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§1 j
BrdEM
>f/.�sR;�GW�+zW�&; Cauchy �.



�gSu = f(v, vt), (t, x) ∈ R+ × Ω,

�gSv = f(u, ut), (t, x) ∈ R+ × Ω,

(u, ut, v, vt)(0, x) = ε(u0, u1, v0, v1)(x), x ∈ Ω,

(1.1)n� �gS = 1
F (r)(∂

2
t − F (r)

r2
∂r(r

2F (r))∂r − F (r)
r2

∆S2) � Schwarzschild KM gS G;�$!,

F (r) = 1 − 2M
r
. Ω = {(r, w)

∣∣2M < r < ∞, w ∈ S2} ��|I;6�. YM_R�r�z[�sR f(v, vt) =
1

Γ(α)

∫ t

0 (t− τ)α−1|v(τ, x)|qdτ , f(u, ut) = 1
Γ(α)

∫ t

0 (t− τ)α−1|ut(τ, x)|pdτ ,&zx\([�sR f(v, vt) = 1
Γ(α)

∫ t

0
(t − τ)α−1(|vt(τ, x)|p1 + |v(τ, x)|q1 )dτ , f(u, ut) =

1
Γ(α)

∫ t

0 (t−τ)α−1|u(τ, x)|q2dτ ,&zx6�[�sR f(v, vt) =
1

Γ(α)

∫ t

0 (t−τ)α−1(|vt(τ, x)|p1+

|v(τ, x)|q1 )dτ , f(u, ut) = 1
Γ(α)

∫ t

0
(t − τ)α−1|ut(τ, x)|p2dτ p�&z[�sR f(v, vt) =

1
Γ(α)

∫ t

0
(t − τ)α−1(|vt(τ, x)|p1 + |v(τ, x)|q1 )dτ , f(u, ut) = 1

Γ(α)

∫ t

0
(t − τ)α−1(|ut(τ, x)|p2 +

|u(τ, x)|q2)dτ . YM_R;��Z# 0 < α < 1, 1 < p, p1, p2, q, q1, q2 < ∞. Γ(α) =∫ +∞

0 tα−1e−tdt : Gamma t�. ��!� u0(x), u1(x), v0(x), v1(x) �Y℄t��s�}: 0. ��� R1 < R2, �sZ#
supp (u0(x), u1(x), v0(x), v1(x)) ⊂ {2M +R1 6 r 6 2M +R2} × S
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ε �=�!�,Us [U;���.-B, i�YM_�GW�n~bOf/$o. 4� Minkowski �>�YM_�GW�; Cauchy �. 




�u = f(u, ut), (t, x) ∈ R
+ × R

n,

(u, ut)(0, x) = ε(u0, u1)(x), x ∈ R
n

(1.2)&;kQ�nÆa�KgÆ�8kVi� (� [1–8]), n� � = ∂2t −∆ �� MinkowskiKMG;�$!. 4YM_R: f(u, ut) = |u|p �, �. (1.2) 4~ Strauss S(�� pS(n).4 n > 2 �, pS(n) :Q(W�
−(n− 1)p2 + (n+ 1)p+ 2 = 0;�d. 4 n = 1 �, pS(1) = ∞. 4 f(u, ut) = |u|p, p > 2 �, > [7] �_O!;t℄�.

(1.2) ;Æ0&;+�_. 4 f(u, ut) = |u|p, 1 < p < pS(n) (n > 3) �, > [8] H{ Kato xFf/(S(t℄ÆF��GW�!
��.;&;kQ�nÆa�K;�(gÆ. >
[5] �_O(S(t℄6w��Q;�GW��+�Æ0&. > [1, 3] H{�ht�WS
"S(t℄�.;&��~L��kQ. 4YM_R: f(u, ut) = |ut|p �, �. (1.2)4~ Glassey �� pG(n) = 1 + 2

n−1 , n�U!��.;&�kQx+�Æ0&;[(A.2q6"�7[�=�, > [8] �(S(xS(t℄ (1 < p 6 pG(n)) �J�. (1.2) &;Æa�K;�(gÆ.

Minkowski �>�.\(�sR;�GW�; Cauchy �.



�u = Nα,p(u), (t, x) ∈ R
+ × R

n,

(u, ut)(0, x) = ε(u0, u1)(x), x ∈ R
n

(1.3)xpbOi�, n� Nα,p(u) =
1

Γ(α)

∫ t

0 (t − τ)|u(τ, x)|pds (� [9–13]). �r8�. (1.3) 4~S(�� pS(n, α). 4 n = 1 �, pS(n, α) = ∞. 4 n > 2 �, pS(n, α) �GPQ(W�;�d
−(n− 1)p2 + (n+ 2α+ 1)p+ 2 = 0.> [9] H{C0WS:8�. (1.3) ;&;kQ$oxÆa�K;�(gÆ. �r84

α → 0 �, S(�� pS(n, α) v-� Strauss �� pS(n). 2qf
X;Vt�H{ KatoxF, > [12] �_.\(�sR;k;�GW�;!
��.&;kQ.> [11] f/O.%eRx\(�sR;�GW�;U!��.



�u+ h(ut) = Nα,p(u), (t, x) ∈ R
+ × R

n,

(u, ut)(0, x) = ε(u0, u1)(x), x ∈ R
n.

(1.4)4 h(ut) = ut �, H{�ht�WS:8 n ;>���. (1.4) ;&;kQ. T6, >;>� 1 6 n 6 3 �, H{�zdMS:8�.+�Æ0&. 4%eR:$f%eR
h(ut) = µ(−∆)

σ
2 ut (µ > 0, 0 < σ < 2), n > 1 �, > [10] �_O�. (1.4) �+�Æ0&,�H{�ht�WS:8&��~L��kQ. eO$o��> [14–19].
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Minkowski �>�YM_�GW�+zW�&; Cauchy �.



utt −∆u = f(v, vt), (t, x) ∈ R
+ × R

n,

vtt −∆v = f(u, ut), (t, x) ∈ R
+ × R

n,

(u, ut, v, vt)(0, x) = ε(u0, u1, v0, v1)(x), x ∈ R
n

(1.5)n	bOd�f/ (� [20–25]). > [23] H{�ht�WSf/ Moore-Gibson-ThompsonW�+zW�&&;Æa�K;�(gÆ. n�YM_R�r\(YM_R f(v, vt) =

|v|p, f(u, ut) = |u|q, 6�YM_R f(v, vt) = |vt|p, f(u, ut) = |ut|q p�&zYM_R
f(v, vt) = |vt|p1 + |v|q1 , f(u, ut) = |ut|p2 + |u|q2 . > [20] H{C0WS:8.k�YM_�sR f(v, vt) = g1 ∗ |v|p, f(u, ut) = g2 ∗ |u|q ;�. (1.5) ;&;1�+�_p�&;kQ_). 4�8W g1(t) � g2(t) M&;kQ_);O~yP. > [21]�_O(S(xS(t℄.�z�sR f(v, vt) = |v|q, f(u, ut) = |ut|p ;�. (1.5) &;Æa�K;�(gÆ.>
[25] f/.�
%eRx�z�sR f(v, vt) = |v|q, f(u, ut) = |ut|p ;�. (1.5). H{C0WSxriWS�J(S(xS(�&;Æa�K;�(gÆ. H{�ht�WSxC0WS, > [22]�(S(xS(t℄
".%eRx&z�sR f(v, vt) = |vt|p1 + |v|q1 ,
f(u, ut) = |ut|p2 + |u|q2 ;�GW�+zW�&&;Æa�K;�(gÆ.-B, kVd�f/ Schwarzschild �>�.U!�;YM_�GW�; Cauchy �. 




