x|bp dx+ o(1), (3.6)

∫

Ω

(
|∇wn|2 − µ

|wn|2
|x|2(1+a)

)
dx−

∫

Ω

|w+
n |p

|x|bp dx = o(1). (3.7)+ ∫
Ω

|v+
n |2∗(s)

|x|s dx → k > 0. W k = 0,PX5�j. W k > 0. IR� [21], <CR43 ε > 0,(N�/�CKG Ω a ε 3V�k Cε, b2∫

Ω

(
|∇wn|2 − µ

|wn|2
|x|2(1+a)

)
dx+ Cε

∫

Ω

|wn|2 dx > (2−
p−2
p Sa,b,µ − ε)

( ∫

Ω

|w+
n |p

|x|bp dx
) 2

p

.

ε 3R4��5 k > 1
2S

p
p−2

a,b,µ. ��
c = o(1) + J(wn) =

1

2

∫

Ω

(
|∇wn|2 − µ

w2
n

|x|2(1+a)

)
dx− 1

p

∫

Ω

|w+
n |p

|x|bp dx+ o(1)

=
p− 2

2p
k + o(1)

>
p− 2

4p
S

p
p−2

a,b,µ,E c < p−2
4p S

p
p−2

a,b,µ 2=. r2 wn → 0 N H a.+ Ω ⊂ R
N
+

△
= {x = (x1, x2, · · · , xN ) ∈ R

N | xN > 0} eÆB C2 
�3B�KG.(N δ > 0, b2 ∂Ω N)83�(G:��d� (UB�*�'o x1, x2, · · · , xN−1 G�"n):

xN = h(x′) =
1

2

N−1∑

i=1

λix
2
i + o(|x′|2), ∀x′ = (x1, x2, · · · , xN−1) ∈ D(0, δ),Aa D(0, δ) = Bδ(0) ∩ {xN = 0}. 95 λ1, λ2, · · · , λN−1 e ∂Ω N 0 83gL/, G

H(0) =
1

N − 1

N−1∑

i=1

λie ∂Ω N 0 83?�L/. <CR43 ε > 0, 0 6 µ < (
√
µ− a)2, +

uε(x) =
ε

1
p−2

|x|γ(ε+ |x|(p−2)β)
2

p−2

,P<C L�3 ε > 0, �43:�� .



356 l $ < � A m 40 �&� 3.5 U^ N > 4, 0 6 a <
√
µ, a 6 b < a + 1 G 0 6 µ < (

√
µ − a)2 − 1

4 , <C
ε > 0, �43Zr� :

[∫
Ω(|x|−2a|∇uε|2 − µ

|uε|2
|x|2(1+a) )dx

(
∫
Ω

|uε|p
|x|bp dx)

2
p

] p
p−2

6
1

2
S

p
p−2

a,b,µ − C14ε
1

(p−2)β , (3.8)Aa C14 > 0. / N > 3, 0 6 µ < (
√
µ− a)2, B�43Zr:

∫

Ω

u2
ε dx =





O(ε
2

p−2 ), µ > (
√
µ− a)2 − (1 + a)2,

O(ε
2

p−2 |ln ε|), µ = (
√
µ− a)2 − (1 + a)2,

O(ε
2(1+a)
(p−2)β ), µ < (

√
µ− a)2 − (1 + a)2.

(3.9)* ��� [4, :� 2.3].&� 3.6 W q = p G9� 1.2 3R-w^w{ (ii), (iii), (iv) � , P(NJO`k
w∗ ∈ H, w∗ 6≡ 0, 1s

sup
t>0

J(tw∗) <
p− 2

4p
S

p
p−2

a,b,µ.* �5

(a+ b)α > aα + bα + αaα−1b, α > 2, a, b > 04�o

J(tuε) =
t2

2

∫

Ω

(
|x|−2a|∇uε|2 − µ

|uε|2
|x|2(1+a)

+ λ|uε|2
)
dx

− 1

p

∫

Ω

((uλ + tuε)
p

|x|bp − u
p
λ

|x|bp − p
|tuλ|p−1uε

|x|bp
)
dx

6
t2

2

∫

Ω

(
|x|−2a|∇uε|2 − µ

u2
ε

|x|2(1+a)
+ λu2

ε

)
dx− tp

p

∫

Ω

up
ε

|x|bp dx := Q(t).3Z lim
t→+∞

Q(t) = −∞, Q(0) = 0,W t → 0+,P Q(t) > 0. r2 sup
t>0

Q(t)(N*0k tε > 0G/ ε > 0 sY�`, tε e-`B�3. 
O
Q(tε) = sup

t>0

( t2
2

∫

Ω

(
|x|−2a|∇uε|2 − µ

u2
ε

|x|2(1+a)
+ λu2

ε

)
dx− tp

p

∫

Ω

up
ε

|x|bp dx
)

6 sup
t>0

( t2
2

∫

Ω

(
|x|−2a|∇uε|2 − µ

u2
ε

|x|2(1+a)

)
dx− tp

p

∫

Ω

up
ε

|x|bp dx
)
+ tελ

∫

Ω

|uε|2 dx

6

(1
2
− 1

p

)[∫
Ω
(|x|−2a|∇uε|2 − µ

|uε|2
|x|2(1+a) )dx

(
∫
Ω

|uε|p
|x|bp dx)

