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§1 ���
1960?, Mil’man^ Myshkis;| [1] Lm�*'��sL("�B	�wC?�,o1�wC?�. i[9b�s;;"W�Vj9Vt	(O N�, ;� ��V�pa��q�*?82.WU=(+,. 2006 ?, Federson *�?;| [2] L|%*J�1�=\wC?�

{
ẏ(t) = f(yt, t), t 6= tk,

△ y(tk) = Ik(y(tk)), k = 1, 2, · · ·
(1.1)4U'�wC?�

dx

dτ
= DF (x, t) (1.2)(*wS�, DL tk, k = 1, 2, · · · [6�U0(1�W�, 3\ t0 < t1 < · · · < tk < · · · <

+∞, U t = tk W. O y [^'�(F0k� y(t+k ) !;, =.
△ y(tk) = y(t+k )− y(t−k ) = y(t+k )− y(tk).?� (1.1) (iC*w�Y{:

y(t) = y(t0) +

∫ t

t0

f(ys, s)ds+
∑

t0<tk<t

Ik(y(tk)), t ∈ [t0,+∞), (1.3)DL r > 0, t0 > 0, y : [t0 − r,+∞) → R
n, yt : [−r, 0] → R

n F yt(θ) = y(t + θ), θ ∈

[−r, 0], t ∈ [t0,+∞), f : S × [t0,+∞) → R
n,

S = {yt; y ∈ O, t ∈ [t0,+∞)} ⊂ G−([−r, 0],Rn). (1.4)�} 2022 � 6 8 16 M\&, 2023 � 6 8 23 M\&�GI.
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98 d � � � A l 45 �U O ⊂ G−([t0 − r,+∞),Rn) [�.�v�I(ma, t → f(yt, t) ; [0,+∞) R[�� Lebesgue �i(, F3\�,o{:

(H1) !;"K�� Lebesgue �i\ M : [t0,+∞) → R, X'46"K x ∈

O, u1, u2 ∈ [t0,+∞), .
∣∣∣
∫ u2

u1

f(xs, s)ds
∣∣∣ 6

∫ u2

u1

M(s)ds.

(H2) !;"K�� Lebesgue �i\ L : [t0,+∞) → R, X'46"K x, y ∈

O, u1, u2 ∈ [t0,+∞), .
∣∣∣
∫ u2

u1

[f(xs, s)− f(ys, s)]ds
∣∣∣ 6

∫ u2

u1

L(s)‖xs − ys‖ds.1�gY Ik : Rn → R
n, k = 1, 2, · · · 3\:

(H3) 42 x ∈ R
n, k = 1, 2, · · · , !;� K1 > 0, X'

|Ik(x)| 6 K1.

(H4) 42 x, y ∈ R
n, k = 1, 2, · · · , !;� K2 > 0, X'

|Ik(x) − Ik(y)| 6 K1|x− y|..��_{wC?��(O �I, �B%�^%*�6�?(U=�[3−5] . 2012?, Afonso*�?#, Lyapunov=\, ;| [6]L0'�|%*U'�wC?�(�S2"G.�, <"G℄M.�n"G℄M.�(
SHA^0 , �~��XuU%1�J�s. 2017 ?, Federson *�?;| [7] L0'*U'�wC?�( Lyapunov =\;[ Lipschitz o{�(.��, �pY�RU'�wC?�4�3wC?��Dy(*wS�, |%*�3wC?�S2.��(
S�X. 2019?, Federson*�?;| [8]L~U'�wC?�; [t0, t0 + σ] RS2�E�n(��v% [t0,+∞), 
"Æ'%*U'�wC?�; [t0,+∞) RS2�E�n�^�(!;�0 . 2022 ?, Andrade da Silva*�?;| [9] L�*U'�wC?�S2.��( Lyapunov =0 , �"0 {k0wC?�~0�4.��Dy(S�mP*�(?:.^%%RN_(EZ, �|pY|%J�1�=\wC?� (1.1) �^�(!;y"�0 , ;U'�wC?� (1.2) 4J�1�=\wC?� (1.1) (�*w(g�R,�*J�1�=\wC?� (1.1) ( Lyapunov =\;5. Lipschitz o{�("G.��, 
7|%*J�1�=\wC?� (1.1) S2"G.��( Lyapunov =0 .�|��PK�C: -8�C�T*�|h,%("Æg�HAn* , -P�C|%*J�1�=\wC?� (1.1) S2"G.��( Lyapunov =0 , �,"K$YB:*F0 (.�.

