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3 × 3 poa[x�VQ	�lVnX∗" #1 %&�2 �!$�1r~ � H1, H2, H3 EOwG^:Y Hilbert ?�. JfCmU A ∈ LR(H1), B ∈ LR(H2),

C ∈ LR(H3),  3× 3 ���mU-%E MD,E,F :=
(

A D E
0 B F
0 0 C

)

. M"#=J�mU A,B, C <lj5, f.RJ��< D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3,H2), �: MD,E,F G.��Æ<+Y�x8�, �'|�<}R MD,E,F <Æ.�l<�E.\`U mU-%, .�<Æj, Æ.�l, �E
MR (2000) sZe 47A06, 47A10, 47A55�tYZe O177.7wzS
j Aw�R^ 1000-8314(2024)04-0357-16

§1 ��|,EI[ SsXS7{�D9w;X), 0�I[v�ÆL67	nS��, �/Io;r*�D��, M,E,$I[ ,EI[7�D��;r*U�+{. :.;*, Zi,E	{8Zi��, 9'oD4-ZilT. ZilT Zi,E`j�K-ug;=n, y'oDK-Zi,E [1]. 0;-X�2?D�QZi,E[l;I[,yDBQ�ÆL6;!6)Y. M�, bK	~��2[�CXT)v>~,E�~L6��7ZilT;[lI[ [2]. /�, ZilT}�b?��7Zi,E;t?I[7 [3−5].�)A,EI[r*7, {�wx,E 4-;, .~67Z,E;g�, wx,E 4�, \�og K-;; 67Z,E;iN�, wx,E ,B;, \�oiN,E K-;. 5 -CI,EI[;�	r*, OXQ�G�K;K-,EvV,B,E, M�, 7ZN�Zi%XT)
−∇(p(t)△y(t)) + q(t)y(t) = λs(t)y(t), t ∈ I, (1.1)o7 I = {t}bt=aD&&�, aD�Y&� −∞, bD�Y&� +∞r b−a > 3; ∆y(t) = y(t+

1)−y(t),∇y(t) = y(t)−y(t−1); p(t)v q(t)D�-s&r\I6 t ∈ I �, p(t) 6= 0, 6 a, b�K 2024 i 4 � 15 �"8, 2024 i 11 � 8 �"8k_b.
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358 '�q�i�5�A � 45 1D�Y&�, p(a−1) 6= 0, p(b+1) 6= 0;6 t ∈ I �, s(t) > 0; λD℄;k�&. DQT�`%,�F�%X,E L(y)(t) = −∇(p(t)△y(t)) + q(t)y(t), t ∈ I. W l2s(I) =
{

y = {y(t)}b+1
t=a−1 ⊆

C :
b
∑

t=a

s(t)|y(t)|2 < ∞
}

. 
B� l2s(I) 7;e�D 〈y1, y2〉 =
b
∑

t=a

s(t)y2(t)y1(t), � l2s(I) D
Hilbert >�. 6 a = 0, b = +∞ �, 
 (1.1) &�;K2,E Hmax vBK`,E Hp X�D

D(Hmax ) = {y ∈ l2s[0,+∞) : s−1L(y) ∈ l2s[0,+∞)},

D(Hp) = {y ∈ D(Hmax ) :1�t0 > 1,�9y(−1) = y(0) = y(t) = 0, t > t0 + 1},

Hmax (y) = s−1L(y), Hp(y) = s−1L(y).
 (1.1) &�;K`,E Hmin = Hp, o7 Hp D Hp ;�. 2011 h, J [6] (aQK2,E Hmax � Hilbert >� l2s [0,+∞) 7 K-Zi,E, K`,E Hmin � l2s[0,+∞) 7 V,B; Hermite ,E. �#8uCV, )A;,EI[��!�. Dr*/H,Ev&{�A,EI[, nw�NK-Zi,EI[. 
/9�, �	r*ZilT�oki40�9w��.lT,$ ~lTD�+;,$, M|\lT,$ /|�QblTA;lT,$. 
�#-I[��2[7bL6;r*nw,#{L6	p!℄0�;;T^&hr*, o79wT^+{ k�L6, .Ik�L6 /r*l�|\lT,$7}*�+;i4;|oki4;�;L6.KhG, (|\) Æ��,E,$;k�L6{, ����;r*=6 [7−15]. �
1994h, J [7]`%QÆ��,E,$ MD = (A D

0 B ) ;k;�D+z, Æ��,E,$ MD;d8k�L6	nSr*. M�, J [8, 10] 4[Q MD ;-�k;�D; J [9, 12] e-Q MD ;L (Æ)Weyl k;�D; J [13] e-Q n× n Æ��,E,$;L (Æ) 
4kv
4k;*X�w7�, �`%QL (Æ) 
4kv
4k;�D; J [14]v(Q4-D i, e-4-D il�kv+�k;��, 97Qk�Dv+�k�D��;d7�;J [15] r*Qh{�;Æ��,E,$, ;|QL (Æ)Weyl k;�Dre-Q Weyl k.(hG, 3 × 3 Æ��,E,$;k�L6�#?�p!;sO [16−20]. M�, J [16]r*Q 3 × 3 Æ��,E,$ MD,E,F ;
4k;�D~� Weyl BI; J [17] 7$Q
MD,E,F ;k��k���k�Ook;��; J [18–19] ;|Q MD,E,F ;�k�Ook���k�k;�D;J [20]`%QI��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2),

