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�D�R�!�A v 45 �SVr�Vr,�51�w. M�(�, MLlWaZ�vp�r,�51�w�M4���l. (��X; ,�<{H Cn(ϕ,R) ,b�a�vl Mn(R) ,�l.j[ l�ol R )l Λ ,l�� ψ, ~+6w Im(ψ) �℄a Λ ,�9, o� Λ $l R p, R- "	. O{�4Q.�a-G,4Q 2.3. �J�H,�: z~ R $�ol,

Cn(ϕ,R) M�K�� R- "	. % Cn(ϕ,R) $ Rϕ - "	, Z� Rϕ � R Wa ϕ ,�5�l. l (r"	) �5�l,G��[Y�,-}, �m$�)�3,�51*? (�(
[5]). B9Crl�5�lG��G7��7B�[PQ,? (j( [4, 6–7]). N�l,\lVr, R ��� Rϕ - J. S�, R ,[0�a Rn K$ Rϕ -J. ��G(", Cn(ϕ,R)d Rϕ - J Rn C[4,. %�|p, Cn(ϕ,R) $N\l RϕRn ,���l EndRϕ(Rn) �.�(,0ML	J[��7 Cn(ϕ,R) d EndRϕ(Rn) �,W,.'6 1.1 Cn(ϕ,R) $���l EndRϕ(Rn) ,�l.�t R $�o℄�l, El�vl Cn(R) �[e^,"	S. �{,  lMLEl G, ~+El�vl Cn(R) �Sa"	 RG (�( [8]). t�H Cn(R) �� R p�o, Hopf "	. dEl�vl��, Cn(ϕ,R) M��$�o. �(0;L	JL,�lYQEl�vl Cn(ϕ,R) p�YEl�vl Cn(R) , Hopf Sn.'6 1.2 n R �Z�5�l Rϕ p,�o Hopf "	, oYQEl�vl Cn(ϕ,R)$ Rϕ p, Hopf "	.�(Sj-: l0 2 �, TlYQEl�v,4Q, M�YQEl�v,M8s�=�. � , {H Cn(ϕ,R) $ Rϕ - J Rn ���l,�l. l0 3 �, 	JM� Cn(ϕ,R)p, Hopf Sn, z4* 3.2. �g, M�5L0�.

§2 N�S9t C $�<?�, f : X → Y a g : Y → Z $ C �,5L�r. }�r f a g ,�$ fg, z�r,��X,���)℄�. j[ h :M → N $?� C �,�r, x ∈Ml h ,6}� (x)h. E_ Z ���[y	S�,w. 8fP,zy	 m, X ∑
m ��

{1, 2, · · · ,m} p, m �8�, Zm ��y	l Z J m �+,z)l.l�(�, R ��℄[$'f,l, ϕ $l R A� ϕn = idR ,��S. G = 〈ϕ〉�� ϕ x�,El. �t φ $ R )�v,Vr, Rφ := {r ∈ R|(r)φ = r} �� R Wa φ,�51S�,w. ��/, j[ φ $l R ,���, o Rφ $ R Wa φ ,�5�l.

Rφ M�� R ,u�l. 0j, j[ R $F	e C, φ $F	ep,R�k�, o Rφ .a|	e R. E_ Mn(R) �� R p�[ n× n �vS�,a�vl; I �� Mn(R) �,$'�v. 8fP, 1 6 i, j 6 n, eij ���v$'. j[ i > n rr j > n, o< eij = 0. At���v A ,���v. M4"	 (C,∆, ε) NyfÆ c ∈ C, E_ (c)∆ =
∑
c(1) ⊗ c(2)�� Sweedler �a.N�M4,��S ϕ, -G�YEl�v,IS, T�YQEl�v,4Q.



4 Y AiÆ #/W m��T_(-ZRFm�w 425'G 2.1 j[ML�v A ∈Mn(R) $���-G,;�



a1 a2 · · · an−1 an

(an)ϕ (a1)ϕ · · · · · · (an−1)ϕ
...

. . .
. . .

...
...

. . .
. . .

...
...

. . .
. . .

...

