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§1 p�jGR��C��
NPrfG�h� 20 T1 80 �: [1−2]. =O�C)mGR��,C�&�>�tz$8-� MLPs, fG�S�
{
f(x) =

N∑

i=1

βiσ(wi · x+ bi), x ∈ Rd,wi ∈ Rd, bi, βi ∈ R, i = 1, · · · , N
}
,%� σ(·) � S 0 (sigmoidal)�a, ? t → +∞K, σ(t) → 1, ? t → −∞K, σ(t) → 0[1], NUO�GR`wa. �m�z, >�tz$fG7JQS
N{8�a [1−8]. %�, � [3],L�� [1] �Z sigmoidal �aJ3C{844DUh
BC. 4�, �WF+[O�GR`wa N W�C
Nf�CGÆ. w;, gF	�A4JbaC.2�, ZXWJ��C{8�a, ��AJ� O( 1

N
)[9]. g&i`e��C.2�, ZXqtE��ulFDVWJC�a, ��AJ� O( 1

N
)[10].j�.i�yCl", ESGR��CQS
o


 [11]. ' �a ReLU(x) =

max(0, x)M%AFC)(��(.iofS\�

OS. ReLU�a��Æ� sigmoidal�aCy<, 5\, VX%g�/^AC!44�, fGgESGR��A=x
Nr
.[*�ag� [12] ��t., G�� x2 fG{�ES�ofS� O(ln(1
ε
)) C ReLU GR��M3��� ε C
N. r�he`OSE���\�U*����=� x2 C!4�	
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54 b ; � b A ) 45 ℄~. 4�, � [13] �.ES ReLU GR��ZH��aC
N(�aZ|, �y.�YWzd{CCES��C8��S.5\,�ReLU GR`
��U<}ESGR��Cp�|F [14], tJ
�? ReLUGR`�B� dK, �WsS{�GR`�2. gt�.l�, F� ReLU �v' �a�t., w; Leaky ReLU �a [15], APL �a [16], SReLU �a [17] � ReLU6 �a [18].o�R_XiU!4 (8-� PWL) �a, ���iU!4GR�� (8-� PWLNN)C' �a. PWLNN G��!4�h!4CrJ, �-�%nh!4e`|V�=��:��i� [19]. P	;4, �)853_Z PWLNN Cr
i�. ��H^twÆu, ��pl�*�iU!4GR���E�iU!4GR�� (8-� PWL-DNN) C
N�y. ��C
B�:;�:

(1) BSGiU!4�a�' �aC>�tz$�0C��
N�y, �{�O�GR`Ca�i���.

(2) t~5iU!4�a�h[*�aC�Qe`, ���H��afG{�iU!4GR��ESCXN\hjSCl3GL��af�C
N.

(3) {�a~L��x��CG
.

§2 r�wV
§2.1 875W��\�y.� [3] �' �aCPK.,n 2.1 σ : R → R �&� sigmoidal �a, ;Æ( lim

x→+∞
σ(x) � lim

x→−∞
σ(x) 6g, -

lim
x→+∞

σ(x) = 1, (2.1)

lim
x→−∞

σ(x) = 0. (2.2)Qr,LCU sigmoidal �a�FPU{8C!=LIlC. g���, ��>4PKnm�G�fN3 S 0 ( superpositioned-sigmoidal) �a.,n 2.2 σ : R → R �&� superpositioned-sigmoidal �a, ;Æ6gwva P G+!a a 6= 1
2 , aj 6= 0, bj > 0 [ cj , j = 1, · · · , P , OB

a+

P∑

j=1

ajσ(bjx+ cj) (2.3)UWJC sigmoidal �a.E 2.1 (ReLU �a) ReLU(x) = max(0, x) U superpositioned-sigmoidal �a, VX
ReLU(x)− ReLU(x− 1) = σ1(x), (2.4)
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σ1(x) =





0, x < 0,

x, 0 6 x 6 1,

1, x > 1

(2.5)UWJC sigmoidal �a.E 2.2 ��eÆ&:, ��PK�a σ2(·) ∈ C([0, 1]) �
σ2(x) =





2x, x <
1

2
,

2(1− x), x >
1

2
.

(2.6)}C�xfB
σ2(x) = 2σ1(x) − 4σ1

(
x− 1

2

)
= 2ReLU(x)− 4ReLU

(
x− 1

2

)
.=�iH. �5, σ1(·) � σ2(·) 6gG�=�iH:

σ1(x) + σ1(1 − x) = 1,
∑

i∈Z

σ̃2

(
x− i

2

)
= 1, (2.7)%� σ̃2 : R → R U σ2 C�?�, ,? x ∈ [0, 1] K, σ̃2(x) = σ2(x), %Z.l� σ̃2(x) = 0.,n 2.3 (PWL �a) σ : R → R �&� PWL �a, ;Æ σ {8, -6g M (1 6

