Bo¥ & Tl AR
2024, 45(1):71-96
DOI: 10.16205/j.cnki.cama.2024.0006

Schwarzschild Bf=hiC{CmavK a7 12
Wme A IEE AR
& NI AR

RE AUHFF Schwarzschild W2 R LA B S 7RG TR AR Cauchy [FERAYBRAET. FIE
M IELMETE &R A IS T . AEMBREICZT ., A& M PEEICILT L KA EEICILT. LiR4
P i 5 00 R — R IR, AR AU B SLRR A2 fr B R ST, B2 b RAE Schwarzschild
BERT 3 A R AL IO i A i B AL T A . 4R B A SCRRET A, 2 1.1-1.4 SRS

KEE WA R, O, A E, B, A EAT
MR, (2000) 843 35170, 53]45

hE®S#E 0177.92

XEktnEE A

XEHS 1000-8314(2024)01-0071-26

§1 5|IEREREGIR

ASCHF TR T I 3 T B G 7 FR 4L Cauchy [R5
Ogsu = f(v,v4), (t,x) € RT x Q,
Ogsv = f(u,ug), (t,z) € RT x Q, (1.1)

(u, ug, v,v)(0,2) = e(ug, ur,vo,v1)(x), x€Q,

A Oy, = 71507 = £520,(2F ()0, — 52 Age) J&: Schwarzschild B g5 FRIBELT
Fir)=1-2L Q= {(rw)2M <r < oo, we S*} FRBIFMINE. FLETAFRE
BRCIZIR f(v,v1) = w3 Jy (¢ = 1) o(r, 2)[9dr, fu,u) = 5 fy (t = 7)° Hug(r, 2)|Pdr,
HEFFRELCACI f (v, v) = ﬁfot(t = 1) |ve(r,2)[P + fo(r, )| )dr, f(u,ue) =
5 Jo (=) Hu(r, 2)|=dr, AEFGFEILIZI f(v,v) = w57 Jy ¢=7)2 7 (o (7, 2)| +
lo(r,2)|M)dr, flu,w) = w5 Jot = 7)o Hu(r,z)Prdr DAREHARIEEAZI f(v,v) =
iy Jo 6 = D (e (m o)l + lo(ra)|®)dr, fluu) = by o (6 = 7 (ur(m @) +
lu(r,2)|%)d7. AFERHAETRIERERZE 0 < a <1, 1 < p, p1,p2, ¢, q1, g2 < o0. T(a) =
Jo ot temtdt Sk Gamma L. BRI uo(x), ui(z), vo(x), vi(e) RIFREHSEAR
fER 0. IEWEL R < R, HHIWRE
supp (uo(z), u1 (), vo(z),v1(x)) C {2M + Ry < r < 2M + Ry} x S*.
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e FZEAMER /N H I /N IEH EL
K, X TFIELME S RO A VFEZ R AR, FBT Minkowski B 28 IR &k ik 3 77
FEHY Cauchy 18

(1.2)
(u,u)(0,2) = e(ug, u1)(z), x€R"
fR AR R i B A T2 BTz o0 (W [1-8)), Ho O = 97 — A 3278 Minkowski &
BTWEAET BAELRETON f(u,u) = |ufP B, B (1.2) BA Strauss 1 F58 ps(n).
Y n > 2 B, ps(n) A KTTHE
—(n—-1)p*+(n+1)p+2=0

HIIEMR. 2 n=10F ps(1) =00, Y f(u,ur) = |ulP, p > 2 B, 3C[7] IEHT T PULERFIE ]
(1.2) WM AFTENE. 24 f(u,w) = [ufP, 1 < p < ps(n)(n > 3) W, 3C [8] FIA Kato 3l
PHBFF SR I S5 T2 A8 22 B0 3 7 FE T30 {E ] R B A 0 e 284 I e A i BE W B Rk, S
(5] FEHA T R A5 B S K 38 — 20 3 iy R AN AE e ok A, SC (1, 3] A R iR B0 1%
G AR ﬂ%ﬁlﬁﬁﬁ@/\fﬁﬁﬁﬁﬂﬂﬁﬁ” LARLRYETR f(u, ue) = [P B, & (1.2)
HA Glassey 188 pa(n) = 1+ 25, HJE/INIHE 8 0 i S SR AF AR BE IR f 4 20 7 45
S HEHAAFER, 3B FERIEFRAGEFAETE (1 < p <pa(n)) BT (1.2) HH
A s B Ry B AR
Minkowski B 25 Hrr B U IC 20 1 % 3 5 #2H - Cauchy [R]ET

{ o Navp(u)ﬂ (t, x) € R+ X Rna

{ Ou = f(u,us), (t,z) € RT x R,

(1.3)
(u,u)(0,2) = e(ug, u1)(z), xe€R"
FIRIFZ R, Hd Nop(u) = mg [t = )u(r,z)[Pds (W [9-13]). FEERFE (1.3) &
AIEFHEE ps(n, o). % n =10, ps(n,a) =oc0. 2 n > 28, ps(n, o) & TFH IRITEM
IEAR
—(n—=1Dp*+ (n+2a+1)p+2=0.

3 (9] FIFERFTIRGRIME (1.3) FMRBERSE FM A is M LR EEEY
a — 0 B, IEARFEE ps(n, o) BITT Strauss ¥ ps(n). B EFTHIIZ B FHFH Kato
I3, 3¢ [12] E B R URICIZ I B — 4k ik 3 7 FR R W) 3 IR S A e 2. SC [11) PR T4
BEL J& T30 A1 B YR T EAZ 30 F9 18 30 7 R Y /N9 AL T A
{ Ou+ h(ue) = Nap(u), (t,2) € RT x R™, »
(u,ut)(0,2) = e(ug, ur)(z), =x€R™
2 h(u) = ue B, FIFRERBOTIRGE] n A2 EFME (1.4) MRNER. FHh K
4ez5lE] 1 < no < 3 BF, P IIALRE BEVAG 2 I BT AR S A . 224 RELJB 100 25 44 BHL 2 11
h(ut) = #(—A)%Ut (1>0,0<0<2),n>1HK,3C[10] IER T B (1.4) RIEEBARRR,
FHEFI R 50 R BT IR AR B S TE A PR BRI . B 245 12 03 [14-19).
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Minkowski i} 2= R AR LA BT R MR G 77 R 4100 Cauchy M8
u — Au = f(v,vy), (t,z) € RT x R,
v — Av = f(u,uy), (t,z) € RT x R, (1.5)