(a3)ϕ
n−2 (a4)ϕ

n−2 · · · (a1)ϕ
n−2 (a2)ϕ

n−2

(a2)ϕ
n−1 (a3)ϕ

n−1 · · · (an)ϕ
n−1 (a1)ϕ

n−1




,

o� A $Z ϕ ^',YQEl�v.0j, �v



a1 a2 a3

(a3)ϕ (a1)ϕ (a2)ϕ

(a2)ϕ
2 (a3)ϕ

2 (a1)ϕ
2


 (2.1)$ M3(R) �,YQEl�v. .d, $'�va:�v$YQEl�v. j[ ϕ .a Rp,f.��S idR, YQEl�vz$��,El�v. <

(a)fk :=

n−k+1∑

i=1

(a)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(a)ϕj−1ej,j+k−n−1.O}, A �N a1, · · · , an $0M<fÆ,YQEl�v&^�& A =
n∑

k=1

(ak)fk.'G 2.2 � n× n �v
P =




0 1 0 · · · 0

0 0 1 · · · 0
...

. . .
. . .

. . .
...

0
. . .

. . . 1

1 0 · · · 0 0


$	�o�v (primary permutation matrix).�	{�$+ P $$Q�v^ Pn = I, P t = P−1. .X	�o�v$N%jEl�v: ML n 
�v C $El�v&^�& C = PCP t. N�	�o�v P a��S ϕ ,$4Q-Gw�,Vr:

HP :Mn(R) −→Mn(R),

A 7→ PAP t,

Hϕ :Mn(R) −→Mn(R),

(aij) 7→ ((aij)ϕ
n−i+1),Ny
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H̃ϕ :Mn(R) −→Mn(R),

(aij) 7→ ((aij)ϕ
n−j+1).Za P a ϕ  �$Q,, U HP , Hϕ Ny H̃ϕ  $w�,�r. % Hϕ a H̃ϕ M���l Mn(R) ,��S. 0j, < R = Q [

√
2] , 4Q (a+ b

√
2)ϕ = a− b

√
2, Z� a, b ∈ Q. eiOI{ ϕ � R 
$ 2 ,��S. �t

A =

(
1

√
2

0 0

)
, B =

(
1 0

−
√
2 0

)
.�	{�$} (A)Hϕ(B)Hϕ 6= (AB)Hϕ . S�, Hϕ ��l��.J6 2.1 Hϕ $l Mn(R) ,��S&^�& ϕ .af.Vr idR.R n ϕ.af.Vr idR,o Hϕ $a�vlMn(R)p,f.Vr idMn(R). >~,f`Mn(R)�,5L�v A = (aij)a B = (bij). n Hϕ $l��, o8fP, 1 6 i, j 6 n,[ ( n∑

k=1

aikbkj

)
ϕn−i+1 = (ai1)ϕ

i−1b1j + (ai2)ϕ
i−1(b2j)ϕ + · · · + (ain)ϕ

i−1(bnj)ϕ
n−1. ��/, j[< a21 = 1, a22 = a23 = · · · = a2n = 0, o (b1j)ϕ

n−1 = b1j . Z b1j ∈ R ,fP=Ny ϕ ,
$ n + ϕ = idR.-GM�YQEl�v,M8s�=�.J6 2.2 ML n 
�v A $ ϕ ^',YQEl�v (z A ∈ Cn(ϕ,R)) &^�&
(A)Hϕ = ((A)Hϕ)HP , z Cn(ϕ,R) =Mn(R)

HϕHP H−1

ϕ .R �t A ∈ Cn(ϕ,R). Z Hϕ ,4Q} (A)Hϕ $El�v. �: (A)Hϕ =

((A)Hϕ)HP . 2>, �t A A�W, (A)Hϕ = ((A)Hϕ)HP , o (A)Hϕ = ((aij)ϕ
n−i+1)$El�v. �:

a11 = (a22)ϕ
n−1 = · · · = (ann)ϕ,

...

a1,n−1 = (a2n)ϕ
n−1 = · · · = (an,n−2)ϕ,

a1n = (a21)ϕ
n−1 = · · · = (an,n−1)ϕ.S�,

a22 = (a11)ϕ, a33 = (a11)ϕ
2, · · · , ann = (a11)ϕ

n−1,

...

a2n = (a1,n−1)ϕ, a31 = (a1,n−1)ϕ
2, · · · , an,n−2 = (a1,n−1)ϕ

n−1,

a21 = (a1n)ϕ, a32 = (a1n)ϕ
2, · · · , an,n−1 = (a1n)ϕ

n−1.ZYQEl�v,4Q} A $YQEl�v.