σ∗(MD,E,F ) = σ∗(A)∪σ∗(B)∪ σ∗(C) 2(N;*X�w7�,o7 σ∗ ���k���k�Ook=.lT,$;k�L6�(
h�pQ{p!;l>, <w IÆ��lT,$MD =

(A D
0 B ) ;r*. M�, 2013 h, J [21] � Hilbert >�7r*Q MD �{B7�V Brow-

der k;�DL6. K(, J [22–23] IlT,$y&hQ34. J [23] 97QI��;
D ∈ B(H2, H1) v D ∈ BR(H2, H1), F�lT,$ MD -�v-��;*X�w7



4 m J�L Qm[ �F2! 3× 3 ���mU-%<Æ.�l<�E 359��-�k;�D [. 	
 A ∈ LR(H1), B ∈ BCR(H2), �
⋂

D∈B(H2,H1)

σcr(MD) ={λ ∈ σcr(A) : n(B − λI) < dim(ran(A− λI)/ ran(A− λI))}

∪ {λ ∈ σcr(B) : d(A− λI) < ∞};
 A ∈ BCR(H1), B ∈ BCR(H2), �
⋂

D∈B(H2,H1)

σcr(MD) = {λ ∈ σcr(A) : n(B − λI) < ∞} ∪ {λ ∈ σcr(B) : d(A− λI) < ∞}.9pp!℄IZilT,$kI[;r*, �dOX, { [�,EI[7 (N;, 5�lTI[7���b, �!nwo/L�;��. M�, k;�rlT σ(MD) ⊆
σ(A) ∪ σ(B) �,E,$7(N, 5�ZilT,$7��(N. �/, M℄nw&{�r*lT,$;k�L6. 
J xZilT-�;�Y3�Di4v>�X!P�	r*Q 3×3Æ��lT,$MD,E,F =

(

A D E
0 B F
0 0 C

);-�k;�D. IeBlT A ∈ LR(H1),

B ∈ LR(H2), C ∈ LR(H3), I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� MD,E,F -��;*X�w7�, �&{�`%Q MD,E,F ;-�k;�D.V_ 
J��;�t. � H1, H2, H3 DNvF℄9X Hilbert >�. B(Hi, Hj)��0 Hi 7 Hj ;.��" (Zi) ,Ej(;�x, B(Hi, Hi) ��D B(Hi), o7
i, j ∈ {1, 2, 3}. C(Hi, Hj) ��.�0 Hi 7 Hj ;Zi,EJ(;�x, C(Hi, Hi)��D C(Hi). LR(Hi, Hj) ��.�0 Hi 7 Hj rB��D{>� Hi ;ZilT,

LR(Hi, Hi) ��D LR(Hi). CR(Hi, Hj) ��.�0 Hi 7 Hj ;ZilTj(;�x,

CR(Hi, Hi) ��D CR(Hi). BCR(Hi, Hj) ��.�0 Hi 7 Hj ;�"ZilTj(;�x, BCR(Hi, Hi) ��D BCR(Hi). � T ∈ LR(H1, H2), X�~ T−1, T ∗ v domT �� T ;glT�iNlTvB��; X�~ kerT = {x ∈ H1 : 0 ∈ Tx}, ranT = T (domT )v mulT = {y ∈ H2 : y ∈ T (0)} �� T ;T>��-�vK-�X; ~ n(T ), d(T ) ��
kerT , kerT ∗ ;F&, 	 n(T ) = dimkerT , d(T ) = dimkerT ∗.

§2 �P�qW� 2.1 [1] T ∈ LR(H1, H2) ;< G(T ) B�D
G(T ) = {(u, v) ∈ H1 ⊕H2 : u ∈ domT, v ∈ T (u)}.� M  domT ;E>�, �B� T |M D G(T |M ) = {(u, v) ∈ H1 ⊕H2 : u ∈ M, v ∈T (u)}}B;ZilT.W� 2.2 [1] � T ∈ LR(H1, H2). 
0;< G(T )  H1 ⊕H2 ;E>�, �' T  ;.



360 '�q�i�5�A � 45 1W� 2.3 [1] � T ∈ LR(H1, H2). -�k σcr(T ) B�D σcr(T ) = {λ ∈ C :

ran(T − λI)�}.�f 2.1 [1] 
 T ∈ LR(H1, H2), �
(i) 
 T Oo, �r domT v T (0) F ;, � T  ;;

(ii) T 6r%6 T−1 ;

(iii) 
 T  ;, � T (0)  ;.�f 2.2 [8] � T ∈ B(H1, H2). 
 F ∈ B(H1, H2)  �Y3,E, � ran(T +F ) 6r%6 ranT .�f 2.3 [23] � T ∈ BR(H1, H2). 
 T (0)  ;, � kerT  ;.�f 2.4 [23] � X  Zi>�, M,N  X ;E>�. 
 M �r dimN <

dimM/M , � M +N �.�f 2.5 [23] � T ∈ LR(H). 
 U ∈ B(H) v V ∈ B(H) 9g, �
(i) ranUT 6r%6 ranT ;