M < ∞) w7WJ t1, · · · , tM , g�F/7 (−∞, t1), (t1, t2), · · · , (tM ,∞) �, σ RU!4�a, �-7J~w#�/7�C,��}.gG�y<�, PWL �aCU superpositioned-sigmoidal �a.N\ 2.1 4DYW M w7WJC PWL �a σ �S� σ(x) = k0x + b0 + k1(x −
t1)1{x>t1} + · · · + kM (x − tM )1{x>tM}, k σ U superpositioned-sigmoidal �a, ?-L?6g c, OB (k0 + k∞)c + b0 + b∞ = 0 �'x- (k0 − k∞)c + b0 − b∞ = 0 �'x, %�
k∞ = k0 +

M∑
i=1

ki, b∞ = b0 −
M∑
i=1

kiti .u VPK 2.2, ��7Bq�wva P , G+!a a 6= 1
2 , aj 6= 0, bj > 0, cj , j =

1, · · · , P , OB a+
P∑

j=1

ajσ(bjx+ cj) UWJC sigmoidal �a, ,
a+

P∑

j=1

ajbjk∞x+

P∑

j=1

ajcjk∞ +

P∑

j=1

ajb∞ = 1, x → +∞,

a+
P∑

j=1

ajbjk0x+
P∑

j=1

ajcjk0 +
P∑

j=1

ajb0 = 0, x → −∞.



56 b ; � b A ) 45 ℄tE5XHG�Ce)�:
P∑

j=1

ajbj = 0, (2.8)

P∑

j=1

aj(cjk∞ + b∞) = 1− a, (2.9)

P∑

j=1

aj(cjk0 + b0) = −a. (2.10)e)� (2.9) � (2.10) WHC,By<U
rank

(
c1k∞ + b∞, · · · , cPk∞ + b∞

c1k0 + b0, · · · , cPk0 + b0

)
= rank

(
c1k∞ + b∞, · · · , cPk∞ + b∞, 1− a

c1k0 + b0, · · · , cPk0 + b0, −a

)
.,i4. ;Æ6g c, OB (k0 + k∞)c+ b0+ b∞ = 0�'x- (k0 − k∞)c+ b0− b∞ = 0�'x,��fG� P > 2, bj = j, cj = c, j = 1, · · · , P ,5\B�#QC {aj}Pj=1 � a 6= 1

2 .
B4. ���x;�
W: ;ÆZX7� c, (k0+k∞)c+ b0+ b∞ = 0! (k0−k∞)c+

b0 − b∞ = 0 'x, k PWL �a σ �U superpositioned-sigmoidal �a.

(1) ? k0 + k∞ = 0 - b0 + b∞ = 0 K, > (2.9) [ (2.10) #3fGB� a = 1
2 .

(2) ? k0 − k∞ = 0 - b0 − b∞ = 0 K,

rank

(
c1k∞ + b∞, · · · , cPk∞ + b∞, 1− a

c1k0 + b0, · · · , cPk0 + b0, −a

)

=rank

(
c1k∞ + b∞, · · · , cPk∞ + b∞

c1k0 + b0, · · · , cPk0 + b0

)
+ 1.�Am`, !4e)��H.} 2.1 gW /7�, twy<fG�gj, ;Nr 4.3 Cx�mS.

§2.2 R>_H93[� [13] pd, ���S;�m�:

(1) � {xm:n} = {xi : i = m,m + 1, · · · , n} � {xm1:n1,m2:n2
} = {xi,j : i = m1,m1 +

1, · · · , n1, j = m2,m2 + 1 · · · , n2}.
(2) & y ∈ L(x1, · · · , xn), ;Æ6g βi ∈ R, i = 0, 1, · · · , n, OB y = β0 + β1x1 + · · ·+

βnxn.

(3) & yσ ∈ Lσ(x1, · · · , xn), ;Æ6g y ∈ L(x1, · · · , xn) �- yσ = σ(y).,n 2.4 �a f(x1, · · · , xd) �&�_X' �a� σ C2{CGR���a�
Fσ

L,M(Rd), ;Æ6g�� {y1:L,1:M}, OB
y1,m ∈ Lσ(x1:d), yl+1,m ∈ Lσ(yl,1:M ), f ∈ L(yL,1:M ), (2.11)%� m = 1, · · · ,M , l = 1, · · · , L− 1, �- {y1:L,1:M} �&� f CO��.
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L,M (Rd) fGV�Qy.:

f(x) =




W (σ ◦ (W1x+ b1)) + b, L = 1,

W (σ ◦ (WL(σ ◦ · · ·σ ◦ (W1x+ b1)) + bL)) + b, L > 2,%� x ∈ Rd, W1 ∈ RM×d, Wl ∈ RM×M , l = 2, · · · , L, W ∈ R1×M , bl ∈ RM , l = 1, · · · , L,
b ∈ R. m� ◦ �S�aCo�, ' �a σ �SX(��C�w`e.} 2.2 2~C>� MLP �a�Mσ