§2 �a��U X [0'*< ‖.‖ ( Banach �y, [a, b] ⊂ R ["K	Hy. NX\ ϕ (^0k� lim
s→t−

ϕ(s) = ϕ(t−), t ∈ (a, b], lim
s→t+

ϕ(s) = ϕ(t+), t ∈ [a, b) C�!;, =�\
ϕ : [a, b] → X { [a, b] R(A=\. r G−([a, b], X) {^'�(A=\ ϕ : [a, b] → XQ�(�y,D<0'{ ‖ϕ‖∞ = sup

a6t6b

‖ϕ(t)‖,=G−([a, b], X)$< ‖·‖∞Q� Banach�y.



1 C "�` P9A Kd�2�>℄xD��/��) Lyapunov >1! 99iÆ 2.1 [2] �\ U : [a, b]× [a, b] → X ;Hy [a, b] R[ kurzweil �i(, O!;�) I ∈ R
n, X'4L&L0( ε > 0, !;AE\ δ(t) : [a, b] → (0,+∞), X'4 [a, b](L` δ– ��Ce D = {(τi, [αi−1, αi]), i = 1, 2, · · · , k}, 2.

∥∥∥
k∑

i=1

[U(τi, αi)− U(τi, αi−1)]− I
∥∥∥ < ε.�W0' ∫ b

a
DU(τ, t) = I { U ;Hy [a, b] R( kurzweil iC. l�,, $ U(τ, t) =

f(τ)g(t) W, . ∫ b

a
DU(τ, t) =

∫ b

a
f(s)dg(s).�z 2.1 [2] L&; [a, b]R Lebesgue �i(\ f "0; [a, b] R kurzweil�i. O\ f ; [a, b] R kurzweil �iFBE, = f ; [a, b] R Lebesgue �i.iÆ 2.2 [2] U O ⊂ X ["K�m, Ω = O × [t0,+∞). �\ x : [a, b] → X, [a, b] ⊂

[t0,+∞) {U'�wC?�
dx

dτ
= DF (x, t)(�, [F4h.( t ∈ [a, b], (x(t), t) ∈ Ω, 2.

x(s2)− x(s1) =

∫ s2

s1

DF (x(τ), t),DL s1, s2 ∈ [a, b].iÆ 2.3 [9] O!;"K^'�z\ H : [t0,+∞) → R, X' F : Ω → X 3\
(B1) 4h. (x, si) ∈ Ω, i = 1, 2, .

‖F (x, s2)− F (x, s1)‖ 6 |H(s2)−H(s1)|; (2.1)

(B2) 4h. (x, si), (y, si) ∈ Ω, i = 1, 2, .
‖F (x, s2)− F (x, s1)− F (y, s2) + F (y, s1)‖ 6 |H(s2)−H(s1)|‖x− y‖, (2.2)=� F : Ω → X `2 F(Ω, H), o{ F ∈ F(Ω, H).�z 2.2 [9] U F : Ω → X 3\ (2.1) Y, O [a, b] ∈ [t0,+∞), �F x : [a, b] → X [U'�wC?� (1.2) (�, =4L&( t, s ∈ [a, b], *Y