4 Y AiÆ #/W m��T_(-ZRFm�w 427)$+ Cn(ϕ,R) =Mn(R)
H̃ϕHP H̃−1

ϕ . M4l R )�v,ML�r φ , �5�w Rφ�M4� R ,�l. -G,T*�H Cn(ϕ,R) ,b�l Mn(R) ,�l.J6 2.3 Cn(ϕ,R) $a�vl Mn(R) ,�l.R ��{H Cn(ϕ,R) Wa�v�<D
z$. t A = (aij) a B = (bij) �Z ϕ ^',YQEl�v. < C = AB = (cij), Z� i, j ∈ Zn. N��v�<+
cij = ai1b1j + ai2b2j + · · ·+ ai,n−1bn−1,j + ainbnj,

ci+1,j+1 = ai+1,1b1,j+1 + ai+1,2b2,j+1 + · · ·+ ai+1,n−1bn−1,j+1 + ai+1,nbn,j+1.S$ A a B  $YQEl�v, �N
ai+1,2 = (ai1)ϕ, b2,j+1 = (b1j)ϕ, · · · , ai+1,n = (ai,n−1)ϕ,

bn,j+1 = (bn−1,j)ϕ, ai+1,1 = (ain)ϕ, bi,j+1 = (bn,j+1)ϕ.S�, (cij)ϕ = ci+1,j+1. N�YQEl�v,4Q} C �Z ϕ ^',YQEl�v. �:, Cn(ϕ,R) $ Mn(R) ,�l.'G 2.3[9] t R ��o℄�l, Λ $ R - J. j[ l R - J�r m : Λ⊗ Λ → Λ Ny µ : R→ Λ, ~+-G,�$o
Λ⊗ Λ⊗ Λ

m⊗id //

id⊗m

��

Λ⊗ Λ

m

��
Λ⊗ Λ

m
// Λ

Λ⊗ Λ

m

$$J
J

J

J

J

J

J

J

J

J

R⊗ Λ
µ⊗idoo

≃

��
Λ ⊗R

id⊗µ

OO

≃
// Λ

,o� (Λ,m, µ) $ R - "	, ^� m $ Λ ,�<, � µ $ Λ ,$'.-G,T*M�7YQEl�vl Cn(ϕ,R) ,M8s�=�.J6 2.4 (1) �v���l Cn(ϕ,R) 
$ 2 ,>��S.

(2) t r ∈ Rϕ, A ∈ Cn(ϕ,R), o rA ∈ Cn(ϕ,R).

(3) n R $�ol, NB Cn(ϕ,R) �� Rϕ - "	.

(4) n R $yl, NB Cn(ϕ,R) �$ Cn(ϕ,R) - J��$C�,.R (1) ��{HYQEl�v,��g�YQEl�vz$.t A = (aij) ∈Mn(R).N� Hϕ a H̃ϕ ,4Q, + (At)Hϕ = ((A)H̃ϕ)
t. j[ A ∈ Cn(ϕ,R), o

a22 = (a11)ϕ, · · · , ann = (a11)ϕ
n−1,

a23 = (a12)ϕ, · · · , an−1,n = (a12)ϕ
n−1,

...
...

a21 = (a1n)ϕ, · · · , an2 = (a1n)ϕ
n−1.
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(A)H̃ϕ =




(a11)ϕ
n (a12)ϕ

n−1 · · · (a1,n−1)ϕ
2 (a1n)ϕ

(a1n)ϕ
n+1 (a11)ϕ

n · · · · · · (a1,n−1)ϕ
2

...
...

...
...

...
...

...
...

(a1,n−1)ϕ
2n−1 · · · · · · · · · (a11)ϕ

n




.Za ϕn = idR,U (A)H̃ϕ$El�v,�: (A)H̃ϕ = P (A)H̃ϕP
t. z (At)Hϕ = P (At)HϕP

t.N�T* 2.2 + At ∈ Cn(ϕ,R).