�gSu = f(u, ut), (t, x) ∈ R
+ × Ω,

(u, ut)(0, x) = ε(u0, u1)(x), x ∈ Ω
(1.6)&;Æa�KgÆ.> [26]f/ Schwarzschild�>�;M_�GW�,
�. (1.6)�YM_R: f(u, ut) = 0)&;^:. > [27]�!�Z#kE���,H{ Regge-Wheeler)�Æ�:8 f(u, ut) = |u|p (1 < p < 1+

√
2)��. (1.6)&;kQ.�r8��1��juU!�;�
�E|I. 4 p > 1+

√
2�,> [28]� Kerr�>�2q��!�4~+�
, :8�GW�&;Æ0+�_. 4U!��4~+�
�, > [29] ��;x!; Schwarzschildp� Kerr �>��S(t℄
"�GW�;Æ0&;+�_. 2qx�Lb�4;�ht��sH{ Kato xF, > [30] �_.U!�s f(u, ut) = Nα,p(u) (2 6 p < pS(3, α)) ��. (1.6) ;Æ0&;�+�_, 3<
"&;Æa�KgÆ. 4 2 6 p 6 1 +

√
2 �, >

[31] � Schwarzschild p� Kerr �>�
" f(u, ut) = |u|p � Cauchy �. (1.6) ;&;Æa�K;G(gÆ. > [32] 2q6"�7[�=�:8 f(u, ut) = |u|p (32 6 p 6 2) ��. (1.6) &;Æa�K;�(gÆ, n�!�;�
<p9-�(. 4 1 < p 6 2 �, >
[33] :8 f(u, ut) = |ut|p ��. (1.6) &;kQ�nÆa�K;�(gÆ. n�nyB!�;�
�E|I;L�1�. eOOi$o�> [34–36].�> [20–23, 25, 30] ;qR, 
>f�_.�sR;YM_�GW�+zW�&;
Cauchy �.&;Æa�K;�(gÆ. }�YM_�sR;"I, > [32] �{; Kato xFp�> [21] H{;�ht�WS6��{�
>;�.. d2�4;YM_Rp�YM_R��;�4x�U8, 
>H{> [20, 22, 25] ��{;C0WS�J&;Æa�KgÆ. �r8 Minkowski �>� Schwarzschild �>;-�t℄. 
> > [20] �j+
Minkowski �>�f/;�.5k: Schwarzschild �>�;�.. 4 1 < p < pS(3, α) �
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�E|I�, > [30] � Schwarzschild �>�f/.\(�sR;2b�GW�&;kQ. �r8> [20, 30] �	<:8&;Æa�K;gÆ.
> > [21, 25] �8W;YM_R5k: Schwarzschild KMG;YM_�sR (�EF 1.1). �r8
>
" Schwarzschild �>�n'YM_RM�. (1.1) &;Æa�KgÆ;yP. �sYM_R�r&zx\([�sR�&zx6�[�sRp�&z[�sR (�EF 1.2–1.4).2n~>J%�, EF 1.1–1.4 �;$o�X;.�� Regge-Wheeler )�Æ�
s(r) = r + 2M ln(r − 2M),�. (1.1) <�:





utt − uss −
2F (s)

r(s)
us −

F (s)

r2(s)
∆S2u = F (s)f(v, vt), (t, s) ∈ R

+ × R,

vtt − vss −
2F (s)

r(s)
vs −

F (s)

r2(s)
∆S2v = F (s)f(u, ut), (t, s) ∈ R

+ × R,

(u, ut, v, vt)(0, s) = ε(u0, u1, v0, v1)(s), s ∈ R.:��, 8W.T& (u(t, s), v(t, s)). U ū(t, s) = r(s)u(t, s), v̄(t, s) = r(s)v(t, s), �~




ūtt − ūss +W (s)ū = f1(s, v̄, v̄t), (t, s) ∈ R
+ × R,

v̄tt − v̄ss +W (s)v̄ = f2(s, ū, ūt), (t, s) ∈ R
+ × R,

(ū, ūt, v̄, v̄t)(0, s) = ε(ū0, ū1, v̄0, v̄1)(s), s ∈ R,

(1.7)n� W (s) = 2MF (s)
r3(s) . ��!� ū0(s), v̄0(s) ∈ H1(R), ū1(s), v̄1(s) ∈ L2(R) �Y℄j�t�, �s�}: 0. '6, +���� R �:

supp (ū0(s), ū1(s), v̄0(s), v̄1(s)) ⊂ {s
∣∣ |s| 6 R}.d2�GW�4~~L%�#K;_�<�, 4!�4~+�
�, &�}r�=4~+�
. w', 
>��&4~+�
.G^
"
>�kV�v.

ΓSG,1(p, q)

= max
{
− 1 +

α+ 1

p
+
α+ 1 + (α+ 2)p−1

pq − 1
, −1 +

α

q
+
α+ 2 + (α+ 1)q−1

pq − 1

}
,

ΓSG,2(p, q)

= max
{
− 1 +

α+ 2

p
+
α+ 1 + (α+ 2)p−1

pq − 1
, −1 +

α+ 1

q
+
α+ 2 + (α+ 1)q−1

pq − 1

}
,

ΓSG,3(p, q)

= max
{
− 1 +

α+ 3

p
+
α+ 3 + αp−1

pq − 1
, −1 +

α− 1

q
+
α+ 4 + (α − 1)q−1

pq − 1

}
,

ΓSG,4(p, q)

= max
{
− 1 +

α

p
+
α+ 3 + αp−1

pq − 1
, −1 +

α+ 2

q
+
α+ (α + 3)q−1

pq − 1

}
,
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ΓCS,1(p1, q1, q2)

= max
{
− 1 +

α+ 1

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 1

q2
+
α+ 2 + (α + 2)q−1

2

q1q2 − 1

}
,

ΓCS,2(p1, q1, q2)

= max
{
− 1 +

α+ 2

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 2

q2
+
α+ 2 + (α + 2)q−1

2

q1q2 − 1

}
,

ΓCS,3(p1, q1, q2)

= max
{
− 1 +

α

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 1

q2
+
α+ 2 + (α+ 2)q−1

2

q1q2 − 1

}
,

ΓCS,4(p1, q1, q2)

= max
{
− 1 +

α+ 3

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 2

q2
+
α+ 2 + (α + 2)q−1

2

q1q2 − 1

}
,

ΓCG,1(p1, p2, q1)

= max
{
− 1 +

α

p1
+

(α+ 2)q1 + α+ 1

p1(q1p2 − 1)
, −1 +

α+ 1

p2
+
α+ 1 + (α+ 2)p−1

2

q1p2 − 1

}
,

ΓCG,2(p1, p2, q1)

= max
{
− 1 +

α+ 1

p1
+

(α+ 2)q1 + α+ 2

p1(q1p2 − 1)
, −1 +

α+ 2

p2
+
α+ 1 + (α + 2)p−1

2

q1p2 − 1

}
,

ΓCG,3(p1, p2, q1)

= max
{
− 1 +

α− 1

p1
+

(α+ 2)q1 + α+ 1

p1(q1p2 − 1)
, −1 +

α+ 1

p2
+
α+ 1 + (α + 2)p−1

2

q1p2 − 1

}
,

ΓCG,4(p1, p2, q1)

= max
{
− 1 +

α+ 2

p1
+

(α+ 2)q1 + α+ 1

p1(q1p2 − 1)
, −1 +

α+ 2

p2
+
α+ 1 + (α + 2)p−1

2

q1p2 − 1

}
,

ΓCC,1(p1, p2, q1, q2)

= max
{
− 1 +

α

p1
+

(α+ 4)q1 + α

p1(q1q2 − 1)
, −1 +

α+ 3

p2
+
αq2 + α+ 4

p2(q1q2 − 1)

}
,

ΓCC,2(p1, p2, q1, q2)

= max
{
− 1 +

α+ 3

p1
+
αq1 + α+ 4

p1(q1q2 − 1)
, −1 +

α

p2
+

(α+ 4)q2 + α

p2(q1q2 − 1)

}
,

ΓCC,3(p1, p2, q1, q2)

= max
{
− 1 +

α+ 3

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 2

p2
+

(α + 2)q2 + α+ 2

p2(q1q2 − 1)

}
,

ΓCC,4(p1, p2, q1, q2)

= max
{
− 1 +

α+ 2

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 3

p2
+

(α + 2)q2 + α+ 2

p2(q1q2 − 1)

}
,
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ΓCC,5(p1, p2, q1, q2)

= max
{
− 1 +

α

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α+ 1

p2
+

(α+ 2)q2 + α+ 2

p2(q1q2 − 1)

}
,

ΓCC,6(p1, p2, q1, q2)

= max
{
− 1 +

α+ 1

p1
+

(α+ 2)q1 + α+ 2

p1(q1q2 − 1)
, −1 +

α

p2
+

(α+ 2)q2 + α+ 2

p2(q1q2 − 1)

}
.