2
p

] p
p−2

+ tελ

∫

Ω

|uε|2 dx.H� (i) AC 0 6 µ < (
√
µ− a)2 − (1 + a)2, A:� 3.5 �Z

Q(tε) 6
(1
2
− 1

p

)(1
2
S

p
p−2

a,b,µ − C14ε
1

(p−2)β

)
+O(ε

2(1+a)
(p−2)β )

=
p− 2

4p
S

p
p−2

a,b,µ − C15ε
1

(p−2)β +O(ε
2(1+a)
(p−2)β ),
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(
1
2 − 1

p

)
C14. <C N > 5, 0 6 a <

√
µ−1
2 , 0 6 µ < (

√
µ− a)2 − (1 + a)2, rq�Z

1

(p− 2)β
<

2(1 + a)

(p− 2)β
,

√
µ− 1

2
> 0, (

√
µ− a)2 − (1 + a)2 > 0.��, / ε  L�`,

sup
t>0

J(tuε) <
p− 2

4p
S

p
p−2

a,b,µ.H� (ii) 9� µ = (
√
µ− a)2 − (1 + a)2, A:� 3.5 �Z

Q(tε) 6
(1
2
− 1

p

)(1
2
S

p
p−2

a,b,µ − C14ε
1

(p−2)β

)
+O(ε

2
p−2 |ln ε|)

=
p− 2

4p
S

p
p−2

a,b,µ − C15ε
1

(p−2)β +O(ε
2

p−2 |ln ε|).<C N > 4, 0 6 a 6

√
µ−1
2 , µ = (

√
µ− a)2 − (1 + a)2, rq�Z

lim
ε→0+

ε
1

(p−2)β

ε
2

p−2 |ln ε|
= +∞,

√
µ− 1

2
> 0, (

√
µ− a)2 − (1 + a)2 > 0.r2, / ε  L�`,

sup
t>0

J(tuε) <
p− 2

4p
S

p
p−2

a,b,µ.H� (iii) <C (
√
µ− a)2 − (1 + a)2 < µ < (

√
µ− a)2 − 1

4 , �
:� 3.5 �Z
Q(tε) 6

(1
2
− 1

p

)(1
2
S

p
p−2

a,b,µ − C14ε
1

(p−2)β

)
+O(ε

2
p−2 )

=
p− 2

4p
S

p
p−2

a,b,µ − C15ε
1

(p−2)β +O(ε
2

p−2 ).W N > 3 + 2a, 0 6 a 6

√
µ−1
2 , (

√
µ− a)2 − (1 + a)2 < µ < (

√
µ− a)2 − 1

4 , rq�Z
1

(p− 2)β
<

2

p− 2
,

√
µ− 1

2
> 0, (

√
µ− a)2 − (1 + a)2 > 0, (

√
µ− a)2 − 1

4
> 0.r2, <C L�3 ε, B

sup
t>0

J(tuε) <
p− 2

4p
S

p
p−2

a,b,µ.V
H� (i),(ii),(iii) 3X5, M w∗ = uε, / ε  L�`,

sup
t>0

J(tw∗) <
p− 2

4p
S

p
p−2

a,b,µ.[:� 3.6 � .�� 1.2 ~*� �3�>Y,:�aDXCX57AS�3(N�. w^ w = 0e J 3�-3'�8. A:� 3.1 �Z<CR43 w ∈ ∂Bρ = {w ∈ H, ‖w‖ = ρ}, (N
β > 0, b2 J(w) > β, Aa ρ > 0  L�.

(a) 2 < q < p. <CR43 w ∈ H, w 6≡ 0. 
OB lim
t→+∞

J(tw) → −∞, r2, M t1 1s ‖t1w‖ > ρ G J(t1w) < 0. Y,:� (z [22]) 4�o(N (PS) !& {wn} ⊂ H , :�
3.2 �5 w0 e J Nm? c > β > 0 3'�8.
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(b) q = p. A:� 3.6 �Z, (N w∗ ∈ H, w∗ 6≡ 0, b2

sup
t>0

J(tw∗) <
p− 2

4p
S

p
p−2

a,b,µ.
O lim
t→+∞

J(tw∗) → −∞. ��, M t2 > 0, 1s ‖t2w∗‖ > ρ G J(t2w
∗) < 0. Y,:��5(N {wn} ⊂ H, 1s

J(wn) → c > β, J ′(wn) → 0,Aa
c = inf

h∈Γ
max
t∈[0,1]

J(h(t)),

Γ = {h ∈ C([0, 1], H) | h(0) = 0, h(1) = t2w
∗}.9#

0 < β 6 c = inf
h∈Γ

max
t∈[0,1]

J(h(t)) 6 max
t∈[0,1]

J(tt0w
∗) 6 sup

t>0
J(tw∗) <

p− 2

4p
S

p
p−2

a,b,µ.A:� 3.4�Z/ n → ∞ `, wn → 0 N H a. 9# 0 = J(0) = lim
n→+∞

J(wn) = c > β > 0,2=.9#, �
H� (a) a (b) �Z9� 1.2 � .." uSU^6P�_RQa�lUD3�ia|6.z � 
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