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EX 1.1 BERKHHETT:S - 8. T B NmE R Calderén-Zygmund B, Z
I SIS

(1) T & L*(R™) LRyHERLEHET

(2) FIEX AL {(z,y) : @ = y} ZINEEMRE K(z,y), FENFFEN0<I<TH
O<a<l,Y2ly—z*<|z—z B, H

ly —z|°

|K(.’E,y) - K(,’E,Z)l + |K(y7x) - K(Z,.’E)| < Ciga
|z — 2"

H% f,9€ S TAER, A

(Tf,q) //K z,y)f x)dydz.

(3)5(3”%4‘@<ﬁ<§,T%HE/\$Vﬁ¥T*}J\L‘Z¥UL2 AR R I=142

BAVBREEIZ—T 24 Calderén-Zygmund 57F#yE . & m € Ny H K(yo, 1,
o ym) EXTE R\ {yo = y1 = -+ =y} LHIREL T RRE XTEFRFHMIK R R
226 EHY m R ERXERR K, A

T(fla"' 7fm / R K(I Y1, ,ym Hfj Y; dyl dyma (11)

v ﬁsuppfj Hfj=(=1,m) RS g R
FEAIHD, B K JRARIE m Gk Calderén-Zygmund B, ZHCHR M TR ARG

Ak SHFEA C >0 FAE (vo.yi, ,ym) € R)™ \{yo=y1 ==y}, B
TR TERT VI P U — (1.2)
(5 lve—ul)
k,l=0

XA € >0, J:[r0<J<mE|yg—yJ|\§r<r}3<X lyj — ukl, &

/|€

C|yj —Y;
m mn—+e
(3 lye—ul)
k,1=0

T & SOBm (1.1) ) m WEF, HR—MalE m 24 Calderén-Zygmund #
K, BXZEH 1<ty to, - b, t < oo, {fifF =L+ £+ + = WREMTHEMAEZ
(CL) T W\ L't x - Lt B LY R, 4 ¢ > 1
(C2) T ]\ L't - Lol B LV HE, 2 ¢ =1 B,
o L1, Lt fl L5 J Lorentz ZE[H], MIFR T J&— M ndE m £kt Calderdn-
Zygmund .

EX 1.2 BT RESORM (1.1) By m LT AR T 5% m kiR a7 57 Calderdn-
Zygmund 57, EH LM 3 DA

|K(y07 s Yjs 7y’m)_K(y03 7y_;7 ,ym)| g (13)
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(M) XFENSe>0MO0<a<1, 2 |z—2 |O‘<%lr<naéx |z —y; | B, &
IIM

clx—a|°

|K(x7y17"'JyM)_K(xlayla"'aym)|< =
(z—yi|++|z—ym )"

2) XM THEM < 1, rm <oo, f#F L =L+ 4L, TN L x L2 x L
B Lo R

B) XM THEH 1<l <00, i =74+ + 74, T ALY x L= x Lim
| Lo 5 A 0< <o

XRiEZ 2tk Calderdn-Zygmund H7-5 2 25k a1 5# Calderén-Zygmund 57247
B BT S5

XFFRERIEOL o = 1, REE (1.4) ZEARSERK (1.3), ATLAER X 1.2 ByZ&04 (3) IR
Li=rjj=1-,m Hq=1=r BHEEX 12 8&MH (3) 5&M (2) 22—, HIE
PO OL T AT ROR B, R SR, LM AT 57 Calderén-Zygmund H AR ERIHHE
7 Mesh, Z LR AR Calderdn-Zygmund B HRATER M (1.2) BRT AR

IRSEE 0 < o < 1 BN R, 2 X 1.2 PRI LM a5+ Calderén-Zygmund
FTTEN R ME BoA HAR AR R B R i 27 0. DRI, 5 2R se AR 3R 2y S 7 ik

EX 1.3 AT REmBWET, F= 1 ) b= (b1, b)) B—HRIBAF
SEC I T R b AR m M AT LT

THE(fla o 7fm) = [b17 [b27' te 7[bm—17 [bm,T]m]m—l o .]2]1( _))'
A T R ECY K, NAHEA
HE(fla"' s fm) (@)

/ (Rnym (yJ))K(xvylv T vym)fl(yl) ce fm(ym)dyl < dym.

