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§1 {�uB p > 1, 1
p
+ 1

q
= 1, am, bn > 0, 0 <

∞∑
m=1

apm < ∞ i 0 <
∞∑

n=1
bqn < ∞, (��w8&*��Ar�\�; π

sin(π
p
) * Hardy-Hilbert �,S (y [1, 3� 315]):

∞∑

m=1

∞∑

n=1

ambn
m+ n

<
π

sin(π
p
)

( ∞∑

m=1

apm

) 1
p
( ∞∑

n=1

bqn

) 1
q

. (1.1)

2006*, gW�A�\ λi ∈ (0, 2] (i = 1, 2), λ1+λ2 = λ ∈ (0, 4], �� Euler-Maclaurin5℄NSiPCsn2, o [2] |�� (1.1) *�wjRS:
∞∑

m=1

∞∑

n=1

ambn
(m+ n)λ

< B(λ1, λ2)
[ ∞∑

m=1

mp(1−λ1)−1apm

] 1
p
[ ∞∑

n=1

nq(1−λ2)−1bqn

] 1
q

, (1.2)*��\�; B(λ1, λ2) VAr*,

B(u, v) =

∫
∞

0

tu−1

(1 + t)u+v
dt, u, v > 0 (1.3)m Beta Y\. & λ = 1, λ1 = 1

q
, λ2 = 1

p
, � (1.2) Æ'� (1.1); & p = q = 2, λ1 = λ2 = λ

2 ,� (1.2) Æ'�Æ [3] *�J'.�V. 2019 *, �� (1.2) *�<i Abel �C5℄NS,

Adiyasuren ,, [4] L��\m 1
(m+n)λ *Ii�J�C℄* Hilbert ��,S.�p 2023 + 3 $ 27 ?W(, 2023 + 12 $ 30 ?W(�FI.
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26 ℄ � + 	 A h 45 ��,S (1.1) i0gC�&Cs�i0��2C�,m4� (y [5–15]).

1934 *, o [1] 23� 3.5.1 L���w��C Hilbert ��,S: L K(t) (t > 0) m1wY\, p > 1, 1
p
+ 1

q
= 1, 0 < φ(s) =

∫
∞

0
K(t)ts−1dt < ∞, an > 0 , R) 0 <

∞∑
n=1

apn < ∞,(�
∫

∞

0

xp−2
( ∞∑

n=1

K(nx)an

)p

dx < φp
(1
p

) ∞∑

n=1

apn. (1.4)

(1.4) *���.jR��y. o [16–20].

2016 *, ��PCsn2, `, [21] L�� (1.1) *jRS2Ar�\�;�u8�\*�J,u�[. 0`�_*MCÆyo [22–28]. A�, o [29–30] L��)~��C
Hilbert ��,S*����V.�oe o [2,4,21] *�^{, ?_��8Y\*�<, Euler-Maclaurin 5℄NS,Abel �C5℄NSiPCsn2, 5��J�*\m 1

(x+nα)λ *Ii�J84Æ�GyY\℄�J�C℄*��C Hilbert ��,S. Cm��, 
 �aY�\ (α = 1) w�,S2Ar�\�;�u8�\*,uezi��aY�,S. �o*�<7i�q*���8�%*�xC�.

§2 yr{m
$4E�[, �owL: p > 1, 1
p
+ 1

q
= 1, m ∈ {0, 1, 2, 3, 4},α ∈ (0, 1], λ ∈ (0, 5−

m], λ1 ∈ (0, λ+1), λ2 ∈ (0, 2
α
−1]∩(0, λ+m), λ̃1 := λ−λ2

p
+ λ1

q
, λ̃2 := λ−λ1

q
+ λ2

p
, f(x) := F0(x)& R+ = (0,∞) 2 (��y2k) �
. 3�84Æ�GyY\m: Fi(x) :=
∫
∞

0 Fi−1(x)dx

(x > 0), 4"�ez Fi(x) = o(etx)(t > 0, i = 1, · · · ,m);x → ∞). 7 ak > 0, 3��C℄m: An :=
n∑

k=1

ak (n ∈ N = {1, 2, · · · }, 4"�ez An = o(etn
α

) (t > 0;n → ∞), L
0 <

∫
∞

0

xp(1−m−λ̃1)−1F p
m(x)dx < ∞ i 0 <

∞∑

n=1

nq[1−α(1+λ̃2)]−1Aq
n < ∞. (2.1)zb 2.1 (y [5, (2.2.3)]) (i) B (−1)i di

dti g(t) > 0, t ∈ [m,∞)(m ∈ N), g(i)(∞) =

0 (i = 0, 1, 2, 3), Pi(t) ℄ Bi(i ∈ N) CÆm i- ~ Bernoulli Y\℄ Bernoulli \, (�
∫

∞

m

P2q−1(t)g(t)dt = −εq
B2q

2q
g(m), 0 < εq < 1; q = 1, 2, · · · . (2.2)aÆ., & (2.2) 27 q = 1, B2 = 1

6 , �
−

1

12
g(m) <

∫
∞

m

P1(t)g(t)dt < 0; (2.3)& q = 2, B4 = − 1
30 , �

0 <

∫
∞

m

P3(t)g(t)dt <
1

120
g(m); (2.4)