(2) a (3) .d�1.

(4)��{H$'f 1Cn(ϕ,R) � lBX=,F.fC�z$. �t (ae11+(a)ϕe22+

· · ·+ (a)ϕn−1enn)
2 = ae11 + (a)ϕe22 + · · ·+ (a)ϕn−1enn. Z�v�<+) a2 = a. S$ R+:S�, �N a = 0 r a = 1R. �:, Cn(ϕ,R) ,$'f 1Cn(ϕ,R) C[BX=,F.fC�.Za Rϕ � R ,�l, U R $� Rϕ - J. �:+) Rn K$ Rϕ - J. -G,4*�Hl Cn(ϕ,R) $N|/$ Rϕ - J Rn ���l,�l.'6 2.1 YQEl�vl Cn(ϕ,R) � EndRϕ(Rn) ,�l.R t r = (r1, r2, · · · , rn) ∈ Rn. 4Q (r)σ = ((rn)ϕ, (r1)ϕ, · · · , (rn−1)ϕ), iOI{ σ� Rϕ - J Rn ,��S, ^ σ ,
.a ϕ ,
 n. t σ x�,El$ Un = 〈σ〉. j[4Q σ · r = (r)σ, o Rn �� RϕUn- J. �t θ = (θij) ∈ End(RϕUn

Rn). Za σ ∈ Un,U8fP, r ∈ Rn, [ (σ · r)θ = σ · ((r)θ). ��/, 8 r = (0, · · · , 0, ri, 0, · · · , 0) ∈ Rn, Z� ri 'a0 i L'�, +)
((ri)ϕ)θi+1,1 = ((ri)θin)ϕ,

((ri)ϕ)θi+1,2 = ((ri)θi1)ϕ,

...

((ri)ϕ)θi+1,n = ((ri)θi,n−1)ϕ.Z ri ∈ R ,fP=+-9W,�:

ϕθi+1,1 = θinϕ,

ϕθi+1,2 = θi1ϕ,

...

ϕθi+1,n = θi,n−1ϕ.

(2.2)S�,

End(RϕRn) = {θ = (θij) ∈Mn(End(RϕR)) |8fP,1 6 i, j 6 n, θij A�(2.2)}.



4 Y AiÆ #/W m��T_(-ZRFm�w 429n< θij .a aij ^',℄�, o
a11 = (a22)ϕ

n−1 = · · · = (ann)ϕ,

...

a1,n−1 = (a2n)ϕ
n−1 = · · · = (an,n−2)ϕ,

a1n = (a21)ϕ
n−1 = · · · = (an,n−1)ϕ.�: Cn(ϕ,R) $"����l EndRϕ(Rn) ,�l.W 2.1 M4 R ML m 
,��SVr ϕ , Ny8� ∑

n �,ML�o τ , 4Q
(r)ϕτ = ((r1)ϕ, (r2)ϕ, · · · , (rn)ϕ)τ , iOI{ ϕτ � Rϕ - J Rn ,��S�r. S�+)
ϕτ l Rn p,�X, z Rn �� Rϕ〈ϕτ 〉 - J, oN℄� (·aij) ∈ EndRϕ(Rn) $fÆ,wS�a�vl Mn(R) ,�l, Z� aij ∈ R, ·aij �Z aij ^',℄�. 0j, n m = 2 a

τ =

{
(1 n)(2 n− 1) · · · (n2 n

2 + 1), n $V	;

(1 n)(2 n− 1) · · · (n+1
2

n+1
2 ), n $[	.}Z ϕ a τ b4,�l$ Sn(ϕ,R). �rl( [10] �� Sn(ϕ,R) �,fÆ$ ϕ - �98��v, ^{H7 Sn(ϕ,R) ⊆ Mn(R) �$C, Frobenius 'q. j[�M��t R ��o,�℄ Rϕ - "	, o Sn(ϕ,R) � Rϕ p,�℄"	.J6 2.5 t B̃ � Rϕ - J R ,x�fw, B �ZfÆ

b1e11 + (b1)ϕe22+ · · ·+ (b1)ϕ
n−1enn,

b2e12 + (b2)ϕe23+ · · ·+ (b2)ϕ
n−2en−1,n + (b2)ϕ

n−1en1,

...

bn−1e1,n−1 + (bn−1)ϕe2n+ · · ·+ (bn−1)ϕ
n−2en−1,n−3 + (bn−1)ϕ

n−1en,n−2,

bne1n + (bn)ϕe21 + (bn)ϕ
2e32+ · · ·+ (bn)ϕ

n−1en,n−1S�,w, Z� bi ∈ B̃, 1 6 i 6 n, o B � Rϕ - "	 Cn(ϕ,R) ,x�fw.R N�x�fw,4QO}?�1.