R B, &
T) (@) = by @)T(fry-- ) @) = Ty fimns b fifians s ) (@),
FEX 1.4 Hardy-Littlewood # KT M ESH
1
M{(f)(a) = supr /B | f(w) |4y,
b R TURBE S o BERAR. R ST Ma(f) = M(| 1%, 0 < s < .
Sharp B LT 52 b
4 ~ in L - x
M) —suplBlf 1)~ fo [y~ supinf = [ | ) —a Jdz,

it ME(f) = Mﬁ(|f|) 0< s < oo.
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BN 15 AEHE R m MR 1< <m, O N {1, ,m} At j ARRTERHIR,
AR TFE © = {v(1), - 9} R & k<, W pk) <), SMEE ¢ e O, &

= {1, mI\y & v WEANFS. FilH, O =o. MHEEm BN OM ey, j &

by = (Byqays b)) B b= (b, ,bm) FIHR T4

AT Jm BT, o € O by = (By(1), -+ ,bu(), MBEARSHT 5 XK

Tig, (fro ) = Bos uys s bug-1) Bo) Tholsi-1 - Ts@ o ().
WATRR A

T, (f15-- 5 fm) (2)

/ (Rnym i H (bupa () = by W) VK (@, 51, ym) f1(y1) -+ frn (Y )T,

po

L dy = cdyme AR, Y = {1,200 m} B, Ty = Ty 4 ¢ = {j} B
Hl;w:T

EX 1.6 & p(-): R — [1,00) ZFMEEL ZEHEEL Lebesgue Z5[H] LPO(R™) & Xy
() (TR7) — =5 M p(w)d .
rO®) ={f >°’/Rn( DY, < o)
LPO(R™) TETEHL
(z)
HfHLP(')(]Rn) = inf{)\ >0: /n ( (}\Ji |)p }
)

B X TFE—4 Banach 258, ¥ P(R™) ZH[MIFE p(-) BIEE, HAF p() : R™ — [1,00)
3

~

1 < p_ :=essinfp(x), py :=esssupp(x) < oco.
rER™ rERN

E X B(R™) J2& Hardy-Littlewood & KEF M 7 LPO)(R™) EAHFH p(-) € P(R™) HI4{Ak.
2 FEER

BRI R4 A SCHY EBEAR

EI 2.1 T RHEX 1.2 HH) m LHERAT 7 Calderén-Zygmund B, HEMF (3)
10 < é <a. Bso=max{ri, -, rm, b, nt, FeF o B =1, m, FBINE X
1.2. H#beBMO™, 0<d< L, §<e<ooHso<s<oo, ME

V3T 7)) < TT el ( [T (o) o) + 21T ))())

eSSy Hwau a0 M- (Tiyz,, () (@),

j=1 wGle 1

SHEE m BEAEXEMERTTMEE = (f1,--, fm) BIL
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IR 2.2 &% T KHEX 1.2 FH) m &Y 55 Calderén-Zygmund 1, H &4 (3)
o< é <o W oso=max{ry, - ,rm, b, b}, HH oy AL, =1, m, FBINE X
1.2, # b € BMO™, WX FAERH s0 < pro-- pm < oo, i £ =L+ 4+ L T 2
M LP (wy) X - x LP (wy,) B LP(w) A FHY, FHr

(wla"' 7wm)€(Ap1/So"" Pm/SO H
j=1
FE 23 B o) pi() . pal) € BEY) W 1 = oy + o+l B

%IIEE?)].O /‘\E%p_]() X‘TE‘ZE/‘J qé;] = 177m ‘&Tﬁil 1.2 *E@m%‘@gﬁﬁﬁ‘
Calderén-Zygmund -7, HZ4 (3) 0 < L < B so=max{ry, - ,"m, 1, ,lm},
Hry fly, j =1, ,m, BaIE L 1.2. 7580< | oin gy H b e BMO™, | Ty; M

LPrO(R™) x -+ x LP»O/(R™) F] LPO)(R™) 5 FLH.

3 5]

TESE tH E B LRI I 2 T, B 175 2 — 2| H

§|£E31[4} ij—kfeBMO(R”) 1<p<oo,rm>0,r0>0HxecR" N

(B o 0= Toteralts)” < 1+ 2]

Hrb C 25 f, 2, i Flry TERAIEHEL

5138 3.2 11718 5 0 < p < ¢ < o0, MIFFTEREL C = Cp g > 0, f 15X 72 B4 7T 0 B %
A

QU7 | £ o< CIQITT || f llee(o -

A 3.3019 % (w1, s wm) € (Ap,-,Ap )y B 1 < pryeeeypm < 00, 0 <
Or, O < LWER 014+ 0 =L W w0l € At -