(ii) �o [5, (2.2.16)], B h(t)(> 0) ∈ C3[m,∞), h(i)(∞) = 0 (i = 0, 1, 2, 3), (��w
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Euler-Maclaurin 5℄NS:
∞∑

k=m

h(k) =

∫
∞

m

h(t)dt+
1

2
h(m) +

∫
∞

m

P1(t)h
′(t)dt, (2.5)

∫
∞

m

P1(t)h
′(t)dt = −

1

12
h′(m) +

1

6

∫
∞

m

P3(t)h
′
′′

(t)dt. (2.6)zb 2.2 L s ∈ (0, 6], s2 ∈ (0, 2
α
]∩(0, s), ks(s2) := B(s2, s− s2). 3�w%8Y\:

̟(s2, x) := xs−s2

∞∑

n=1

nαs2−1

(x + nα)s
, x ∈ R+. (2.7)r#��w�,S:

ks(s2)
(
1−O

( 1

xs2

))
< ̟s(s2, x) < ks(s2), x ∈ R+, (2.8)*� O( 1

xs2
) := 1

ks(s2)

∫ 1
x

0
us2−1

(1+u)s du > 0.� Q3 x ∈ R+, 3�Y\ gx(t) =
αtαs2−1

(x+tα)s (t > 0), � (2.5), (�
∞∑

n=1

gx(n) =

∫
∞

1

gx(t)dt+
1

2
gx(1) +

∫
∞

1

P1(t)g
′

x(t)dt

=

∫
∞

0

gx(t)dt− h(x),*� h(x) :=
∫ 1

0
gx(t)dt−

1
2gx(1)−

∫
∞

1
P1(t)g

′

x(t)dt.Æ5) − 1
2gx(1) =

−α
2(x+1)s . �C�gC<, )

∫ 1

0

gx(t)dt = α

∫ 1

0

tαs2−1

(x+ tα)s
dt =

∫ 1

0

us2−1

(x+ u)s
du =

1

s2

∫ 1

0

dus2

(x+ u)s

=
1

s2

us2

(x+ u)s

∣∣∣
1

0
+

s

s2

∫ 1

0

us2du

(x+ u)s+1

=
1

s2

1

(x+ 1)s
+

s

s2(s2 + 1)

∫ 1

0

dus2+1

(x + u)s+1

>
1

s2(x+ 1)s
+

s

s2(s2 + 1)

[ us2+1

(x+ u)s+1

]1
0

+
s(s+ 1)

s2(s2 + 1)(x+ 1)s+2

∫ 1

0

us2+1du

=
1

s2(x+ 1)s
+

s

s2(s2 + 1)

1

(x+ 1)s+1

+
s(s+ 1)

s2(s2 + 1)(s2 + 2)(x+ 1)s+2
,

−g′x(t) = −
α(αs2 − 1)tαs2−2

(x + tα)s
+

α2stα(1+s2)−2

(x+ tα)s+1

= −
α(αs2 − 1)tαs2−2

(x + tα)s
+

α2s(x+ tα − x)tαs2−2

(x+ tα)s+1

=
α(αs− αs2 + 1)tαs2−2

(x+ tα)s
−

α2sxtαs2−2

(x + tα)s+1
,
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α
(0 < α 6 1), s2 < s 6 6, �

(−1)i
∂i

∂ti

[ tαs2−2

(x + tα)s

]
> 0, (−1)i

∂i

∂ti

[ tαs2−2

(x+ tα)s+1

]
> 0, i = 0, 1, 2, 3.� (2.3)–(2.6) Æ5)

α(αs− αs2 + 1)

∫
∞

1

P1(t)
tαs2−2dt

(x+ tα)s

> −
α(αs− αs2 + 1)

12(x+ 1)s
,−α2sx

∫
∞

1

P1(t)
tαs2−2

(x+ tα)s+1
dt

=
α2sx

12(x+ 1)s+1
−

α2sx

6

∫
∞

1

P3(t)
[ tαs2−2

(x+ tα)s+1

]
′′

t
dt

>
α2sx

12(x+ 1)s+1
−

α2sx

720

[ tαs2−2

(x + tα)s+1

]
′′

t=1

>
α2s(x+ 1− 1)