(u, ug, v,v)(0,2) = e(uo, u1, v, v1)(x), x€R"

BFZEETI (I [20-25]). 3C (23] F| kL E 12458 Moore-Gibson-Thompson
TG T R AR A o B B R . P AR R I BRI AE LT (v, 0) =
[P, flu,u) = |ul?, SEEAELRET fv,v) = [0ef?, flu,u) = |ue]? 2L RHGIEL T
S, vg) = 0P+ 0|T, fu,ug) = |ue|P? + u|®. 3 [20] FIFEART RSB —RIEL ML
{23 f(v,08) = g1 % [P, fu,ue) = g2 [u|? WITEIER (1.5) AR o 3 A7 TE 1 A S iy e 24
PER. FEER 91(0) 5 g2(t) MREIBERES A B2, 3C [21) WEB T I ARG FA5
TEHRFIR BRI f (v, v) = 0|7, f(u,ue) = [ue|P BITRBE (1.5) R0 A= i i B B Rl S
(25] BT RO BLE IURTR 3L 1230 f (v, v0) = [v]9, fu,ur) = Jue|? BITIRR (1.5). F I
RTPANYF J7 EE SLIR G SR e A A w5 B G G . R AR R B A
IERTTIR, 3C [22] TEIR ARG FAGTE 45 A B R U G122 f (v, vr) = |ve]P* + |v| 7,
fu,ug) = |weP? + [u|® B33 FERR G 7 FR A A0 A= 5 B 1 RS 11

Wk, —HZ2E 5T Schwarzschild B 28 s /INIIE R JE AL 3 7 #2 T Cauchy [7]
il

{ Ogsu = f(u,up), (t,z) € RT x Q, (1.6)

(u,us)(0,2) = e(ug,u1)(z), =€)

F I A S BE A 1. 3T [26] 5T Schwarzschild B 28 A AL I 3 77 72, BIHI & (1.6) kLR
PEIR f(u,u) = 0) FRIIATR. 3C [27] TEVHERE B — & R IKAT, Bl Regge-Wheeler AR HR7AR
BAFE] f(u,ue) = |ulP (1 < p < 1+V/2) B (1.6) fRATBERL. B BRI AR ELR /M)
ER BTN, 24 p > 1+V2 B, 3¢ (28] 78 Kerr B2 Fi@n R AE BA B 4, 155
BT PR R BT F RV, M/ MIMEAR B B S AR, 3C [29] ZE=4EMIPUZE Schwarzschild
LK Kerr B 28 il FHAS TR 245 H B 3 R R AR O AE e 1. B 5NN I8 24 o R
PR BRI A Kato 5[3, 3¢ [30] IERIH /IMIMEE. f(u, us) = Nap(u) (2 <p < ps(3,a)) Bf
(IR (1.6) MR RETERE, (HORSG MM MBS AT % 2 <p <1+ V28, X
[31] #E Schwarzschild DA & Kerr BF A f(u,u) = |u|P B Cauchy [R5 (1.6) BRI
A EN T ARG 3C [32] Sl FHEMAAFREE f(uw) = [uP (3 <p<2) i
(B8 (1.6) fgi A= vmis B2 LA, P PIERN R FEEMA. 4 1 <p <25, XX
(33] 1BF f(u,ur) = |ue|P BFTEIER (1.6) RO A o B AT, Hdr B 28]
R S BB B FR T T B A S5 . 3 2 2645 2R L 3 [34-36].

3 [20-23, 25, 30] WIJE KR, A SCHAMERA #1012 T W 3R 1R Uk 3 7 R T R 2
Cauchy [W &R0 A= a5 B EAUETE. i TARZ L2 miny 3, 5C [32] 12 A1) Kato 5|
FEPL K 3L [21] R B iR BOTIE S ARG A SO R 8. ARG A A By AR & AEm L K 3k
LRI RO A R TS B, AR SOR I 3C (20, 22, 25] AR R I8 A7 WA ST A Y AR it
BEAl T, FEEF] Minkowski B2 J& Schwarzschild B 28 RRERAB . A< SORFSC [20] 7E-F-3H
Minkowski B} 28 FRAF 38 f (0] LA~ A Schwarzschild B 2R R, 24 1 < p < ps(3,a) I
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HAME R & 2 BRI, 3C [30] 7 Schwarzschild Bt 28 HfF 58 @ I 12 T Y B4 U 3
J7 AR R FER RIS (20, 30] R ARAS B A fr i EE AR T, ASSORESC (21, 25]) W
ISR AELAETHME A Schwarzschild BT YR RMAEICIZI (WEPE 1.1). EERIA S
i Schwarzschild B 25 H T ARG (018 (1.1) A0 A= A s BE AR T3 . HAEZ
TR 4 G MR BLEAZI . A A S BB CAZ T A S A 2eAZ 0 (DL ERE 1.2-1.4).
PO A R4, S 1.1-1.4 FRR 45 2B
FE T Regge-Wheeler A& F7725 ik
s(r) =r+2MIn(r —2M),

MM (1.1) AT4b N
Ut — Uss — 2:25) FQ((S)) su = F(s)f(v,v), (t,5) € RT xR,
Vit — Vgs — 2F(s), _ Els) Ag2v = F(s)f(u,us), (t,8) € RT xR,

r(s) vs r2(s)
(u,ut,v,v:)(0, ) = e(ug, u1,vo,v1)(s), s€R.
AT, Z AR (u(t,s),v(t,s)). & a(t,s) =r(s)ult,s), v(t,s) = r(s)v(t, s), NH
U — Uss + W(s)u = fi1(s,0,0¢), (t,5) € RT xR,
Tyt — Vs + W(s)0 = fo(s, 4, 1), (t,s) € RT xR, (1.7)
(@, 1, 0,7:)(0, 8) = (o, U1, Vo, 11)(8), sER,
HoA W(s) = 2500 BRHIE o(s), Bo(s) € HY(R), wa(s), 71(s) € L*(R) RIEFICIE B
B EEAMER 0. MAh, FFEIER R R 15
supp (tio(s), @1 (s), To(s), 01(s)) C {s|[s| < R}.
MRAEE B 07 8 BA A BR AL 618 BE R PR BT P41, MW ELRA B SRR, e RN R BA R
A I, AR RA RS
T4 A S — il 5.