N(Rd) f�S�
{
f(x) =

N∑

i=1

βiσ(wi · x+ bi), x ∈ Rd,wi ∈ Rd, bi, βi ∈ R, i = 1, · · · , N
}
.VX f UO��C3!4�� (�� β0), M4 Mσ

N (Rd) $ Fσ
1,N(Rd). ��& Mσ

N(Rd) �*�GR���a�.,n 2.5 �a f(x1, · · · , xd) �&�_X' �a� σ Czd{CGR���a�
Sσ
L,M (Rd), ;Æ6g�� {y1:L,1:M}, OB

y1,m ∈ Lσ(x1:d), yl+1,m ∈ Lσ(x1:d, yl,1:M ), f ∈ L(x1:d, y1:L,1:M ), (2.12)%� m = 1, · · · ,M , l = 1, · · · , L− 1, �- {y1:L,1:M} �&� f CO��.|YvG, f ∈ Sσ
L,M (Rd) fGV�Qy.:

f(x) =

L∑

l=1

Wlyl +Wx+ b,

yl =




σ ◦ (W 1

0 x+ b1), l = 1,

σ ◦ (W l
1yl−1 +W l

0x+ bl), l > 2,%� x ∈ Rd, Wl ∈ R1×M , W l
0 ∈ RM×d, W l

1 ∈ RM×M , bl ∈ RM , l = 1, · · · , L, W ∈ R1×d,

b ∈ R. m� ◦ �S�aCo�, ' �a σ �SX(��C�w`e.} 2.3 ��A Sσ
L,M (Rd) ⊆ Fσ

L,M+d+1(R
d). 5\, ? L ≫ 2 K, m� Sσ

L,M (Rd) �ESGR��Ci�t~�Æu.

§3 {l;Gg�E�, ��i�=T�*� PWLNN � PWL-DNN C
N�y. %�Cx�gH 4 E�."X�u 2.1,��\�y.�' �a� superpositioned-sigmoidal�aC>�MLPg R AC��
NPr.,C 3.1 4D σ UFw superpositioned-sigmoidal �a, f(x) g R A{8, Æ�
lim

x→−∞
f(x) = A, (3.1)

lim
x→+∞

f(x) = B, (3.2)



58 b ; � b A ) 45 ℄%� A, B U!a. kZX7J ε > 0,6g N ∈ Z��a f̂ ∈ Mσ
N (R),OB |f(x)− f̂(x)| <

ε Z7J x ∈ R 'x.[� [3] Cx�k6pd, ��"XPr 3.1 � Bochner-Riesz Means [20] =x� RdACNd. 4�, ��SO�GR`wa N �h7	S d y.����..,C 3.2 4D σ UFw PWL �a, f(x) g [0, 1]d A{8. kZX7J ε > 0, 6g
N ∈ Z ��a f̂ ∈ Mσ

N (Rd), OB |f(x)− f̂(x)| < ε
2 +O(R

3d+2

N2 ), %� R = R(ε) > 0.[� [3] �C sigmoidal ' �aD��}, ttCAJ O(R
3d+2

N2 ) U{� PWL �a�~B�C, 
B{XNr 4.3. ZX sigmoidal �a, AJ� O(R
2d+1

N
).0�=T*� PWLNN |�, ���y. PWL-DNN 
NH��aC���.. ℄� [13] C'℄, ��x�H��afG{� PWL-DNN XNESG�aZ|f�
N.,C 3.3 4D σ UFw PWL �a, H��a f(x) =

∑
k∈Nd

akx
k g [−1, 1]d �_ZZ|. kZ7J δ ∈ (0, 1) [ ε ∈ (0, 1e ), 6g�a f̂ ∈ Sσ

L,3(R
d) , %� L = ⌈[e( 1

dδ
log 1

ε
+

1)]max(2d,3)⌉, OB |f(x)− f̂(x)| < 2ε
∑
k

|ak| ZX7J x ∈ [−1+ δ, 1− δ]d 'x, %� ⌈·⌉ �S(A0v�a.} 3.1 5H 4E�Cx�fG℄�, *� PWLNN� PWL-DNNR�{X PWL�aC!445\�h.!4�~�a. 5\, ZX x2, jS� 2�ES� L C PWL-DNNfGE5XYW 2L O�GR`C*� PWLNN. M4, PWL-DNN �*� PWLNN YW|,C
N�y.[� [13] �%n}��}, ��CG
VSXmW PWL �a\�LLU ReLU �a. �;gX��gNr 4.3 �y.���C�Q�7.gtt, ��WF+w�.E 3.1 (Leaky ReLU �a [15]) Leaky ReLU PK�
σ(x) =




αx, x < 0,

x, x > 0,%� 0 < α < 1.�5 σ1 � σ2 fG�-�
σ1(x) = − α

1− α
+

σ(x)

1− α
− σ(x− 1)

1− α
, x ∈ R,

σ2(x) = − 2α

1− α
+

2 + 2α

1− α
σ(x) − 4σ(x− 1

2 )

1− α
, x ∈ [0, 1].E 3.2 (ReLU6 �a [18]) ReLU6 PK�

σ(x) = min(6,max(0, x)),
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σ1(x) =