12(x+ 1)s+1
−

α2s(x+ 1)

720

[ (s+ 1)(s+ 2)α2

(x+ 1)s+3

+
α(s+ 1)(5− α− 2αs2)

(x+ 1)s+2
+

(2− αs2)(3− αs2)

(x+ 1)s+1

]

=
α2s

12(x+ 1)s
−

α2s

12(x+ 1)s+1
−

α2s

720

[ (s+ 1)(s+ 2)α2

(x + 1)s+2

+
α(s+ 1)(5− α− 2αs2)

(x+ 1)s+1
+

(2− αs2)(3− αs2)

(x+ 1)s

]
.P� h(x) > 1

(x+1)sh1 +
s

(x+1)s+1h2 +
s(s+1)

(x+1)s+2h3, *�
h1 : =

1

s2
−

α

2
−

α− α2s2
12

−
α2s(2− αs2)(3− αs2)

720
,

h2 : =
1

s2(s2 + 1)
−

α2

12
−

α3(s+ 1)(5− α− 2αs2)

720
,

h3 : =
1

s2(s2 + 1)(s2 + 2)
−

α4(s+ 2)

720
.Æ5) h1 = g(s2)

720s2
, *�3�Y\ g(σ) (σ ∈ (0, 2

α
]) �w�

g(σ) := 720− (420α+ 6sα2)σ + (60α2 + 5sα3)σ2 − sα4σ3.7 α ∈ (0, 1], s ∈ (0, 6], Æ5)
g′(σ) = −(420α+ 6sα2) + 2(60α2 + 5sα3)σ − 3sα4σ2

6 −420α− 6sα2 + 2(60α2 + 5sα3)
2

α
= (14sα− 180)α < 0,�:� h1 >

g

(
2
α

)

720s2
= 1

6s2
> 0.7 s2 ∈ (0, 2

α
], �
h2 >

α2

6
−

α2

12
−

5α2(s+ 1)

720
=

( 1

12
−

s+ 1

140

)
α2 > 0,i h3 >

(
1
24 − s+2

720

)
α3 > 0 (0 < s 6 6).
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1
αu

1
α , �

̟(s2, x) = xs−s2

∞∑

n=1

gx(n) < xs−s2

∫
∞

0

gx(t)dt

= αxs−s2

∫
∞

0

tαs2−1dt

(x+ tα)s
=

∫
∞

0

us2−1du

(1 + u)s

= B(s2, s− s2) = ks(s2).�k, � (2.5), r#�
∞∑

n=1

gx(n) =

∫
∞

1

gx(t)dt+
1

2
gx(1) +

∫
∞

1

P1(t)g
′

x(t)dt

=

∫
∞

1

gx(t)dt+H(x),*� H(x) := 1
2gx(1) +

∫
∞

1 P1(t)g
′

x(t)dt. 1%�5) 1
2gx(1) =

α
2(x+1)s i

g′x(t) = −
α(αs− αs2 + 1)tαs2−2

(x+ tα)s
+

α2sxtαs2−2

(x+ tα)s+1
.7 s2 ∈ (0, 2

α
] ∩ (0, s), 0 < s 6 6, � (2.3), Æ)

−α(αs− αs2 + 1)

∫
∞

1

P1(t)
tαs2−2

(x + tα)s
dt > 0i

α2sx

∫
∞

1

P1(t)
tαs2−2

(x+ tα)s+1
dt > −

α2sx

12(x+ 1)s+1
> −

α2s

12(x+ 1)s
.�:�

H(x) >
α

2(x+ 1)s
−

α2s

12(x+ 1)s
>

α

2(x+ 1)s
−

6α2

12(x+ 1)s
= 0,iOÆ5)

̟(s2, x) = xs−s2

∞∑

n=1

gx(n) > xs−s2

∫
∞

1

gx(t)dt

= xs−s2

[ ∫ ∞

0

gx(t)dt−

∫ 1

0

gx(t)dt
]

= ks(s2)
[
1−

1

ks(s2)

∫ 1
x

0

us2−1du

(1 + u)s

]
> 0,*�0 O( 1

xs2
) = 1

ks(s2)

∫ 1
x

0
us2−1du
(1+u)s , "�

0 <

∫ 1
x

0

us2−1du

(1 + u)s
<

∫ 1
x

0

us2−1du =
1

s2xs2
.�",(2.8) ��. ��)-.zb 2.3 7 s ∈ (0, 6], s1 ∈ (0, s), s2 ∈ (0, 2

α
] ∩ (0, s), r#��wjR*��C

Hardy -Hilbert �,S:

I : =

∫
∞

0

∞∑

n=1

anf(x)dx

(x+ nα)s
<

( 1

α
ks(s2)

) 1
p

(ks(s1))
1
q
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×
[ ∫ ∞

0

xp[1−(
s−s2

p
=

s1
q
)]−1fp(x)dx

] 1
p
[ ∞∑

n=1

nq[1−α(
s2
p
=

s−s1
q

)]−1aqn

] 1
q

. (2.9)� C�d u = x
nα , Æ5)�w��8Y\US:

ωα(s1, n) : = nα(s−s1)

∫
∞

0

xs1−1dx

(x+ nα)s

=

∫
∞

0

us1−1du

(u+ 1)s
= ks, (s1), n ∈ N. (2.10)� Höllder �,S (y [31]), )

I =

∫
∞

0

∞∑

n=1

1

(x+ nα)s

[x
1−s1

q f(x)

n
1−αs2

p

][n
1−αs2

p an

x
1−s1

q

]
dx

6

[ ∫ ∞

0

∞∑

n=1

1

(x+ nα)s
x(1−s1)(p−1)fp(x)

n1−αs2
dx

] 1
p

×
[ ∞∑

n=1

∫
∞

0

1

(x+ nα)s
n(1−αs2)(q−1)

x1−s1
aqndx

] 1
q

=
{ 1

α

∫
∞

0

̟(s2, x)x
p

[
1−

(
s−s2

p
=

s1
q

)]
−1fp(x)dx

} 1
p

×
{ ∞∑

n=1

ωα(s1, n)n
q

[
1−α

(
s2
p
=

s−s1
q

)]
−1aqn

} 1
q

.%� (2.8) i (2.10), ) (2.9). ��)-.� 2.1 7 m ∈ {0, 1, 2, 3, λ4}, & (2.9) 2, L
s = λ+m+ 1 ∈ (m+ 1, 6], λ ∈ (0, 5−m],

s1 = λ1 +m ∈ (m, s), λ1 ∈ (0, λ+ 1),

s2 = λ2 + 1 ∈
(
1,

2

α

]
∩ (1, s), λ2 ∈

(
0,

2

α
− 1

]
∩ (0, λ+m).0d f(x) ℄ (an) CÆm Fm(x) ℄ (An). �ezS (2.1), Æ)�wX��\*�,S:

∫
∞

0

∞∑

n=1

An

(x+ nα)λ+m+1
Fm(x)dx

<
( 1

α
kλ+m+1(λ2 + 1)

) 1
p

(kλ+m+1(λ1 +m))
1
q

×
[ ∫ ∞

0

xp(1−m−λ̃1)−1F p
m(x)dx

] 1
p
[ ∞∑

n=1

nq[1−α(1+λ̃2)]−1Aq
n

] 1
q

. (2.11)zb 2.4 7 t > 0, r#�∫
∞

0

e−txf(x)dx = tm
∫

∞

0

e−txFm(x)dx, (2.12)

∞∑

n=1

e−tnα

an 6 t

∞∑

n=1

e−tnα

An. (2.13)



1 / l�+ �	� �K�+Jj�K95��HzZ℄^�K�D^+��D Hilbert ��-T 31� 7 m = 0, (2.13) =;��; 7 m ∈ {1, 2, 3, 4},�C�gC<iez Fi(x) =

o(etx)(t > 0;x → ∞), P)
∫

∞

0

e−txFi−1(x)dx =

∫
∞

0

e−txdFi(x) = e−txFi(x)|
∞

0 −

∫
∞

0

Fi(x)de
−tx

= lim
x→∞

e−txFi(x) + t

∫
∞

0

e−txFi(x)dx = t

∫
∞

0

e−txFi(x)dx.%� i = 1, · · · ,m, �) (2.12) .�ez e−tnα

An = o(1) (n → ∞), %�� Abel �C5℄NS, )
∞∑

n=1

e−tnα

an = lim
n→∞

e−tnα

An +

∞∑

n=1

An[e
−tnα

− e−t(n+1)α ]

=
∞∑

n=1

An[e
−tnα

− e−t(n+1)α ].��,S 1− e−t < t (t > 0), 7 α ∈ (0, 1],

e−t(n+1)α
> e−t(nα+1) <=> et[(n+1)α−nα

−1]
6 1

<=> (n+ 1)α − nα − 1 = α(n+ θn)
α−1 − 1 6 0, θn ∈ (0, 1).r#�

∞∑

n=1

e−tnα

an =

∞∑

n=1

An[e
−tnα

− e−t(n+1)α ]

= (1− e−t)

∞∑

n=1

Ane
−tnα

6 t

∞∑

n=1

Ane
−tnα

.k (2.13) ��. ��)-.