‖x(t)− x(s)‖ 6 |H(t)−H(s)|�%, �F; [a, b] R, H '�(.�[ x '�(..U F : Ω → X 3\ (2.1)–(2.2) Y, 0'
ΩF := {(x, t) ∈ Ω : x+ F (x, t+)− F (x, t) ∈ O}.�z 2.3 [9] U F ∈ F(Ω, H), DL H : [t0,+∞) → R ["K^'�(z\,O (x0, t0) ∈ ΩF , =!;U'�wC?� (1.2) ;�Eo{ x(t0) = x0 �(y"�^�

x : [t0,+∞) → X.�z 2.4 [9] U Ω = O× [t0,+∞), F ∈ F(Ω, H),DL H : [t0,+∞) → R ["K^'�(z\, =426K (x0, τ0) ∈ Ω, 2!;U'�wC?� (1.2) 0';Hy [τ0,+∞)R(y"�^�, DL x(τ0) = x0.iÆ 2.4 [7] U'�wC?� (1.2) ��{
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(i) "G.�(, O46K α > 0, !; M = M(α) > 0, X'$ x0 ∈ O F ‖x0‖ < αW, 4L&( t ∈ [t0,+∞), . ‖x(t, t0, x0)‖ < M ;

(ii) <"G℄M.�(, O!;"K� C > 0, X'46K α > 0, [!; T =

T (α) > 0, $ x0 ∈ O F ‖x0‖ < α W, 4L&( t ∈ [t0 + T (α),+∞), . ‖x(t, t0, x0)‖ < C;

(iii) "G℄M.�(, O?� (2.1) s["G.�(1[<"G℄M.�(.� 2.1 x(s, t0, x0) 
ZU'�wC?�;�Eo{ x(t0) = x0 �(�^�.�z 2.5 [7] U=\ V : [t0,+∞) × X → R, X'46K; (α, β] R^'�(\
z : [α, β] → X , \ [α, β] ∋ t→ V (t, z(t)) ; (α, β] R^'�. :U=\ V 3\�,o{:

(E1) !;(K#/>\ p, b : R+ → R
+, X' p(0) = b(0) = 0,

lim
s→+∞

b(s) = +∞,F42 (t, x) ∈ [t0,+∞)×X, .
b(‖x‖) 6 V (t, x) 6 p(‖x‖).

(E2) 42U'�wC?� (1.2) (6K� x : [t0,+∞) → X, $ t0 6 t 6 s < +∞ W,.
V (s, x(s)) − V (t, x(t)) 6 0.=U'�wC?� (1.2) ["G.�(.�z 2.6 [2] U O ⊂ G−([t0 − r,+∞),Rn) ["K�m, O �.�v�[F4L&(

y ∈ O, t ∈ [t0 − r,+∞), 2. y ∈ O, DL\ y 0'{
y(t) =

{
y(t), t0 − r 6 t 6 t,

y(t), t < t < +∞.�z 2.7 [2] U t0 > 0, r > 0. L0 y ∈ O F t ∈ [t0,+∞), 0'\
G(y, t)(ϑ) =





0, t0 − r 6 ϑ 6 t0,∫ ϑ

t0
f(ys, s)ds, t0 6 ϑ 6 t < +∞,∫ t

t0
f(ys, s)ds, t0 6 t 6 ϑ < +∞n

J(y, t)(ϑ) =

m∑

k=1

Htk(t)Htk(ϑ)Iky(tk),DL Htk(t) 
Z^'�( Heavyside \, F
Htk(t) =

{
0, t0 6 t 6 tk,

1, t > tk.0'U'�wC?� (1.2) L(\ F : O × [t0,+∞) → G−([t0 − r,+∞),Rn) {
F (y, t)(ϑ) = G(y, t)(ϑ) + J(y, t)(ϑ). (2.3)=J�1�=\wC?� (1.1) �%�Uf{U'�wC?� (1.2) (�Y.�z 2.8 [2] vU f : S × [t0,+∞) → R

n 3\o{ (H1)–(H2), 1�gY Ik : Rn →

R
n, k = 1, 2, · · · 3\o{ (H3)–(H4),Ω1 = O × [t0,+∞). =- (2.3) YL�(\ F :
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Ω1 → G−([t0 − r,+∞),Rn) `2 F(Ω1, h), DL h(t) = h1(t) + h2(t),