1

6
σ(6x), x ∈ R,

σ2(x) = 2σ(x) − 4σ
(
x− 1

2

)
, x ∈ [0, 1].E 3.3 (APL �a [16]) �VQiU!4 (APL) ' �aU�D0�aC�, PK�

σ(x) = max(0, x) +

S∑

s=1

as max(0,−x+ bs).�D0�aCa� S U_�D�C#�a, \�� as, bs, s = 1, · · · , S Uf:�C�a.E 3.4 (SReLU �a [17] ) SReLU U>w!4�aC��:

σ(x) =





tr + ar(x− tr), x > tr,

x, tr > x > tl,

tl + al(x− tl), x 6 tl,%� tr, ar, tl, al Uf:�C�a.ZX APL �a� SReLU �a, ��fGuS §4.3 E�C (4.25) Q�h σ2. t+w�R����Cr
VSXmW PWL �a, �
UYW_��PC�Uf:��aC�a.

§4 v�M
§4.1 ,C 3.1 )uL,C 3.1 )uL ��QS� [3] �y.C�h4x�. VX σ U superpositioned-

sigmoidal �a, M46gwva P �!a a 6= 1
2 , aj 6= 0, bj > 0 G+ cj , j = 1, · · · , P , OB

σ̃(x) = a+
P∑

j=1

ajσ(bjx+ cj) (4.1)UWJC sigmoidal �a.0
F (a, x′, x′′) =

af(x′) + (1− a)f(x′′)

1− 2a
. (4.2)VX f UWJC, mG6g!a C, OB |F (a, x′, x′′)| 6 C Z7J x′, x′′ 'x.V4D (3.1)–(3.2),Z7J ε > 0,��fGq�va M > ⌈
√

9C
ε
⌉,OB? x < −M K

|f(x)−A| < ε
6 ; ? x > M K |f(x)−B| < ε

6 ; �-? |x′| 6 M , |x′′| 6 M G+ |x′−x′′| 6 1
MK |f(x′′)− f(x′)| < ε

6 .> [−M,M ] Ei� 2M2 w)/7, ��
−M = x0 < x1 < · · · < xM2 = 0 < xM2+1 < · · · < x2M2 = M,
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1
2 (xi + xi+1), i = 0, · · · , 2M2 − 1.PK f̂(x) [ f̃(x) ;�:

f̂(x) =
F (a,M,−M)

2M2

2M2∑

i=1

P∑

j=1

ajσ(Kbj(x− ti−1) + cj)

+
F (a,M,−M)

2M2

2M2∑

i=1

P∑

j=1

ajσ(−Kbj(x− ti−1) + cj)

+

2M2∑

i=1

[f(xi)− f(xi−1)]

P∑

j=1

ajσ(Kbj(x− ti−1) + cj), (4.3)

f̃(x) =f(−M) +

2M2∑

i=1

[f(xi)− f(xi−1)]σ̃(K(x− ti−1)), (4.4)%� K U<4PC��8C!a.5 (4.1), (4.3) G+ (4.4) Q�fz,

f̂(x) − f̃(x) =
F (a,M,−M)

2M2

2M2∑

i=1

[σ̃(K(x− ti−1)) + σ̃(−K(x− ti−1))− 1]. (4.5)�IF�4, ��4D |σ̃(x)| 6 1. VX σ̃ U sigmoidal �a, mG6g W > 0, OB=
u > W , kW |σ̃(u) − 1| < min( 1

2M2 ,
ε
6C ), = u < −W kW |σ̃(u)| < min( 1

2M2 ,
ε
6C ). 0

K > 0 Æ� K
2M > W .

(a) ? x < −M K, W x− ti−1 < − 1
2M , K(x− ti−1) < −W - −K(x− ti−1) > W Z

i = 1, · · · , 2M2 'x. M4
|f̂(x)− f̃(x)| 6 C

2M2

2M2∑

i=1

|σ̃(K(x− ti−1))|+ |σ̃(−K(x− ti−1))− 1|

6
C

2M2
· 2M2 ·

( ε

6C
+

ε

6C

)
<

ε

2
, (4.6)

|f̃(x)− f(x)| 6 |f(−M)− f(x)| +
2M2∑

i=1

|[f(xi)− f(xi−1)]σ̃(K(x− ti−1))|

6
ε

3
+ 2M2 · ε

6

1

2M2
=

ε

2
. (4.7)

(b) ? x > M K, W x − ti−1 > 1
2M , K(x − ti−1) > W - −K(x − ti−1) < −W Z
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i = 1, · · · , 2M2 'x. M4
|f̂(x)− f̃(x)| 6 C

2M2

2M2∑

i=1

|σ̃(K(x− ti−1))− 1|+ |σ̃(−K(x− ti−1))|

6
C

2M2
· 2M2 ·

( ε

6C
+

ε

6C

)
<

ε

2
, (4.8)

|f̃(x)− f(x)| 6 |f(M)− f(x)|+
2M2∑

i=1

|f(xi)− f(xi−1)||σ̃(K(x− ti−1))− 1|

6
ε

3
+ 2M2 · ε

6
· 1

2M2
=

ε

2
. (4.9)