(ii) ranTV 6r%6 ranT .�f 2.6 [23] 
 A ∈ LR(H1), B ∈ BCR(H2), �I��; D ∈ B(H2, H1), � ranMD�6r%6VS7�1��{(N:

(i) ranA �r n(B) < dim(ranA/ ranA);

(ii) ranB �r d(A) < ∞.�f 2.7 [23] 
 A ∈ BCR(H1), B ∈ BCR(H2),�I��; D ∈ B(H2, H1)�, ranMD�6r%6VS7�1��{(N:

(i) ranA �r n(B) < ∞;

(ii) ranB �r d(A) < ∞.�f 2.8 [24] 
 T ∈ LR(H1, H2), �I��; x ∈ domT �, ‖PT (0)⊥Tx‖ = ‖Tx‖ r
‖PT (0)⊥T ‖ = ‖T ‖.

§3 �}b℄_�kWf 3.1 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranB v ranC F ;, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2), F� ranMD,E,F �6r%6 ranA �r n(B) + n(C) < dim(ranA/ ranA).� *Xi.� ranBv ranC F ;, ranA�r n(B)+n(C) < dim(ranA/ ranA).�D B ∈ BCR(H2) v C ∈ BCR(H3), g/�I 2.1 v�I 2.3 9*, B(0), C(0) � kerB,
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kerC F ;. �/, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2), lT
MD,E,F ��V,$g�:


































A1 D11 D12 E11 E12

0 D21 D22 E21 E22

0 B1
[⊥] 0 F11 F12

0 B −B B −B F21 F22

0 0 0 F31 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































:



















H1

kerB⊥

kerB

kerC⊥

kerC



















→

































ranA

ranA⊥

ranB ∩B(0)⊥

B(0)

ranB⊥

ranC ∩ C(0)⊥

C(0)

ranC⊥

































, (3.1)

o7 B1
[⊥] = PranB∩B(0)⊥B|kerB⊥ . 
�I 2.8 9*, B1

[⊥]  �"Zi,E. �d6-,

B|kerB⊥ = (B1
[⊥] B−B 0 )T : kerB⊥ → (ranB ∩ B(0)⊥) ⊕ B(0) ⊕ ranB⊥  4�. /�, I�� y ∈ ranB ∩ B(0)⊥, 1� x ∈ H2, x1 ∈ kerB⊥, x2 ∈ kerB, \I x = x1 + x2, �9

y ∈ Bx, � y ∈ B(x1 + x2) = Bx1 + B(0) = Bx1, &M y = B1
[⊥]x1, 	 B1

[⊥]  \;. #�HC B1
[⊥]: kerB⊥ → ranB ∩ B(0)⊥  �"9g;. ;I, C1

[⊥]: kerC⊥ → ranC ∩ C(0)⊥y �"9g;. �/, 1�9g,E U ∈ B(ranA ⊕ ranA⊥ ⊕ (ranB ∩ B(0)⊥) ⊕ B(0)⊕
ranB⊥ ⊕ (ranC ∩ C(0)⊥)⊕ C(0)⊕ ranC⊥), �9

UMD,E,F =



































A1 0 D12 0 E12

0 0 D22 0 E22

0 B1
[⊥] 0 0 F12

0 B −B B −B 0 F22

0 0 0 0 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































.

� 
ranUMD,E,F = ran









A1 D12 E12

0 D22 E22

0 0 F32









⊕ ranB ⊕ ranC.>�7 n(B) + n(C) < dim(ranA/ ranA), M n(B) + n(C) > dim ran

(

D12 E12

D22 E22

0 F32

)

, �/
dim ran









D12 E12

D22 E22

0 F32









< dim(ranA/ ranA).
� ranA �, g/�I 2.4 99 ran

(

A1 D12 E12

0 D22 E22

0 0 F32

) �, 0M ranUMD,E,F �. &{�
�I 2.5 9*, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2), F�
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ranMD,E,F �.�wi. � ranB v ranC F ;, I��; D ∈ B(H2, H1), E ∈ B(H3, H1),

F ∈ B(H3, H2) F� ranMD,E,F �. �Uz D0 = 0, E0 = 0, F0 = 0, � ranB v
ranC � ranMD0,E0,F0 ��r ranA �. V_�Q(P(a. �� n(B) + n(C) >

dim(ranA/ ranA), V_0n(a1� D0 ∈ B(H2, H1), E0 ∈ B(H3, H1), F0 ∈ B(H3, H2)�9 ranMD0,E0,F0 	9. V_X�8ug4[.m{ 1 dim(ranA/ ranA) = n(B) = ∞. �D ranA �, .~ dim ranA = ∞. W
E0 = 0, F0 = 0,

D0 =

(

0 J1

0 0

)

:

(

kerB⊥

kerB

)

→
(

ranA

ranA⊥

)

,o7 J1 : kerB → ranA  �,E. �/, ranMD0,E0,F0 = ran (A J1 ) ⊕ ranB ⊕ ranC =

ranA⊕ ranB ⊕ ranC  ;.m{ 2 dim(ranA/ ranA) = n(C) = ∞. �D ranA �, .~ dim ranA = ∞. W
D0 = 0, F0 = 0,