Isa,1(p,q)
1 1 2)p~1 2 1)g~1
:max{—1+a+ Il G ) 142 et +(a+1)g }
D pqg—1 q pqg—1
Tsa.2(p, q)
2 1 2)p~t 1 2 1)g~!
:max{—1+a+ +a+ +(a+2)p ’_1+a+ +a+ + (v +1)g }7
pqg—1 q pg—1
Isa,3(p,q)
3 3 -1 -1 4 —1)gt
:max{—l+a+ +a+ +ap ’_1_'_04 +a—|— + (o )q }’
D pqg—1 q pqg—1
Tsc.a(p,q)
3 -1 2 3)g!
:max{—1+g+w,—1+a+ L ot (et3)g !
p pg—1 q pg—1
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Tesi(p1sa1,q2)
a+1

(a+2)g1 +a+2

:max{—1+
b1

Tes2(pi,q1,62)

a+2
+

p1(q1gz — 1)

(a+2)¢1 +a+2

:max{—l-i-
D1

Tess(pi,qi,q2)

p1(qig2 — 1)

(a+2)g1 +a+2

«
1+ =+

= max {
P1

Tesa(pis a1, g2)
a+3

p1(qig2 — 1)

(a+2)g1 +a+2

:max{—l-i-
b1

Teaa(pisp2,q1)

«
—1+=+

p1(q1gz — 1)

(a+2)q1 +a+1

= max {
D1

Tca2(p1,p2, q1)
a+1

b1 (Q1p2 - 1)

(a+2)g1 +a+2

:max{—1+
b1

T'ca3(p1,p2,q1)

a—1

p1(qip2 — 1)

(a+2)g1 +a+1

:max{—l-i-
D1

Tcaa(p1,p2, q1)

+
p1(qip2 — 1)

2 2 1
:maX{_1+a+ (a+2)g1 +a+
p1 p1(qip2 — 1)
Tcoa(p1,p2:q1,q2)
4
:max{_1+g+w7_
p1 - pi(qige — 1)
Lcce2(p1,p2:q1,q2)
4
:max{—1+a+3 aqp +a+ -
P1 p1(qrg2 — 1)
Lces(p1,p2:q1,q2)
2 2
:max{—1+a+3 (a+2p+adt
D1 p1(q1gz — 1)

Lcca(p1,p2:q1,q2)
a+2

(a+2)g1 +a+2

7_1+

7_1+

7_1+

7_1+

(07

a—+1
+

a+2+(a+2)g"

q2

a+2
+

}

qig2 — 1

a+2+ (a+2)g!

q2

3

qig2 — 1

a+2+ (a+2)g"

7_1+

«

+1
+
q2

L

a+2+(a+2)g"

qi1q2 — 1

q2

+1
+

a+2
+

}

qig2 — 1

a+1+ (a+2)py!

7_1+

7_1+

7_1+

a+3

D2

a+2
+

3

a+1+(a+2)p;!

qip2 — 1

b2

3

qip2 — 1

a+ 1+ (a+2)py!

D2

a+1
+

!

qip2 — 1

at 14 (a+2)py!

b2

aqz

a+2
+

}

qip2 — 1

+a+4

:max{—1+
b1

p1(q1gz — 1)

b2

«
b2

7_1+

7_1+

p2(q1qz — 1)

(a+4)g2 +
p2(q1g2 — 1)

a+2

!
!

(@+2)g2 +a+2

b2

a—+3

3

p2(q1q2 — 1)

(@+2)g2 +a+2

b2

3

p2(q1q2 — 1)
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Lces(p1,p2:q1,q2)

2 2 1 2 2
:mw{_1+gﬁja+)m+a+ g ottt et e tadt }
D1 p1(q1q2 — 1) D2 p2(qiq2 — 1)
Tcee(p1,p2:q1,q2)
1 2 2 2 2
:max{—1+a+ +(a+ Jo ot ,—l—l—g—l—(a—i_ Jaz o+ }
D1 p1(q1g2 — 1) P2 p2(q1q2 — 1)

X~Y RREFEEEH C, #HB C'Y <X <CY.

THEZE W (1.7) gAY R i 5 | 2.

5IER 1.1 BT &% ao(s),00(s) € H'(R), u1(s),01(s) € LA(R) ¥ BA B X LN EEL,
FEWE R supp (@o(s), @1 (s),0o(s),01(s)) C {s||s| < R}. WAFFEIERE T, M (1.7)
HAME—R CeTR) @M (a,0) € (C([0,T), H'(R)) N C'([0,T), L*(R)))>.

ARSCEBELRMT.