(c) ? x ∈ [xk−1, xk] K, = i = k k |x − ti−1| 6 1
2M ; = i < k k x − ti−1 > 1

2M ; =
i > k k x− ti−1 < − 1

2M . M4
|f̂(x) − f̃(x)| 6 C

2M2

k−1∑

i=1

|σ̃(K(x− ti−1))− 1|+ |σ̃(−K(x− ti−1))|

+
C

2M2

2M2∑

i=k+1

|σ̃(K(x− ti−1))|+ |σ̃(−K(x− ti−1))− 1|

+
C

2M2
|σ̃(K(x− tk−1)) + σ̃(−K(x− tk−1))− 1|

<
C

2M2
· (2M2 − 1) ·

( ε

6C
+

ε

6C

)
+

3C

2M2
<

ε

2
, (4.10)

|f̃(x) − f(x)| 6 |f(xk−1)− f(x)|+
k−1∑

i=1

|f(xi)− f(xi−1)||σ̃(K(x− ti−1))− 1|

+ |f(xk)− f(xk−1)||σ̃(K(x− tk−1))|

+

2M2∑

i=k+1

|f(xi)− f(xi−1)||σ̃(K(x− ti−1))|

<
ε

6
+ k · 1

2M2

ε

6
+

ε

6
+ (2M2 − k) · 1

2M2

ε

6
<

ε

2
. (4.11)�Am`, 6g N ∈ Z � f̂ ∈ Mσ

N (R), OB
|f(x)− f̂(x)| < ε, x ∈ (−∞,+∞). (4.12)

§4.2 ,C 3.2 )uLoC 4.1 =�a f(x) ∈ C2[0, 1], k6gwva N �!a ci, yi, θi, i = 1, · · · , N , OB
∣∣∣f(x)−

N∑

i=1

ciσ1(yix+ θi)
∣∣∣ = O

( 1

N2

)
(4.13)ZmW x ∈ [0, 1] 'x.
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i
N
, i = 0, 1, · · · , N . 0

f̃(x) = f(x0) +

N∑

i=1

[f(xi)− f(xi−1)]σ1

( x− xi−1

xi − xi−1

)
. (4.14)? x ∈ [xk−1, xk] K, f̃(x) f-�

f̃(x) = f(x0) +
N∑

i=1

[f(xi)− f(xi−1)]σ1

( x− xi−1

xi − xi−1

)

= f(x0) +
k−1∑

i=1

[f(xi)− f(xi−1)] + [f(xk)− f(xk−1)]
x− xk−1

xk − xk−1

= f(xk−1) +
f(xk)− f(xk−1)

xk − xk−1
(x− xk−1).VX f(x) ∈ C2[0, 1],

f(x) = f(xk−1) + f ′(xk−1)(x− xk−1) + f ′′(xk−1)(x − xk−1)
2 + o((x − xk−1)

2). (4.15)M4 |f(x)− f̃(x)| = O((x − xk−1)
2) = O( 1

N2 ).oC 4.2 =�a f(x) ∈ C2[0, 1], k6gwva N �!a ci, yi, θi, i = 1, · · · , N , OB
|f(x)−

N∑

i=1

ciReLU(yix+ θi)| = O
( 1

N2

)
(4.16)ZmW x ∈ [0, 1] 'x.oC 4.2 )uL ZX σ1(x) = ReLU(x) − ReLU(x − 1), V (2.7) QfB σ1(x) +

σ1(1− x) = 1. >%:< (4.14) QB�
f̃(x) = f(x0)[ReLU(x)− ReLU(x− 1) + ReLU(1− x)− ReLU(−x)]

+
M∑

i=1

[f(xi)− f(xi−1)]
[
ReLU

( x− xi−1

xi − xi−1

)
− ReLU

( x− xi

xi − xi−1

)]
. (4.17)M4f0 N = 2M + 4, G+�a ci, yi, θi, i = 1, · · · , N , OB N∑

i=1

ciReLU(yix + θi) = f̃(x)� (4.16) Q'x.oC 4.3 =�a f(x) ∈ C2[0, 1], σ U PWL �a. k6gwva N G+!a ci, yi,

θi, i = 1, · · · , N , OB
∣∣∣f(x)−

N∑

i=1

ciσ(yix+ θi)
∣∣∣ = O

( 1

N2

)
(4.18)ZmW x ∈ [0, 1] 'x. 4�, =

∣∣∣f(x)−
N∑

i=1

ciσ(yix+ θi)
∣∣∣ = o

( 1

N2

)
(4.19)ZmW x ∈ [0, 1] 'x, k f(x) FPU!4�a, f-� f(x) = ax+ b.
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ReLU(x) =
σ(a+ r0