§3 �v℄V[|}Ob 3.1 r#��wIi84Æ�GyY\℄�C℄*��C Hilbert ��,S:

I : =

∫
∞

0

∞∑

n=1

anf(x)dx

(x+ nα)λ

<
Γ(λ+m+ 1)

Γ(λ)

( 1

α
kλ+m+1(λ2 + 1)

) 1
p

(kλ+m+1(λ1 +m))
1
q

×
[ ∫ ∞

0

xp(1−m−λ̃1)−1F p
m(x)dx

] 1
p
[ ∞∑

n=1

nq[1−α(1+λ̃2)]−1Aq
n

] 1
q

. (3.1)aÆ., B λ1 + λ2 = λ ∈ (0, 5−m], λ1 ∈ (0, λ), λ2 ∈ (0, 2
α
− 1] ∩ (0, λ), r#�

0 <

∫
∞

0

xp(1−m−λ1)−1F p
m(x)dx < ∞, 0 <

∞∑

n=1

nq[1−α(1+λ2)]−1Aq
n < ∞i

I =

∫
∞

0

∞∑

n=1

anf(x)dx

(x+ nα)λ
<

Γ(λ+m+ 1)

α
1
pΓ(λ)

kλ+m+1(λ1 +m)
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×
[ ∫ ∞

0

xp(1−m−λ1)−1F p
m(x)dx

] 1
p
[ ∞∑

n=1

nq[1−α(1+λ2)]−1Aq
n

] 1
q

. (3.2)� �
1

(x+ nα)λ
=

1

Γ(λ)

∫
∞

0

tλ−1e−(x+nα)tdt,� L 7|gC3� (y [32]),(2.12) i (2.13), )�w�,S:

I =
1

Γ(λ)

∫
∞

0

∞∑

n=1

anf(x)

∫
∞

0

tλ−1e−(x+nα)tdtdx

=
1

Γ(λ)

∫
∞

0

tλ−1
( ∫

∞

0

e−xtf(x)dx
)( ∞∑

n=1

e−tnα

an

)
dt

6
1

Γ(λ)

∫
∞

0

tλ−1
(
tm

∫
∞

0

e−xtFm(x)dx
)(

t

∞∑

n=1

e−tnα

An

)
dt

=
1

Γ(λ)

∫
∞

0

∞∑

n=1

AnFm(x)
[ ∫ ∞

0

tλ+me−(x+nα)tdt
]
dx

=
Γ(λ+m+ 1)

Γ(λ)

∫
∞

0

∞∑

n=1

AnFm(x)dx

(x+ nα)λ
.%� (2.11), ) (3.1). 3�)-.� 3.1 & (3.1) 2, L α = 1, λ1 ∈ (0, λ+ 1), λ2 ∈ (0, 1]∩ (0, λ+m), r#��w��C Hilbert ��,S:

∫
∞

0

∞∑

n=1

anf(x)dx

(x+ n)λ

<
Γ(λ+m+ 1)

Γ(λ)
(kλ+m+1(λ2 + 1))

1
p (kλ+m+1(λ1 +m))

1
q

×
[ ∫ ∞

0

xp(1−m−λ̃1)−1F p
m(x)dx

] 1
p
[ ∞∑

n=1

n−qλ̃2−1Aq
n

] 1
q

. (3.3)Ob 3.2 L λ1 ∈ (0, λ), λ2, λ− λ1 ∈ (0, 1] ∩ (0, λ), ( (3.3) *�\�;
Γ(λ+m+ 1)

Γ(λ)
(kλ+m+1(λ2 + 1))

1
p (kλ+m+1(λ1 +m))

1
qmAr/*��ezV λ1 + λ2 = λ (∈ (0, 5−m]).� “⇐” B λ1 + λ2 = λ (∈ (0, 5−m]), ( (3.3) �m

∫
∞

0

∞∑

n=1

anf(x)

(x+ n)λ
dx <

Γ(λ+m+ 1)

Γ(λ)
kλ+m+1(λ1 +m)

×
[ ∫ ∞

0

xp(1−m−λ1)−1F p
m(x)dx

] 1
p
( ∞∑

n=1

n−qλ2−1Aq
n

) 1
q

. (3.4)
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f̃(x) : =

{
0, 0 < x < 1,

xλ1−
ε
p
−1, x > 1,

ãn : = nλ2−
ǫ
q
−1, n ∈ N,r#� F̃0(x) := f̃(x),

F̃i(x) : =

∫ x

0

F̃i−1(t)dt

6






0, 0 < x < 1,
[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1

xλ1+i− ε
p
−1, x > 1, i ∈ {1, · · · ,m},

Ãn : =

n∑

k=1

ãk =

n∑

k=1

kλ2−
ǫ
q
−1 <

∫ n

0

tλ2−
ǫ
q
−1dt =

nλ2−
ǫ
q

λ2 −
ǫ
q

, n ∈ N,*�, T3& m = 0, ε > 0 O,
m−1∏
i=0

(λ1 + i− ε
p
) = 1.GL"�ez F̃i(x) = o(etx) (t > 0, i =

1, · · · ,m;x → ∞), Ãn = o(etn
α

) (t > 0;n → ∞).B�,�\ M 6
Γ(λ+m+1)