E0 =

(

0 J2

0 0

)

:

(

kerC⊥

kerC

)

→
(

ranA

ranA⊥

)

,o7 J2 : kerC → ranA  �,E. �/, ranMD0,E0,F0 = ran (A J2 ) ⊕ ranB ⊕ ranC =

ranA⊕ ranB ⊕ ranC  ;.m{ 3 dim(ranA/ ranA) < ∞. ��OX, 1��YFE>� N �9 N ⊆ ranA r
ranA = ranA ∔ N . z N ;E>� N1, N2 �9 N1 ⊕ N2 = N , n(B) > dimN1, n(C) >

dimN2. /�, n(B) + n(C) > dim(ranA/ ranA) = dimN = dimN1 + dimN2. W F0 = 0,

D0 =

(

0 S1

0 0

)

:

(

kerB⊥

kerB

)

→
(

ranA

ranA⊥

)

, (3.2)

E0 =

(

0 S2

0 0

)

:

(

kerC⊥

kerC

)

→
(

ranA

ranA⊥

)

, (3.3)o7 S1 : kerB → N1 v S2 : kerC → N2 2 \�. �/, ranMD0,E0,F0 = ran (A S1 S2 )⊕
ranB ⊕ ranC = ranA⊕ ranB ⊕ ranC  ;.ui 3.1 � A ∈ BCR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranB v ranC F ;, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 ranA �r n(B) + n(C) < ∞.� �D A ∈ BCR(H1), .~
�I 2.1 99 A(0)  ;. >�7 ranA = ranA1

[⊥] ⊕
A(0), ranA = ranA1

[⊥] ⊕A(0), 0M
ranA1

[⊥] = ranA ∩ A(0)⊥, dim
(

(ranA ∩ A(0)⊥)/ ranA1
[⊥]

)

= ∞.�/ n(B) + n(C) < dim(ranA/ ranA) = dim
(

(ranA ∩A(0)⊥)/ ranA1
[⊥]

)

= ∞.
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 ranA v ranC F ;, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 ranB �r d(A) + n(C) < ∞.� *Xi. � ranA v ranC F ;, ranB �r d(A) + n(C) < ∞. >�7
B ∈ BCR(H2) v C ∈ BCR(H3), g/�I 2.1 v�I 2.3 9* B(0), C(0) � kerB, kerCF ;. ��OX, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2), lT
MD,E,F ��V,$g�:



































A1 D11 D12 E11 E12

0 D21 D22 E21 E22

0 B1
[⊥] 0 F11 F12

0 B −B B −B F21 F22

0 0 0 F31 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































:



















H1

kerB⊥

kerB

kerC⊥

kerC



















→

































ranA

ranA⊥

ranB ∩B(0)⊥

B(0)

ranB⊥

ranC ∩ C(0)⊥

C(0)

ranC⊥

































.

�D C1
[⊥]: kerC⊥ → ranC ∩ C(0)⊥  �"9g;, .~1�9g,E U1 ∈ B(ranA ⊕

ranA⊥ ⊕ (ranB ∩B(0)⊥)⊕B(0)⊕ ranB⊥ ⊕ (ranC ∩ C(0)⊥)⊕ C(0)⊕ ranC⊥), �9
U1MD,E,F =



































A1 D11 D12 0 E12

0 D21 D22 0 E22

0 B1
[⊥] 0 0 F12

0 B −B B −B 0 F22

0 0 0 0 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































.

�/
ranU1MD,E,F = ranA⊕ ran









D21 D22 E22

B1
[⊥] 0 F12

0 0 F32









⊕B(0)⊕ ranC.
 d(A) + n(C) < ∞ 99 D21, D22, E22, F12, F22, F32 F �Y3;. 
 B1
[⊥] ∈ B(H2) r

ranB �,  x�I 2.2 * ran

(

D21 D22 E22

B1
[⊥] 0 F12

0 0 F32

) �, 0M ranU1MD,E,F �. &{����I 2.5 99 ranMD,E,F �.�wi. � ranA v ranC F ;, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈
B(H3, H2) F� ranMD,E,F �. z D0 = 0, E0 = 0, F0 = 0, � ranA v ranC Fr
ranMD,E,F ��rC ranB �. V_�Q(P(a. �� d(A) + n(C) = ∞, V_0n(a1� D0 ∈ B(H2, H1), E0 ∈ B(H3, H1), F0 ∈ B(H3, H2) �9 ranMD0,E0,F0 	



364 '�q�i�5�A � 45 19. >�7 B ∈ BCR(H2), ���I 2.1 v�I 2.3 * B(0) , kerB . 
 ranB �*
dim ranB = dimkerB⊥ = ∞. V_XP8ug4[.m{ 1 d(A) = ∞. W E0 = 0, F0 = 0,

D0 =

(

0 0

J1 0

)

:

(

kerB⊥

kerB

)

→
(

ranA

ranA⊥

)

, (3.4)o7 J1 : kerB⊥ → ranA⊥  �,E. � ,

ranMD0,E0,F0 = ranA⊕ ran
(

J1

B1
[⊥]

)