X ∼ Y ��+���� C, �: C−1Y 6 X 6 CY .G^
"�. (1.7) ;=x&;1�+�_xF.iK 1.1 [37] �� ū0(s), v̄0(s) ∈ H1(R), ū1(s), v̄1(s) ∈ L2(R) 6:4~+�
;t�,�sZ# supp (ū0(s), ū1(s), v̄0(s), v̄1(s)) ⊂ {s
∣∣ |s| 6 R}. �+���� T , �:�. (1.7)4~9k1� (i���) =x& (ū, v̄) ∈ (C([0, T ), H1(R)) ∩ C1([0, T ), L2(R)))2.
>�j$o�G.7K 1.1 U p > 1, q > 1. �YM_R: f1(s, v̄, v̄t) = h2(s)Nα,q(v̄) = 1

Γ(α)

∫ t

0 (t −
τ)α−1h2(s)|v̄|qdτ , f2(s, ū, ūt) = h1(s)Nα,p(ūt) =

1
Γ(α)

∫ t

0 (t−τ)α−1h1(s)|ūt|pdτ ;�. (1.7);& (ū, v̄) Z# supp (ū, v̄) ⊂ {(t, s) ∈ [0, T )×R
∣∣ |s| 6 t+R}, � (ū, v̄) ��~L��
kQ, �s&;Æa�K;�(;gÆZ#

T (ε) 6





Cε−Γ−1
SG,1(p,q), ΓSG,1 > 0, p > 2, q > 2,

1

2
6 α < 1,

Cε−Γ−1
SG,2(p,q), ΓSG,2 > 0, 1 < p < 2, 1 < q < 2, 0 < α < 1,

Cε−Γ−1
SG,3(p,q), ΓSG,3 > 0, p > 2, 1 < q < 2,

1

2
6 α < 1,

Cε−Γ−1
SG,4(p,q), ΓSG,4 > 0, 1 < p < 2, q > 2, 0 < α < 1,

(1.8)n� h1(s) = F (s)r1−p(s), h2(s) = F (s)r1−q(s), C :� ε Bi;���.7K 1.2 U 1 < q1 < 6. �YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t)+ h4(s)Nα,q1(v̄) =
1

Γ(α)

∫ t

0
(t − τ)α−1(h3(s)|v̄t|p1 + h4(s)|v̄|q1)dτ , f2(s, ū, ūt) = h6(s)Nα,q2(ū) = 1

Γ(α)

∫ t

0
(t −

τ)α−1h6(s)|ū|q2dτ ;�. (1.7) ;& (ū, v̄) Z# supp (ū, v̄) ⊂ {(t, s)
∣∣ |s| 6 t+R}, � (ū, v̄)��~L��
kQ, �s&;Æa�K;�(;gÆZ#

T (ε) 6





Cε−Γ−1
CS,1(p1,q1,q2), ΓCS,1 > 0, p1 > 2, q1 > 2,

q2 > 2,
1

2
6 α < 1,

Cε−Γ−1
CS,2(p1,q1,q2), ΓCS,2 > 0, 1 < p1 < 2, 1 < q1 < 2,

1 < q2 < 2, 0 < α < 1,

Cε−Γ−1
CS,3(p1,q1,q2), ΓCS,3 > 0, 1 < p1 < 2, q1 > 2,

q2 > 2, 0 < α < 1,

Cε−Γ−1
CS,4(p1,q1,q2), ΓCS,4 > 0, p1 > 2, 1 < q1 < 2,

1 < q2 < 2,
1

2
6 α < 1,

(1.9)



1 m ` � u!w J�m Schwarzschild �?�/�tS<�HX�,{X�''<o` 77n� h3(s) = F (s)r1−p1 (s), h4(s) = F (s)r1−q1 (s), h6(s) = F (s)r1−q2 (s), C :� ε Bi;���.7K 1.3 U 1 < q1 < 6. �YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t)+ h4(s)Nα,q1(v̄) =
1

Γ(α)

∫ t

0
(t − τ)α−1(h3(s)|v̄t|p1 + h4(s)|v̄|q1)dτ , f2(s, ū, ūt) = h5(s)Nα,p2(ūt) = 1

Γ(α)

∫ t

0
(t −

τ)α−1h5(s)|ūt|p2dτ ;�. (1.7);& (ū, v̄) Z# supp (ū, v̄) ⊂ {(t, s)
∣∣ |s| 6 t+R},� (ū, v̄)��~L��
kQ, �s&;Æa�K;�(;gÆZ#

T (ε) 6





Cε−Γ−1
CG,1(p1,p2,q1), ΓCG,1 > 0, p1 > 2, p2 > 2,

q1 > 2,
1

2
6 α < 1,

Cε−Γ−1
CG,2(p1,p2,q1), ΓCG,2 > 0, 1 < p1 < 2, 1 < p2 < 2,

1 < q1 < 2, 0 < α < 1,

Cε−Γ−1
CG,3(p1,p2,q1), ΓCG,3 > 0, 1 < p1 < 2, p2 > 2,

q1 > 2,
1

2
6 α < 1,

Cε−Γ−1
CG,4(p1,p2,q1), ΓCG,4 > 0, p1 > 2, 1 < p2 < 2,

1 < q1 < 2,
1

2
6 α < 1,

(1.10)

n� h5(s) = F (s)r1−p2 (s), C :� ε Bi;���.7K 1.4 �� 1 < q1, q2 < 6, 1
2 6 α < 1. �YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t)+

h4(s)Nα,q1(v̄) =
1

Γ(α)

∫ t

0 (t−τ)α−1(h3(s)|v̄t|p1 +h4(s)|v̄|q1)dτ , f2(s, ū, ūt) = h5(s)Nα,p2(ūt)+

h6(s)Nα,q2(ū) =
1

Γ(α)

∫ t

0
(t − τ)α−1(h5(s)|ūt|p2 + h6(s)|ū|q2)dτ ;�. (1.7) ;& (ū, v̄) Z# supp (ū, v̄) ⊂ {(t, s)

∣∣ |s| 6 t+ R}, � (ū, v̄) ��~L��
kQ. �s&;Æa�K;�(;gÆZ#
T (ε) 6





Cε−Γ−1
CC,1(p1,p2,q1,q2), ΓCC,1 > 0, 1 < p1 < 2, p2 > 2,

1 < q1 < 2, q2 > 2,

Cε−Γ−1
CC,2(p1,p2,q1,q2), ΓCC,2 > 0, p1 > 2, 1 < p2 < 2,

q1 > 2, 1 < q2 < 2,

Cε−Γ−1
CC,3(p1,p2,q1,q2), ΓCC,3 > 0, p1 > 2, 1 < p2 < 2,

1 < q1 < 2, 1 < q2 < 2,

Cε−Γ−1
CC,4(p1,p2,q1,q2), ΓCC,4 > 0, 1 < p1 < 2, p2 > 2,

1 < q1 < 2, 1 < q2 < 2,

Cε−Γ−1
CC,5(p1,p2,q1,q2), ΓCC,5 > 0, 1 < p1 < 2, p2 > 2,

q1 > 2, q2 > 2,

Cε−Γ−1
CC,6(p1,p2,q1,q2), ΓCC,6 > 0, p1 > 2, 1 < p2 < 2,

q1 > 2, q2 > 2,

(1.11)



78  e g 7 A 	 45 5n� C :� ε Bi;���.t 1.1 4 α→ 0�, (1.8)�4~�z[�sR;�. (1.1)&;�kbÆa�KgÆ=��> [25] �(S(t℄�;+z�GW�&;Æa�KgÆ (�EF 1.1). 4 α→ 0�,4~&zD[�sR;�. (1.1)=��> [23]�f/;4~&zYM_ |vt|p1 + |v|q1 ,
|ut|p2 + |u|q2 ;�.. {P, }�YM_�sR�;��U8L�, (1.11) �&;Æa�KgÆ�> [23] �EF 1.4 �&;ÆagÆ�4 (�EF 1.4).��

U(t) =

∫

R

ū(t, s)φ0(s)ds, V (t) =

∫

R

v̄(t, s)φ0(s)ds,

U1(t) =

∫

R

ū(t, s)Φ(t, s)ds, V1(t) =

∫

R

v̄(t, s)Φ(t, s)ds,

U2(t) =

∫

R

ūt(t, s)Φ(t, s)ds, V2(t) =

∫

R

v̄t(t, s)Φ(t, s)ds.

§2 8L 1.1 6mP
§2.1 ^=iKfASF47hiK 2.1 [27,30] +��t� φ0(s) Z#

∂2sφ0(s)−W (s)φ0(s) = 0,�s
φ0(s) ∼




s, s→ +∞,

e
s

2M +D, s→ −∞,
(2.1)n� D :���.iK 2.2 [27,30] � A ����. �t� ϕ1(s) ∼ eAs �W�

(
− ∂2s +W (s) +A2

)
ϕ1(s) = 0,;&.�xF 2.2 �U A = 1

2M , <��t� ϕ1(s) ∼ e
s

2M �W�
(
− ∂2s +W (s) +

1

4M2

)
ϕ1(s) = 0 (2.2);&. U Φ(t, s) = e−

t
2M ϕ1(s). �~

Φt(t, s) = − 1

2M
Φ(t, s),

Φtt(t, s) =
1

4M2
Φ(t, s), (2.3)

Φss(t, s)−W (s)Φ(t, s) =
1

4M2
Φ(t, s).



1 m ` � u!w J�m Schwarzschild �?�/�tS<�HX�,{X�''<o` 79iK 2.3 [38] U h(s) = F (s)r1−p(s), �~
∫

R

(h(s))−
1

p−1φ0(s)ds 6




C(t+R)3, p > 2,

C(t+R)e
2−p
p−1 ·

t
2M , 1 < p < 2.