THE LL 4 p>1q> L HEEEIH fi(s,0.0) = ha(s)Nay(0) = i fo(
) ho(s)|0]%dT, fals, i, 1) = h1(8)Na,p(e) = F—fg t—7)"Lhy(s)|u|Pdr BRI (1.7)
HfE (u,0) W2 supp (4,0) C {(t,s) € [0,T) x R||s| < t+ R}, W (u,v) &7 BRAT ] U
2, 3 B e A iis B LA R AT 2

1

OE_FEG’l(pﬂq)v FSG.,l > 07 p 2 27 q 2 23 a < a < 17

2
) Cels62(PD) Dgy>0,1<p<2 1<qg<2 0<a<l, s
g) < 1.
= - 1
CeTs6sPD | Tgay>0 p>2, 1<q<2, 5 <a<l,

CeTs6.aPD Dy >0 1<p<2 ¢>2 0<a<l,
HHF hi(s) = F(s)r'=?(s), ha(s) = F(s)r'™1(s), C A4 e TCRMIEH

EHE 1.2 21 <q <6 FHIELRETUN f1(s,0,0:) = h3(s)Na,p, (0¢) + ha(s) aql(ﬁ)
L [ = ) a(s) P+ Ra(s) B9 )dr, fas, B,) = ho(9)Nag(8) = ms [ —
7)Y L he(s)|u|®2dr BRI (1.7) B4 (u,9) T2 supp (a,v) C {(t,s) ‘ Is| <t+ R}, M (u,v)
STEA BRI IA] YRR, O LA e) A e i B Y _E S A5 T 2
Cﬁ_raé’l(m’q“qz), I'cs1>0,p1 22, ¢1 22,

1
q2>27 —<Oé<1,

[\

CeTosa(Prae) Tes2>0,1<p1 <2, 1<q <2,
1<gp <2 0<a<l,

CeTesalprane), Tes3 >0, 1<p <2, q1 =2,
=22 0<a<l,

OE—F515,4(p1.,q1.,q2)’ Tesa>0,p1 22 1<q <2,

1<qgp<2 =<a<l,

2
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o ha(s) = F(S)Tl_pl (s), ha(s) = F(S)rl—ql (8), he(s) = F(s)rl—lh (s), C HE e XKW
IEHHL
EIE 1.3 21 <q <6 FHIELRWETOH f1(s,7,0) = h3(5)Nap, (0¢) + ha(s)Na g, (7) =
o o = D) (s ()0 + ha(s)[50)dT, fos, ) = hs(s)Nap, () = iy folt —
) (5) g P2 BT (1.7) OB () WA supp (2.9) € {(t,) | Is] < ¢+ R}, ] (a,0)
STEAT PRI ] YA, I ELAR Y A A5 BE i _E 57 A 36 2
Ca_raévl(m"m’ql)a g1 >0, p1 22, p2 22,
@ =2, % <a<l,
CE—FEE,Q(PDP%QI)’ Tege>0,1<p <2, 1<pr <2,

<@ <2, 0<a<l,
C —Tgg.3(P1.p2,q1) r (1.10)
€ ’ v Teaz>0,1<p <2, p2 =2,

1
q1>27 §<O‘<17

CE—FEé;A(m-,m,m)’ Tega>0,p1 22, 1<py<2,

1<q <2,
ot hs(s) = F(s)r' =72 (s), C R4 e TLRMIEFEL

EH 1.4 {%wx 1<qi, g2 <6, 3 <<l ZFIERWITH f1(s,7,0:) = ha(s)Na,p, () +
ha(5)Nag, (0) = w57 Jo (=) (ha () [02|P* + ha(s) 0] )d, fo(s, 1, 10r) = hs(5) Nop, () +
he(8)Na,g. (0) = oy Jo (& =7y (hs(s) a2 + ho(s)|a|®)dr EITIER (1.7) B (a,0) B
2 supp (@,0) C {(t,s) | [s| <t + R}, W (u,v) 21 PR IBEZL I AR A= fits B Y
LA AT

“<a<l,
2 Oé

CeTooaPrpana) - Too >0, 1<pr <2, pp > 2,
I1<qi <2, g2 22,

CeToop(Prrana) - Too, >0, py 22, 1< py <2,
=2 1<qg<2,

CeToosPrranaz) - Tooo >0, py 22, 1< py <2,
1<q1 <2, 1<qa <2,

T(e) < ,1 (1.11)

CePeoalbrp2arn®) - oo, >0, 1<p <2, pa > 2,
1<q1 <2, 1<qa <2,

CeTecs@ipaa)  Tooo >0, 1<p <2, py>2,
G =2, q =2,

CelocoPiren®) - Tooo>0,p1>2, 1<py <2,

1227 Q2>27
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Hob C K e TR ERE

FE L1 M 0 — 0B, (1.8) PEAR A BT (1.1) B85 — I frls B A
ST (23] AU ARG SRR A B R A B A (LT 1), % 0 — 0
i, EUA 2 SORREAZ T A (1.1) S84 (23] AR HA AR o, + [v],
el + [l (T SRT, B AR SRAERTAZ I 0 HE B IR, (1.11) SR A A e
fliHH 53 (28] HRRE T 1.4 B ARA A A HR R (LR 1.4).

£8>4

U = [t sosds, V)= [ oo
U (t) = /]R a(t, $)B(t, s)ds,  Vi(t) = /]R 3(t, $)B(t, 5)ds,
Us(t) = /R Tyt $)B(t, s)ds,  Va(t) = /R Bu(t, $)B(t, 5)ds.

§2 EIHE 1.1 AYiLEA

§2.1 #83<5 LA R FEHFADE X

5138 2.1 P73 ZELEIEREL go(s) WHE
9290(s) = W (s)¢o(s) = 0,
FHH.
{ s, §— 400,
do(s) ~q . (2.1)
e + D, s— —o0,
Hrr D FIEH
5138 2.2 P70 A RIEWHEL ERHE ¢1(s) ~ e BHTRE
(= 02+ W(s) +A%)pa(s) =0,

H fi
TEGIH 2.2 A A= Sb TIAIIEREL ¢1(s) ~ 77 B
(o2 +wis)+ 4—]\142)@1(8) =0 (22)
Wit A ®(t,s) = e 2w oy (s). WA
Dult, ) = 51 B(t,5),
Dyy(t, s) = ﬁ‘b(ta s), (2:3)

1

D (t,s) — W(s)P(t,s) = m@(t, s).
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5|22 2.3 B9 4 n(s) = F(s)r'2(s), WA
Clt+R)?, p>2

/ (h(s))™ 77 6o (5)ds < { LT (2.4)
R C(t+ R)er—12M, 1<p<2.

BI3 2.4 9 4 h(s) = F(s)r'#(s), WA

, , C(t+R)w1, p=>2,
/(h(S)d)o(S))_ﬁ(‘I’(t, 5))P ds < { (2.5)
R C(t+R), l<p<2

FEX 2.1 B d0(s), to(s) € H'(R), i (s), 01 (s) € LA(R), FEH.
(@,) € (C([0,T), H'(R)) N C*([0,T), L*(R)))*.