⊕B(0)⊕ ranC.�D B1
[⊥]  �"Zi,Er J1 9g, .~1�9g,E

U2 ∈ B(ranA⊥ ⊕ (ranB ∩B(0)⊥))�9
ranU2

(

J1

B1
[⊥]

)

= ran
(

J1
0

)

.
�I 2.5 9* ran
(

J1

B1
[⊥]

) , &{�9=9 ranMD0,E0,F0 .m{ 2 n(C) = ∞. W D0 = 0, E0 = 0,

F0 =

(

0 J2

0 0

)

:

(

kerC⊥

kerC

)

→
(

ranB

ranB⊥

)

,o7 J2 : kerC → ranB  �,E. � ,

ranMD0,E0,F0 = ranA⊕ ran (B J2 )⊕ ranC = ranA⊕ ranB ⊕ ranC ;.Wf 3.3 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA v ranB F ;, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 ranC �r d(A) + d(B) < ∞.� *Xi. � ranA v ranB F ;. 6 ranC �r d(A) + d(B) < ∞ �, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2), lT MD,E,F ��V,$g�:


































A1 D11 D12 E11 E12

0 D21 D22 E21 E22

0 B1
[⊥] 0 F11 F12

0 B −B B −B F21 F22

0 0 0 F31 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































:



















H1

kerB⊥

kerB

kerC⊥

kerC



















→

































ranA

ranA⊥

ranB ∩B(0)⊥

B(0)

ranB⊥

ranC ∩ C(0)⊥

C(0)

ranC⊥

































. (3.5)



4 m J�L Qm[ �F2! 3× 3 ���mU-%<Æ.�l<�E 365W�, B1
[⊥]: kerB

⊥ → ranB∩B(0)⊥ 9g;.�/,1�9g,E U1 ∈ B(ranA⊕ranA⊥⊕
(ranB ∩B(0)⊥)⊕B(0)⊕ ranB⊥ ⊕ (ranC ∩C(0)⊥)⊕ C(0)⊕ ranC⊥), �9

U1MD,E,F =



































A1 0 D12 E11 E12

0 0 D22 E21 E22

0 B1
[⊥] 0 F11 F12

0 B −B B −B F21 F22

0 0 0 F31 F32

0 0 0 C1
[⊥] 0

0 0 0 C − C C − C

0 0 0 0 0



































.

� ,

ranU1MD,E,F = ranA⊕ ranB ⊕ ran









D22 E21 E22

0 F31 F32

0 C1
[⊥] 0









⊕ C(0).
 d(A) + d(B) < ∞ 9* D22, E21, E22, F31, F32 2 �Y3;. g/�I 2.2 99
ran

(

D22 E21 E22

0 F31 F32

0 C1
[⊥] 0

) �, 0M ranU1MD,E,F �. �M x�I 2.5 * ranMD,E,F �.�wi. 
 ranA v ranB 2, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3,

H2) F� ranMD,E,F �, � ranC �. 
 ranC �* dim ranC = dimkerC⊥ = ∞.�D C ∈ BCR(H3), ���I 2.1 v�I 2.3 9* C(0) , kerC . �Q(P. W
d(A) + d(B) = ∞. /�, 0n(a1� D0 ∈ B(H2, H1), E0 ∈ B(H3, H1), F0 ∈ B(H3, H2)�9 ranMD0,E0,F0 	9. ~VXP8ug4[.m{ 1 d(A) = ∞. W D0 = 0, F0 = 0,

E0 =

(

0 0

J2 0

)

:

(

kerC⊥

kerC

)

→
(

ranA

ranA⊥

)

, (3.6)o7 J2 : kerC⊥ → ranA⊥  �,E. �/, ranMD0,E0,F0 = ranA ⊕ ranB ⊕ ran
(

J2

C1
[⊥]

)

⊕
C(0). 
 C1

[⊥]  �"Zi,Er J2 9g9*, 1�9g,E U2 ∈ B(ranA⊥ ⊕ (ranC ∩
C(0)⊥)) �9 ranU2

(

J2

C1
[⊥]

)

= ran
(

J2
0

)

, .~
�I 2.5 9* ran
(

J2

C1
[⊥]

) , &{�9=9
ranMD0,E0,F0  ;.m{ 2 d(B) = ∞. W D0 = 0, E0 = 0,

F0 =

(

0 0

J3 0

)

:

(

kerC⊥

kerC

)

→
(

ranB

ranB⊥

)

, (3.7)o7 J3 : kerC⊥ → ranB⊥  �,E. ;Æ, C1
[⊥]  �"Zi,Er J3 9g,  x�I 2.599 ranMD0,E0,F0  ;.Wf 3.4 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA, ranB v ranC



366 '�q�i�5�A � 45 1F�, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 d(A) + d(B) < ∞ � d(A) + n(C) < ∞.� *Xi.� ranA, ranB v ranC F�.6 d(A)+d(B) < ∞�,�D d (A D
0 B ) 6

d(A)+d(B) < ∞r ranC �,.~g/�I 2.699 ranMD,E,F �.6 d(A)+n(C) <

∞ �, >�7 B ∈ BCR(H2), C ∈ BCR(H3), ranB �r n(C) < ∞, �/
�I 2.7 99, I��; F ∈ B(H3, H2) � ran (B F
0 C ) �. � d(A) < ∞, � 
�I 2.6 99, I�� D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �.�wi. �Q(P(a. V_XP8ug4[.m{ 1 d(A) = ∞. 
 ranB v ranC �99 dim kerB⊥ = dimkerC⊥ = ∞. W