Γ(λ) kλ+m+1(λ1 +m), 4� M d% (3.4) *�\�;
Γ(λ+m+ 1)

Γ(λ)
kλ+m+1(λ1 +m)a (3.4) >��, (��w�,S�

Ĩ : =

∫
∞

0

∞∑

n=1

ãnf̃(x)dx

(x + n)λ

< M
[ ∫ ∞

0

xp(1−m−λ1)−1F̃ p
m(x)dx

] 1
p
( ∞∑

n=1

n−qλ2−1Ãq
n

) 1
q

. (3.5)� (3.5) il\*1w�1, Æ)
Ĩ < M

[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1[ ∫ ∞

1

xp(1−m−λ1)−1xp(λ1+m−1)−εdx
] 1

p

×
1

λ2 −
ε
q

( ∞∑

n=1

n−qλ2−1nqλ2−ε
) 1

q

=

M
[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1

λ2 −
ε
q

(∫
∞

1

x−ε−1dx
) 1

p
(
1 +

∞∑

n=2

n−ε−1
) 1

q

6

M
[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1

λ2 −
ε
q

(∫
∞

1

x−ε−1dx
) 1

p
(
1 +

∫
∞

1

y−ε−1dy
) 1

q

=

M
[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1

ε(λ2 −
ε
q
)

(ε+ 1)
1
q .



34 ℄ � + 	 A h 45 �� (2.10), �7 α = 1, s = λ, s1 = λ̃1 := λ1 −
ε
p
∈ (0, λ), λ̃2 := λ2 +

ε
p
∈ (0, λ), r#�

Ĩ =

∞∑

n=1

[
nλ2+

ε
p

∫
∞

1

xλ1−
ε
p
−1

(x + n)λ
dx

]
n−ε−1

=

∞∑

n=1

ω1(λ̃1, n)n
−ε−1 −

∞∑

n=1

[
nλ2−

ǫ
q
−1

∫ 1

0

xλ1−
ε
p
−1

(x+ n)λ
dx

]

> B(λ̃1, λ̃2)
∞∑

n=1

n−ε−1 −
∞∑

n=1

(
nλ2−

ǫ
q
−1

∫ 1

0

xλ1−
ε
p
−1

nλ
dx

)

> B(λ̃1, λ̃2)

∫
∞

1

y−ε−1dy −O(1)

=
1

ε

(
B
(
λ1 −

ε

p
, λ2 +

ε

p

)
− εO(1)

)
.e G%�V, �

B
(
λ1 −

ε

p
, λ2 +

ε

p

)
− εO(1)

< εĨ <

M
[m−1∏

i=0

(
λ1 + i−

ε

p

)]
−1

λ2 −
ε
q

(ε+ 1)
1
q .� ε → 0+, � Beta Y\*�
�, )

Γ(λ+m+ 1)

Γ(λ)
kλ+m+1(λ1 +m)

=
Γ(λ1 +m)Γ(λ2 + 1)

Γ(λ)
= λ2B(λ1, λ2)

m−1∏

i=0

(λ1 + i) 6 M.P M = Γ(λ+m+1)
Γ(λ) kλ+m+1(λ1 +m) V (3.4) (k (3.3) & λ1 + λ2 = λ O) *Ar/.

“⇒” 7 λ̃1 = λ−λ2

p
+ λ1

q
, λ̃2 = λ−λ1

q
+ λ2

p
, r#�

λ̃1 + λ̃2 =
λ− λ2

p
+

λ1

q
+

λ− λ1

q
+

λ2

p
= λ,

0 < λ̃1, λ̃2 <
λ

p
+

λ

q
= λ, λ̃2 6

1

q
+

1

p
= 1,i Γ(λ+m+1)

Γ(λ) kλ+m+1(λ̃1 +m) ∈ R+. � Hölder �,S (y [31]), r#�
kλ+m+1(λ̃1 +m)

= kλ+m+1

(λ− λ2

p
+

λ1

q
+m

)

=

∫
∞

0

u
λ+m−λ2

p
+

λ1+m

q
−1

(1 + u)λ+m+1
du =

∫
∞

0

(u
λ+m−λ2−1

p )