SIHE 3.418 0 <p, 6 <oo Hwe Aw. FEXEKIT w Y Ase HEIIER C, 75

/ Ms(H(@)Pw(w)de < C /]R ) (M (f)(@)]Pw(x)da,

X FAE RS LM PR R f AL

glEE 3-5[20] & S = ma'X{Tla"' 7TTnvlla"' 7l’m}7 /\EF' T ;ﬁ] l]v .] - 1 s, Mm, ﬂ%ﬁﬂﬁi
X 1.2, T & m &MEF 7 Calderén-Zygmund HF. 3 0 <6 < L,

—

ME(T(f))( CHM (f;)(x

7j=1

XTI A BB m BHREE [ = (f,- fn) BOL
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5128 3.6 P! B T A5 X 1.2 g m SAEIRAT R Calderén-Zygmund 35F, HAF

(3) EF'O<£<Q ‘&SOZmaX{rh'”7rm7117"'7lm}7 ﬁl:':l T]ﬂ:ﬂl_]a j:].,,m, ﬂéﬁﬂ
EX 12 #Fb; €eBMO, j=1,-- ,m,0<d< L HI<t<oo, so<s<oo, MA

M3 ())() < Clb oo (Mi(T(] +HM (F)(@))

XA EE BN m BEREE, f= (f1,-, fm) BOL
REERTTLANSE [21, EH 2.1] MIE T AR E]

513 3.7 & p() € P(R™), MFH 4 DA
(1) p(-) € B(R™);

(2) p'(-) € B(R™);

(3) MFEA 1< po <p-, 2 € BR");

(4) MEEA 1< po <p, (B2) € BR).

5132 3.8 123 g —if g P MRS F, XA 0 < po < oo, MERE (f,9) € F HUER
wEAl,ﬁ

- |f(@)[PPw(z)dx < Co |g(x)|p°w(x)dx.

Bp() € PR™) R po < p—, H (’;—(;) € B(R") AR C > 0, (ERM THEEH
(f,9) e F, A HfHLp<-)(Rn) < C”QHLF() R")

513 3.9 B p(),pi(), - pm() € PR WER 5y = 57y T
y=4:4] fi € ij(')(R"), j=1,---,m, B

e
j=1

513 3.1022 ¥ p(-) € P(R"). M £ LPO(R™) FHR, B EAUYFETE 1 < g0 < oo,
{75 M,, 75 LPORY) LA R, Hodt My, (f) = [M(|f]0)]% .

oy TR

p(w

m
< 2mt H HfjHLPj<‘>(Rn)-
j=1

Lr() (R™)

4 TFEIEIEEA

ILAERBEUE T B AT B R

FIE 2.1 (9iE8H A T RLIER AR, HEE m =2 BN, b, HaER A
PIERA AR &7 f1, fo REA B X ENTTMEEL b1, by € BMO, NI FAEERS « B
xo AFL, rp > 0 RERMER B(xo, ), H

Ty (F)(@) = (bi(@) — M) (b2(2) — A)T(f1, f2)(x) — (ba(x) — A1)
x T(f1, (b2 — A2) f2)(x) — (ba(w) — A2)T'((b1 — M) f1, f2) (@)
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+T((br — M) f1, (b2 — A2) f2) ()
=(b1(@) = A1) (ba2(@) = A2)T(f1, f2)(2) + (br(x) — A1)
X Ty (frs f2) (@) + (b2(x) = A2) Ty, _y, (f1, fo) (@)
+T((br — A1) f1, (b2 — A2) f2) (@),
Hi Ny = 7 [ bi(x)de, j =1, 2. TEHIZEHFFL.

B 1 7”321
B Co AFFEMHRL M 0<d<g A

1 ﬂ 1
(7 [ ImwstP: 5—|Co|6|dz)é
|B|/| ey dz)

<c( E v [ I _m(bz(z)—A2>T<f1,fz><z>|5dz)

o=

+O |B| / (b1(2) = AT, 5, (f1, f2) (2 )I‘;dz)g

o=

+C @ /Bl (ba(2) — )\2)Tb1—)\1(f17f2)(z)|6d2)

ol

+ O(ﬁ /B [ T((br — A1) f1: (b2 — A2) f2)(2) — OOPdZ)
=14+ T4 T+ 1V.

HT0<di<i HO<d<e<oo MAEE v, R 1<v<min{% 5}, TRv<e
E_U/5>1- JZHEHIQMQ2€(LOO)7{WJ‘/@.Q—1+(Z—2=U/7)rllj7€q—l+q—2+%:1$ﬂQ15>1a
G20 > 1.