2 x)− σ(a+ r0
2 x− r0

2 )− σ(a) + σ(a− r0
2 )

(σ′(a+)− σ′(a−)) r02
, x ∈ [−1, 1], (4.20)%� a U σ C7WJ, Æ� σ′(a+) 6= σ′(a−), r0 U a [%n7WJCZq. VX���.V (4.14) Q� σ1 �hC f̃ B�, - σ1(x) = ReLU(x) − ReLU(x − 1), M4Nr 4.1 �CG
85'x. > (4.20) Q:< (4.17) Q, k6gwva N �!a ci, yi θi, i = 1, · · · , N ,OB

f̃(x) =
N∑

i=1

ciσ(yix+ θi) (4.21)Z PWL �a σ 'x. 4�, = |f(x) − f̃(x)| = o( 1
N2 ), ? N → ∞ K, W f ′′(x) = 0, M4

f(x) U!4�a.,C 3.2 )uL pdX� [3] �Cx�e`, > f(x) SG�CeQ?�� [−1, 1]dAC�a g(x): g(x1, · · · ,−xk, · · · , xd) = g(x1, · · · , xk, · · · , xd), -? x ∈ [0, 1]d K, g(x) =

f(x). M4{X Bochner-Riesz Means [20] CGÆ, ZX α > d−1
2 ,

Bα
R(f)(x) =

∑

m∈Z
d

|m|6R

(
1− |m|2

R2

)α
f̂(m)e2πim·x (4.22)g R → ∞ AF�Z|� f , %� f̂(m) U f C m-th qtE�a.M4Z7JC ε > 0, 6g R, OBZ7JC x = (x1, · · · , xd) ∈ [−1, 1]d, |Bα

R(f)(x) −
f(x)| < ε

2 'x. VqtE�aCPKG+ g(x) CZ&4, ��fG>A`�EQ	-�
∣∣∣
∑

|m|6R

dm cos(m · x)− g(x)
∣∣∣ < ε

2
, (4.23)%� dmULa. �Pm,� u = m·x,Z7JC x ∈ [0, 1]d, |u| 6

d∑
i=1

|mi| 6
√
dR. M4VNr 4.3,ZXiU!4�a σ,W f̃m(u) =

N∑
i=1

ci,mσ(yi,mu+θi,m),OB |f̃m(u)−dm cos(u)| =

O(R2

N2 ). ��B� f̂ ∈ Mσ
N (Rd) G+ |f̂(x) − g(x)| < ε

2 +O(R
3d+2

N2 ).

§4.3 ,C 3.3 )uL��0�C8F, tt��> σ2(x) 	-� m(x), �PK ml(x) = m ◦ · · · ◦m︸ ︷︷ ︸
l

(x), %�m� ◦ �S�aCo�. ��W
max
x∈[0,1]

∣∣∣x−
l∑

i=1

1

4i
mi(x)− x2

∣∣∣ = 1

4l+1
. (4.24)ZX7J PWL �a σ, 4D a U σ C7WJ, Æ� σ′(a+) 6= σ′(a−), r0 U a [%n7WJCZq. ��fGuS σ �h m.
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m(x) = k1σ
(
a+

r0

2
x
)
+ k2σ

(
a+

r0

2

(
x− 1

2

))
+ k2σ

′(a−)
r0

4
− (k1 + k2)σ(a), x ∈ [0, 1],

(4.25)%�
k1 =

4

r0σ′(a+)
· σ

′(a+) + σ′(a−)

σ′(a+)− σ′(a−)
, k2 =

−8

r0(σ′(a+)− σ′(a−))
.? σ′(a+) = 0 K,

m(x) = k1σ
(
a− r0

2
x
)
+ k2σ

(
a− r0

2

(
x− 1

2

))
− (k1 + k2)σ(a), x ∈ [0, 1], (4.26)%�

k1 =
−4

r0σ′(a−)
, k2 =

8

r0σ′(a−)
.��,

|x| = k
[
σ
(
a+

r0

2
x
)
+ σ

(
a− r0

2
x
)
− 2σ(a)

]
, x ∈ [−1, 1], (4.27)%�

k =
2

r0(σ′(a+)− σ′(a−))
."XA`��, ��y.G�Nr.oC 4.4 4D σ U PWL �a, kZ7Jva L > 3, 6g f̂ ∈ Sσ

L,2([−1, 1]), OB
|x2 − f̂(x)| 6 4−L ZmW x ∈ [−1, 1] 'x.oC 4.4 )uL g4, ��LuS (4.25) Qy.C�Q�he`max�, [uS
(4.26) QCx��)pd. PKO�� {y1:L,1:2} ;�:

y1,1 = σ(a+
r0

2
x), y1,2 = σ

(
a− r0

2
x
)
,

y2,1 = σ
(
a+

r0

2
k(y1,1 + y1,2 − 2σ(a))

)
,

y2,2 = σ
(
a− r0

4
+

r0

2
k(y1,1 + y1,2 − 2σ(a))