(1 + u)λ+m+1
(u

λ1+m−1

q )du

6

[ ∫ ∞

0

uλ+m−λ2−1

(1 + u)λ+m+1
du

] 1
p
[ ∫ ∞

0

uλ1+m−1

(1 + u)λ+m+1
du

] 1
q

=
[ ∫ ∞

0

v(λ2+1)−1

(1 + v)λ+m+1
dv

] 1
p
[ ∫ ∞

0

uλ1+m−1

(1 + u)λ+m+1
du

] 1
q

= (kλ+m+1(λ2 + 1))
1
p (kλ+m+1(λ1 +m))

1
q . (3.6)
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Γ(λ+m+ 1)

Γ(λ)
(kλ+m+1(λ2 + 1))

1
p (kλ+m+1(λ1 +m))

1
qm (3.3) *Ar/, & (3.4) 27 λ1 = λ̃1 (i = 1, 2), r#��w�,S:

Γ(λ+m+ 1)

Γ(λ)
(kλ+m+1(λ2 + 1))

1
p (kλ+m+1(λ1 +m))

1
q

6
Γ(λ+m+ 1)

Γ(λ)
kλ+m+1(λ̃1 +m), ∈ R+,k��,S

kλ+m+1(λ̃1 +m) > (kλ+m+1(λ2 + 1))
1
p (kλ+m+1(λ1 +m))

1
q .�: (3.6) 7,[.

(3.6)7,[*��ezV#&�:m 0*�\ A℄ B,R) (y [31]) Auλ+m−λ2−1 =

Buλ1+m−1 & R+ Gmb  ��. �BL A 6= 0, (� uλ−λ1−λ2 = B/A & R+ Gmb  ��, i λ− λ1 − λ2 = 0. �:� λ1 + λ2 = λ. 3�)-.� 3.2 & (3.4) 2, 7 λ = 1, λ1 = 1
r
, λ2 = 1

s
(r > 1, 1

r
+ 1

s
= 1), r#��w��Ar�\�; π

s sin(π
r
)

m−1∏
i=0

(1
r
+ i) * Hilbert ��,S:

∫
∞

0

∞∑

n=1

anf(x)

x+ n
dx <

π

s sin
(
π
r

)
m−1∏

i=0

(1
r
+ i

)

×
[ ∫ ∞

0

xp( 1
s
−m)−1F p

m(x)dx
] 1

p
( ∞∑

n=1

n−
q

s
−1Aq

n

) 1
q

. (3.7)aÆ& r = p, s = q O, �
∫

∞

0

∞∑

n=1

anf(x)

x+ n
dx <

π

q sin
(
π
p

)
m−1∏

i=0

(1
p
+ i

)

×
[ ∫ ∞

0

xp(1−m)−2F p
m(x)dx

] 1
p
( ∞∑

n=1

n−2Aq
n

) 1
q

; (3.8)& r = q, s = p O, �
∫

∞

0

∞∑

n=1

anf(x)

x+ n
dx <

π

p sin
(
π
p

)
m−1∏

i=0

(1
q
+ i

)

×
[ ∫ ∞

0

x−pmF p
m(x)dx

] 1
p
( ∞∑

n=1

n−qAq
n

) 1
q

; (3.9)& p = q = 2 O,
∫

∞

0

∞∑

n=1

anf(x)

x+ n
dx

<
π

2

m−1∏

i=0

(
1

2
+ i)

( ∫
∞

0

x−2mF 2
m(x)dx

∞∑

n=1

n−2A2
n

) 1
2

. (3.10)
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[7] Perić I, Vuković P. Multiple Hilbert’s type inequalities with a homogeneous kernel [J].

Banach Journal of Mathematical Analysis, 2011, 5(2):33–43.

[8] Huang Q L. A new extension of Hardy-Hilbert-type inequality [J]. Journal of Inequali-

ties and Applications, 2015, 2015:397.

[9] He B. A multiple Hilbert-type discrete inequality with a new kernel and best possible

constant factor [J]. Journal of Mathematical Analysis and Applications, 2015, 431:990–

902.

[10] 	�P. $��J�\* Hardy-Hilbert �,S [J]. ���	, 2007, 36(2):63–76.

[11] Xie Z T, Zeng Z, Sun Y F. A new Hilbert-type inequality with the homogeneous kernel

of degree -2 [J]. Advances and Applications in Mathematical Sciences, 2013, 12(7):391–

401.

[12] Zeng Z, Raja Rama Gandhi K, Xie Z T. A new Hilbert-type inequality with the homo-

geneous kernel of degree-2 and with the integral [J]. Bulletin of Mathematical Sciences

and Applications, 2014, 3(1):11–20.