MG Holder RIEK, A

1 5 sr (1 5 a3
< — _ q1 _ _ q2
I< C(|B| /B |b1(2) — A1 dz) (|B| /B [b2(2) — Az dz)

(o [t )
< Cllb1l[Bmol[b2||Bvo Mo (T'(f1, f2)) ()
< Cllbr[lsmol|b2]lBmo Me(T (f1, f2)) (@)
i Holder RNE, H
< o [ e -na)™ (o [ 10, (e as) ™
< Cllbr|lBvoMso (T, 5, (f1, f2)) ()
< ClbrlBmMoM<(T3, 5, (f1, f2)) ()
= C|lbillBMmo M- (T3, (f1, f2)) ().
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Rk,

IIT < C||ba||BmoM:(Ty, (f1, f2))(2).
TR, St IV. il

f1=fixes + fixesye == f1 + 1, f2= foxeB + faXen)e == f2 + f3-

Co =T((br — M) 1, (b2 — A2) f3)(w0) + T((b1r — A1) f, (b2 — A2) f2)(w0)
+ T((by — A1) fT, (b2 — X2) f3)(x0) := C1 + Cz + Cs,
ks
V< (o [T = Apt (e - A fHE) )
S \B| /g v 2

=

+ C(ﬁ /B (51— M)A (b = 22 3)(2) — Caf'de)

=

+C(ﬁ /B (b1 = M) 2. (b2 = Xa) F)(2) — Cafdz)

=

1
+ (g [T = 2R =2 () - Calid)
B] J;
=1V, +1IVa + 1V + IVy.

/%t:i. MTso<s<oo,Ml<t<oo Hrt<s,i=1,2. 10<d<r <oo T
¥ 32 F

IV, < C|B[™7|T((b1 — M) fi, (ba — X2) )l oo ()

1

_1 T1 r1 (=
O(|QB| /ZB|b1(y1)_)\l| | f1(y1)] dyl)

1
T2

1
— b — o™ "2d
X |2B|/ |b2(12) 2|"2| f2(y2)| yz)

< rit’ 1
\O |QB|/ 1b1(y1) — A" dy ) |QB|/ | f1(y1)] dyl)

rot’ d 2t
< Clbr o Palovio (57 /23|f1<y1>|8dy1) B / B|f2<y2>|8dy2)s

< Cllbillsmollb2]lBmo M (f1)(z) M (f2)(z).

Xtz € By € (2B)%, H |z — x| < 7% <15 < $ly2 — xol. HRIE Holder RERAIFI
M3l H

IV, < CL/ IT((br — M) f1, (b2 — A2) f3)(2) = T((br — A1) f1, (b2 — A2) £3) (o) |d=
|B| /5

1 |Z_$0|6
C_/ / / —|b1(y1) — A1]|b2(y2) — Ag|
|B| /i Jap J2p)e (to —y1| + |20 — y2|)?"F = 1191
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x| f1(yo)l| f2(y2)|dyady1 dz

<[ bt = Ml )

1
X (/(QB)C mlbz(yz) - /\2||f2(y2)|dy2)

< Cr|Bl|lby | syo Mo (fu) (x)rg"

x ZQ Hnta) 2k+1B|/ [b2(y2) — Aol f2(y2)ldy2
=1

< Cr|B|||billsmo M (f1)(z _522 ot )

1
s

1
1 / 7 1
— b —Xo|”d ) (7 °d )
X (|2k+1B| 2k+lB| 2(3/2) 2| Y2 |2k+1B| i1 |f2(y2)| Y2

< 0751 Bl lsmo M (f1)(@)rg" ™ ® [b2llmyo Ms(f2) (@ Zka )

< Clb1][Bmol[b2][BMmo M (f1)(2) Ms(f2) ().
K, Xt 2 € B fl y, € (2B)°, B
. 1
|z — 20" <rf <rp < §|y1 — 2ol

Y% Holder NEERMIF(H 3.1, FH

1 |z — z0|°
IV; < C—/ / / =[b1(y1) — A1l|b2(y2) — Azl
1Bl JB Jap J2Bye (Izo — y1| + |20 — ya)?" =

x |f1(y1)||f2(y2)|dy1dy2dz
< CrilBl( iy [ o) el a0)” (ke [t

[b1(y1) — A1l f1(y)]
X Z/ |2n+§ dyl

2k+1B\2F B lzo — 11

< Cr%| B |Iball o Ma(f2) ()r"

X3 gk £ >|2k+1B| / b1 (1) = Ml fa(y2)ldys

k=1

< Cr5|Blballmyo M (f2)(@)rg" = [1br][mro M (f1) (2 Zk2 (n+%)