)
,

yl,1 = σ
(
a+

r0

2
(k1yl−1,1 + k2yl−1,2 + c)

)
, l = 3, · · · , L,

yl,2 = σ
(
a− r0

4
+

r0

2
(k1yl−1,1 + k2yl−1,2 + c)

)
, l = 3, · · · , L, (4.28)%� c = k2σ

′(a−)r0
4 − (k1 + k2)σ(a). V��fz, |x| = k(y1,1 + y1,2 − 2σ(a)), ml(|x|) =

k1yl+1,1 + k2yl+1,2 + c, l = 1, · · · , L− 1 Z7J x ∈ [−1, 1] 'x. �
f̂(x) = |x| −

L−1∑

i=1

1

4i
mi(|x|),k f̂ ∈ Sσ

L,2([−1, 1]), - |x2 − f̂ | 6 4−L ZmW x ∈ [−1, 1] 'x.[� [13] �CNr 10 CW�}, ��y.G�Nr.
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∑

|k|6p

akx
k,

x ∈ [−1, 1]d, k = (k1, · · · , kd) ∈ Nd, W
dist(Pp,Sσ

2(p+d

d )(p−1)L,3
) < 2(p− 1) · 4−L

∑

|k|6p

|ak|, (4.29)%�
dist(φ,S) = inf

f∈S
max

x∈[−1,1]d
|φ(x)− f(x)|.oC 4.5 )uL VX

xy =
(x+ y

2

)2
−
(x− y

2

)2
,M4 dist(xy,Sσ

2L,2) 6 2 · 4−L. V��`,

dist(Mp(x) = xi1xi2 · · ·xip ,Sσ
2(p−1)L,3) 6 2(p− 1) · 4−L, x ∈ [−1, 1]d,%� i1, · · · , ip ∈ {1, 2, · · · , d}. VX ∑

|k|6p

=
(
p+d
d

)
, (4.29) Q'x.,C 3.3 )uL x��)�, ⌊·⌋ � ⌈·⌉ i��S(�0v�(A0v�a. Z7JC δ ∈ (0, 1) G+ ε ∈ (0, 1

e ), � p = ⌈ 1
δ
ln 1

ε
⌉ > 2. �IF�4, 4D ∑

k

|ak| = 1, ��x6g f̂ ∈ Sσ
L,3(R

d), OB ‖f − f̂‖∞ < 2ε, %� L = ⌈[e( 1
dδ

ln 1
ε
+ 1)]max(2d,3)⌉. 0

f(x) = Pp(x) +R(x) :=
∑

|k|6p

akx
k +

∑

|k|>p

akx
k.VX ln(1− δ) < −δ, fGB�

|R(x)| < (1− δ)p < ε, x ∈ [−1 + δ, 1− δ]d.VNr 4.5, W dist(Pp,Sσ
L,3) < 2(p− 1) · 4−L′

, %� L′ = ⌊2−1L
(
p+d
p

)−1
(p− 1)−1⌋.g d = 1 C.2�, L′ = ⌊ 1

2
1

p2−1⌈e3(1δ ln 1
ε
+ 1)3⌉⌋, M4

L′ >
1

2

1

p2 − 1
e3p3 − 1 > 10p− 1

> 10
1

δ
log

1

ε
− 1 > 1 + log

(1
δ
log

1

ε

)
+ log

1

ε
.5\

2(p− 1) · 4−L′

< 2(p− 1)
(
e · 1

δ
log

1

ε
· 1
ε

)−1

< ε.? d > 2 K, S Stirling �.fGB�
L′ > 2−1L

(
p+ d

p

)−1

(p− 1)−1 − 1

>
1

2

√
2πd

(
d
e

)d

(p+ d)d
1

p
L− 1

>

√
2πd

2

[
e
(p− 2

d
+ 1
)]d

p−1 − 1.
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L′ ln 4 > 1 + 2

1

δ
ln

1

ε
> 1 + ln

(1
δ
ln

1

ε

)
+

1

δ
ln

1

ε
,�-

2(p− 1) · 4−L′

< ε.mG6g f̂ ∈ Sσ
L,3(R

d), OB ‖f − f̂‖∞ 6 ‖f − Pp‖∞ + ‖Pp − f̂‖∞ < 2ε.

§5 XxUkg�E�, ��i�M3�*� PWLNN � PWL-DNN Z [−1, 1] A x2 �a
NCa~L�.