Hopf "	��J,"	), �&B9�J,"	. 0j"	, �x 0 ep[0&,"	,��"	, NyZ6�;� (� [9, 01.5.3–1.5.4, 10.1.19]). -GqV Hopf "	,4Q.'G 2.4 [9] t R ��ol, C $ R - J. j[ l R - J�r ∆ : C → C ⊗ C a
ε : C → R, ~+-G,�$o

C
∆ //

∆

��

C ⊗ C

id⊗∆

��
C ⊗ C

∆⊗id
// C ⊗ C ⊗ C

C
1⊗− //

−⊗1

��

∆

%%J
J

J

J

J

J

J

J

J

J

R⊗ C

C ⊗R C ⊗ C

ε⊗id

OO

id⊗ε
oo

,o� (C,∆, ε) $ R p,"	, ^� ∆ $ C ,�, ε $ C ,$'.
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�D�R�!�A v 45 �j[ ∆τ = ∆, Z� τ $UVr (twist map), o�"	 C �$o,. j[ C ~�"	`�"	, ^ ∆ a ε  $"	��, � C $�"	.t C � R p,"	, Λ � R p,"	. f` f, g ∈ HomR(C,Λ) a c ∈ C, 4Q
f ∗ g :=∑(c(1))f(c(2))g, � ∗ $ HomR(C,Λ) p,�t (convolution product). N� R - "	,4Q$} HomR(C,Λ) N�t$�<��ML R - "	. t (H,m, µ,∆, ε) $ R p,�"	, j[ l S ∈ HomR(H,H), A� S � idH ,�tQ (z S d idH Wa�thQ),o� H $ R p, Hopf "	, ^� S $ H ,8u (antipode).

§3 -ID03QM$& Hopf ":���, ��t R ��ol. ���}, j[4Q (ϕ)∆ = ϕ ⊗ ϕ, (ϕ)ε = 1 a (ϕ)S =

ϕn−1, "	 RϕG �� Rϕ p, Hopf "	. l���t R A�K8��, {H Cn(ϕ,R)l Rϕ p l HopfS. $Sn Cn(ϕ,R)p,"	S,�>G Cn(ϕ,R)⊗RϕCn(ϕ,R)�5LfÆ2. “ = ” ,4Q. 8fP, 1 6 i, j 6 n, j[ aij ⊗ bij = a′ij ⊗ b′ij , oi4l
Cn(ϕ,R)⊗Rϕ Cn(ϕ,R) �[ A⊗B = A′ ⊗B′ �1. O}, “ = ” $.�W,.'6 3.1 n R $ Rϕ p,�"	, o Cn(ϕ,R) $ Rϕ p,�"	.R �t (R, ∆̃, ε̃) $ Rϕ p,"	. N�T* 2.5, ��#> ∆ a ε lx�fwp,�Xz$. 8fP 1 6 k 6 n, 4Q

( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆

=
( n−k+1∑

i=1

∑
(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(2))ϕj−1ej,j+k−n−1

)
,Z� (b)∆̃ =

∑
b(1) ⊗ b(2). U[

( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆(∆ ⊗ id)

=
(( n−k+1∑

i=1

∑
(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(2))ϕj−1ej,j+k−n−1

))
(∆⊗ id)

=
(( n−k+1∑

i=1

∑
(b(11))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(11))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(12))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(12))ϕj−1ej,j+k−n−1

))
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⊗
( n−k+1∑

i=1

∑
(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(2))ϕj−1ej,j+k−n−1

)
.;M�G,

( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +
n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆(id ⊗∆)