[13] Xin D M. A Hilbert-type integral inequality with the homogeneous kernel of zero degree

[J]. Mathematical Theory and Applications, 2010, 30(2):70–74.

[14] Azar L E. The connection between Hilbert and Hardy inequalities [J]. Journal of In-

equalities and Applications, 2013:452, 2013.

[15] Adiyasuren V, Batbold T, Krinc M. Hilbert-type inequalities involving differential op-

erators, the best constants and applications [J]. Math Inequal Appl, 2015,18:111–124.

[16] Rassias M Th, Yang B C. On half-discrete Hilbert’s inequality [J]. Applied Mathematics

and Computation, 2013, 220:75–93.



1 / l�+ �	� �K�+Jj�K95��HzZ℄^�K�D^+��D Hilbert ��-T 37

[17] Yang B C, Krinc M. A half-discrete Hilbert-type inequality with a general homogeneous

kernel of degree 0 [J]. Journal of Mathematical Inequalities, 2012, 6(3):401–417.

[18] Rassias M Th, Yang B C. A multidimensional half-discrete Hilbert-type inequality and

the Riemann zeta function [J]. Applied Mathematics and Computation, 2013, 225:263–

277.

[19] Rassias M Th, Yang B C. On a multidimensional half-discrete Hilbert-type inequality

related to the hyperbolic cotangent function [J]. Applied Mathematics and Computation,

2013, 242:800–813.

[20] Yang B C, Debnath L. Half-discrete Hilbert-type inequalities [M]. Singapore: World

Scientific Publishing, 2014.

[21] Hong Y, Wen Y M. A necessary and sufficient condition of that Hilbert type series in-

equality with homogeneous kernel has the best constant factor [J]. Annals Mathematica,

2016, 37A(3):329–336.

[22] Hong Y. On the structure character of Hilbert’s type integral inequality with homoge-

neous kernel and application [J]. Journal of Jilin University (Science Edition), 2017,

55(2):189–194.

[23] Hong Y, Huang Q L., Yang B C , et al. The necessary and sufficient conditions for the ex-

istence of a kind of Hilbert-type multiple integral inequality with the non-homogeneous

kernel and its applications [J]. Journal of Inequalities and Applications, 2017, 2017:316.

[24] Xin DM, Yang B C, Wang A Z. Equivalent property of a Hilbert-type integral inequality

related to the beta function in the whole plane [J]. Journal of Function Spaces, 2018,

2691816, 8.

[25] Hong Y, He B, Yang B C. Necessary and sufficient conditions for the validity of Hilbert

type integral inequalities with a class of quasi-homogeneous kernels and its application

in operator theory [J]. Journal of Mathematics Inequalities, 2018, 12(3):777–788.

[26] Huang Z X, Yang B C. Equivalent property of a half-discrete Hilbert’s inequality with

parameters [J]. Journal of Inequalities and Applications, 2018, 2018:333.

[27] Yang B C, Wu S H, Wang A Z. On a reverse half-discrete Hardy-Hilbert’s inequality

with parameters [J]. Mathematics, 2019, 7:1054.

[28] Wang A Z, Yang B C, Chen Q. Equivalent properties of a reverse’s half-discret Hilbert’s

inequality [J]. Journal of Inequaliies and Applications, 2019, 2019:279.

[29] Yang B C , Wu S H, Wang A Z, On a reverse Half-discrete Hardy-Hilbert’s inequality

with parameters [J]. Mathematics, 2019, 7(11):12.

[30] Yang B C, Wu S H, Liao J Q0. On a New Extended Hardy-Hilbert’s Inequality with

Parameters [J]. Mathematics, 2020, 8:73.

[31] �q�. ���,S [M]. p(: F4�n��K, 2021.

[32] �q�. PCs!?YCs (/ 2 �)[M]. ��: G,}"��K, 2015.



38 ℄ � + 	 A h 45 �
A New Half-Discrete Hilbert-Type Inequality Involving

One Multiple Upper Limit Function

and One Partial Sums

WANG Aizhen1 YANG Bicheng2

1School of Mathematics, Guangdong University of Education, Guangzhou

510303, China. E-mail: ershimath@163.com
2Corresponding author. School of Mathematics, Guangdong University of Edu-

cation, Guangzhou 510303, China. E-mail: bcyang@163.com

Abstract By means of the weight functions, Euler-Maclaurin summation formula, Abel’s

summation by parts formula, and the technique of real analysis, a new half-discrete Hilbert-

type inequality involving one multiple variable upper limit function and one partial sums

is given. As applications, the equivalent conditions of the best possible constant factor in

a particular inequality related to a few parameters and several particular inequalities are

considered.
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