D0 g�� (3.4), E0 g�� (3.6), F0 = 0. �/, ranMD0,E0,F0 = ranA ⊕ ran
(

J1

B1
[⊥]

)

⊕

B(0)⊕ ran
(

J2

C1
[⊥]

)

⊕ C(0)  ;.m{ 2 d(B) = n(C) = ∞. W D0 = 0, E0 = 0,

F0 =

(

0 J3

J4 0

)

:

(

kerC⊥

kerC

)

→
(

ranB

ranB⊥

)

,o7 J3 : kerC → ranB, J4 : kerC⊥ → ranB⊥ 2 �,E. ;I, ranMD0,E0,F0 =

ranA⊕ ran (B J3 )⊕ ran
(

J4

C1
[⊥]

)

⊕ C(0) = ranA⊕ ranB ⊕ ran
(

J4
0

)

⊕ C(0)  ;.Wf 3.5 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA v ranB F�,

ranC , �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 n(B) + n(C) < dim(ranA/ ranA) � d(A) + n(C) < ∞.� *Xi. � ranA v ranB F�, ranC . 6 n(B) + n(C) < dim(ranA/ ranA)�, �D n (B F
0 C ) 6 n(B) + n(C) < dim(ranA/ ranA) r ranA �, .~ x�I 2.69*, I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �. 6

d(A) + n(C) < ∞ �, (ap)�BI 3.4 H*, ��A%.�wi. �Q(P(a. V_XP8ug4[.m{ 1 d(A) = ∞ r n(B) + n(C) > dim(ranA/ ranA). B� J1 : kerC → ranB  �,E, D0 g�� (3.2) 7; D0. W E0 g�� (3.3), F0 = 0,

D0 =

(

0 S1

J1 0

)

:

(

kerB⊥

kerB

)

→
(

ranA

ranA⊥

)

. (3.8)�/, ranMD0,E0,F0 = ran (A S1 S2 )⊕ ran
(

J1

B1
[⊥]

)

⊕B(0)⊕ ranC = ranA⊕ ran
(

J1
0

)

⊕B(0)⊕
ranC  ;.m{ 2 n(C) = ∞. �D B ∈ BCR(H2), .~
�I 2.1 9* B(0) . >�7 ranAv ranB F�, 0M dim ranA = dim ranB = ∞. z kerC ;E>� M1, M2 �9
kerC = M1 ⊕M2, o7 dimM1 = dim(ranA/ ranA), dimM2 = dim(ranB ∩ B(0)⊥) = ∞.



4 m J�L Qm[ �F2! 3× 3 ���mU-%<Æ.�l<�E 367B� J2 : M1 → ranA/ ranA, J3 : M2 → ranB ∩B(0)⊥ 2D�,E. W D0 = 0,

E0 =

(

0 J2 0

0 0 0

)

:









kerC⊥

M1

M2









→
(

ranA

ranA⊥

)

, (3.9)

F0 =









0 0 J3

0 0 0

0 0 0









:









kerC⊥

M1

M2









→









ranB ∩B(0)⊥

B(0)

ranB⊥









. (3.10)�/ ranMD0,E0,F0 = ran (A J2 )⊕ ran (B1
[⊥] J3 )⊕B(0)⊕ ranC = ranA⊕ (ranB ∩B(0)⊥)⊕

B(0)⊕ ranC  ;.Wf 3.6 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA v ranC F�,

ranB , �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 n(B) + n(C) < dim(ranA/ ranA) � d(A) + d(B) < ∞.� *Xi. (ap)�BI 3.4�BI 3.5 ;*XiH*, ��A%.�wi. �Q(P(a. V_XP8ug4[.m{ 1 d(A) = ∞ r n(B) + n(C) > dim(ranA/ ranA). ��OX, 1��YFE>� N �9 N ⊆ ranA r ranA = ranA∔N . z N ;E>� N1, N2 �9 N1 ⊕N2 = N rB� S1 : kerB → N1, S2 : kerC → N2 2 \�, J2 : kerC⊥ → ranA⊥  �,E. W D0g�� (3.2), F0 = 0,

E0 =

(

0 S2

J2 0

)

:

(

kerC⊥

kerC

)

→
(

ranA

ranA⊥

)

. (3.11)�/, ranMD0,E0,F0 = ran (A S1 S2 )⊕ ranB⊕ ran
(

J2

C1
[⊥]

)

⊕C(0) = ranA⊕ ranB⊕ ran
(

J2
0

)

⊕
C(0)  ;.m{ 2 d(B) = ∞ r n(B)+n(C) > dim(ranA/ ranA). W D0 g�� (3.2), E0 g�� (3.3), F0 g�� (3.7). �/, ranMD0,E0,F0 = ran (A S1 S2 )⊕ ranB⊕ ran

(

J3

C1
[⊥]

)

⊕C(0) =

ranA⊕ ranB ⊕ ran
(

J3
0

)

⊕ C(0)  ;.Wf 3.7 � A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA, ranB v ranCF�, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6VS7�1��{(N:

(i) n(B) + n(C) < dim(ranA/ ranA);

(ii) d(A) + n(C) < ∞;

(iii) d(A) + d(B) < ∞.� *Xi. � ranA, ranB v ranC F�r7� (i) (N. (ap)�BI 3.5 ;*XiH*, ��A%.