=
(( n−k+1∑

i=1

∑
(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(2))ϕj−1ej,j+k−n−1

))
(id⊗∆)

=
( n−k+1∑

i=1

∑
(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ϕj−1ej,j+k−n−1

)

⊗
(( n−k+1∑

i=1

∑
(b(21))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(21))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(22))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(22))ϕj−1ej,j+k−n−1

))
.S$ ∆̃(∆̃⊗ id) = ∆̃(id⊗ ∆̃), �N∑

b11⊗ b12⊗ b2 =
∑
b1⊗ b21⊗ b22. �:+ ∆(∆⊗ id) =

∆(id⊗∆). N� ε̃ ,4Q, 4Q
( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
ε = (b)ε̃,o

( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆(ε⊗ id)

=
(( n−k+1∑

i=1

∑
(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

∑
(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(2))ϕj−1ej,j+k−n−1

))
(ε⊗ id)

= 1⊗
( n−k+1∑

i=1

∑
(b(1))ε̃(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

∑
(b(1))ε̃(b(2))ϕj−1ej,j+l

)

= 1⊗
( n−k+1∑

i=1

(∑
(b(1))ε̃b(2)

)
ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(∑
(b(1))ε̃b(2)

)
ϕj−1ej,j+l

)
,Z� l = k−n− 1. Za ∆̃(ε̃⊗ id) = 1⊗−,U[∑(

b(1)
)
ε̃b(2) = b. �: ∆(ε⊗ id) = 1⊗−.),{�$} ∆(id ⊗ ε) = − ⊗ 1. �: Cn(ϕ,R) $ Rϕ p,"	. t (a)fr a (b)fs
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(a)fr =

n−r+1∑

i=1

(a)ϕi−1ei,i+r−1 +

n∑

j=n−r+2

(a)ϕj−1ej,j+r−n−1

= ae1r + (a)ϕe2,r+1 + · · ·+ (a)ϕn−ren−r+1,n + (a)ϕn−r+1en−r+2,1

+ · · ·+ (a)ϕn−1en,r−1,

(b)fs =

n−s+1∑

i=1

(b)ϕi−1ei,i+s−1 +

n∑

j=n−s+2

(b)ϕj−1ej,j+s−n−1

= be1s + (b)ϕe2,s+1 + · · ·+ (b)ϕn−sen−s+1,n + (b)ϕn−s+1en−s+2,1

+ · · ·+ (b)ϕn−1en,s−1.S�+)
(a)fr(b)fs

= a(b)ϕr−1e1,r+1 + · · ·+ (a)ϕn−r(b)ϕn−1en−r+1,s−1 + (a)ϕn−r+1ben−r+2,s

+ · · ·+ (a)ϕn−1(b)ϕr−2enr.�:+)
((a)fr(b)fs)∆

= (a(b)ϕr−1e1,r+1 + · · ·+ (a)ϕn−r(b)ϕn−1en−r+1,s−1 + (a)ϕn−r+1ben−r+2,s

+ · · ·+ (a)ϕn−1(b)ϕr−2enr)∆

=
(∑

a(1)(b(1))ϕr−1e1,r+1 + · · ·+
∑

(a(1))ϕn−r(b(1))ϕn−1en−r+1,s−1

+
∑

(a(1))ϕn−r+1b(1)en−r+2,s + · · ·+
∑

(a(1))ϕn−1(b(1))ϕr−2enr

)

⊗
(∑

a(2)(b(2))ϕr−1e1,r+1 + · · ·+
∑

(a(2))ϕn−r(b(2))ϕn−1en−r+1,s−1

+
∑

(a(2))ϕn−r+1b(2)en−r+2,s + · · ·+
∑

(a(2))ϕn−1(b(2))ϕr−2enr

)
.;M�G, Z ∆ ,4Q, $+

((a)fr)∆ = (ae1r + (a)ϕe2,r+1 + · · ·+ (a)ϕn−ren−r+1,n + (a)ϕn−r+1en−r+2,1

+ · · ·+ (a)ϕn−1en,r−1)∆

=
(∑

a(1)e1r +
∑

(a(1))ϕe2,r+1 + · · ·+
∑

(a(1))ϕn−ren−r+1,n

+
∑

(a(1))ϕn−r+1en−r+2,1 + · · ·+
∑

(a(1))ϕn−1en,r−1

)