h1(t) =

∫ t

t0

[L(s) +M(s)]ds,

h2(t) = max{K1,K2}

m∑

k=1

Htk(t).�z 2.9[2] U O ⊂ G−([t0−r,+∞),Rn)[�.�v�I(�m, S - (1.4)YL�F
φ ∈ S. �/?� (1.1), DL f : G−([−r, 0],Rn) × [t0,+∞) → R

n, t → f(yt, t) ; [t0,+∞)R[�� Lebesgue �i(, F3\o{ (H1)− (H4).

(i) O y : [t0 − r,+∞) → R
n [J�1�=\wC?� (1.1) ;�Eo{ yt0 = φ �(�, 42L&( t ∈ [t0,+∞), U

x(t)(ϑ) =

{
y(ϑ), t0 − r 6 ϑ 6 t,

y(t), t 6 ϑ < +∞.=\ x(t) ∈ G−([t0 − r,+∞),Rn) [U'�wC?� (1.2) ; [t0,+∞) R(�.

(ii) ;D, O x : [t0,+∞) → O [U'�wC?� (2.1) 3\�Eo{
x(t0)(ϑ) =

{
φ(ϑ − t0), t0 − r 6 ϑ 6 t0,

x(t0)(t0), t0 6 ϑ < +∞(�, DL F - (2.4) YL�. 426K ϑ ∈ [t0 − r,+∞), 0'
y(ϑ) =

{
x(t0)(ϑ), t0 − r 6 ϑ 6 t0,

x(ϑ)(ϑ), t0 6 ϑ < +∞.= y : [t0 − r,+∞) → R
n [J�1�=\wC?� (1.1) (�.

§3 ��vq��. F ∈ F(Ω1, h), Ω1 = O × [t0,+∞), h : [t0,+∞) → R ["K^'�(z\. Uma Ec = {ψ ∈ G−([−r, 0],Rn) : ‖ψ‖∞ < c}, Eρ = {ψ ∈ G−([−r, 0],Rn) : ‖ψ‖∞ 6

ρ}, 0 < ρ < c.iÆ 3.1 J�1�=\wC?� (1.1) ��{
(i) "G.�(,O46K α > 0, !; M =M(α) > 0, X'$ φ ∈ S F ‖φ‖∞ < α W,4L&( t ∈ [t0,+∞), . ‖y(t, t0, φ)‖ < M ;

(ii) <"G℄M.�(, O!;"K� C > 0, X'46K α > 0, [!;"K�
T = T (α) > 0,$ φ ∈ S F ‖φ‖∞ < αW,4L&( t ∈ [t0+T (α),+∞),. ‖y(t, t0, φ)‖ < C;

(iii) "G℄M.�(, O?� (1.1) s["G.�(1[<"G℄M.�(.{*B:0 3.2–3.3 �%, ℄�|%S2J�1�=\wC?� (1.1) �^�(!;y"�0 .iz 3.1 U F ∈ F(Ω1, h),DL h : [t0,+∞) → R[; (t0,+∞)R^'�(z\.O Ω1 = ΩF = {(yt, t) ∈ Ω1 : yt+F (yt, t
+)−F (yt, t) ∈ O},=426K (φ, t0) ∈ ΩF ,2!;J�1�=\wC?� (1.1);�Eo{ yt0 = φ�(y"�^� y : [t0−r,+∞) → R

n.