LM (1.7) BARLRMETUA f1(s5,0,0:) = ha(s)Nag(0), f2(s,8,1:) = hi(s)Nap(ar) K,
Wi Nag(0) € Ljoe([0,T) x R), Nap(a) € L}oc([O T) x R). M (1.7) WAL
A f1(s,0,0¢) = hs(s)Nap, (0¢) + ha(s)Naq, (), fos, 0 ) = he(s)Nag, (W) B, 2
Nop (01) € Liyo([0,T) X R), Nog,(0) € Lj,o([0,T) x R), Nag,(a) € Lj,.([0,T) x R).

(0t) + ha(s)Na,g, (0), fas @, 0e) =

Y (1.7) BAELRIETN fi(s,0,0) = hs(s)Nap, (v
hs (8)Na,p, () B, W& Nap, (00) € Lige([0,T) xR), Nogy (0) € Lipe([0,7) X R), Nap, () €

Lioe([0,T) x R). L& (1.7) BAELRETHN fi(s,0,0¢) = ha(s)Na,p, (01) + ha(s)Noq, (0),
fa(s, 1, 1) = h5(s) Nap, () +16(5) Navgo (@) B, T2 Nap, (9) € Lioo([0, T)XR), No g, (0) €
Lioe([0,T) X R), No p, (1r) € Ljg ([0, T) X R), Novgy (@) € Li,o ([0, T) x R). WA

/ut(ts)¢(ts)ds—5/ Osds—//uTTs¢TTsdsdT
// TS¢ssTSdeT—|—//W o(t, s)dsdr
= [ [ 56050001050 (26)

[attsitesnis =< [ nwo.as- [ t / By (7, $)is (. )dsdr

// Tsz/JSSTsdsdT—i—//W Y(T, s)dsdr

:/0 /RfQ S, U, Ur)(T, s)dsdr, (2.7)
HA o(t,s),90(t,s) € C2([0,T) x R), t € [0,T). W (@, v) FRAMEL (1.7) K555
§2.2 [E]&H 1.1 HYEEA
24 (2.6) X fi(s,0 Ut)—hz )Na,q(0) B, 2 ¢(t,2) = do(z), 132

Ut / / / (5)60(5)[3(0, )| 1dsdadr. (2.8)
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FIA Holder ARG 2.3, WA

Ah2(8)¢o(8)|@(t,s)|qu > V)l

(fia(h2 ()™ g (s)ds)a—1
>{0@+m*Wﬂwmm 132

Ct+ R~ DV, 1<g<2.

LIRS

t T
K/ / (7 — 0)* (o + R) 3@V |V(0)[9dodr, > 2.
U/(t) 2 Ot OT
K/ / (1 —0)* Yo+ R)“ V|V (0)|%dodr, 1<g<2.

2 (2.7) K fa(s, q, Ut) h1(s)Nap(ae) BF, 2 (L, s) = do(s), 13F

V'(t // T—Ualfhl Yoo(s)|us(o, s)|Pdsdodr.

HHEAAE]
{ C// / — N YN+ R)T3P=DIU (N |PdNdodT, p > 2,

C/// (0 = N2 LA+ R) =P DU’ (A)|?dAdedr, 1< p < 2.

He (2.6) K 6(t,5) BH O(t,5) = e~ 77 1 (s), T

(2.9)

(2.10)

(2.11)

/ut(t s)®(t, s)ds + —/ (t,s)®(t, s)ds —6/ (ﬁuo( )—I—ﬂl(s))gol(s)ds

//Ts Da(r, ) + W()(r, ) + (7, 5)) drds

// T—cr"‘l/hz D(0, 8)|v(0, s)|?dsdodr.

iy (2-2) ABE
UL(1) + U (1) — /(ﬁuo( )+ a1(5)) o1 (s)ds

// T—ao‘l/hz ®(0, 8)|v(0, s)|?dsdodr > 0.
TRAAE

Uy (t) >e—ﬁU1(0)+Ma/ 537
R

T (2.7) S o(t,s) = (t,s) = e~ 2 py(s), 15F]

Vi(t) 2e_WV1(O)+M5/

& \2M
TE (2.6) 4 o(t, s afFE,m(% G &

) =®(t,s),
d/‘(bd+1/‘+ T —/h 7)®d
at Jo T T o Jy \M M“ = J 12(5)Naq(0)ds.

(2.13)
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PTG 2

/R(aﬁ—ﬁﬂ)éds—a/ﬂ{(ﬂﬂsﬂ—ﬁuo( ))<p1( )ds

_ /0 t /R ha(5) No o (0) st

_/utq)ds—i-—/utq)ds QM/ +—u0 (s))p1(s)ds
:/hQ(S)Naq fI>d5+—/ /h2 N o(0)®dsdt. (2.14)
R
i

G(t) = /Rﬂtcbds— %/Rul(s)gol(s)ds—%/Ot/ha(s)Na,q(u)@dsdt.

A (2.14) K, 152
Q)+ %G(t) - % /R ha(5) N o (5)®dls + ﬁ /R iio ()1 (5)ds > 0.

pEb

HHAS

Us(t) > & /R ()1 (5)ds. (2.15)
RG]

V(0> 5 [ au(s)er (s (2.16)
FIFIGI2E 2.4 f1 (2.13) X, A[1%

/hQ Yoo(s)|v(t,s)|?ds > |V1( )4

fR (ha(s)po(s))” =T (P(t,s))7ds)e~1

Cei(t @2 g>
S} Gt RIS, g 22, (2.17)
Cel(t+R)~=D, 1<g<2
¥ (2.17) KA (2.8) K, WA
Cel(t + R)~(a=2¢atl g > 2
Uiy s 4 G R 922 (2.18)
Ce(t + R)~(=Dotl 1< g<2.
R, 455 (2.10) KA (2.15) RG]
KeP(t+ R)=0=2o42 p>2,
vy s KEEER) p (2.19)
KeP(t+ R)~(w=Dtet2 1 <p <2
'I%ﬁg 1 p>2,qg22.
5854
V(t) > Cilt+ R)™1t%, >0, jeN, (2.20)