⊗
(∑

a(2)e1r +
∑

(a(2))ϕe2,r+1 + · · ·+
∑

(a(2))ϕn−ren−r+1,n

+
∑

(a(2))ϕn−r+1en−r+2,1 + · · ·+
∑

(a(2))ϕn−1en,r−1

)
,

((b)fs)∆ = (be1s + (b)ϕe2,s+1 + · · ·+ (b)ϕn−sen−s+1,n + (b)ϕn−s+1en−s+2,1

+ · · ·+ (b)ϕn−1en,s−1)∆
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=
(∑

b(1)e1s +
∑

(b(1))ϕe2,s+1 + · · ·+
∑

(b(1))ϕn−sen−s+1,n

+
∑

(b(1))ϕn−s+1en−s+2,1 + · · ·+
∑

(b(1))ϕn−1en,s−1

)

⊗
(∑

b(2)e1s +
∑

(b(2))ϕe2,s+1 + · · ·+
∑

(b(2))ϕn−sen−s+1,n

+
∑

(b(2))ϕn−s+1en−s+2,1 + · · ·+
∑

(b(2))ϕn−1en,s−1

)
.�N

((a)fr)∆((b)fs)∆

=
( n−r+1∑

i=1

∑
(a(1))ϕi−1ei,i+r−1 +

n∑

j=n−r+2

∑
(a(1))ϕj−1ej,j+r−n−1

)

⊗
( n−r+1∑

i=1

∑
(a(2))ϕi−1ei,i+r−1 +

n∑

j=n−r+2

∑
(a(2))ϕj−1ej,j+r−n−1

)

( n−s+1∑

i=1

∑
(b(1))ϕi−1ei,i+s−1 +

n∑

j=n−s+2

∑
(b(1))ϕj−1ej,j+s−n−1

)

⊗
( n−s+1∑

i=1

∑
(b(2))ϕi−1ei,i+s−1 +

n∑

j=n−s+2

∑
(b(2))ϕj−1ej,j+s−n−1

)

=
(∑

a(1)(b(1))ϕr−1e1,r+1 + · · ·+
∑

(a(1))ϕn−r(b(1))ϕn−1en−r+1,s−1

+
∑

(a(1))ϕn−r+1b(1)en−r+2,s + · · ·+
∑

(a(1))ϕn−1(b(1))ϕr−2enr

)

⊗
(∑

a(2)(b(2))ϕr−1e1,r+1 + · · ·+
∑

(a(2))ϕn−r(b(2))ϕn−1en−r+1,s−1

+
∑

(a(2))ϕn−r+1b(2)en−r+2,s + · · ·+
∑

(a(2))ϕn−1(b(2))ϕr−2enr

)
.S�, ∆ $ Rϕ - "	��. Z ε ,4Q+

((a)fr(b)fs)ε = (ab)ε̃ = (a)ε̃(b)ε̃ = ((a)fr)ε((b)fs)ε.U ε $ Rϕ - "	��. S�, N�pG4Q, ∆, ε Ny��,�v�< m, Cn(ϕ,R) �� Rϕ - �"	.W 3.1 t (C,∆, ε) $"	, 0 6= c, d ∈ C. j[
(c)∆ = c⊗ c,o� c $)f. j[ (d)∆ = d⊗ 1 + 1 ⊗ d, o� d $�gf. N� ∆ a ε ,4Q, j[

b $"	 R �,)f (r�gf), (b)fk $ Cn(ϕ,R) �,)f (r�gf).�t R $ Rϕ p Hopf "	, S̃ �Z8u. 4Q Cn(ϕ,R) )�v,Vr S j-:

((b)fk)S =
( n−k+1∑

i=1

((b)S̃)ϕi−1ei+k−1,i +

n∑

j=n−k+2

((b)S̃)ϕj−1ej+k−n−1,j

)
.-G,4*�HN S $8u, Cn(ϕ,R) �� Rϕ p, Hopf "	.'6 3.2 N S �$8u, �"	 Cn(ϕ,R) �� Rϕ p, Hopf "	.
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( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆(S ⊗ id)µ