102 d � � � A l 45 �� !;�. U (φ, t0) ∈ ΩF , ��/ x0 : [t0 − r,+∞) → O, DL
x0(ϑ) =

{
φ(ϑ− t0), t0 − r 6 ϑ 6 t0,

x(t0)(t0), t0 6 ϑ < +∞.-o{ Ω1 = ΩF = {(yt, t) ∈ Ω1 : yt + F (yt, t
+) − F (yt, t) ∈ O} n* 2.3 �C, !;U'�wC?� (1.2) ;�Eo{ x(t0) = x0 �(y"�^� x : [t0,+∞) → O. =-* 

2.9(ii),46K ϑ ∈ [t0− r,+∞),2!;J�1�=\wC?� (1.1);�Eo{ yt0 = φ�(�^� y(ϑ), DL
y(ϑ) =

{
x(t0)(ϑ), t0 − r 6 ϑ 6 t0,

x(ϑ)(ϑ), t0 6 ϑ < +∞.y"�.U y : [t0−r,+∞) → X [J�1�=\wC?� (1.1);�Eo{ yt0 = φ�(-"K�. -* 2.9(i), !;U'�wC?� (1.1) ;�Eo{ x(t0) = x0 �(�
x : [t0,+∞) → O, DL

x(t)(ϑ) =

{
y(ϑ), t0 − r 6 ϑ 6 t,

y(t), t 6 ϑ < +∞.1-* 2.4, 42L&( t ∈ [t0,+∞), 2. x(t) = x(t).  7, 42L&( ϑ ∈ [t0 − r, t0],.
y(ϑ) = x(t0)(ϑ) = x(t0)(ϑ) = y(ϑ).42L&( ϑ ∈ [t0,+∞), .
y(ϑ) = x(ϑ)(ϑ) = x(ϑ)(ϑ) = y(ϑ).)�, 42L&( ϑ ∈ [t0 − r,+∞), 2. y(ϑ) = y(ϑ). ��oB, J�1�=\wC?� (1.1) �^�[y"(.iz 3.2 U=\ U : [t0,+∞) × Eρ → R, X'46K; (α, β] R^'�(\

ψ : [α, β] → Eρ, \ [α, β] ∋ t → U(t, ψ) ; (α, β] R^'�. :vU=\ U 3\�,o{:

(G1) !;(K#/>\ p, b : R+ → R
+, X' p(0) = b(0) = 0,

lim
s→+∞

b(s) = +∞, (3.1)F42 (t, ψ) ∈ [t0,+∞)× Eρ, .
b(‖ψ‖∞) 6 U(t, ψ) 6 p(‖ψ‖∞). (3.2)

(G2) $ t0 6 t < s < +∞ W, 42 ψ, ψ ∈ Eρ, .
U(s, ψ)− U(t, ψ) 6 0.=J�1�=\wC?� (1.1) ["G.�(.� U α > 0, ){ p(α) > 0, - (3.1) Y�C, !; M = M(2α) > 0, X'$ s > MW, . p(α) < b(s). l�,, . s =M, =.

p(α) < b(M).�U ψ, ψ ∈ Eρ, y(·, t0, φ) : [t0,+∞) → O [J�1�=\wC?� (1.1) ;�Eo{ yt0 = φ �(�, DL ‖φ‖∞ < α.



1 C "�` P9A Kd�2�>℄xD��/��) Lyapunov >1! 103-o{ (G1)–(G2) �C, $ t0 6 t < s < +∞ W, .
U(s, ψ) 6 U(t, ψ) 6 p(‖ψ̃‖∞)

6 p(α) < b(M),o
U(s, ψ) < b(M), s > t0. (3.3)�B$ s > t0 W, . ‖ys‖∞ < M.vU!; s̃ ∈ [t0,+∞), X' ‖ys̃‖∞ = ‖φ̃‖∞ >M. -2 b [>\, �a (3.2) Y'
U(s̃, φ̃) > b(‖φ̃‖∞) > b(M).�4 (3.3) Y45. )�, $ s > t0 W, . ‖ys‖∞ < M. oBJ�1�=\wC?� (1.1)["G.�(.�b, y(·, t, ψ) 
ZJ�1�=\wC?� (1.1) �^�, vUJ�1�=\wC?� (1.1) ["G.�(. 4L&( t ∈ [t0,+∞), ψ ∈ Eρ, 0'

U(t, ψ) = sup
τ∈[t−r,+∞)