(2.4)iK 2.4 [38] U h(s) = F (s)r1−p(s), �~
∫

R

(h(s)φ0(s))
− 1

p−1 (Φ(t, s))p
′

ds 6




C(t+R)

p−2
p−1 , p > 2,

C(t+R), 1 < p < 2.
(2.5)7h 2.1 �� ū0(s), v̄0(s) ∈ H1(R), ū1(s), v̄1(s) ∈ L2(R), �s

(ū, v̄) ∈ (C([0, T ), H1(R)) ∩ C1([0, T ), L2(R)))2.4�. (1.7) ;YM_R: f1(s, v̄, v̄t) = h2(s)Nα,q(v̄), f2(s, ū, ūt) = h1(s)Nα,p(ūt) �,Z# Nα,q(v̄) ∈ L1
loc([0, T ) × R), Nα,p(ūt) ∈ L1

loc([0, T ) × R). 4�. (1.7) ;YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t) + h4(s)Nα,q1(v̄), f2(s, ū, ūt) = h6(s)Nα,q2(ū) �, Z#
Nα,p1(v̄t) ∈ L1

loc([0, T ) × R), Nα,q1(v̄) ∈ L1
loc([0, T ) × R), Nα,q2(ū) ∈ L1

loc([0, T ) × R).4�. (1.7) ;YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t) + h4(s)Nα,q1(v̄), f2(s, ū, ūt) =

h5(s)Nα,p2(ūt)�,Z# Nα,p1(v̄t) ∈ L1
loc([0, T )×R), Nα,q1(v̄) ∈ L1

loc([0, T )×R), Nα,p2(ūt) ∈
L1
loc([0, T )× R). 4�. (1.7) ;YM_R: f1(s, v̄, v̄t) = h3(s)Nα,p1(v̄t) + h4(s)Nα,q1(v̄),

f2(s, ū, ūt) = h5(s)Nα,p2(ūt)+h6(s)Nα,q2(ū) �,Z#Nα,p1 (v̄t) ∈ L1
loc([0, T )×R),Nα,q1(v̄) ∈

L1
loc([0, T )× R), Nα,p2(ūt) ∈ L1

loc([0, T )× R), Nα,q2(ū) ∈ L1
loc([0, T )× R). �~

∫

R

ūt(t, s)φ(t, s)ds − ε

∫

R

ū1(s)φ(0, s)ds −
∫ t

0

∫

R

ūτ (τ, s)φτ (τ, s)dsdτ

−
∫ t

0

∫

R

ū(τ, s)φss(τ, s)dsdτ +

∫ t

0

∫

R

W (s)ū(τ, s)φ(τ, s)dsdτ

=

∫ t

0

∫

R

f1(s, v̄, v̄τ )φ(τ, s)dsdτ, (2.6)

∫

R

v̄t(t, s)ψ(t, s)ds− ε

∫

R

v̄1(s)ψ(0, s)ds−
∫ t

0

∫

R

v̄τ (τ, s)ψτ (τ, s)dsdτ

−
∫ t

0

∫

R

v̄(τ, s)ψss(τ, s)dsdτ +

∫ t

0

∫

R

W (s)v̄(τ, s)ψ(τ, s)dsdτ

=

∫ t

0

∫

R

f2(s, ū, ūτ )ψ(τ, s)dsdτ, (2.7)n� φ(t, s), ψ(t, s) ∈ C2([0, T )× R), t ∈ [0, T ). � (ū, v̄) �:�. (1.7) ;�&.

§2.2 [V 1.1 4lO4 (2.6) �� f1(s, v̄, v̄t) = h2(s)Nα,q(v̄) �, U φ(t, x) = φ0(x), :8
U ′(t)− U ′(0) =

1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

h2(s)φ0(s)|v̄(σ, s)|qdsdσdτ. (2.8)
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∫

R

h2(s)φ0(s)|v̄(t, s)|qds >
|V (t)|q

(
∫
R
(h2(s))

− 1
q−1φ0(s)ds)q−1

>

{
C(t+R)−3(q−1)|V (t)|q, q > 2,

C(t+R)−(q−1)|V (t)|q, 1 < q < 2.*P<:
U ′(t) >





K

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−3(q−1)|V (σ)|qdσdτ, q > 2,

K

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−(q−1)|V (σ)|qdσdτ, 1 < q < 2.

(2.9)4 (2.7) �� f2(s, ū, ūt) = h1(s)Nα,p(ūt) �, U ψ(t, s) = φ0(s), :8
V ′(t)− V ′(0) =

1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

h1(s)φ0(s)|ūt(σ, s)|pdsdσdτ. (2.10)Æ$:8
V (t) >





C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−3(p−1)|U ′(λ)|pdλdσdτ, p > 2,

C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(p−1)|U ′(λ)|qdλdσdτ, 1 < p < 2.

(2.11) (2.6) �� φ(t, s) U: Φ(t, s) = e−
t

2M ϕ1(s), �~∫

R

ūt(t, s)Φ(t, s)ds+
1

2M

∫

R

ū(t, s)Φ(t, s)ds− ε

∫

R

( 1

2M
ū0(s) + ū1(s)

)
ϕ1(s)ds

+

∫ t

0

∫

R

ū(τ, s)
(
− Φss(τ, s) +W (s)Φ(τ, s) +

1

4M2
Φ(τ, s)

)
dτds

=
1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

h2(s)Φ(σ, s)|v̄(σ, s)|qdsdσdτ.$z (2.2) �:8
U ′
1(t) +

1

M
U1(t)− ε

∫

R

( 1

2M
ū0(s) + ū1(s)

)
ϕ1(s)ds

=
1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

h2(s)Φ(σ, s)|v̄(σ, s)|qdsdσdτ > 0.��<:
U1(t) > e−

t
M U1(0) +Mε

∫

R

( 1

2M
ū0(s) + ū1(s)

)
ϕ1(s)ds(1 − e−

t
M ) > Cε. (2.12)� (2.7) ��U φ(t, s) = ψ(t, s) = e−

t
2M ϕ1(s), :8

V1(t) > e−
t
M V1(0) +Mε

∫

R

( 1

2M
v̄0(s) + v̄1(s)

)
ϕ1(s)ds(1 − e−

t
M ) > Cε. (2.13)� (2.6) ��U φ(t, s) = Φ(t, s), �s$z (2.6) �, �~

d

dt

∫

R

ūtΦds+
1

2M

∫

R

(
ūt +

1

2M
ū
)
Φds =

∫

R

h2(s)Nα,q(v̄)Φds.
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R

(
ūt +

1

2M
ū
)
Φds− ε

∫

R

(
ū1(s) +

1

2M
ū0(s)

)
ϕ1(s)ds

=

∫ t

0

∫

R

h2(s)Nα,q(v̄)Φdsdt.Æ$<:
d

dt

∫

R

ūtΦds+
1

M

∫

R

ūtΦds−
ε

2M

∫

R

(ū1(s) +
1

2M
ū0(s))ϕ1(s)ds

=

∫

R

h2(s)Nα,q(v̄)Φds+
1

2M

∫ t

0

∫

R

h2(s)Nα,q(v̄)Φdsdt. (2.14)�
G(t) =

∫

R

ūtΦds−
ε

2

∫

R

ū1(s)ϕ1(s)ds−
1

2

∫ t

0

∫

R

h2(s)Nα,q(v̄)Φdsdt.H{ (2.14) �, :8
G′(t) +

1

M
G(t) =

1

2

∫

R

h2(s)Nα,q(v̄)Φds+
1

4M2

∫

R

ū0(s)ϕ1(s)ds > 0.Æ$<�
U2(t) >

ε

2

∫

R

ū1(s)ϕ1(s)ds. (2.15)D":8
V2(t) >

ε

2

∫

R

v̄1(s)ϕ1(s)ds. (2.16)H{xF 2.4 x (2.13) �, <:
∫

R

h2(s)φ0(s)|v̄(t, s)|qds >
|V1(t)|q

(
∫
R
(h2(s)φ0(s))

− 1
q−1 (Φ(t, s))q′ds)q−1

>

{
Cεq(t+R)−(q−2), q > 2,

Cεq(t+R)−(q−1), 1 < q < 2.
(2.17) (2.17) �0� (2.8) �, �~

U ′(t) >

{
Cεq(t+R)−(q−2)tα+1, q > 2,

Cεq(t+R)−(q−1)tα+1, 1 < q < 2.
(2.18)D"?, $z (2.10) �x (2.15) �:8

V (t) >

{
Kεp(t+R)−(p−2)tα+2, p > 2,

Kεp(t+R)−(p−1)tα+2, 1 < p < 2.
(2.19)Ra 1 p > 2, q > 2.��

V (t) > Cj(t+R)−bj taj , t > 0, j ∈ N, (2.20)

U ′(t) > Kj(t+R)−βj tαj , t > 0, j ∈ N. (2.21)



82  e g 7 A 	 45 5d2 (2.18) �x (2.19) �<�, (2.20) �� j = 0 �, C0 = Kεp, b0 = p − 2, a0 = α + 2,