< Cl[b1|lBmol[b2[lBvo M (f1) (#) Ms(f2) ().
Xtz € B M oy, € (2B)S, H |z — xo|™ < 3lyr — wo| M |z — 20|™ < §ly2 — ol HRIE
Holder A~ %Jﬁﬂ 2|9 3.1,

|z — x0°
s / / / =[01(y1) — Al[b2(y2) — Az
|B| 28)e J2B)e (7o — 1|+ |zo — ya|)2 e

x| f1(y)l| f2(y2)|dyrdyadz
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- b1 (y1) — M|l f1(y)] b2(y2) — A2||f2(y2)|
coa( ], B mlmtnly) [ )

|zg — y1|"F2a |zo — yo| "t 2=

40 %

[e%} 1
_e _ e . 1 / s7
[e3 [e3 _k S
< Crgrp®rg? E:Z 1m(|21~c1+13| 2k1+lB|b1(y1)—/\1|S dyl)
k1=1

1
1 s
sq )
x (|2k1+1B| /mlBlfl(yl)l o
koo £
X 22 :2 2k2+1B|/

kat+1p

b2 (y2) — A2l dyz) )

1

1 s
(i ays)
(g [, w2l

< Oy 1% ||y [ saollba | svio Ma (£1) () My (£2) ()

(S hz ) (S ka2 o)

k}lzl k}2:1
< C|lbillBmol|b2|lBMo M (f1)(2) M (f2)(z).
FH 2 0<rg < 1.
BT 0<L<a 0 WE L <0<a EXB=Bw,rp). it

fl legB+f1XQB fl +f17 f2 f2XQB+f2XQB f2 +f27

A
|B|/ 175, — |Col |dz)
51.\3
C’ E/ |(b1(2) — A1) (b2(2) — X2)T'(f1, f2)(2)] dz)
+C |B|/ |(b1(2) = M)T3, 5, (f1, ) (2 )|5dz)§
+C E/BW&(Z) _)\Q)Tbll—)\l(.flaf2)(2)|6dz)
C(|—;| /B |T((by — A1) f1, (b2 — X2) f2)(2) — aolgdz)s
::T—|—I~I_|_ﬁ/1_|_ﬁ/’
HAr Co 2.

51O 100 gfot—+¢, A

I < Clb1|[Bmol[b2llBMo M (T'(f1, f2)) (),
1 < Ollba a0 Me (T3, (f1, f2)) (@),
11 < C|bo|lpro Mo (T (f1, f2)) ().
BT, ST 1V
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I
Co = T((by — M) J1, (b2 — X2) J3) (o) + T (b1 — A1) f7. (b2 — A2) f3) (o)
+T((br = M) FE, (b2 — A2) f3) (o)
= Cy + Cy + Ca,

A

|B|/|T RN Afz)le)(Z)l‘sdz)

ol

+C E/B|T((b1—/\1)f11,(b2—/\2)f22)(z)_cl|6dz)

o=

+ C ﬁ/ IT((by — M) f2, (bs — A2)f1)(2) — @l‘;dz)

=

(7 [ 1T =07 02 =) D) — o)
IVl + IVQ + IV3 + IV4

HT so < s < oo, /\t—i ASl<t<oo id

-3

Mey >0 FEEEF 0 << q< oo, I Holder AR, & 1.2 944 (3). 5|3 3.1 f1
23 3.2, W78

IV < C|B|™ | T((b1 — A1) £, (ba — Ao) f1) o

< 1B Bl |/ 1b1(y2) /\1|“|f1(y1)|“dy1)

1
[

1 .
(ﬁ /21§ lba(12) — Xa|'2| faly2)|" dy2)

1
1

n(f-1 1 Lt g, \ar (_L htgy )
<Crp (|2B| /zé 1b1(y1) — A1 dy1 25| Jos |f1(y1)| dyl)

1 Iot’ lzt’ l2t %
(g | atm) = 2ol ape) |QB|/ ol 24y

2]

n(g—-1 2rf
< C’I”B(l q)(l + ‘ lnr—:‘) 61]|Bvo Myt (f1) ()

(1+ ‘1 )HbQHBMOMlzt(fQ)( )

7——) 251

<Crg 1b1llBMO||b2|lBMO My ¢ (f1) (%) Miye(f2)(x)

< CllbllsmollbzllBmo M (f1)(z) M (f2)(2).
Xtz € By, € (2B)°,
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iLer = 5(e— &), M ez > 0. #REE Holder REAMTIHE 3.1, F
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Abstract In this paper, the authors aim to establish the Sharp maximal estimates for
the multilinear iterated commutators generated by BMO functions and multilinear strongly
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