‖y(τ, t, ψ)‖. (3.4)iz 3.3 vUJ�1�=\wC?� (1.1)["G.�(,=!;=\ U : [t0,+∞)×

Eρ → R 3\�,o{:

(i) 426K ψ ∈ Eρ, U(·, ψ) ; (t0,+∞) R[^'�(;

(ii) !;�J>('�\ b : R+ → R
+, X' b(0) = 0, lim

s→+∞

b(s) = +∞, F42
(t, ψ) ∈ [t0,+∞)× Eρ, . b(‖ψ‖∞) 6 U(t, ψ);

(iii) 42J�1�=\wC?� (1.1) (6K� y : [t0 − r,+∞) → R
n, .

U̇(t, ψ) := lim
η→0+

sup
U(t+ η, yt+η(t, ψ))− U(t, yt(t, ψ))

η
6 0, t ∈ [t0,+∞);

(iv) 42J�1�=\wC?� (1.1) (6K�^� y : [t0 − r,+∞) → R
n, $

t0 6 t1 < t2 < +∞ W, 42 ψ̃, ψ ∈ Eρ, . U(t2, ψ̃)− U(t1, ψ) 6 0;

(v) !;"K#/>\ p : R+ → R
+, X' p(0) = 0, F42 (t, ψ) ∈ [t0,+∞)× Eρ,. p(‖ψ‖∞) > U(t, ψ);

(vi) 42 t ∈ [t0,+∞), . U(t, 0) = 0.� (i) ){ F ∈ F(O × [t0,+∞), h), h : [t0,+∞) → R ["K^'�(z\, �U x : [a, b] → X [U'�wC?� (1.2) (�, =-* 2.2 �C, U'�wC?�(�
x [^'�(.1-* 2.9 �C, ?� (1.2) (� x 4?� (1.1) (� y Dy(S�{:

x(t)(ϑ) =

{
y(ϑ), t0 − r 6 ϑ 6 t,

y(t), t 6 ϑ < +∞. 7, J�1�=\wC?� (1.1) (� y ![^'�(. -2=\ U (0'{
U(t, ψ) = sup

τ∈[t−r,+∞)

‖y(τ, t, ψ)‖,)�, 42L&( ψ ∈ Eρ, U(·, ψ) ; (t0,+∞) R[^'�(.
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(ii) 46K (t, ψ) ∈ [t0,+∞) × Eρ, U y : [t − r,+∞) → O [J�1�=\wC?�;�Eo{ yt = ψ �(�. �J

‖yt(θ)‖∞ = sup
θ∈[−r,0]

‖y(t+ θ)‖ 6 sup
τ∈[t−r,+∞)

‖y(τ, t, ψ)‖ = U(t, ψ).�7I\ b {b*\, o4L&( s ∈ R
+, 2. b(s) = s, =�B:

b(‖ψ‖∞) = b(‖yt‖∞) = ‖yt‖∞ 6 U(t, ψ).

(iii) U y : [t − r,+∞) → O [J�1�=\wC?�(�, =42L&( t ∈

[t0,+∞), τ ∈ [t+ η,+∞), η > 0, .
y(τ, t, yt) = y(t) +

∫ τ

t

f(ys, s)ds+
∑

t<tk<τ

Ik(y(tk))

= y(t) +

∫ t+η

t

f(ys, s)ds+

∫ τ

t+η

f(ys, s)ds

+
∑

t<tk6t+η

Ik(y(tk)) +
∑

t+η<tk<τ

Ik(y(tk))

= y(t+ η) +

∫ τ

t+η

f(ys, s)ds+
∑

t+η6tk<τ

Ik(y(tk))

= y(τ, t+ η, yt+η). (3.5)2[
U(t+ η, yt+η)− U(t, yt) = sup

τ∈[t+η−r,+∞)

‖y(τ, t+ η, yt+η)‖ − sup
τ∈[t−r,+∞)

‖y(τ, t, yt)‖

= sup
τ∈[t+η−r,+∞)

‖y(τ, t, yt)‖ − sup
τ∈[t−r,+∞)

‖y(τ, t, yt)‖

6 sup
τ∈[t−r,+∞)

‖y(τ, t, yt)‖ − sup
τ∈[t−r,+∞)

‖y(τ, t, yt)‖ = 0.)�, 42L&( t ∈ [t0,+∞)

U̇(t, ψ) := lim
η→0+

sup
U(t+ η, yt+η(t, ψ))− U(t, yt(t, ψ))

η
6 0.