368 '�q�i�5�A � 45 1�7� (ii) � (iii) (N. (ap)�BI 3.4 ;*XiH*, ��A%.�wi. �Q(P(a. 0n(a d(A) + d(B) = ∞, d(A) + n(C) = ∞ r n(B) +

n(C) > dim(ranA/ ranA) �, 1� D0 ∈ B(H2, H1), E0 ∈ B(H3, H1), F0 ∈ B(H3, H2) �9
ranMD0,E0,F0 . V_XP8ug4[.m{ 1 d(A) = ∞r n(B)+n(C) > dim(ranA/ ranA). W D0 g�� (3.8), E0 g��
(3.11), F0 = 0. � , ranMD0,E0,F0 = ran (A S1 S2 )⊕ran

(

J1

B1
[⊥]

)

⊕B(0)⊕ran
(

J2

C1
[⊥]

)

⊕C(0) =

ranA⊕ ran
(

J1
0

)

⊕B(0)⊕ ran
(

J2
0

)

⊕ C(0)  ;.m{ 2 d(B) = n(C) = ∞. >�7 ranC �, 0M dim ranC = dim kerC⊥ = ∞.z kerC ;E>� M1, M2 �9 kerC = M1 ⊕ M2, o7 dimM1 = dim(ranA/ ranA),

dimM2 = dim(ranB ∩B(0)⊥) = ∞. B� J3 : M2 → ranB ∩B(0)⊥, J4 : kerC⊥ → ranB⊥2D�,E. W D0 = 0, E0 g�� (3.9),

F0 =









0 0 J3

0 0 0

J4 0 0









:









kerC⊥

M1

M2









→









ranB ∩B(0)⊥

B(0)

ranB⊥









.�/, ranMD0,E0,F0 = ran (A J2 )⊕ran (B1
[⊥] J3 )⊕B(0)⊕ran

(

J4

C1
[⊥]

)

⊕C(0) = ranA⊕(ranB∩
B(0)⊥)⊕B(0)⊕ ran

(

J4
0

)

⊕ C(0)  ;.ui 3.2 � A ∈ BCR(H1), B ∈ BCR(H2), C ∈ BCR(H3). 
 ranA, ranB v ranCF�, �I��; D ∈ B(H2, H1), E ∈ B(H3, H1), F ∈ B(H3, H2) F� ranMD,E,F �6r%6 min{n(B) + n(C), d(A) + n(C), d(A) + d(B)} < ∞.
q_;nBI9H - MD,E,F ;-�k;�D [.ui 3.3 
 A ∈ LR(H1), B ∈ BCR(H2), C ∈ BCR(H3), �
⋂

D,E,F

σcr(MD,E,F ) = {λ ∈ σcr(A) : n(B − λI) + n(C − λI)

< dim(ran(A− λI)/ ran(A− λI))}

∪ {λ ∈ σcr(B) : d(A − λI) + n(C − λI) < ∞}

∪ {λ ∈ σcr(C) : d(A− λI) + d(B − λI) < ∞}.ui 3.4 
 A ∈ BCR(H1), B ∈ BCR(H2), C ∈ BCR(H3), �
⋂

D,E,F

σcr(MD,E,F ) = {λ ∈ σcr(A) : n(B − λI) + n(C − λI) < ∞}

∪ {λ ∈ σcr(B) : d(A − λI) + n(C − λI) < ∞}

∪ {λ ∈ σcr(C) : d(A− λI) + d(B − λI) < ∞}.Æ 3.1 =[ 3.4 ; [I�"Zi,E A ∈ B(H1), B ∈ B(H2), C ∈ B(H3) F�y(N.
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§4 h��V_.M(aÆ% [;'}i.g 4.1 � H1 = H2 = H3 = ℓ2, I�� x = (x1, x2, x3, · · · ) ∈ ℓ2, B�lT A ∈
BR(ℓ2), B ∈ BR(ℓ2) v C ∈ BR(ℓ2) X�D

Ax =
(x2

2
, 0, 0,

x4

4
, 0, 0,

x6

6
, · · ·

)

+A(0),

Bx =
( x4√

4
, 0, 0, 0, 0,

x5√
5
, 0, 0, 0, 0,

x6√
6
, · · ·

)

+B(0),

Cx =
(x1

1
,
x3

3
,
x5

5
,
x7

7
, · · ·

)

,o7
A(0) = {(0, x1, 0, 0, x2, 0, 0, x3, 0, 0, · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2},