(2.21) �� j = 0 �, K0 = Cεq, β0 = q − 2, α0 = α+ 1.  (2.20) �0� (2.9) �, :8
U ′(t) > KC

q
j

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−3(q−1)−bjqσajqdσdτ

>
KC

q
j

(ajq + 2)2
(t+R)−3(q−1)−bjqtajq+α+1.$z (2.11) �, <�

V (t) >
CKpC

pq
j

(ajq + 2)2p

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−3(p−1)−3p(q−1)−bjpq

×λajpq+(α+1)pdλdσdτ

> Cj+1(t+R)−bj+1taj+1 ,n� Cj+1 >
CKpC

pq
j

(ajq+2)2p(ajpq+(α+1)p+2)3 , bj+1 = 3(p − 1) + 3p(q − 1) + bjpq, aj+1 = ajpq +

(α+ 1)p+ α+ 2.H{ (2.9) ��(2.11) �x (2.21) �, �~
U ′(t) > Kj+1(t+R)−βj+1tαj+1 ,n� Kj+1 >

KCqK
pq
j

(αjpq+(α+2)q+2)3q+2 , βj+1 = 3(q − 1) + 3q(p− 1) + βjpq, αj+1 = αjpq + (α +

2)q + α+ 1.Æ$<:
aj =

(
α+ 2 +

(α+ 1)p+ α+ 2

pq − 1

)
(pq)j − (α+ 1)p+ α+ 2

pq − 1
, (2.22)

αj =
(
α+ 1 +

(α+ 2)q + α+ 1

pq − 1

)
(pq)j − (α+ 2)q + α+ 1

pq − 1
, (2.23)

bj = (p+ 1)(pq)j − 3, βj = (q + 1)(pq)j − 3, (2.24)

Cj >
CKpC

pq
j−1

(aj − α)2p+3
>M(pq)−(2p+3)jC

pq
j−1

> exp
{
(pq)j

(
logC0 +

logM

pq − 1
− (2p+ 3) log(pq)

(pq − 1)2

)}
, (2.25)

Kj > M̃(pq)−(3q+2)jK
pq
j−1

> exp
{
(pq)j

(
logK0 +

log M̃

pq − 1
− (3q + 2) log(pq)

(pq − 1)2

)}
. (2.26)H{ (2.20) ��(2.22) �p� (2.24)–(2.25) �, :8

V (t) > exp{(pq)j(log(Kεpt−p+α+1+ (α+1)p+α+2
pq−1 )− (p+ 1) log 2

−Sp,q(∞))} × (t+R)3t−
(α+1)p+α+2

pq−1 . (2.27)� (2.27) ��U j → ∞, 4
t > Cε−(−1+(α+1)p−1+α+1+(α+2)p−1

pq−1 )−1�, <� V (t) → ∞. w', :8Æa�KgÆ T (ε) 6 Cε−(−1+(α+1)p−1+α+1+(α+2)p−1

pq−1 )−1

.
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U ′(t) > exp{(pq)j(log(K0t

−(q+1)+α+1+ (α+2)q+α+1
pq−1 )− (q + 1) log 2

−S̃p,q(∞))} × (t+R)3t−
(α+2)q+α+1

pq−1 , (2.28),P:8Æa�KgÆ T (ε) 6 Cε−(−1+αq−1+α+2+(α+1)q−1

pq−1 )−1

. ��<: (1.8) ���kbÆa�KgÆ.Ra 2 1 < p < 2, 1 < q < 2.H{ (2.19) �x (2.20) �, <� C0 = Kεp, b0 = p − 1, a0 = α + 2. $z (2.18) �x
(2.21) �, �~ K0 = Cεq, β0 = q − 1, α0 = α+ 1.  (2.20) �0� (2.9) �, :8

U ′(t) >
KC

q
j

(ajq + 2)2
(t+R)−(q−1)−bjqtajq+α+1. (2.29)H{ (2.11) �x (2.29) �, <:

V (t) >
CKpC

pq
j

(ajq + 2)2p(ajpq + (α+ 1)p+ 2)3
(t+R)−(p−1)−p(q−1)−bjpq

×tajpq+(α+1)p+α+2.$z (2.9) ��(2.11) �p� (2.21) �, :8
U ′(t) >

KCqK
pq
j

(αjp+ 2)3q(αjpq + (α+ 2)q + 3)2
(t+R)−(q−1)−q(p−1)−βjpq

×tαjpq+(α+2)q+α+1.Æ$<�
bj+1 = p(pq)j − 1, βj+1 = q(pq)j − 1. (2.30)d2 (2.20) ��(2.22) ��(2.25) �x (2.30) �, �~

V (t) > exp{(pq)j(log(Kεpt−p+α+2+ (α+1)p+α+2
pq−1 )− p log 2

− Sp,q(∞))} × (t+R) t−
(α+1)p+α+2

pq−1 .*P:8Æa�KgÆ T (ε) 6 Cε−(−1+(α+2)p−1+α+1+(α+2)p−1

pq−1 )−1

.D"?, H{ (2.21) ��(2.23) ��(2.26) �x (2.30) �, :8Æa�KgÆ T (ε) 6

Cε−(−1+(α+1)q−1+α+2+(α+1)q−1

pq−1 )−1

. ��<: (1.8) ���QbÆa�KgÆ.Ra 3 p > 2, 1 < q < 2.�� (2.20) �� C0 = Kεp, b0 = p− 2, a0 = α+ 2, (2.21) �� K0 = Cεq, β0 = q − 1,

α0 = α+ 1. D"�t℄ 1 xt℄ 2 �;56, �~
bj+1 = pq + 2p− 3 + bjpq =

(
p− 1 +

2p− 2

pq − 1

)
(pq)j − pq + 2p− 3

pq − 1
,

βj+1 = 3pq − 2q − 1 + βjpq =
(
q + 2− 2q − 2

pq − 1

)
(pq)j − 3pq − 2q − 1

pq − 1
.Æ$:8

T (ε) 6 Cε−max{−1+(α+3)p−1+α+3+p−1

pq−1 , −1+(α−1)q−1+α+4+(α−1)q−1

pq−1 }−1

.



84  e g 7 A 	 45 5*P:8 (1.8) ����bÆa�KgÆ.Ra 4 1 < p < 2, q > 2.d2 (2.19) �� C0 = Kεp, b0 = p − 1, a0 = α + 2. H{ (2.18) �, :8 K0 = Cεq,

β0 = q−2, α0 = α+1. D"�t℄ 1p�t℄ 2;56q�,<: (2.22)–(2.23)��(2.25)–
(2.26) �p�

bj+1 = 3pq − 2p− 1 + bjpq =
(
p+ 2− 2p− 2

pq − 1

)
(pq)j − 3pq − 2p− 1

pq − 1
,

βj+1 = pq + 2q − 3 + βjpq =
(
q − 1 +

2q − 2

pq − 1

)
(pq)j − pq + 2q − 3

pq − 1
.��:8 (1.8) ���!bÆa�KgÆ. EF 1.1 ��.

§3 8L 1.2 6mP4 (2.6) �� f1(s, v̄, v̄t) = Nα,p1,q1(v̄, v̄t) �, U φ(t, s) = φ0(s), :8
U(t) >

1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)(h3(s)|v̄t|p1 + h4(s)|v̄|q1)dsdλdσdτ.*P<:
U(t) >

1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h3(s)|v̄t(λ, s)|p1dsdλdσdτ (3.1)x
U(t) >

1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h4(s)|v̄(λ, s)|q1dsdλdσdτ. (3.2)H{ Hölder �=��(2.16) �xxF 2.4, �~
∫

R

φ0(s)h3(s)|v̄t|p1ds >
|V2(t)|p1

(
∫
R
(φ0(s)h3(s))

− 1
p1−1 (Φ(t, s))p

′

1ds)p1−1

>

{
Cεp1(t+R)−(p1−2), p1 > 2,

Cεp1(t+R)−(p1−1), 1 < p1 < 2.
(3.3)4 p1 > 2 �, $z (3.1) �x (3.3) �, :8

U(t) > Kεp1

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(p1−2)dλdσdτ

> Kεp1(t+R)−(p1−2)tα+2. (3.4)D"?, 4 1 < p1 < 2 �, <�
U(t) > Kεp1(t+R)−(p1−1)tα+2. (3.5)d2xF 2.3 :8∫

R

φ0(s)h4(s)|v̄|q1ds >
|V (t)|q1

(
∫
R
φ0(s)(h4(s))

− 1
q1−1 ds)q1−1

>

{
C(t+R)−3(q1−1)|V (t)|q1 , q1 > 2,

C(t+R)−(q1−1)|V (t)|q1 , 1 < q1 < 2.
(3.6)
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U(t) >





K

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−3(q1−1)|V (λ)|q1dλdσdτ,

q1 > 2,

K

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(q1−1)|V (λ)|q1dλdσdτ,

1 < q1 < 2.