(iv) U y : [t0 − r,+∞) → O [J�1�=\wC?�;�Eo{ yt = ψ �(�^�. . t1 < t2, 4 (3.5) Y�f�', $ t ∈ [t1,+∞) W,

y(τ, t, ψ) = y(t1) +

∫ t

t1

f(ys, s)ds+
∑

t1<tk6t

Ik(y(tk))

= y(τ, t1, ψ).r , $ t ∈ [t2,+∞) W, y(t, t2, ψ̃) = y(τ, t, ψ).
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U(t2, ψ) = sup
τ∈[t2−r,+∞)

‖y(τ, t2, ψ)‖ = sup
τ∈[t2−r,+∞)

‖y(τ, t, ψ)‖

6 sup
τ∈[t1−r,+∞)

‖y(τ, t, ψ)‖ = sup
τ∈[t1−r,+∞)

‖y(τ, t1, ψ̃)‖

= U(t1, ψ̃).

(v)-2J�1�=\wC?� (1.1)["G.�(,U α > 0.-0' (3.1)L( (i),$ t1 > t0, ψ̃ ∈ Eρ W, !; M(α) > 0, X'O ‖ψ̃‖∞ < α, =. ‖y(t, t1, ψ̃)‖∞ < M(α), t >

t1.  7, ma
{‖y(t, t1, ψ̃)‖; ‖ψ̃‖∞ < α, t1 > t0, t > t1}.R�.0' M : R+ → R

+ {
M(α) =

{
sup{‖y(t, t1, ψ̃)‖; ‖ψ̃‖∞ < α, t1 > t0, t > t1}, α > 0,

0, α = 0.oC M #/>u. �;, . 0 < α1 < α2, �/ma
A = {‖y(t, t1, ψ̃)‖; ‖ψ̃‖∞ < α1, t1 > t0, t > t1}^
B = {‖y(t, t1, ψ̃)‖; ‖ψ̃‖∞ < α2, t1 > t0, t > t1}.�J, A ⊂ B, �e: M(α1) 6M(α2).-2 M [�J#/>u(, �.\ M̂ : [0,+∞) → [0,+∞) BEF#/>u, =4L&( α > 0, 2. M̂(0) = 0, M(α) 6 M̂(α). U β > 0, 0'.\ p : R+ → R

+,3\ p(0) = 0, p(β) = lim
ε→0+

M̂(β + ε). T&%, O. 0 6 t1 < t2, =. p(t1) = M̂(t1)
+ <

M̂(t2) 6 M̂(t2)
+ = p(t2), o\ p ["K#/>\.�;, . y(·, t, ψ) [J�1�=\wC?�;�Eo{ yt = ψ �(�. 42L0

ψ ∈ Eρ, t ∈ [t0,+∞), I α = ‖ψ‖∞+ ε, DL ε["K\R�(. =-\ M(·) ^ M̂(·)(0', $ τ ∈ [t0,+∞) W, .
‖y(τ, t, ψ)‖ 6M(α) 6 M̂(α) = M̂(‖ψ‖∞ + ε). (3.6)M�=\ U (0'n (3.6) Y, '

U(t, ψ) = sup
τ∈[t−r,+∞)

‖y(τ, t, ψ)‖ = lim
ε→0+

sup
τ∈[t,+∞)

‖y(τ, t, ψ)‖

6 lim
ε→0+

M̂(‖ψ‖∞ + ε) = p(‖ψ‖∞).