U'(t) > K;(t+ R)™Pit%, t>0, jeN. (2.21)



82 Bo¥ F AR

45 %

AR (2.18) AT (2.19) K ATHI, (2.20) Xf j =0 B, Cop = KeP, by =p — 2, ap = a + 2,
(2.21) KAt j =0 B, Ko = Ce?, fo = q— 2, ap = a + 1. ¥ (2.20) AN (2.9) =X, 155

t T
U'(t) > KC;-J/ / (1 —0)* Yo+ R) 3= V=ba5%dgdr
o Jo
KCY

>—J (t+R 3(g=1)=bjqpajq+atl
ot TR

CKPC?
— 2p/ / / YA+ R)” 3(p—1)—3p(g—1)—b;pq
(ajq

x NP+t \dod T

> Cjya(t + R)"botigosts,
CKP(CPe

g (2.11) 2, wTHI

’E‘:EP Cj+1 “ (aj q+2)2T-’(aJpq+J(oz+1)p+2)37 bJ+1 - 3( - 1) + 3p(q - 1) =+ bija aj+1 = a;pq +

(a+1)p+a+2.
A (2.9) K. (2.11) KA1 (2.21) K, WEH

U'(t) > K (t + R)Prtrgons,
KCqKPq

He Kj 2 (aqu+(a+2)q+2)3q+27 Bj+1 = 3g—1)+3q(p—1)+ Bipq, aj+1 = ajpq + (o +

2) +a+1
HHEARE
aj = (CY+2+

(a+1p+a+2 ; (a+l)p+a+2
pg—1 )(p) - pg— 1
(a+2)q_+1a+1)(pq)j_(a+2)q+a+1

by =@+ (pg) —3, Bj=(q+1)(pg) -3,

CKPCfﬁl _(2p+3)5 ~0a
Z (@ —aymes = MO,

> exp {(pQ)j ( log Co +

K > M(pg)~ T2V K1,

)

aj:(a—i—l—i—
pqg—1

log M (2p+ 3)log(pg) ) }
pq—1 (pg —1)? ’

> exp {(Pq)j(log Ky Jo8 _M; - (3q(+q2)_1(i§2(pq))}.

FIH (2.20) 2., (2.22) KD JK (2.24)- (2 25) =, 155
V(t) > exp{(pq)’ (log(KePt Protit (a—+;?—+1a+2) —(p+1)log2

(a+1D)ptat2

—Sp,q(00))} x (t + R)Bt_ pa—1
TE (2.27) K4 j — o0, Y
a+1+<a+2)p*1)—1

t> OE_(_1+(Q+1):D71+ pa—1

i, AT V(8) > oo, B, 51 AESEEMH T(e) < Cem(iHlarnp i+ stiepe—

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

)1
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HeALlH, AR4E (2.21) RATH
U'(t) > exp{(pq)? (log(Kot~@HIFTe+ 1+ Ty (4 1 1) log2

_ (a+2)gta+t1

—S, (0N} X (t+ Rt wamt (2.28)

at2+(at+1)g" 1\~

PETASFI A IS B M 1 T(e) < Ce™ (CTlHed 5550500 FRAE (1.8) APE 4
He S A 1

B2 1<p<2,1<q¢g<?2.
A (2.19) A1 (2.20) 2, A1 Co = KeP, bo = p— 1, ap = a + 2. 54 (2.18) K
(2.21) &, W Ko = Ce?, By = q— 1, ag = a + 1. ¥ (2.20) AN (2.9) &, 183
KC!

U®)> — 2 (¢4 R)~ (@ D-bijapajatatl 2.29
(t) (ajq+2)2(+ ) (2.29)
FIA (2.11) A1 (2.29) X, 11§
CKPCP?
V() > J t + R)~(—1)—p(g—1)=b;jpq
0 (ajq +2)?P(ajpq + (a + 1)p+2)3( TR
w 1@iPat+(a+)ptat2
g (2.9) 2L (2.11) KA K (2.21) K, 157
KCIK™
U'(t) = J t 1+ R)~(a=D—a(p—1)~B;pq
() (op 4 2)%(ajpq + (o + 2)q + 3)2 (t+R)
w $@iPat+(a+2)gt+a+l
TR 4
bjw1=plpg) —1, Bj+1 = qlpg)’ — 1. (2.30)
3R (2.20) 2. (2.22) 2. (2.25) 1 (2.30) 2, MG

)pt+a+2

V(1) > exp{(pq)’ (log(K Pt 7ot 555 plogo

_ (et D)ptat2

— Spq(00))} x (t+ R)t pa—1

at1t(at2)p—t

TSR A= fp s B AT T(e) < O~ (FlH(at2)p™ 4 SR —) 71
Sefoush, FA (221) K. (2.23) 2. (226) A (230) X, BEE MBI T(0) <
Cem (1D ST R R g (1.8) Ak MR
B3 p>2,1<g<2.
15& (220) fﬁl:':l CO = Kgpa bO =p— 27 apg = o+ 2, (221) ;T‘,tl:{j KO = ng’ ﬁO =q— 17
a0 = o+ 1. BUUTHE 1 FEE 2 FeHES, NG
bjy1 =pg+2p—3+bjpg = (p—1-|— 2]9—2)( )j _w

pg—1 pg—1 7

29 -2 . 3pg—2q—1
Bj+1=3pq—2q—1+ﬁjPQ=(q+2— )( y -

pqg—1 pqg—1

HEAARE]

-1 1
T(e) < Cs™ max{—1+(a+3)p '+ 2L — —14(a—1)g '+

at4+4(a—1)g— }71
pg—1
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IS (1.8) S35 A BB

B4 1<p<2,qg=2.