(3.7)4 (2.7) �� f2(s, ū, ūt) = Nα,q2(ū) �, U ψ(t, s) = φ0(s), :8
V (t) >

1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h6(s)|ū(λ, s)|q2dsdλdσdτ. (3.8)H{xF 2.3, �~
∫

R

φ0(s)h6(s)|ū|q2ds >
|U(t)|q2

(
∫
R
φ0(s)(h6(s))

− 1
q2−1ds)q2−1

>

{
C(t+R)−3(q2−1)|U(t)|q2 , q2 > 2,

C(t+R)−(q2−1)|U(t)|q2 , 1 < q2 < 2.
(3.9)��<:

V (t) >





C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ +R)−3(q2−1)|U(λ)|q2dλdσdτ,

q2 > 2,

C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(q2−1)|U(λ)|q2dλdσdτ,

1 < q2 < 2.

(3.10)TkW^, H{ (2.12) �xxF 2.4 :8
∫

R

φ0(s)h6(s)|ū|q2ds >
|U1(t)|q2

(
∫
R
(φ0(s)h6(s))

− 1
q2−1 (Φ(t, s))q

′

2ds)q2−1

>

{
Cεq2(t+R)−(q2−2), q2 > 2,

Cεq2(t+R)−(q2−1), 1 < q2 < 2,
(3.11)$z (3.8) �<�

V (t) >

{
Cεq2(t+R)−(q2−2)tα+2, q2 > 2,

Cεq2(t+R)−(q2−1)tα+2, 1 < q2 < 2.
(3.12)Ra 1 p1 > 2, q1 > 2, q2 > 2.��

U(t) > Dj(t+R)−aj tbj , t > 0, j ∈ N, (3.13)

V (t) > ∆j(t+R)−αj tβj , t > 0, j ∈ N. (3.14)4 p1 > 2, q2 > 2�,H{ (3.4)�x (3.12)�,<: D0 = Kεp1 , a0 = p1−2, b0 = α+2p� ∆0 = Cεq2 , α0 = q2 − 2, β0 = α+ 2.
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U(t) >

KCq1D
q1q2
j

(bjq2 + 2)3q1

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−3(q1q2−1)−ajq1q2

×λbjq1q2+(α+2)q1dλdσdτ

> Dj+1(t+R)−aj+1tbj+1 ,n� Dj+1 >
KCq1D

q1q2
j

(bjq1q2+(α+2)q1+2)3q1+3 , aj+1 = 3(q1q2−1)+ajq1q2, bj+1 = bjq1q2+(α+2)q1+

α+ 2.D":8
V (t) > ∆j+1(t+R)−αj+1tβj+1 ,n� ∆j+1 >

CKq2∆
q1q2
j

(βjq1q2+(α+2)q2+2)3q2+3 , αj+1 = 3(q1q2 − 1) + αjq1q2, βj+1 = βjq1q2 + (α +

2)q2 + α+ 2.Æ$<:
aj = (p1 + 1)(q1q2)

j − 3, αj = (q2 + 1)(q1q2)
j − 3, (3.15)

bj =
(
α+ 2 +

(α+ 2)q1 + α+ 2

q1q2 − 1

)
(q1q2)

j − (α+ 2)q1 + α+ 2

q1q2 − 1
, (3.16)

βj =
(
α+ 2 +

(α+ 2)q2 + α+ 2

q1q2 − 1

)
(q1q2)

j − (α+ 2)q2 + α+ 2

q1q2 − 1
. (3.17)4 j > max{ logN

(3q1+3) log(q1q2)
− q1q2

q1q2−1 ,
log Ñ

(3q2+3) log(q1q2)
− q1q2

q1q2−1} �, �~
Dj >

KCq1D
q1q2
j−1

(bj − α)3q1+3
> N(q1q2)

−(3q1+3)jD
q1q2
j−1

> exp{(q1q2)j(logD0 − Sq1,q2(∞))}, (3.18)

∆j > Ñ(q1q2)
−(3q2+3)j∆q1q2

j−1 > exp{(q1, q2)j(log∆0 − S̃q1q2(∞))}. (3.19)H{ (3.13) ��(3.15)–(3.16) �p� (3.18) �, :8
U(t) > exp{(q1q2)j(log(D0t

−p1+α+1+
(α+1)q1+α+2

q1q2−1 )− Sq1,q2(∞)

−(p2 + 1) log 2}(t+R)3t−
(α+2)q1+α+2

q1q2−1 ,w', 4 j → ∞ �s
t > Cε

−(−1+(α+1)p−1
1 +

(α+2)q1+α+2

p1(q1q2−1
)−1�, <� U(t) → ∞.D"?, :8Æa�KgÆ T (ε) 6 Cε

−(−1+(α+1)q−1
2 +

α+2+(α+2)q
−1
2

q1q2−1 )−1

. *P�J (1.9)���kbÆa�KgÆ.Ra 2 1 < p1 < 2, 1 < q1 < 2, 1 < q2 < 2.M� 1 < p1 < 2, 1 < q2 < 2, 4 D0 = Kεp1 , a0 = p1 − 1, b0 = α + 2 p� ∆0 = Cεq2 ,

α0 = q2 − 1, β0 = α + 2 �, �� (3.13) �x (3.14) ��J. H{ (3.7) ��(3.10) �x
(3.13) �, <:

U(t) >
KCq1D

q1q2
j

(bjq2 + 2)3q1(bjq1q2 + (α+ 2)q1 + 2)3
(t+R)−(q1q2−1)−ajq1q2
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×tbjq1q2+(α+2)q1+α+2.��:8 Dj+1 >
KCq1D

q1q2
j

(bjq1q2+(α+2)q1+2)3q1+3 , aj+1 = ajq1q2 + q1q2 − 1, bj+1 = bjq1q2 + (α +

2)q1 + α+ 2.D"<: ∆j+1 >
CKq2∆

q1q2
j

(βjq1q2+(α+2)q2+2)3q2+3 , αj+1 = αjq1q2 + q1q2 − 1, βj+1 = βjq1q2 +

(α+ 2)q2 + α+ 2.Æ$:8
aj = p1(q1q2)

j − 1, αj = q2(q1q2)
j − 1. (3.20)$z (3.13) ��(3.16) ��(3.18) �x (3.20) �, �~

U(t) > exp{(q1q2)j(log(D0t
−p1+α+2+

(α+2)q1+α+2
q1q2−1 )− Sq1,q2(∞)

−p1 log 2)}(t+R)t
−

(α+2)q1+α+2
q1q2−1 .��:8 T (ε) 6 Cε

−(−1+(α+2)p−1
1 +

(α+2)q1+α+2

p1(q1q2−1)
)−1

.d2 (3.14) ��(3.17) �x (3.19)–(3.20) �, <:Æa�KgÆ
T (ε) 6 Cε

−(−1+(α+2)q−1
2 +

α+2+(α+2)q
−1
2

q1q2−1 )−1

.*P:8 (1.9) ���QbÆa�KgÆ.Ra 3 1 < p1 < 2, q1 > 2, q2 > 2.4 q2 > 2 �, H{ (3.5) �x (3.12) �<: D0 = Kεp1 , a0 = p1 − 1, b0 = α + 2 p�
∆0 = Cεq2 , α0 = q2 − 2, β0 = α+ 2.D"�t℄ 1 xt℄ 2 ;56, �~

aj+1 = 3(q1 − 1) + 3q1(q2 − 1) + ajq1q2,

αj+1 = 3(q2 − 1) + 3q2(q1 − 1) + αjq1q2.Æ$:8
aj = (p1 + 2)(q1q2)

j − 3, αj = (q2 + 1)(q1q2)
j − 3. (3.21)H{ (3.13) ��(3.16) ��(3.18) �x (3.21) �, <:

T (ε) 6 Cε
−(−1+αp

−1
1 +

(α+2)q1+α+2

p1(q1q2−1)
)−1

.d2t℄ 1, :8Æa�KgÆ T (ε) 6 Cε
−(−1+(α+1)q−1

2 +
α+2+(α+2)q

−1
2

q1q2−1 )−1

. *P:8
(1.9) ����bÆa�KgÆ.Ra 4 p1 > 2, 1 < q1 < 2, 1 < q2 < 2.4 1 < q2 < 2 �, H{ (3.4) �x (3.12) �, :8 D0 = Kεp1 , a0 = p1 − 1, b0 = α+2p� ∆0 = Cεq2 , α0 = q2 − 1, β0 = α+ 2.D"�t℄ 2 ;�_, <:

aj+1 = q1 − 1 + q1(q2 − 1) + ajq1q2,

αj+1 = q2 − 1 + q2(q1 − 1) + αjq1q2,�~ aj = (p1 − 1)(q1q2)
j − 1, αj = q2(q1q2)

j − 1.
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T (ε) 6 Cε

−max{−1+(α+3)p−1
1 +

(α+2)q1+α+2

p1(q1q2−1)
, −1+(α+2)q−1

2 +
α+2+(α+2)q

−1
2

q1q2−1 }−1

.EF 1.2 ��.