(vi) -o{ (ii) ^o{ (v) (�0�', 42L&( t ∈ [t0,+∞)

0 = b(0) 6 U(t, 0) 6 p(0) = 0.oB U(t, 0) = 0, t ∈ [t0,+∞).
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ẏ(t) = −
∫ t

t−r
p(t− s)g(y(s))ds, t 6= tk, t > 0,

△ y(t) = Ik(y(t)), t = tk, k = 1, 2, · · · ,

y0 = φ,

(3.7)DL r > 0, φ ∈ G−([−r.0],Rn), p : R → R+ [�� Lebesgue �i(\, 3\42L&( u ∈ R, . p(u) 6 C, g : R → R+ ["K>\, 3\$ K > 0, x, y ∈ R W, .
|g(x) − g(y)| 6 K|x − y|, �F!;-"K�� Lebesgue �i(\ m : R → R, X'4
s1, s2 ∈ R, .

∣∣∣
∫ s2

s1

g(y(s))ds
∣∣∣ 6

∫ s2

s1

m(s)ds.. Ik [1�gY, F3\o{ (H3)–(H4), =?� (3.7) ["G.�(.�8�B0 3.3 (�0[�%(.0'\ W : R → R F W (y) = 1
3y

3, DL y(t) [?� (3.7) (�. =\ U :

[0,+∞)× S → R 3\
U(t, ψ) = sup

−r6θ60
W (ψ(θ)) =

1

3
sup

−r6θ60
ψ3(θ) =

1

3

(
sup

−r6θ60
ψ(θ)

)3

=
1

3
‖ψ‖3

∞
. (3.8)

(i) - (3.8) Y U (0'�C, U(t, ψ) ; [0,+∞) R[^'�(, F['�(.

(ii) L0 t > 0, ψ ∈ S, I b(s) = 1
4s

3, .
U(t, ψ) =

1

3
‖ψ‖3

∞
>

1

4
‖ψ‖3

∞
= b(‖ψ‖∞).

(iii) L0 t > 0, ψ ∈ S, �/?� (3.7) (� y : [t− r,+∞) → R, X' yt = ψ, �7.
U(t, ψ) = U(t, yt) = sup

−r6θ60
W (yt(θ)) =W (yt(θ0)). B: U̇(t, ψ) 6 0, �7C(NG��/:

(a) θ0 = 0, =
U̇(t, ψ) = Ẇ (y(t)) =W ′(y(t))y′(t) = y2(t)y′(t)

= −y2(t)

∫ t

t−r

p(t− s)g(y(s))ds

6 0.

(b) −r 6 θ0 < 0, -2 sup
−r6θ60

W (yt(θ)) =W (yt(θ0)), $ η \R�W, .
sup

−r6θ60
W (yt+η(θ)) = sup

−r6θ60
W (yt(θ)).)�,

U̇(t, ψ) := lim
η→0+

sup

sup
−r6θ60

W (yt+η(θ))− sup
−r6θ60

W (yt(θ))

η
= 0.



1 C "�` P9A Kd�2�>℄xD��/��) Lyapunov >1! 107

(iv) $ t1 < t2 W, 42 ψ̃, ψ ∈ S, .
U(t2, ψ̃)− U(t1, ψ) =

1

3
(‖ψ̃‖3

∞
− ‖ψ‖3

∞
) =

1

3
(‖yt2‖

3
∞

− ‖yt1‖
3
∞
)

=
1

3

[(
sup

t2∈[t1,+∞)

‖y(t2 + θ)‖
)3

−
(

sup
t1∈[0,+∞)

‖y(t1 + θ)‖
)3]

6 0.

(v) L0 t > 0, ψ ∈ S, I p(s) = s3, .
U(t, ψ) =

1

3
‖ψ‖3

∞
6 ‖ψ‖3

∞
= p(‖ψ‖∞).

(vi) - (3.8) Y�C, 4 t > 0, . U(t, 0) = 1
3‖0‖

3
∞

= 0.d � x � � � �
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