R4 (2.19) M Co = Ke?, by =p— 1, ag = o+ 2. FIFi] (2.18) K, BH| Ko = Ce?,
Bo=q—2, a0 = a+1. KETHEE 1 LI REE 2 SR, vE (2.22)-(2.23) R, (2.25)-
(2.26) DA K&

2p —2 . 3pg—2p—1

_ _ — = g 22 4 -
bjt+1=3pg—2p—1+bjpg = (p+2 - 1)(19(1) pr—1
2q — 2 . pg+2¢—3

- _ M — _ jg_H#HrTea 9
Bj+1 = pq+2q — 3+ Bipg (q 1+pq_1)( ) i1

TRAE (1.8) AR Eards G 22 1.1 B

)

§3 FIE 1.2 HYiLEA
% (2.6) _t‘:F' J1(8,0,0:) = Napy g1 (0,0:) B, & o(t, ) = ¢o(s), 5F|

/ / / o= /R ¢o(s)(h3(s)|0¢[P* + ha(s)|0]")dsdAdodr.

PNIIGIEES
L t T g o — a—1 s G s)|P1ds odr
F(a)/o /0 /0 (o=X) /quo( Yha(s)[0:(X, 5)[P* dsdAdod (3.1)
il
1 t T o ot ) ., ) o
@/0 /0 /0 (0 =2) /RQSo(S)th(S)Iv(/\,S)I dsd\dodr. (3.2)
FIH Holder R, (2.16) AT HE 2.4, W&
5 [Va(t) |
do(s)hs(s)|ve|" ds > \ :
/R o (Ju(Bo(s)hs(s)) ™ 71T (B(t, 5))Ps ds)pr—1

1 —(p1—2)
< CePr(t+ R)~ P12 p; > 2 (3.3)
CePi(t+ R)y~P1=1 1 <p <2
2 py > 2 B, F5E (3.1) XM (3.3) K, HE
) > Kelt / / / ) LA+ R) =P =D d\dodr
> KeP' (t + R)~(P1=2ga+2, (3.4)
AU, 24 1 < pi < 2 W, ATH
U(t) > KeP*(t + R)~ (1= Dga+2, (3.5)
WY 2.3 153
Vi(t)|
/¢0(s)h4(s)|6|q1ds > | ()L#
R (Jp @o(s)(ha(s))” mTds) 1
—3(q1—1) q1
L JCE+R) V", «a =2, (3.6)
Ct+R) " (@= DV, 1<q <2
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A (3.2) ZF0 (3.6) X, 7 1%
K/ / / )L (A 4 R)=3@ =D (A)|“ dAdodr,
2 2,
U(t) > « (3.7)
K// / — A A+ R) T @DV ()| dAdod,
l<qgi <2
2 (2.7) T#ﬂfz (8,1, 1) = Nag, (0) B, 2 9(t, 5) = do(s), FFE|
/ / / o—N*" 1/¢0 Yhe(s)|@(N, s)|22dsdAdodr. (3.8)
FIH 5 H 2.3, Bl'Jﬁ
U(t)|22
/¢0(s)h6(s)|a|qzds > | ()l_#
R (Ja do(s)(he(s))” ="Tds)e=~1
—3(q2—1) £)]22 )
< C(t+R)_ 3 ul”, g =2, (3.9)
Ct+R) ™ e DU@)e, 1<q<2.
TR A1
0/ / / 2L (A + R)~¥ eV |U ()| 2 dXdodr,
>
V(t) > 42=>2 (3.10)
0/ / / A+ R)~ (= D|U(\) |2 dNdedr,
1<qg <2
F—J7HE, R (2.12) 2RI 2.4 FBE]
U (t)]22
[ o ats)iaias > T
R (Ja(do(s)he(s))” =T (D(t, 5))%ds) >~
92 —(q2—2)
Ce(t+R)~(2D 1 <qg <2,
4h4 (3.8) KAl
Ce2(t + R)~(e2=2+2 g, > 9
V(t) > ( )_( )ass 2 (3.12)
Ce®(t+ R)~ e~ get2) 1 < g < 2.
BEL p 22,022 ¢>2.
5854
U(t) > D;(t+R)"%t, t>0, jeN, (3.13)
V(t) > Aj(t+R)™ P, t>0, jeN. (3.14)
Ypr =2, q2 > 28, A (3.4) X (3.12) I, F[1] Do = KeP*, ag = p1—2, bp = a+2

IR Ao =Ce®, 00 =q2—2, fo =+ 2.
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FIH (37) K. (3.10) XA (3.13) X, A

KCn D‘hqz . a( 0
> 0‘ /\ + R) q1q2—1)—a;q1q2
e | L

xAbﬂlq2+ (@D drdodr

> Dy (t + R)"t+igbier

chlDQIq2
HF D > s arapaTs: G+l = 3(qrge—1)+a;q1g2, bjy1 = bjqige+ (@ +2)g1 +

a+ 2.
RGH

V(t) = Ajpa(t 4 R) i1 ¢Pier)

CK92 A7192
EEF' A]-i—l = (ﬁjq1q2+(a+2)i12+2)3‘12+3’ Qi1 = 3((]1(]2 - 1) + a;q142, B]+1 = qu1q2 + ( +

2)qg2 + o+ 2.

R
a; =(p1+ D) -3, o =(@+1)(ne) -3, (3.15)
(a+2)q1 +a+2 o (a4 2)g+a+2
bj=(a+2+ — ; 3.16
’ ( Qg2 —1 )(qqu) Qg2 — 1 (3.16)
(a+2)ga +a+2 ; (a+2)g2+a+2
i=(a+2+ I . 3.17
g = ( S () e (3.17)
N . log N log N
¥ j > max{ (3q1+3)glog(qlqz) T DT (qu+3)g10g(q1q2) ~ G} I, WA
KCnpie ,
3q1+3
;= 7(1) oy 2 > N(q1g2)~ (B )JD;ZI_qlz
> exp{(q192)? (log Do — Sy, 4,(0))}, (3.18)
Aj > N(quge) e IANE > exp{(g1, 2)’ (1og Ao — Sgyq,(00))}- (3.19)
FIH (3.13) . (3.15)-(3.16) LA K (3.18) K, 157
j —p1tat14 (etDartot?
U(t) > exp{(q142)’ (log(Dot ma2=T ) — Sgy45(00)