B(0) = {(0, x1, 0, 0, 0, 0, x2, 0, 0, 0, 0, x3, · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2}.M℄Hu, 1� D0 ∈ B(ℓ2), E0 ∈ B(ℓ2), F0 ∈ B(ℓ2) �9 ranMD0,E0,F0 .>�7 ranA, ranB v ranC F�r d(B) = n(C) = ∞. 
BI 3.7 *, 1� D0 ∈
B(ℓ2), E0 ∈ B(ℓ2), F0 ∈ B(ℓ2)�9 ranMD0,E0,F0 .V�,I�� x = (x1, x2, x3, · · · ) ∈ ℓ2,WD0 = 0. B�E0x = (x1, 0, 0, x4, 0, 0, x7, · · · ), F0x = F2x⊕F3x = (x1+x2, x3, x5, x7, x9, x5+

x11, · · · ), o7 F2x = (x2, 0, 0, 0, 0, x5, 0, 0, 0, 0, x8, · · · ), F3x = (x1, x3, x5, x7, · · · ). �/,

ranMD0,E0,F0 = ran (A E0 ) ⊕ ran (B F2 ) ⊕ ran
(

F3

C

)

= ranA ⊕ ranB ⊕ ran
(

F3

C

)

. �D
ran

(

F3

C

) ;i� ran
(

F3
0

) ;i =�;r ranF3  ;, .~ ranMD0,E0,F0  ;.g 4.2 � H1 = H2 = H3 = ℓ2, I�� x = (x1, x2, x3, · · · ) ∈ ℓ2, B�lT A ∈
BR(ℓ2), B ∈ BR(ℓ2) v C ∈ BR(ℓ2) \I

Ax = (x2, 0, 0, x3, 0, 0, x4, · · · ) +A(0),

Bx = (0, x1, 0, x3, 0, x5, 0, · · · ) +B(0),

Cx = (x2, 0, x4, 0, x6, 0, x8, 0, x10, · · · ),o7
A(0) = {(0, x1, 0, 0, x2, 0, 0, x3 · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2},

B(0) = {(x1, 0, x2, 0, x3, 0, · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2}.M℄Hu, 1� D0 ∈ B(ℓ2), E0 ∈ B(ℓ2), F0 ∈ B(ℓ2) �9 ranMD0,E0,F0 �.�* ranA, ranB v ranC F ;r d(A) = n(B) = n(C) = ∞. /�, I��
x = (x1, x2, x3, · · · ) ∈ ℓ2, B� D0x = (0, 0, x4

4 , 0, 0, x8

8 , 0, 0, x12

12 , 0, 0, · · · ). W E0 = 0,

F0 = 0. {T_, ranMD0,E0,F0 = ranA ⊕ ranB ⊕ ranC ⊕ ranD0. V{T_, ranD0 �.�/, ranMD0,E0,F0 �.



370 '�q�i�5�A � 45 1g 4.3 � H1 = H2 = H3 = ℓ2. I�� x = (x1, x2, x3, · · · ) ∈ ℓ2, B�lT A ∈
BR(ℓ2), B ∈ BR(ℓ2) v C ∈ BR(ℓ2) X�D

Ax = (
x3

3
, 0, 0, 0,

x4

4
, 0, 0, 0,

x5

5
, 0, · · · ) +A(0),

Bx = (
x2

2
, 0, 0,

x3

3
, 0, 0,

x4

4
, · · · ) +B(0),

Cx = (x1, 0, x3, 0, x5, · · · ) + C(0),o7
A(0) = {(0, x1, 0, 0, 0, x2, 0, 0, 0, x3, 0, 0, 0, · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2},

B(0) = {(0, x1, 0, 0, x2, 0, 0, x3, · · · ) : (x1, x2, x3, · · · ) ∈ ℓ2},

C(0) = {(0, x2, 0, x4, 0, x6 · · · ) : (x2, x4, x6, · · · ) ∈ ℓ2}.M℄Hu, 1� D0 ∈ B(ℓ2), E0 ∈ B(ℓ2), F0 ∈ B(ℓ2) �9 ranMD0,E0,F0 .�d6- ranA v ranB �, ranC r d(A) = n(C) = ∞. g/BI 3.5, 1� D0 ∈ B(ℓ2), E0 ∈ B(ℓ2), F0 ∈ B(ℓ2) �9 ranMD0,E0,F0 . ��Æ, I�� x =

(x1, x2, x3, · · · ) ∈ ℓ2, B� D0 = 0, E0x = (x2, 0, 0, 0, x6, 0, 0, 0, x10, 0, 0, 0, · · · ), F0x =

(x4, 0, 0, x8, 0, 0, x12, · · · ). �/, ranMD0,E0,F0 = ran (A E0 )⊕ran (B F0 )⊕ranC = ranA⊕
ranB ⊕ ranC  ;. T�d�v�y
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Abstract Let H1, H2 and H3 be complex separable infinite-dimensional Hilbert spaces.

Given the relations A ∈ LR(H1), B ∈ LR(H2) and C ∈ LR(H3), the authors define

MD,E,F :=
(

A D E
0 B F
0 0 C

)

. In this paper, a necessary and sufficient condition is given for the range

ofMD,E,F is not closed for any D ∈ B(H2, H1), E ∈ B(H3, H1) and F ∈ B(H3, H2), in terms

of the spectral properties of diagonal relations of A,B and C in MD,E,F . Furthermore, the

authors characterize the perturbation of closed range spectrum of MD,E,F .

Keywords Relation matrix, Closedness of range, Closed range spectrum,

Perturbation
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