=
(( n−k+1∑

i=1

(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(2))ϕj−1ej,j+k−n−1

))
(S ⊗ id)µ

=
(( n−k+1∑

i=1

((b(1))S̃)ϕi−1ei+k−1,i +

n∑

j=n−k+2

((b(1))S̃)ϕj−1ej+k−n−1,j

)

⊗
( n−k+1∑

i=1

(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(2))ϕj−1ej,j+k−n−1

))
µ

= (b)ε̃(e11 + e22 + · · ·+ enn)

=
( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
ε(e11 + · · ·+ enn).P�M�, *D[

( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
∆(id⊗ S)µ

=
(( n−k+1∑

i=1

(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

(b(2))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(2))ϕj−1ej,j+k−n−1

))
(id⊗ S)µ

=
(( n−k+1∑

i=1

(b(1))ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b(1))ϕj−1ej,j+k−n−1

)

⊗
( n−k+1∑

i=1

((b(2))S̃)ϕi−1ei+k−1,i +

n∑

j=n−k+2

((b(2))S̃)ϕj−1ej+k−n−1,j

))
µ

= (b)ε̃(e11 + e22 + · · ·+ enn)

=
( n−k+1∑

i=1

(b)ϕi−1ei,i+k−1 +

n∑

j=n−k+2

(b)ϕj−1ej,j+k−n−1

)
ε(e11 + · · ·+ enn).S�, S �id l�t ∗ -,Q. �: Cn(ϕ,R) �� Rϕ p, Hopf "	.W 3.2 (1) Z S ,4Q} S ,
.a S̃ ,
d 2 ,�7Q�	.

(2) M�(�, Cn(ϕ,R) ���o, Rϕ - "	. 0jl (2.1) ��t R �yl, a ∈
R\Rϕ , 0 6= b ∈ R, o[

(ae11 + (a)ϕe22 + (a)ϕ2e33)(be12 + (b)ϕe23 + (b)ϕ2e31)
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6= (be12 + (b)ϕe23 + (b)ϕ2e31)(ae11 + (a)ϕe22 + (a)ϕ2e33).%j[ R ��o, Rϕ- "	, o Cn(ϕ,R) ��o"	, ^Z S̃2 = id O} S,
.a 2.�gM�5L0�, Z�0 3.2�H R [$O�� Rϕ -Hopf"	, w�7�� Rϕ p,"	.7 3.1 t R �y	l Z (r[*	e Q) p,94�l Z[x] (r Q[x] ). 4QVr (x)ϕ = −x, O} ϕ $ R p,��S^A� ϕ2 = id Ny Rϕ = Z (r Q). j[4Q
(x)∆̃ = x ⊗ 1 + 1 ⊗ x, (x)ε̃ = 0 a (x)S̃ = −x, o R � Z (r Q) p, Hopf "	. Z4*
3.2 } C3(ϕ,R) � Z (r Q) p, Hopf "	. :^ Z[x] (r Q[x] ) � Z (r Q) p+0&,�ZJ, �: C3(ϕ,R) $ Rϕ p+0&, Hopf "	.7 3.2 t R .aF	e C, ϕ �F	,R�k�. .d, ϕ �
$ 2 ,��S^
Rϕ = R. S$ ε �"	��, �N ε ,`$ R ,*3. Za R �$l, U ker(ε) = 0 r R.S� R p� lBX=,"	S, �: R �� Rϕ p, Hopf "	. �4�?�A
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Abstract The authors introduce the definition of generalized circulant matrices which is the

generalization of circulant matrices. Let R be an associative ring with an automorphism ϕ of

order n. They consider the set Cn(ϕ,R) of all the generalized circulant n×n matrices over R

for any positive integer n. It is shown that Cn(ϕ,R) is a subring of the endomorphism ring

of the Rϕ -module Rn, where Rϕ is the invariant subring of R with respect to ϕ. Moreover,

if R is a commutative Hopf algebra over Rϕ, then Cn(ϕ,R) is also a Hopf algebra over Rϕ.

Keywords Generalized circulant matrix, Hopf algebra, Invariant subring

2000 MR Subject Classification 16W20, 16W30, 16S50

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 45 No. 4, 2024

by ALLERTON PRESS, INC., USA