(a+2)gq1 +a+2

—(p2 + Dlog2}(t + R)*t™ ma—1 |

(a+2)a; +a+2
(—14(at1)py o ter=)

t>Ce™
F, 40 U(t) — oo
at2+(at+2)ay '

S, BEEMBEMI T(e) < Ce IO =m0 Y figesr (1.9)
KA — A s A -

B2 1<p1 <2, 1< <2,1<q<2.
MF1<p <2,1<q<2,Y Dy=KeP, ag=p1 —1,bp=a+2 UK Ay = Ce?,
ao = q2 — 1, fo = a+ 2 B, fRiZ (3.13) AT (3.14) XAor. AIA (3.7) K. (3.10) A
(3.13) 3¢, 717
KCw phe:
Ut) > 5 ‘ 5
(bjg2 +2)39 (bjqiqe + (o + 2)q1 + 2)

(t 4 R)—(qwz—l)—aquqz
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% tbj q1q2+(a+2)q1 +a+2 )

B e KC91 piia2
TRABE Djtr > (qu1q2+(a+2);1+2)371+37 aj+1 = ajq1q2 + q1g2 — 1, bjy1 = bjq1g2 + (a +

2)q1 + o+ 2.

s (o 171 CKT2 AT

KUFR Aji1 2 Gooremaiora G = 4G +age — 1 Bin = fiae +
(@+2)g2 +a+2.

HEARE]

a; =pi(ae) —1, of=glage) — 1. (3.20)
54 (3.13) K, (3.16) K, (3.18) X1 (3.20) X, A
) prtatayletDa tate
U(t) > exp{(q1q2)’ (log(Dot w1 ) — Sy g, (00)

_ (a+2)q; ta+2
~prlog2)} (¢ + Ry~

—1, (a+2)q1+a+2\ 1
TRAEEH] T(c) < Ce~ CHODr+ 5 0ln -0

R (3.14) . (3.17) KA (3.19)-(3.20) R, TS B A

1, at2t(at2ay Ly
T(E) < OE_(—1+(¢1+2)¢12 +t—eT ) .

MTTARF] (1.9) A A A A i B A
B3 1<pi <2, q1>2,q >2.
Wogo > 2 B, R (3.5) M (3.12) RA[ME Dy = KeP', ag =p1 — 1, bp = a + 2 L&
Ag=Ce®, ag=qy — 2, Bp = a+ 2.
KLTHE 1 IR 2 i, NA
ajt1=3(q1 — 1) +3q1(g2 — 1) + a;q142,
ajt1 = 3(g2 — 1) + 3g2(q1 — 1) + aq1 .
HHEGF
aj = (p1+2)(qg2)’ =3, a; = (g2 +(q1g2)’ - 3. (3.21)
FIA (3.13) 2. (3.16) &, (3.18) A1 (3.21) X, A5

—(— -1, (et+2)qrtat2y-1
T(E) < Ce (—1+ap; 4+ p1(a1a2—1) )

at2+(at2)qy !

R 1, SRS BT T(e) < 0 CHHOrDe =i ) g
(1.9) R =4 A i G-
B4 pi>2,1<q<2,1<q <2.
M1 < qo <28 FIH (3.4) FM (3.12) &, 185 Do = KePr, ag=p1—1, bp=a+2
P Ag=Ce®, ag=qs— 1, Bp=a+2.
RKRTAEE 2 9iEd, W15
aj+1=q —1+q(e2 —1) +a;q192,
ajy1 =gz — 1+ g — 1) + ajqige,
A a; = (p1 — D(qig2)? — 1, o = g2(qug2)? — 1.
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TR (1.9) XA a5 AL, B

_ 1, (a+2aq1+at2 _1, at2f(at+Day Ly
T( ) Ce max{—1+(a+3)p; + Pl(araa=D l+(o¢+2)q2 +7q1q2 K I

EH 1.2 JEH.

§4 FIF 1.3 AYiLEH
% (26) JJ:CEP fl(S,’U,’Ut) = Na ,P1, q1( ) Hj‘ < (b(t S) ¢0(5)a ﬁ%‘éu

! ! 1 t o=l v, |P1 s)|v|?)dodsdT
U(t)—U(o»m/()/Rqso(s)/() (r — 0)* (ha(8) 0, [P* + ha(s)[0]® )dodsdr,

PN

ﬁ/@t /OT(T_0)a_1/R¢0(S)h3(8)|vt(0,S)I”ldsdadT,
r%é) /Ot /OT<T—U)"“1 /R S0(s)ha(s)[o(0, 5)| dsdodr.

FIFSIH 2.4 #1 (2.16) X, MG

KePi(t+ R)=(P=2), >2,
/¢0 Vha(s s)[Prds = et +R) P
KePr(t+R)~®=1 1<p <2

O R)=(P=2)gotl - py > 2,
KePr(t+ R)~(i=Dgetl 1 < p) <2,

WRIETIHE 2.3, HH

K(t+ R)=3@-D|y¢)|a, > 2,
[ ootemaatesymas > TR IO, @
R Kit+R)~@-DV@)a, 1<q <2

K (4.4) AN (4.2) K, WA
t T
K/ / (T—o)a_l(a—i—R)_3(ql—1)|V(o)|‘hdUdT, qQ =2,
U/(t) > t T
K/ / (r— ) o+ R)- @ D[V (o) " dodr, 1< g <2.
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Abstract The main purpose of this work is to consider blow-up dynamics of solutions to the
Cauchy problem for coupled system of nonlinear wave equations in Schwarzschild spacetime.
The nonlinear terms in the problem include mixed type memory terms, combined and power
type memory terms, combined and derivative type memory terms as well as combined type
memory terms. Furthermore, upper bound lifespan estimates of solutions are established by
imposing certain assumptions on the exponents in the nonlinear terms and making use of
the iteration method. The main novelty is that that authors analyze the effects of nonlinear
memory terms on lifespan estimates of solutions under the Schwarzschild metric. To the
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