§5.1 P& PWLNN\�, ��=T� f̂ ∈ Mσ
N (R) Z x2, x ∈ [−1, 1] C
N�y. ��9j�w� 3.1 �C Leaky ReLU �a (α = 0.5) �w� 3.2 �C ReLU6 �a��GR��C' �a.��{Xw� 3.1 �w� 3.2 �C�Q-P�*� PWLNN C1	�!�,

Leaky ReLU :





f̂(x) = x2
0 +

N
2∑

i=1

[x2
i − x2

i−1]σ1

( x− xi−1

xi − xi−1

)
,

σ1(x) = − α

1− α
+

σ(x)

1− α
− σ(x− 1)

1− α
,

xi = −1 +
4i

N
, i = 0, · · · , N

2
,

ReLU6 :





f̂(x) = x2
0 +

N∑

i=1

[x2
i − x2

i−1]σ1

( x− xi−1

xi − xi−1

)
,

σ1(x) =
1

6
σ(6x),

xi = −1 +
2i

N
, i = 0, · · · , N.g<}�)�, ��G`e�� (MSELoss)����a, OS Adam U�(M:���a, D�:��� 10−5,  �8)� 128, ��A<} 100	|�C
N4�. <}aX*� {(xi, x

2
i )}1024i=0 , %� xi = −1 + i

1024 .$ 1 T�s2Y.Q' PWLNN !=iO+qg
N 4 8 16 32 64

ReLU6
E0 6.250E-02 1.563E-02 3.906E-03 9.766E-04 2.441E-04

E100 5.901E-02 1.361E-02 3.008E-03 7.554E-04 1.940E-04

Leaky ReLU
E0 2.500E-01 6.250E-02 1.563E-02 3.906E-03 9.766E-04

E100 2.445E-01 5.569E-02 1.081E-02 2.732E-03 9.369E-04
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N��, , max
x

|x2 − f̂(x)|, E100�S��<} 100 	�C
N��.{X� 1, ��fGB�G�G
:

(1) ZX' �a ReLU6, ��g<})NdX x2, ��� N−2, <} 100 	�
N��9).

(2) ZX' �a Leaky ReLU(α = 0.5), ��g<})NdX x2, ��� 4N−2, <} 100 	�
N��9).t+G
[Nr 4.3 � O( 1
N2 ) C�.F�. ReLU6 �a� Leaky ReLU �aC.l|7C
N�LgX~r σ1 C�7eQ�}.

§5.2 PWL-DNNS}K, ��pl� f̂ ∈ Sσ
L,2(R) Z x2, x ∈ [−1, 1] C
N�y. �aC-P��dNr

4.4 �C (4.28) Q. 0�> �8)Lv� 16, %Z�E[<}*� PWLNN KC.2#}. L�GÆ;� 2 mS.$ 2 aJ'Y. PWL-DNN !=iO+qg
L 2 3 4 5 6

ReLU6
E0 6.250E-02 1.563E-02 3.906E-03 9.766E-04 2.441E-04

E100 4.291E-02 1.075E-02 2.479E-03 7.172E-04 1.882E-04

Leaky ReLU
E0 6.250E-02 1.563E-02 3.906E-03 9.766E-04 2.441E-04

E100 4.242E-02 1.053E-02 2.641E-03 6.438E-04 1.727E-04{X� 2, ��fGB�G�G
:

(1) ZX' �a ReLU6, ��g<})Nd x2, ��� 4−L, <} 100 	�
N��9).

(2)ZX' �a Leaky ReLU(α = 0.5),��g<})Nd x2, ��� 4−L, <} 100	�
N��9).t+G
[Nr 4.4� 4−L C�.F�.VX���SCF�4, ReLU6 �a�S.[ Leaky ReLU �a#dC
N�y.

§6 Z�G��2�, ��fG
�, � [3] t~�"X Bochner-Riesz Means Ci��a
NCe`. 4�, � [13]N<�zd{CGR��G�, �
NH��at~�(8CÆu. g4"1A, ��>A`�d���C' �anm� PWL �a (w; Leaky ReLU �a,

ReLU6 �a, APL �a� SReLU �a), �=x*��E�iU!4GR��C
NPr. a~L�CGÆC[��Cr
G
F�.iU!4�a>!44[h!44G�&o, GL�.�C�0� 4, !44IWuXGR��C
N. fG℄�, �
U*��UE�iU!4GR��, R�{�iU
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N��AJ� ε
2 + O(R

3d+2

N2 ). {�E�iU!4GR��C�Q�h, ��℄�ZXH��a, ��fG{�ESCXN\hjSCl3GL��af�C
N.��
Bq
*�iU!4GR���E�iU!4GR��Z�aC
N�y.��>gC�oC=T�q
iU!4GR��Z
��i�C
N�y. ZXE�iU!4GR��, ��uSiU!4�aCFw7WJ�h.#QC[*�a. 5\, UkfGuSiU!4�aC�/^ (��AUiU!4�avvCh!44) 3f
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Abstract With the wide application of Piece Wise Linear (PWL for short) functions,

this paper attempts to address the approximation theory on Piece Wise Linear Neural

Networks (PWLNNs for short) for both shallow networks and deep neural networks (DNNs

for short). The authors extend the universal approximation theorem of three-layer Multi-

Layer Perceptrons (MLPs for short) with PWL functions and bound the error by the number

of hidden neurons. The authors give an explicit way of constructing sawtooth functions from

PWL functions, and thus prove analytic functions can be approximated at an exponentially

convergent rate by stacking depth rather than increasing width. Numerical experiments are

also provided to verify the conclusions.
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