§4 8L 1.3 6mP4 (2.6) �� f1(s, v̄, v̄t) = Nα,p1,q1(v̄, v̄t) �, U φ(t, s) = φ0(s), :8
U ′(t)− U ′(0) >

1

Γ(α)

∫ t

0

∫

R

φ0(s)

∫ τ

0

(τ − σ)α−1(h3(s)|v̄t|p1 + h4(s)|v̄|q1)dσdsdτ,*P<:
U ′(t) >

1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

φ0(s)h3(s)|v̄t(σ, s)|p1dsdσdτ, (4.1)

U ′(t) >
1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

φ0(s)h4(s)|v̄(σ, s)|q1dsdσdτ. (4.2)H{xF 2.4 x (2.16) �, �~
∫

R

φ0(s)h3(s)|v̄t(t, s)|p1ds >

{
Kεp1(t+R)−(p1−2), p1 > 2,

Kεp1(t+R)−(p1−1), 1 < p1 < 2.��:8
U ′(t) >

{
Kεp1(t+R)−(p1−2)tα+1, p1 > 2,

Kεp1(t+R)−(p1−1)tα+1, 1 < p1 < 2.
(4.3)d2xF 2.3, :8

∫

R

φ0(s)h4(s)|v̄(t, s)|q1ds >
{
K(t+R)−3(q1−1)|V (t)|q1 , q1 > 2,

K(t+R)−(q1−1)|V (t)|q1 , 1 < q1 < 2.
(4.4) (4.4) �0� (4.2) �, �~

U ′(t) >





K

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−3(q1−1)|V (σ)|q1dσdτ, q1 > 2,

K

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−(q1−1)|V (σ)|q1dσdτ, 1 < q1 < 2.

(4.5)4 (2.7) �� f2(s, ū, ūt) = Nα,p2(ū) �, U ψ(t, s) = φ0(s), :8
V ′(t)− V ′(0) >

1

Γ(α)

∫ t

0

∫ τ

0

(τ − σ)α−1

∫

R

φ0(s)h5(s)|ūt(σ, s)|p2dsdσdτ.*P<:
V (t) > C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h5(s)|ūt(λ, s)|p2dsdλdσdτ. (4.6)TkW^, H{xF 2.3 :8
∫

R

φ0(s)h5(s)|ūt(t, s)|p2ds >

{
C(t+R)−3(p2−1)|U ′(t)|p2 , p2 > 2,

C(t+R)−(p2−1)|U ′(t)|p2 , 1 < p2 < 2.
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V (t) >





C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−3(p2−1)|U ′(λ)|p2dλdσdτ,

p2 > 2,

C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(p2−1)|U ′(λ)|p2dλdσdτ,

1 < p2 < 2.

(4.7)TkW^, H{xF 2.4�(2.15) �x (4.6) �, �~
V (t) >

{
Cεp2(t+R)−(p2−2)tα+2, p2 > 2,

Cεp2(t+R)−(p2−1)tα+2, 1 < p2 < 2.
(4.8)Ra 1 p1 > 2, q1 > 2, p2 > 2.��

U ′(t) > Dj(t+R)−aj tbj , t > 0, j ∈ N, (4.9)

V (t) > ∆j(t+R)−αj tβj , t > 0, j ∈ N. (4.10)4 p1 > 2, p2 > 2�, :8 D0 = Kεp1 , a0 = p1−2, b0 = α+1p� ∆0 = Cεp2 , α0 = p2−2,

β0 = α+ 2.H{ (4.5) ��(4.7) �x (4.9) �, <:
U ′(t) >

KCq1D
q1p2

j

(bjp2 + 2)3q1

∫ t

0

∫ τ

0

(τ − σ)α−1(σ +R)−3(q1−1)−3q1(p2−1)−ajq1p2

× tbjq1p2+(α+2)q1dσdτ

> Dj+1(t+R)−aj+1tbj+1 ,n� Dj+1 >
KCq1D

q1p2
j

(bjq1p2+(α+2)q2+2)3q1+2 , aj+1 = 3(q1p2 − 1) + ajq1p2, bj+1 = bjq1p2 + (α +

2)q1 + α+ 1. Æ$<�
aj = (p1 + 1)(q1p2)

j − 3,

bj =
(
α+ 1 +

(α+ 2)q1 + α+ 1

q1p2 − 1

)
(q1p2)

j − (α+ 2)q1 + α+ 2

q1p2 − 1
, (4.11)

Dj > B(q1p2)
−(3q1+2)jD

q1p2

j−1 > exp{(q1p2)j(logD0 − Sq1,p2(∞))}. (4.12)D"<: ∆j+1 >
CKp2∆

q1p2
j

(βjq1p2+(α+1)p2+2)2p2+3 , αj+1 = 3(q1p2−1)+αjq1p2, βj+1 = βjq1p2+

(α+ 1)p2 + α+ 2. %p
αj = (p2 + 1)(q1p2)

j − 3,

βj =
(
α+ 2 +

(α+ 1)p2 + α+ 21

q1p2 − 1

)
(q1p2)

j − (α+ 1)p2 + α+ 2

q1p2 − 1
,

Dj > B̃(q1p2)
−(2p2+3)j∆q1p2

j−1 > exp{(q1p2)j(log∆0 − S̃q1,p2(∞))}.d2 (4.9) �, :8
U ′(t) > exp{(q1p2)j(logD0 − Sq1,p2(∞))}(t+R)−(p1+1)(q1p2)

j+3
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× t

(α+1+
(α+2)q1+α+1

q1p2−1 )(q1p2)
j−

(α+2)q1+α+2
q1p2−1

> exp{(q1p2)j(log(D0t
−p1+α+

(α+2)q1+α+1

q1p2−1 )− Sq1,p2(∞)

− (p1 + 1) log 2)}(t+R)3t
−

(α+2)q1+α+2
q1p2−1 ,��<: T (ε) 6 Cε

−(−1+αp−1
1 +

(α+2)q1+α+1

p1(q1p2−1)
)−1

.D"?, :8Æa�KgÆ T (ε) 6 Cε
−(−1+(α+1)p−1

2 +
α+1+(α+2)p

−1
2

q1p2−1 )−1

. *P:8 (1.10)��;�kbÆa�KgÆ.Ra 2 1 < p1 < 2, 1 < q1 < 2, 1 < p2 < 2.��4 D0 = Kεp1 , a0 = p1 − 1, b0 = α + 2, (4.9) �J; 4 ∆0 = Cεp2 , α0 = p2 − 1,

β0 = α+ 2 � (4.10) �J.D"�t℄ 1 ;�_q�, �~
aj+1 = q1p2 − 1 + ajq1p2, αj+1 = q1p2 − 1 + αjq1p2.��<:

aj = p1(q1p2)
j − 1, αj = p2(q1p2)

j − 1. (4.13)H{ (4.9) �x (4.11)–(4.13) �, :8
U ′(t) > exp{(q1p2)j(log(D0t

−p1+α+1+
(α+2)q1+α+1

q1p2−1 )− Sq1,p2(∞)

−p1 log 2)}(t+R) t−
(α+2)q1+α+2

q1p2−1 .Æ$<� T (ε) 6 Cε
−(−1+(α+1)p−1

1 +
(α+2)q1+α+1

p1(q1p2−1)
)−1

.D":8 T (ε) 6 Cε
−(−1+(α+2)p−1

2 +
α+1+(α+2)p

−1
2

q1p2−1 )−1

. *P:8 (1.10) ���QbÆa�KgÆ.Ra 3 1 < p1 < 2, q1 > 2, p2 > 2.$z (4.3) �x (4.8) �, <:
D0 = Kεp1, a0 = p1 − 1, b0 = α+ 1,

∆0 = Cεp2 , α0 = p2 − 2, β0 = α+ 2.D"�t℄ 1 xt℄ 2 ;56q�, :8 aj+1 = 3(q1 − 1) + 3q1(p2 − 1) + ajq1p2,

αj+1 = 3(p2 − 1) + 3p2(q1 − 1) + αjq1p2. %p
aj = (p1 + 2)(q1p2)

j − 3, αj = (p2 + 1)(q1p2)
j − 3.Æ$<:

U ′(t) > exp{(q1p2)j(log(D0t
−p1+α−1+

(α+2)q1+α+1

q1p2−1 )− Sq1,p2(∞)

−(p1 + 2) log 2)}(t+ R)3t
−

(α+2)q1+α+2
q1p2−1 .*P, 4 j → ∞ �s

t > Cε
−(−1+(α−1)p−1

1 +
(α+2)q1+α+1

p1(q1p2−1)
)−1�, �~ U ′(t) → ∞.



1 m ` � u!w J�m Schwarzschild �?�/�tS<�HX�,{X�''<o` 91D"<: T (ε) 6 Cε
−(−1+(α+1)p−1

2 +
α+1+(α+2)p

−1
2

q1p2−1 )−1

. *P:8 (1.10) ����bÆa�KgÆ.Ra 4 p1 > 2, 1 < q1 < 2, 1 < p2 < 2.4 p1 > 2 s 1 < p2 < 2 �, $z (4.3) �x (4.8) �, :8 D0 = Kεp1 , a0 = p1 − 2,

b0 = α+ 1 �s ∆0 = Cεp2 , α0 = p2 − 1, β0 = α+ 2.H{�t℄ 2 D";�_q�, :8
aj = (p1 − 1)(q1p2)

j − 1, αj = p2(q1p2)
j − 1.��:8 (1.10) ���!bÆa�KgÆ. EF 1.3 ��.

§5 8L 1.4 6mPD"�EF 1.2 ;�_q�, 4 (2.6) �� f1(s, v̄, v̄t) = Nα,p1,q1(v̄, v̄t) �, U φ(t, s) =

φ0(s), <� (3.4)–(3.5) �p� (3.7) ��J.TkW^, 4 (2.7) �� f2(s, ū, ūt) = Nα,p2,q2(ū, ūt) �, 
x�ht� ψ(t, s) = φ0(s).�~
V (t) >

1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h5(s)|ūt(λ, s)|p2dsdλdσdτ,

V (t) >
1

Γ(α)

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1

∫

R

φ0(s)h6(s)|ū(λ, s)|q2dsdλdσdτ.$zxF 2.4 x (2.15) �, :8
∫

R

φ0(s)h5(s)|ūt(t, s)|p2ds >

{
Cεp2(t+R)−(p2−2), p2 > 2,

Cεp2(t+R)−(p2−1), 1 < p2 < 2.*P<:
V (t) >

{
Cεp2(t+R)−(p2−2)tα+2, p2 > 2,

Cεp2(t+R)−(p2−1)tα+2, 1 < p2 < 2.
(5.1)H{xF 2.3, <�

∫

R

φ0(s)h6(s)|ū(t, s)|q2ds >
{
C(t+R)−3(q2−1)|U(t)|q2 , q2 > 2,

C(t+R)−(q2−1)|U(t)|q2 , 1 < q2 < 2.%p
V (t) >





C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ +R)−3(q2−1)|U(λ)|q2dλdσdτ,

q2 > 2,

C

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ+R)−(q2−1)|U(λ)|q2dλdσdτ,

1 < q2 < 2.

(5.2)G^,X p1, p2, q1, q2 �4U8�&;Æa�KgÆ.Ra 1 1 < p1 < 2, p2 > 2, 1 < q1 < 2, q2 > 2.
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U(t) > Dj(t+R)−aj tbj , t > 0, j ∈ N, (5.3)s D0 = Kεp1 , a0 = p1 − 1, b0 = α+ 2 p�
V (t) > ∆j(t+R)−αj tβj , t > 0, j ∈ N, (5.4)s ∆0 = Kεp2, α0 = p2 − 2, β0 = α+ 2. (5.3) �0� (5.2) �, <:

V (t) >
CD

q2
j

(bjq2 + 2)3
(t+R)−3(q2−1)−ajq2tbjq2+α+2.$z (3.7) �:8

U(t) >
KCq1D

q1q2
j

(bjq2 + 2)3q1

∫ t

0

∫ τ

0

∫ σ

0

(σ − λ)α−1(λ +R)−(q1−1)−3q1(q2−1)−ajq1q2

×λbjq1q2+(α+2)q1dλdσdτ

> Dj+1(t+R)aj+1tbj+1 ,n� Dj+1 >
KCq1D

q1q2
j

(bjq1q2+(α+2)q1+2)3q1+3 , aj+1 = 3q1q2 − 2q1 − 1 + ajq1q2, bj+1 = bjq1q2 + (α+

2)q1 + α+ 2.Æ$<�
aj =

(
p1 + 2− 2q1 − 2

q1q2 − 1

)
(q1q2)

j − 3q1q2 − 2q1 − 1

q1q2 − 1
,

bj =
(
α+ 2 +

(α+ 2)q1 + α+ 2

q1q2 − 1

)
(q1q2)

j − (α+ 2)q1 + α+ 2

q1q2 − 1
,

Dj >
KCq1D

q1q2
j

(bj − α)3q1+3
> exp{(q1q2)j(logD0 − Sq1,q2(∞))}.H{ (3.7) ��(5.2) �x (5.4) �, �~

∆j+1 >
CKq2∆q1q2

j

(βjq1q2 + (α + 2)q2 + 2)3q2+3
αj+1 = q1q2 + 2q2 − 3 + αjq1q2,

βj+1 = βjq1q2 + (α+ 2)q2 + α+ 2.��:8
αj =

(
p2 − 1 +

2q2 − 2

q1q2 − 1

)
(q1q2)

j − q1q2 + 2q2 − 3

q1q2 − 1
,

βj =
(
α+ 2 +

(α+ 2)q2 + α+ 2

q1q2 − 1

)
(q1q2)

j − frac(α+ 2)q2 + α+ 2q1q2 − 1,

∆j >
CKq2∆

q1q2
j

(βj − α)3q2+3
> exp{(q1q2)j(log∆0 − S̃q1,q2(∞))}.H{ (5.3) �:8

U(t) > exp
{
(q1q2)

j
(
log(D0t

−p1+α+
2q1−2

q1q2−1+
(α+2)q1+α+2

q1q2−1 )− Sq1,q2(∞)

−
(
p1 + 2− 2q1 − 2

q1q2 − 1

)
log 2

)}
(t+R)

3q1q2−2q1−1

q1q2−1 t
−

(α+2)q1+α+2

q1q2−1 .*P T (ε) 6 Cε
−(−1+αp

−1
1 +

(α+4)q1+α

p1(q1q2−1)
)−1

.
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−(−1+(α+3)p−1

2 +
αq2+α+4

p2(q1q2−1)
)−1

. *P<: (1.11) ���kbÆa�KgÆ.Ra 2 p1 > 2, 1 < p2 < 2, q1 > 2, 1 < q2 < 2.D"�t℄ 1 ;56, <: (1.11) ���QbÆa�KgÆ.Ra 3 p1 > 2, 1 < p2 < 2, 1 < q1 < 2, 1 < q2 < 2.4 1 < p2 < 2 �, d2 (3.4) �x (5.1) �, <� D0 = Kεp1 , a0 = p1 − 2, b0 = α + 2�s ∆0 = Cεp2 , α0 = p2 − 1, β0 = α+ 2. Æ$:8
aj+1 = q1q2 − 1 + ajq1q2, αj+1 = q1q2 − 1 + αjq1q2.��

aj = (p1 − 1)(q1q2)
j − 1, αj = p2(q1q2)

j − 1.D"�t℄ 1 ;56, <: (1.11) ����bÆa�KgÆ.Ra 4 1 < p1 < 2, p2 > 2, 1 < q1 < 2, 1 < q2 < 2.'t℄;�_D"�t℄ 3. ��:8 (1.11) ���!bÆa�KgÆ.Ra 5 1 < p1 < 2, p2 > 2, q1 > 2, q2 > 2.4 j = 0�, (5.3)�� D0 = Kεp1 , a0 = p1−1, b0 = α+2,�s (5.4)�� ∆0 = Cεp2 ,

α0 = p2 − 2, β0 = α+ 2. Æ$:8
aj+1 = 3(q1q2 − 1) + ajq1q2, αj+1 = 3(q1q2 − 1) + αjq1q2.*P<:

aj = (p1 + 2)(q1q2)
j − 3, αj = (p2 + 1)(q1q2)

j − 3.��:8 (1.11) ���CbÆa�KgÆ.Ra 6 p1 > 2, 1 < p2 < 2, q1 > 2, q2 > 2.'t℄;�_q�D"�
#�t℄ 5. w', :8 (1.11) ���VbÆa�KgÆ.EF 1.4 ��.o` Y�_Wi*"�p�
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Abstract The main purpose of this work is to consider blow-up dynamics of solutions to the

Cauchy problem for coupled system of nonlinear wave equations in Schwarzschild spacetime.

The nonlinear terms in the problem include mixed type memory terms, combined and power

type memory terms, combined and derivative type memory terms as well as combined type

memory terms. Furthermore, upper bound lifespan estimates of solutions are established by

imposing certain assumptions on the exponents in the nonlinear terms and making use of

the iteration method. The main novelty is that that authors analyze the effects of nonlinear

memory terms on lifespan estimates of solutions under the Schwarzschild metric. To the

best of the authors’ knowledge, the results in Theorems 1.1–1.4 are new.
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